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I. Onthe Law of Probability for a System of Correlated» 
Variables. By 8. H. Burpury, F.R.S.* 

1. JN the works of Karl Pearson, Yule, and other writers 
on the theory of evolution, the term correlation 

has acquired a special meaning. Tor the purposes of this 
paper I define it as follows :—Let 2 and y be two quantities, 
each of which varies continuously between its own limits, 
and let them be independent variables, in the general sense, 
that if either be given, the other is not thereby determined, 
but may vary continuously through a finite range of values. 
That is, the system of x and y has two degrees of freedom. 

The chance that x shall le between wv’ and w' + dw, that is the 
number of cases in which, out of a very great number of cases, _ 
it so lies, is a function of 2’, say f;(z’)dx. The correspond- 
ing chance for 7 lying between #/ and y/'+dy shall be fi(y')dy. 
It may be that, notwithstanding the system having two 
degrees of freedom, f,(w') is a function of y as well as of 
az’, and f,(y') is a function of x as well as. of y', so that 
d d ake 
Gyro and 7/2 (y#0. If this is the case, # and y 

are correlated. The chance that simultaneously wx shall lie 
between 2, and z,+dz, and y between y, and y,+dy is of 
the general form $(xy;)dedy. If 

© f(a) =0, and Aly) =0, 8¢ey) =fDAW). 
and w and y are not correlated. If they are correlated, 

* Communicated by the Author. 
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2 Mr. 8. H. Burbury on the Law of Probability 

d(zy) is not expressible as the product of two functions, 
Pee of w only, the other of y only. 

It follows from this definition, that if « and y are both 
pee of any the same variables, z and y are correlated. 
If for instance (1) f(x, t)=0, and (2) $(y, t) =0, so that eand 
y are both functions of 2 fe) of art. 1 is by (1) a function 
of ¢ as well as of z, and therefore by (2) a function of y as 
well as of «; and therefore # and y are, by the definition, 
correlated. (Generally, if n variables z,...z, are connected by 
equations of condition less than 2 in number, correlation 
exists between them by virtue of those equations. It follows 
also that if w and y are correlated, any functions of # and y, 
as f(z) and $(y), are correlated with éach other. 

3. Of the mean product of two correlated variables.—The 
most general definition of mean product is this: There being 
N values of x, and N values of y, we assign to every x some 
one of the N values of y as a companion factor, by this means 
forming N products each of an 2 and one y. Let them be 

Yi, LoYe,...L_yy_- Then I define zy = ae 

This selection of products might be effected in any one of 
|N different ways. Practically, if # and y are both functions 

of a third variable ¢, we might take every «2 with the value 
of y for the same ¢, so that ay =\ay dt. Similarly, if x and y 
are functions of two other variables z and t, we should define 

of = i} xy dz dt, and so on. 
. The square of the mean product, so defined, of two 

ee variables, cannot be greater than the product of 
their mean squares. For, taking the general definition of 
mean product above given, there are, as there stated, |N dif- 
ferent ways in which N 2’s and Ny’s may be arranged to 
form N products. Of these there must be some one way for 
which zy is not less than for any other. And for this one, 
and therefore for every other way, 

oy ae | 
YY — (ay) = sal (ya tay) + (trys ayn) + Ge. 

at: (2%. —@Yp) Js 

which is 70. 
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5. Generally, if two variables are correlated, their mean 
product differs from zero, even though the means of each 
separately, or of one of them, are zero. For the mean pro- 
duct is ay='\\ p(ay)cydxdy, and if # andy are correlated, 
so that d(xvy) cannot be expressed as /,(x)/o(y), this ex- 
pression for 2y is not in general zero. If d(2y)=/f/\(x)fr(y), 
then wy =\\b(ey)ay dx dy =\ f,(a)x da = To(y)y dy, and since 

— \ fi(a)x@ dx, and 7=\folyy dy, the mean product is the 
product of the means, and is zero if either # or y is zero. As 
an example of this theorem let « and y be two vibrators, 
having the same period, but different phases, so that we 
may have v=Asinnt, y=Bsin(nt+a). Then 7=0, y=0, 

but zy=tABcosa. Also in this case 2? =A’, y?=1B?. 
And wy may change, while x? and y? remain unchanged. 
Similarly, any two variables x and y may, with given 
numerical values, be more, or may be less, likely to have the 
same sign, than, with the same numerical values, to have 
opposite signs. If the chance of their having the same sign 
be ¢,(zy), and the chance of their having opposite signs be 
$,(2y), then 

xy =S\ (b:(2y) —b2(2y))ay de dy. 
But the mean squares 2”, y? are independent of the difference 
$: (zy) —2(2y), and may therefore be constant while zy 
changes. 

Of very small Correlations. 

6. It may be that f(z’) of art. 1, although it is a function 
of y as well as of «!, yet is very little affected by change in y; 

i 

that is aid may be very small or negligible. Similarly 

! 
may be very small or negligible. In the same case 

o(ay) may differ inappreciably from a product of the form 
Ai(2)frly), so that for some purposes we may without appre- 
ciable error treat « and y as not correlated. Tor instance, in 
the kinetic theory of gases, if 2, ... z, are the vector velocities, 
m,...m, the masses, of n molecules, n being a very great 

number, 2;... z, are, strictly speaking, correlated by virtue 
of the relation Sma?=2T where T is the kinetic energy, 
supposed constant. For if 2, be given we alter the limits of 
integration for 7... %,_, 80 that the chance of «, having a 

B2 
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given value depends on a as well as On 2. But n being 

very great, these correlations, e.g. be &e., are inappre- 
“Rr 

ciable, and in the ordinary theory are generally treated as 
non-existent. . 

7. The definition above given of correlation is purely alge- 
braic. Generally, if 2 and y be two of the variables which 
determine tlie state of a material system the parts of which 
mutually act on each other, the time differential coefficients, 
dx rf ; 
ee and ee are correlated by virtue of that mutual action. 

For 4 

therefore correlated. And if the system be defined by n 
generalized coordinates g,...qg,, and their corresponding 
velocities 9; ... Gn, the products g; 9. &c. appear in the 
expression for the kinetic energy, and therefore the mean 
product g, 9g: is not generally zero, and whether or not the 
means ¢; and , are separately zero, g; and g, are correlated. 

8. Since correlations may, or may not, be negligible we 
may suppose that z,...2,, or the things to which they relate, 
have at every instant positions in space, and that the corre- 
lation between any two of them, as x, and Lo is or is not 

negligible, according to the distance which at the instant 
separates them from each other. But this localization is not 
essential to the general statement that correlations may or 
may not be negligible. : | 

d : ; 
and a are functions of the same variables, and 

A General Problem stated. 

9. Let s,;...s, be n quantities, which, until otherwise 

stated, shall be each of zero dimensions, each of which varies 
continuously between assigned limits. I assume them to be 
in general correlated with each other, but that such correla- 
tions may as regards any s, as s,, be negligible for some or 
for most of the others. The chance that they shall respec- 
tively lie 

s, between 7, and 7,+d7, 

$2 oy) T2 95 Totdro, 

s, between 7, and r,+dr,, 
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shall be denoted by $(7 ... 7,)dr ... dr, so that 

\\ ae b(r; vee r dry ae dr,=1 

between the given limits; and I assume the function $(s ... s,) 
to be finite and continuous for all values of s,... s, within 
the given limits. 

It may be the case that a certain function of s,...5,, 
say W(s;... 8,), is necessarily constant, and that the varia- 
tions of s; ... s, are subject to that condition. Or there may be 
more than one such constant function. If so, the chance 
f(s; ... s,)ds,... ds, must be understood as subject to the 
constancy of vr, or other such functions as aforesaid. 

10. From this we can express the mean values of s, ... s,, of 

their squares, or binary products, or other functions, but it 
will not be necessary to go beyond powers and products of 
the second degree. Such mean values will be denoted as 
usual by a bar. Thus 

, 5=(\ ... O(S; ... &,)8ds, ... ds, &e. i 

nae 

|) (a ...s,)shdy, ... ds,, &e., if Pee) 
Also 

and “ 

s5,=\\ .. B(3, ... $,)8p8,48 +. ds,, Ke. | 

11. The object of the first part of this paper is to prove 
that, s;...s, being as above stated correlated inter se, then 
for very great values of n, d(s,...s,) necessarily has the 
form $(s; ... s,) =Ae~°, in which A is a constant, and Qisa 

homogeneous quadratic function of s;...s,, involving both 

their squares, and (as a consequence of the correlation) their 

products, namely 

 Q = Jays? + Bissise+ 34282 +. FEES (2) 

and the coefficients «8 are functions of the mean values 

S|... S, of the mean squares s?...s,”, and of the mean 

Bim Sy... Spig, OC. 
Pr is ta wall ace result for the case in which the 

quadratic function Q is incapable of becoming negative. 

It is necessary, however, shortly to give the proof, which is 

done in Part I. In Part II.1 propose to show inter alia why 

it is necessary for Q to be positive, and I shall then apply 

the theorem to certain physical problems. 
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Part I. 

Proposition I. 

12. Introducing 6,, @, ... 6, as auxiliary variables, 

te 
ae 

o(7 ... 7,) =(\.. d6,...d@, \\ -- (5, ...8,)ds, ... ds oe fe 

multiplied by a constant independent of 7,...7,, Here 

> s—7rO=5,— 7,0, + 59 — 17989 + ~. eS s,—7,6., 

and the limits of integration for each 6 are +o. Let the 
right-hand member of the equation (3) be denoted by S. 

And in § substitute for &—7"""™ —! its equivalent 

cos s,—7,0, +4/—I1sins,—7,8,, 

and integrate according to 6, from 6 =Ato 6, =—A. That 

reduces S to 

{\- .d0,d0,...d0,_, {\ \. (dai. 2's aso ee 

xe uareida +8, 1—Tn=1 Wee ea n— vv -1 vga Sa ae 

Ss? 
n n 

»+ (4) 

the imaginary part evidently disappearing. This has to he 
integrated now for s+ Let 

v 
s 

LS r A = XL, or Sy SS = = T5 and 7 i i 

A s. = re v 

pe make A infinite. The limits of x thus become +0, 
and S= 

‘Le d6,... de, Ry Cee ee 

($,—1,0,+.. 5,7 — Ty Oa 2 sin 2 1 Ot tipi) NE afta 6) x 

in which ¢(s,...s,) is now by virtue of the equation 
{s, —7r,)A=z2z a function of Sp ieE Oe ae 
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13. Now, ( 
>» = 

evidently negative. Therefore there exists an angle z 

* dx is eos positive, and 
T 

eo) 

sin x between zero and 7 such that | 0 dz=0, and similarly 
z 

= x ( “sin x 7: 72 x 
= de=(). But A or gaa dx 
oa 

is a determinate positive quantity, which shall be denoted 
by Z. 

Again, Oe LLL ae is negative, on i da is posi- 

tive. Therefore Hite exists an angle z, between 7 and 27, 
ie 

such that = 0, and therefore also { = sin; ed 6). 

Similarly Mieed 3 is an angle z, between 27 and 37 ees that 
=2 

_ “dz—(. And the range of integration from z to «, 
z 

ae —z< to —«©, may thus be divided into parts z,— 
ad 

—z,, &e., such that [° = 
= 

Le - de=0 for all integral values 

of g greater than unity. 
14. It can now be shown that 

[°F $60... )de=0, 
q—1 

$(s,...5,) being by virtue of the equation (s,—r,)A=wz 
a function of «. 

For we may suppose z to increase from —« to +00 
by successive increments each not greater than 27. Then 

: ; wa ee ae 
for any-such increment of 2, the increment of s, is =—— 

A; 
that is, it is infinitesimal. Also since #(s, ... s,) is finite and 

. d 
continuous for all possible values of s,...s,, za a $n) 

ds 
n 

eannot be infinite. It follows that corresponding to the 
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increment (= 2n) of x, the increment of o(s;... s,) 18 infimi- 

tesimal. Therefore in the integral 

ie act s,) O* de, 

¢,—z,_, being less than 27, $(s,... s,) may be regarded as 

constant, and therefore 

(a a so8y) 8 dae= 0 

for each ey value of g greater than unity. Therefore 

(avec w Wee 

J dla. 5) de = i $C. Sn) mF de, 

But in this integral, since z is less than 7, the range of w is 
less than 27, and ¢ (s,...s,) may be treated as constant, 
having the ean which it has when «=0, that is when 

(s,—r, A=0, ors, =r, and f(s)... 5,)= bat Sposa) 

We have then 
? 

>"s—rO pa | {| coe ia... (esa )8s wade ee 

=i wee 

3 {\.. eerie adh, oa $(a:.. 5, jn dei =. Ge oe 

15. As the result of the two integrations for 0, and s,, @, 

has disappeared, and s, has been replaced by 7. And by suc- 
cessive double integrations in this way 

(})-- a6... a8, ifs, 5) dae 

is reduced to Z’d(r,...7,) 3 or 

1 CR =A OG... mee ae OCS; ss )iish es eae 7d , (9 

i . . 

and = is a constant independent of 7, ...7,. 
Tn 

Proposition J. is thus proved. 

Ss—rOV—1 

atin i 
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16. It comes next in order to prove that ( being very 

great) we may in evaluating the above integral neglect 

powers and products of @,...@, above the second degree. 

Let | x=}. ds, ...ds,$(81 --+ 8,)é 

so that 

d(r; r el BAe dO, ...d0,, Xe 

Then - --- 

Xx =f. meee, ds, (s1 ... §,)(COs s0+,/ —1 sin 230) =a+8,/—1, 

if a denote the real, and 8 /—1 the imaginary part of the 
last expression for X. Since nex: Di Sy. tS, ds yaa stom, 
evidently if every 0=0, a=1, and @=0, and 2?+A?=1. 
And we can now prove 

TsO@V—l1, 

Sr Of 1 

(8) 

Proposition II. 

That if any 6 differs from zero, «2+? contains the product 
of m factors, each of which, unless @=0, is numerically, and 
generally in a finite ratio, less than unity. : 

For 

a? + B= 1 ds, ... ds, p(s; ... §,) 608 (30, +... +5,0,) }? 

+4 i\) mee isy 2, OS (Sy. 25S.) Slur... + 60) 7. 9) 

that is, the sum of the squares of the integrals. Or replacing 
the square of each integral by the product of two similar 
integrals between the same limits, «? + 6? 

= [f... ds, ... ds,(s: ... 8,) cos (80) x {f... day! ... ds,/b(sy! ... 8,") cos (2s'6) 

ds, ... ds b(s, ... s,) sin (280) x ihe is; ds Id(sy)... 6 ) sub as O. “CLOy 

pds, ...ds ds,’ ... ds'b(s, ... 8,)6(s;’...8,’) cos (s,—s1'0, 

+ S.—89/0,+ ...+s,—s/0.) ° ° ea) 

17. Again, 

Cos (s;— $0, + 5.— 8/0, +... +5,—s8,'6,) 

consists, when expanded, of the term 

COS $;—$1'O, . COS 8:—S_'0,... cos s, —S,'6,,, 

and other terms each of which contains one or more of the 

factors sin s;—s,', sin s»—s,'@, &c., each in the first degree. 
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Each of these factors, e.g. sin (s,—s, )8,» when integrated 
between the same limits for s. and for s ', gives the result 
zero. Therefore every term vanishes in the integration for 

..8’ except the product of the cosines, and 

Oy BEE ds, iV Soi ds,' ee ds 'P(s aie S, )b( sy’ Ls = ) cos (s;—sy! 6,+ 

.. +8,—5,/6,) 

sy ds, \\ ... ds)... ds,/b(s1 ... 8,)b(s1' ... 8,") cos s1/— 81/0; cos 82— 59/05 
! .. Coss, —s,'6,. 

As n becomes indefinitely great, this product becomes 
indefinitely small, unless each of the factors coss—s’@ is 
equal to. or nearly equal to unity. That condition is satisfied 
for @=0, but not if @ is any multiple of 7, because if @=0, 
cos s—s'@=1 for all values of s—s!. _ Butif Gis a malas 
of z, only for a particular value of s—s’. 

18. If this condition be not satisfied, «?+ 8, since it con- 
tains the product of 7 cosines, which are not in general 
nearly equal to unity, is, ” being very great, indefinitely 
small. Therefore « and B, and therefore X, are indefinitely 
small. We might fix limits between which 6,...6, respec- 
tively musi lie, say 

0, between g, and —q, 

0; 9 G2 » ~Qe 

&e. 6, 29 Gn Fn» 

in which q,... g, are so small that all powers and products of 
them above the second degree may be neglected. Then 
unless @,... 0, lie within these limits, X is indefinitely small, 

and therefore also Xe~ 2°" ~! indefinitely small. If 0,...4, 
do lie within these limits, we may in evaluating X, and 
therefore in evaluating 

MbGe da or iN} ths »00 8 ds; ... dee 

neglect powers and products of 6,...0@, above the second 
degree. 

19. In the expression 

—37r6 f—i all 40. dae 
° s—r0 ¥—1 =a (aes 2 ds Fuaia' ste 
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expand the exponential, neglecting in accordance with the 
last article powers and products of @, ...6,, above the second 

degree. Then a1. replaced by 

Pps 70./—1+4(2s—r0,/—1)% . . (13) 

To this expression we may now apply art. 10, and so obtain 

fy. es GE ds, b(s;...8,)e—" 5 aes 

Sey ><. ds... ds.h(8, ... §,) 

+ {j sods, ...ds,6(s1 +++ 8,)39 78/1 

— 4 (J... ds... ds,h(s1...8,)(2,s—70)? 

= 1+ 3 (s—r)0v—1 

— $f... ds... ds,h(s.-. 3,)(B5—78)%. . (14) 

20. Now, 

(\ -- dsr... ds,6(s1 ...s,)( sr)? 

as . i ae 
= \\ -- ds,.. ds d(s,... 8,)%, (8, — 23,7, +7,2)0,2 

for all positive integral values of p 

p=n q=n 
+2/f--- ds, ...ds p(s, ... 8.) 2 ya pn Sp5y ha 8 F560 

the last term including all pairs of unequal integral values 
of p and g 

ae BED. , wae 2 

ee, te “55%, T Ty )6, 
Pp=nr_.Q=n _— aes = 

FAB 58) +0 hy Sly 54") 9g Pererecl eo). 

by art. 10. 

Also (S(s—r)6)? 
2 

Lele = ent (e- 287+ SS) 0? 

E =n__ Qn ,— f — == 

w 25 1 (5,8, Ys Ye" 0 zy Sy1q SSF a) 00. 7 3 (16) 
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which differs from (15) only in 5A being replaced by s, for 

every p, and £8, by Sp S, for every p and g. Whence 

(Jo. doy... ds,b(or -.- 8,1 +381 /—1— (Ss 78)) 

=1+4 Bef, aie 1(Ys—r6)? 
2 a pan — o wed ee Din = a a ates 32 G5) Of ELE es eee 

2 p=1 

and therefore finally 

Or. = Fa {| \ 20... ue ae 
2 

ges )62+ BZ(ss/—s s')00" 
,. 

because in restoring the exponential we may again neglect 
powers and products of 0,... 8, above the second degree. 

21. I now simplify this expression by assuming every s to. 
be zero, and will point out in art. 37 how this becomes 
important. Our equation then becomes 

+o 

1 — (4D870? + E3s8'00') ,— Sr NT 
Slr ary | |. d8, de ($2870? + T3ss ne =r 1 

Let us now write SS 

ee 
Sais Cl; 

Xe., 

and %p8y=bng= bg» for every p and g; and let the index so 
obtained, or 

4,0)? + b120:6.+40,0"%+ &e. +44,0,7=Qe, 

so that 
+o 

B(ri ta) zal | dO. dB, e~ We v=T. (18) 

22. Before integrating for 6,...,, it is necessary to 
introduce the conjugate functions wy...un. 

The coefficients a, b are a property of the given system, 
being determinate if s,...s, are given in form. Let us then 
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write, using 7}...7, a8 any values of 51...3n, 
Ty SH AU, + byes + b13U3 + &e., 

Po = by, + Aqly + bo3u3+ Ke., 

de. = ke., 

from which follow algebraically 

7 = one re: Fst &e., { a 

pea, ee &e D 1 D 2 b) ! 

&e.= X&e., 

in which D is the determinant of the quadratic function Q,, 
- namely, 

a, Oy dy 

, ee x dr, dr, 
D= or taki FP 

and D,,, D.:, &e. are its coaxial minors obtained by erasing 
the first, respective second, or mth row and column. Also 
Dpq is the anaxial minor obtained by erasing the pth row and 
gth column, or vice versd. Since, by definition, bry=by» for 
every p and gq, it follows that D,,=D,, for every p and gq. 
The signs of the anaxial minors are so taken that 

D=aqDy +6y.D52+0;3D13+ Ke. 

23. Again, let . 

D D 
Tp =e D = Ao, Ce., 

and 

Di Dog 

The r’s and wu’s are then connected by the symmetrical 
systems 

7, =U, + dju.+ Ke., 

Mo Dy Gotty + Gy - 3. . = (9a) 

&e., 
and 

U=a,7,+Broret Ke., 

anit fe aha a GLCsy a oe. a te ELI) 

&c.= &e. 
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Also if A denote the determinant 

= 

“ Br Bis «-- 

A = Bar Qo Bos “aa . . . (20) 

Deescn esha | I 
203 7 le, tas © . 

then by a known proposition A= D And as 

vas 2 

so reciprocally 

_ An =F” b= = &e. 

These results may be confirmed as follows :—If we integrate 
re ° for all the variables 7 except 7, between limits +a, 

we obtain mean But 7°=a, by definition. Therefore 

Ai, 
The a Similarly 77, =b).= Tae ,andsoon. Inthe same 

way, expressing ( in terms of the w’s, 

iH 6 Uy dy. dee SY sa, =u, 

D ie = 12 
\f-« Qt Ugiltte ... Cj D = Bip= WU, &e. 

24. The integration of e % eo 2V—-! for O,...6, between 
limits + is given by Todhunter (Cambridge Phil. Trans. 
vol. xi. 1871, p. 219) on the assumption that the coefficients 
in Q, are such as to make QO; necessarily positive. The 
necessary and sufficient condition for which is that D and 
every coaxial minor of D is positive. 

me \V. ..d6,...d0,e°%. Siac lee (0 

Then replacing eee by cos Sr6—1/ —1 sin Sr, we have, 
since the imaginary term disappears in the integration 
between +a and —w, 

Us(j...d6;...d6,e~-* cos 278. 
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Then 

= —{| ..d0,...d0,e~% sin (7,6, +. .+7,8,) “8, ee tan), 
Uy 

= — d0,...d0,e~™ sin (7,0, + +ri6n) (157 + 46,0 tee ]-<- n EE cee n’n t du; Se ” du; 

= —|\ . 8. S dO ne % sin (170, SSN ee E TnOn) (a,0, + bi05. ae &e.), 

ede 3 

Te dQ 
Si, = —|{---20, ..d0,e7 % sin (70, +... +726n) ie, ee matue | Weak } 

Again integrating e 1 cos (7,0)... +7n0,) for 6, by parts, 
remembering that (J), being positive the integrated term 
vanishes at both limits when @, is infinite, we have 

| dO,e % cos (70, +... + 782) 

SS eee ) dQ — = {ab 9sin (7,0, +...+7,6,) 0, oa} 

Integrate both sides of this for @,...0,.. That gives by (21) 
and (22 

ee Pd dU 
U=- — —— or —_ =—7,U. 

Ty du; du, 

Similarly a1) : 
es r,U, &e., 
WU 

and therefore, since 
dr, dr. 

ws tm + &.=n, 
du; duyz 

a A Ty A sr de Fear: (23) 

where A is constant. 

=. Q =t2ru, 

or Qu = tau? + dyotyug+ tay Tr Stoll” + &e., ( = (24) 

ee sayry -- Bre 172 — 2s -- sar," + &e. L 

We have thus three equivalent forms of the index Q. 
Now Q, is the same function of w...u, that Q, is of 0,...6,. 
This is Todhunter’s result modified only by a change in 
notation, he using a and 26 where I have used Ja and b. The 
proposition stated in art. 11 is thus proved. 

25. It is convenient at this point to consider the relations 
between the coefficients a, b and a, 8, and between them and 
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the 7’s and w’s, as regards dimensions. In e~®, Q must have 
zero dimensions, that is 7,u; has zero fpeasiee or those of 
u are the reciprocal of those of ». Therefore a, 2 must have 
dimensions the reciprocal of those of 7*. If, therefore, for 

2 ? : L T L 
instance 7 has dimensions pou has L@ by. &e. have pe? oF 

if r has 2% u has _ Also if 7 has a D has (a) and 

2 

oe &e., or a, 8, have _ 

Part II. 

26. We have thus proved that $(7...7,), which represents 
the chance of the variables s,...s, having the values 7j...7,, 
or values infinitely near thereto, has the form $(7...7,) =Ce-® 
and Q is expressed as a quadratic function of 7,...7,, con- 
taining products as well as squares of the variables, and with 
coefficients as above stated. Also expressing A(ehe Tap 10 
terms of w,...%n, we may write 

b(ry...tr) dry... dtr=W(Uy...Un)duy...dun,d + —+ 

=r(uy...Un)duy...dunrD, 

dr, ie 

du; dus 

i 
A 2) 

abr (uz..-Un)duy...dtn=(7y...T)dry...drnA 

Whether we use 7.. Ty OF Uy...%, for independent variable 
is a question of convenience. 

Since e~@ does not contain the time explicitly, we are in 
effect assuming that it is independent of the time, and there- 

or since D= 

fore that if the system represented by 7...7, is in motion, 
such motion is stationary. And @(7r1...7,)dry...drnz, or 
ab(uy...Unjdu,...dun, represents the time during which, on 
average of any sufficiently long time in that stationary 
motion, the variables lie within the limits ry... +dry, &e., 
Or 24.. uae Xe. 

27. Since Q contains products of the variables, the law of 
distribution of the values of s...s, 1s not generally of the 
form e7@™sPtmeas’t -™n8n), with my...m, constants, and cannot 
possibly have that form, unless firstly every s=0, and 
secondly there is no correlation, for if Q=Xms*, e~@ is the 
product of n factors each containing only one of the variables 
S1...5,. Therefore, by definition, there is no correlation. 

i 
i 

‘ 
. 
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Every proof of the theorem in its ordinary form, 2. e. with 
Q=ms", either is based necessarily on the assumption, 
express or implied, that there is no correlation, or else it 
would prove the absence of correlation as a necessary fact, 
that is, that no physical system in which the motions of the 
parts are correlated can exist in stationary motion. 

28. The theorem as above stated fails, or the proof fails, 
if Q can become negative ; and therefore the proof fails if D, 
or as the case may be A, becomes negative. It fails also, 
and this is important, if one of the variables on which Q 
depends becomes discontinuous, which may happen by the 
variation of external conditions. 

The Law of Maximum Probability. 

29. Since Q contains products as well as squares of the 
variables ry...7, OF w,...U,,, we can effectively make e-® 
maximum, subject to the constants of the system, and the 
kinetic energy may be one of such constants. By making 
e~2 maximum we obtain the most probable, or normal state 
of the system, subject to the constants. 

30. Whether we should use 7,...7,, or w,...u, for indepen- 
dent variables is, as above stated, a question of convenience. 

2 

di 
therefore convenient to use the 7’s, if 7 has dimensions 7 and 

rm 
A ° ° e L eV 

u has L3 and the w’s, if w has dimensions T: I wili assume 

It is The constant kinetic energy has dimensions 

then that the kinetic energy, or 2nH, 

= 2 2 2 = MU Mga” + vee FMnUn 

a - nd — 4ayu,? _ bot Us == es sagu,” ~ &e. 

The kinetic energy, mu”, if expressed in terms of 7...rp, 
would be a quadratic function of 7,...7,, with coefficients 
functions of a, B of (20). 

31. I assume also that E is either constant, or varies very 
slowly with the time, while w...u, in general vary very 
rapidly, so that they may go through cycles of changes 
while E is sensibly constant. E belongs to the class of 
variables which Max Planck calls “langsam veranderlich,” 
while s;...s, belong to the class “ schnell veriinderlich.” 

Also I assume that the 6, or correlation coefficients, are 

ee. Mag. Ser\6. Vol. 17. No. 97. Jan. 1909) G 
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functions of inter alia a quantity v, which, like H, is “langsam 
verinderlich.” And ihat they possess the property that as v 
diminishes every 0 increases ceteris paribus. That is, the 

coefficients may, as mentioned in art. 8, be functions of the 
instantaneous distance between the variables to which they 
relate, e. g., by, may be a function of p, the distance which at 
the instant separates wu, and w,, or the things to which uw, and 
uz relate, from each other. If then the distances p diminish 
by the diminution of v, which will generally be the case if v 

| ih. db” 
denote the volume of the system, the condition that every ib 

db- 

dp 
32. Since the two functions @(r, ..7,) and Ce7®, or let us 

say ¢ and F, are equal to one another throughout a certain 
range of values of v, for all of which D is positive, it follows 

dF 

is negative will be satisfied, if every is negative. 

that at every point or value of » within that range = =F 
2 3° 

and all the derived coefficients of ¢,as ay &c., are respect- 

ively equal to the corresponding derived coefficients of F. 
Therefore, by Taylor’s theorem, 6=F for all values of v for 
which that theorem can be legitimately applied, with initial v 
within the given range. If, however, when a certain value of », 
say v= V; 1s reached, a discontinuous change takes place in v, 
Taylor’s theorem will in general at that point fail, and the 
equation ¢6=F will cease to be true. 

33. Since e~@ is maximum, 

i Ou, + But &e.=0, 

and since E is constant, i 

MU OU, + MolsOUn+ Ke.=0. 

Whence, if > be the indeterminate multiplier, 

d 
Pre =AM,U}, =AMsly KC., 

Uy 

dQ 
duty 

or in the notation of (24) 

yt + byottg + by33 + Ke. =AmMyU; 

byt + dota + bosug + Ke. =AmMyguU>s APT tae 

&e. 
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and % is given by the determinantal equation of the nth 
degree, 

5) | 
my Mitel? ae vk | 

bay oS =) bos ei | 
My Mo Mz pt) ET aT 3 

ec. hay) m3 m3 Ms 

J 

If X be any real root of equation (B), its substitution in (A) 
Ua Uy 

determines the ratios —, —, &c. in a system of values of 
Uy? by 

u,...U, for which Q is minimum, given E. 
so | d 

7S ie = 1ADTmu?=rAnE, 
du 

Uo Ug 
and this, with the ratios —, —, &c., determines an actual 

Uy Uy 

set of values of w,...u, which make Q minimum, given HE. 
34. Now expanding equation (B), we have 

ee AGN EAP 2 A= 05.) Se EE) 

4 : a A . : 
in which Ai=2—, and is the sum of the roots, A, is the 

determinant B when 7=0, and differs from D only by the 
£ : | 

factor ————, and is also the product of the n roots, and 
MyMy...12n 

has the + or — sign prefixed, according as is even or odd. 
A,-1 is the sum of the coaxial minors ‘of D, having (n—1)? 
constituents, each divided by the product of (n—1 i" m’s, and 
is equal to the sum of the products of the roots taken n—1 
together, and has the opposite sign to that of A, prefixed, 
7 so on down to A,, which is the sum of the coaxial minors 
of D having 2° constituents, each divided by the product of 

ya — by? . 
two m’s, as ————, and is equal to the sum of the products 

MMs 

of all pairs of the roots, and always has the positive sign 
prefixed. 

' It thus appears that the determinant D divided by 
C 2 
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MM... is the product of n factors, which are the n roots 
of equation (B); also that the sum of the coaxial minors of D 
each of ¢? constituents, and each divided by the proper factors’ 
m, t in number, is equal to the sum of the products of the 
n factors of A, taken ¢ together, whatever number ¢ may be less 
than n. For A,_; is by the theory of equations the sum of 
the products of the n roots taken n—1 together. And it is 
also the sum of the coaxial minors of D each of (n—1)? 
constituents divided as aforesaid, &e. It is possible to 
construct a determinant which shall possess this property, 
but its demonstration would be too long for the present 
paper. 

Since Q=AnH, and EH is positive, Q has the same sign 
as X.; and since we are limited to positive values of Q, we are 
limited to positive values of X. That is, equation (B) can have 
for our purpose no negative roots. But D is proportional to 
the product of the n roots of (B). Therefore we are limited 
to positive values of D. 

35. Every maximum value of e~® determines a state of 
stable equilibrium for the system, that is, if w...w, are 
changing rapidly, a state of stationary motion. There may 
be many such states corresponding to different real roots 
of (B). We may call the state corresponding to any particular 
real root A, the state A. If A, and A, betwo real roots, and 
X»y>Ay, then the state A, is more probable than the state A, in 
the ratio e@2-Av"E, Tf X,—A, is not nearly zero, and n very 
great, then the state A, is more probable than the state A, in 
a very high ratio, and the more so as nH increases. It 
follows that very great values of X are in a very high degree 
improbable, and may be neglected. The state corresponding 
to the least root of B is the most probable of all the states of 
stable equilibrium—lI define it to be the normal state. 

36. I think the method thus investigated is applicable to 
determine the normal state of any material system whose 
parts mutually influence each other, and therefore become 
correlated. And is not this the case with almost all material 
systems in nature? A rare gas is perhaps the only known 
system to which the assumption of no correlation has been 
or can be legitimately applied. Further, a system of mutually 
acting, and therefore correlated, parts is a living system. 
On the other hand, if Q be reduced tc a sum of squares, as 
Boltzmann’s H theorem professes to prove, it would be, if 
left to itself, a dead system, for which no further change is 
possible. 
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On the Equipartition of Energy. 

37. In the first equation of (19) 

Uy aU Pia &e., 
D D 

multiply both sides by 7,, and take mean values of both sides, 
remembering that since r, . + Tn are possible values of s,.. fn, 

Pe 4. Similarly re=a, &e. and 7,7,=6,, &e. 
That gives 

—— __ Dy + by.Dyo + 43D 13+ Ke. 
D 

YU = 

= pal 

Similarly row, = Land ry = ryt &e. = 7,un. Note that this 
result would fail if 5), s, &c. were not zero, for then 7,7 a, &c. 

Evidently Rp EO &e. and ryuy=7, qQ 4 . Whence the 
du dr; 

law of equipartition of energy takes the general form 

ee 
mies Le 2 du ly 

Let us now apply the results of making Q minimum above 
investigated. We have, since 

dQ dE i na di 
= Ani, eh nat or Co ee ee Li ae a 

for each u. Whence, if we may assume that 

dG &e. Uy 5 == Ug 
: du, dus 

for the normal or most probable state, we have 

adi dE 
Uy —— = Up —— Ke. 
*duy * dus 

And if oe Lu2, myw2 = muy? &e. It may perhaps be 
objected that the law 

Ug) = - Ke. “U —- = 

is proved only when the means are pie over all values of 
the variables, consistent, with the constancy of HK, and may 

B8203 
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fail if confined to those values which make Q minimum. 
But E is constant for all possible values of u, . . #,, and there~ 
fore tor the values that make Q minimum. 

It appears then that the law of equipartition of energy is 
not necessarily dependent on Maxwell’s law of the distribution 
of velocities, e—’=”", but depends on the conditions (1) that 
every variable s has zero for its mean, and (2) that 2nH has 
the form mu’. 

Application of the Method to Gases. 

35. I assume now that the system represents a gas, or two 
or more gases uniformly mixed, and that w,.. wu, are the 
vector velocities, mm, . . m2, the masses, of the molecules. For 
the dimeusions of wu; .. uv, and the other variables in this case 
see art. 25. 

I assume, further, that each of the gases forming the 
mixture, or the single gas if there be only one, is homogeneous 
as regards the constitution of its molecules, and that the 
mixture is homogeneous as regards the proportions in which 
different gases are mixed. Also that EH represents its tem- 
perature, and is uniform throughout. And that v represents 
the volume containing a given number of molecules, and has, 
up toa certain point hereafter to be defined, the same value 
at all points. The definitions of temperature at a point and 
density at a point present no difficulty in a system of this 
homogeneous character. 

Since the number of molecules in volume v is propor- 
tional to v, Smu? for the molecules in volume v is proportional 
to vE; and instead of Q=AnH it is convenient to write 
Q = AvE, using v to express so much of the space occupied 
by the gas as contains 7 molecules. 

I proceed to prove that the velocities of any two molecules 
if sufficiently near to each other, say at distance less than 
from each other, will be appreciably correlated, if at suffi- 
ciently great distance inappreciably. And I assume —b,, to 
be, for any distance p, proportional to the force R which at 
that distance the two molecules denoted by p and g exert on 
each other, and that for very small values of p such force is 
repulsive, and —b,, negative. This is consistent with art. 8. 

39. In Clausius’ Virial equation, let P denote pressure and 
v volume, u the vector velocity, m the mass of a molecule, 
R the force which acts between two molecules at distance p 
from each other, R being positive when the force is repulsive. 

oS 

Then Clausius’ equation is 

3Py = Linw? +425 Re. 

TO 
' ' 
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If the gas be rare enough, the last or Virial term is negligible, 
because R is negligible tor all but an infinitely small proportion 
of the pairs of molecules at every instant. For such a gas then 

2 Pv = 42 me? = nik 

very approximately. That is, Boyle’s law is fulfilled very 
approximately. ‘This is the case for air and other gases at 
ordinary pressures. For such gases, since R is, for nearly all 
pairs, negligible, the correlation coefficients ) are, for nearly 
all pairs, negligible, and Maxwell’s law holds. But as the 
density of the gas increases, the resistance to compression 
increases beyond—and ultimately very far beyond—what it 
would be under Boyle’s law (see Lord Kelvin’s paner “ On 
the Problem of a Spherical Gaseous Nebula,” p. 260 note). 
For a sufficiently dense gas therefore the Virial term can no 
longer be neglected, as a considerable part of the pressure P, 
in $Pv, is due to it. For the same reason the correlation 
coetiicients /, which are proportional to the R’s, can no longer 
be neglected. Q becomes a complete guadratic function con- 
taining products as well as squares of the velocities. 

40. Experimentally, by reason of the homogeneity, any 
portion of the gas, if containing a sufficiently great number 
of molecules, has the same properties as any other portion, or 
as the whole. Analytically the same result appears thus : 
About any point O in the gas as centre, suppose a spsere of 
radius ¢ containing N molecules, and another concentric 
sphere of radius ¢+c’, containing N + N’ molecules, and both 
ce and ¢’ much greater than the radius of correlation. Let 
Qy be the value of Q for the N molecules in the ¢ sphere, 
Qyin its value for the N+N’ molecules within the 
sphere c+c’. Then, if N be very great, 

Gg 2 Ne 
Quan a N+N’ ; 

Therefore - or A, is independent of N. It is true the 

number of roots of equation B,as applied to the N molecules, 
is N, and as applied to the N+ N’ molecules is N+ N’, or N’ 
new roots are introduced by taking in the additional N’ 
molecules. The statement that ) is independent of N means 
therefore that all the roots of (B),as applied to the N molecules, 
are also roots of (B) as applied to the N+ N’ molecules. And 
in particular the least root of {B) is the same in the two cases. 
The correlation coefficients between the N’ new variables and 
the original N are, except in an infinitely small proportion of 
the cases, evanescent. Therefore by art. 35 the normal state 
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is the same in the two cases; and therefore the system of N 
molecules in the sphere ¢ has the same physical properties as 
the system of N+N’ molecules im the sphere c+’. 

41. I have not up to this point assumed either sign for the 
correlation coefticients. That must depend on the physical 
relations of the system. If the forces between two molecules 
be repulsive at sufficiently small distances, as must be the case 
if discrete molecules are to exist permanently, let + denote 
the potential at any point of all such forces. Then, according 

ofa Lite 
to Boltzmann’s law, e—?’X, where 97, 18 mean kinetic energy, 

must be a maximum, or 7 must be a minimum, given the 
total energy, when the motion is stationary. That will be 
the case if molecules very near each other move on average 
in the same direction, so that very near approaches involving 
high potentials are rare. That is, if, m, and mz, are neigh- 
bouring molecules, the scalar product w,ug is on average 
positive. | 

The molecules of the dense gas tend to move, not as in the 
ordinary rare gas each independently of all its neighbours, 
but 2n streams. And this tendency increases as the density 
increases. 

Of two motions of a system with the same total energy, 
x+T, that one is the more probable for which hy is the 
less. Let the potential of mutual action of two molecules 
m and m’, when distant r from each other, be /(7). We might 

: if : ae : 
assume f(r) = a where g is positive and not less than unity, 

or f(r) = —e-*", where « is positive. In either case if «<r 
fe 

fot+a)+fv—2) S277) and © (7(r+a)4fr—a)} 
is positive. It follows thatif r is constant on average of time, 
the mean value of /(7) for the same time is least when m and 
m' have no relative velocity, or z=0, and increases as the 
kinetic energy of their relative velocity increases. If therefore 
they have any common velocity, 2. e. stream motion, the mean 
potential y or }/(7) is less than it would be if with the same 
total kinetic energy they had no stream motion. 

I think the existence of the streams is thus proved. 
It is a plausible theory that, of all possible stationary 
motions which a material system may have, that one is 
the most probable, and therefore will be the actual motion, 
in which the mean value of e~*'% is maximum, or y is 
minimum. That is analogous to the theorem, that of all 
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positions which a material system may have in statical 
equilibrium, that one will be chosen for which y is minimum. 
In fact, by making h infinite, the first theorem is reduced to 
the statical theorem. If this theorem be not accepted in all 
its generality, still it must be accepted for a gas, for which in 
fact Boltzmann proved it. It amounts merely to saying that 
the system chooses, for given total energy, the motion of 
least resistance. 

42. It is evident that, as v diminishes, and therefore the 
coefficients of products in Q increase in absolute magnitude, 
Q generally diminishes. Jor the only terms in Q that can 
be negative are the terms containing products. And such 
terms can always be made negative by making the correlation 
coefficient, e. g. bp,, negative if u, and uy, have the same sign, 
or by making it positive if they have opposite signs. As we 
have already seen, there are, if the system represents a gas, 
physical reasons why when 6,, is not inappreciable, uw, and u, 
should in general have the same sign, and therefore why, if 
Q is to be as small as possible, b,, should be negative. 

But, at all events when v is very great, and therefore the 

correlation coefficients very small, aoe which is equal to 

Upitg, has the opposite sign to b,,. For Dpg =—by,, multiplied 
by a coaxial minor of D which is positive, plus terms con- 
taining products of more than one 0}, which, v being great 
enough, are negligible compared with the term containing 
only b,,. Therefore D,, is generally of the opposite sign 
to fprz, that is to b,,. On the other hand, @,, of (20) is 
equal to upg, and is positive. 

Since, further, Q diminishes as v diminishes, and Q=AnH, 
it follows that > diminishes as v diminishes, or if » be the 

dn . ne ‘ Phideuye 
least root of B, 7 8 positive. Also, since as v diminishes 

2 
the correlation terms in Q assume relatively more importance, 

dr 

adv 

43. Having thus explained what I consider to be the 
general form of motion of the dense gas, I now assume that 
it is being compressed with constant temperature, that is 
diminishes, E remaining constant. 

I make an hypothesis, namely this:—That “the critical 
volume” V at which a gas under compression undergoes 
liquefaction, is the volume at which D=0, and that in such 
liquefaction v, the volume, changes discontinuously. And 

adn . . . . e e a generally increases as v diminishes, and Is negative. 
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that this is the discontinuous change in v at which the 
equation (7, ..%n) = Ce~® ceases to, be true, expressed 
above analytically as the failure of Taylor’s Theorem. It will 
appear that this hypothesis leads to results agreeing with 
experiment in the liquefaction of gases under pressure. 

44, On possible variations of density between different parts 
of the system, as a consequence of the diminution of v. 

If for the whole gas, or for any separate portion of it,. 
v varies continuously, A the least real root of equation (B),. 
as applied to that portion, will in general vary continuously 
as a function of v. 

Let us suppose the volume v of the gas to be divided into. 
Vv 

N parts, each equal to N° Let v' be a volume less than v 
' / 

divided into N parts each equal to ae and let X’ and = 

denote the values of those functions for v’. Suppose that 
by the compression v is reduced to v—dv. ‘This may 

aoe oak 

happen in either of two ways. Suppose Ov= : — Then, 

event A, as v diminishes by 0v, each of the N parts into. 
which v is divided diminishes in the same ratio, so that 
the density, however varying with the time, remains con-- 
stant in space throughout the whole volume v. Or, event B, 
as v is diminished by Ov, some one of the N parts into 
which v is divided, is diminished by Ov, and therefore, since: 

v—v v' 
3 yw 3 reduced to NX> the other parts remaining 

unchanged in volume. 
In event A, \ varies continuously throughout, and becomes 

SALI oda in : 
for each diminution 9v of v, A— = ov. The chance of this 

happening is therefore, for each Ov, represented by 

Py (a— S ov) vE, 

In event B, the chance is the product of two chances, 

(1) that for - , shall become A/, and (2) that for e(1- x) : 

® shall be unchanged. The chance is therefore 
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45. If Pa denote the probability of event A, Px, that of 

event B, we have 
dr) oF 

P,= siglo re 

By) CE aa RN 

Bie” Ne pciny as 
= eg ey v E. 

and eee eae tT) aN 

Event B is the more probable when A—2! is greater than 

1 aX 
(v—2 iow . 

Now d. BO 
N=r—(v—0!) A +30) os + Xe., 

and by making v—v’ very small we may reject all higher 

owers of it. And since ah, is negative (art. 42) econ 
P ; dv? 8 a v—vl dv 
—that is P, 7 P,, Further, when v'=V, X/=0, because 2’ 

is the least root of (B), and must therefore vanish when D, 
the product of the roots, becomes zero. Therefore ultimately 
r dn 

v—v'~ dv 

46. It thus appears that, consistently with the theory of © 
probabilities, inequalities of density may arise at any time. 
But so long as the system remains gas, they will be dispersed 
by diffusion as fast as they arise. The uniformity of density 
is therefore stable. But as v approaches V, the portion of 
gas which assumes the greater density becomes liquid, and is 
not dispersed by diffusion. Liquefaction will therefore take 
place of separate portions of gas successively, other portions 
remaining as gas unaffected, until, with continuing com- 
pression, they undergo liquefaction in their turn. And the 
proportion of gas liquefied for a diminution, dv, of the volume 

: PIE Ve v 
of gas for the time being is oem 

1B) A 
47. It is true that we cannot define a priori what particular 

part of v will as “ bear the whole loss of volume Qv. In 

the same way, when a gas liquefies under pressure, we know 
that as the diminishing volume approaches the critical volume, 
some portion, though we cannot define what specific portion, 
will be liquefied, the rest remaining as gas unaffected. In 
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fact the result above obtained agrees in this respect with 
the results obtained experimentally in the liquefaction of 
gases under compression. 

Change of E. 

48. As E increases with v constant, the axial constituents 
of the determinant D increase, while the anaxial constituents 
which depend on v remain generally constant. The effect 
of that is to increase D and allits coaxial minors. If therefore 
E be great enough, no amount of compression will reduce D 
to zero, and liquefaction cannot take place. 

Il. Electrical Oscillations in Coupled Circuits. By E.TAYLoR 
JONES, D.Se., Professor of Physics in the University College 
of North Wales, Bangor”*. 

[Plate I.} 

[’ is well known that in a system consisting of two circuits 
containing capacity, self-inductance, and sufficiently 

great mutual inductance, each circuit has two natural periods 
of electrical oscillation. The problem of determining the 
constants of the two oscillations has been considered by 
Oberbeck tf, M. Wien}, and Drude§. Drude showed that 
in addition to having different periods the two oscillations 
also have in general different damping coefficients, and 
calculated their values; he further showed how to calculate 
the potential at the terminals of the secondary circuit at any 
time after the application of a given potential-difference to 
those of the primary. 

The present paper deals mainly with the case in which 
the oscillations are started by breaking a current in the 
primary. The expression for the secondary potential is 
deduced for this case by Drude’s method, and compared with 
measurements of photographs obtained by means of the 
short-period electrometer (or “electrostatic oscillograph,” as 
it has been called) described by the author ||. The instru- 
ment shows that the course of the variation of the secondary 
potential is much simpler when the oscillations are started 

* Communicated by the Author. 
+ Oberbeck, Wied. Ann. lv. p. 625 (1895). 
t M. Wien, Wied. Ann. 1x1. p. 151 (1897). 
§ Drude, Ann. der Physik, xii. p. 512 (1904). 
| E. T. Jones, Phil. Mag. August, 1907. 
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in this way, owing te the absence of disturbance by the 

auxiliary sparking apparatus. 
Some photographs and their measurements are also given 

for electrical oscillations in coupled circuits produced by the 

‘musical are”’ method. 

(1) Calculation of the Potential at the Terminals of the 
Secondary Condenser. 

The general equations as employed by Drude for two 
. . . > . 3. 

oscillatory circuits, when the coefficient of coupling M*/L, Le. 

is not very sinall, are 

aN, dV , : d?V. 
(T? a OY) Fe — 20, ae —_ Vi =pro( Ty — 0, ) wis a ; 

2V,, LV, : PV, 
(TP +0,2)? +20 + Va=pa(Te +02?) Ge 
where vie 

— 2R,C, T? ie 6, = 1y,C,, Az 2 LG, 

1 2 1 1 L, C 
2=3R,C,, 1T+0°=L20,, m= 5 Lc 2 

R,, L,, Cy, and R,, L,, Cz, are the resistances, self-inductances,. 
and capacities in the primary and secondary circuits. 

Drude’s results are applicable to the case of a Tesla trans- 
former, in the secondary of which the current varies from 
point to point along the wire. In the experiments described 
in the present paper the two coils were connected to con- 
densers of considerable capacity, so that we may neglect 
the variation of current along the wires, and in consequence 
put Lj.=L,,=M, the mutual inductance of the two coils. 

V, and 2V. are the potential-differences of the plates of the 
primary and secondary condensers. 

Drude shows that the solution of (1) is 

Vy = Age’ + Aget¥2 + Age + Ayes, 

V, = Bie n — Byet -— Be J3 = Bye V1, 

where 

6, +- 8, : 3,+06, 
E> +:T, 2—p— 2 = 

2 
er 

Bee eee a y= 9-1 _ yy, 
> 



ont and 27T’ are the longer “ad Leal pein 
of the circuits, i= /—1, i cea B is given by tt iad 

28(1?—T) = —(@,—6,)(T,?—T,’). |» + on 
When the oscillations are started by besa lel 

in the primary circuit, the initial conditions are 

— C,dV,/dt= = Los a i = Rit, dV,/dt= = 0, Vo= = 0, wi 

Hence © 2A =i 
‘ 

Tt ean .also be shown * that 

=By a pa(T2 + 02) is) - 

J e ae 4 
= —pn (Ty + 6,7)iq/C, a a : 

=—G,, say; oy 
and tkat 

SBy?=pa( Ty’ + 0.7) — 20,2By 

= Poi (To? +82”) « Ryty + par{T 2? + 02”) ee/Cy 

= 2poi (Te? + 05%) (0, + O2)io/Ci = Ge, say. 

Hence, i in order to determine the coefficients B we have! th 
four equations : 

B, + B, + B; + B,=0, ee a 

Buy: + Boys + Bays + By, =—Gi, 

Buy + Boys? + Bays? + Buy? = Go. 

Solving these for RB,/y;, we find 

By  Gilye+ys +y4)-+ Go 

yy n—¥)Y1— Ys) M1 — Ys) 

* Cf. Drude, l..c. p, 537. 
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Similarly, 

Bo A(ntystys)+ Gs _ 
Yo (Ya ¥3)(Ya—Ys)(Y2- Jr)’ 

By Gi@mtyetyy+Ge . 
¥3 (Y3— Ys (Ys—Y2)(Y3—M1) 

Bi _ Gigityotys)+Gs 
Ys (Ys Y) (Ya— Yo) (Ys — Ys) 

Inserting the values of 41, yo, 3, y4, and remembering that 
G,/G, = 2(@,+ 42), we find after reduction, 

Gy [26T + (T—T')y.—iT(T—T)] Bi — Ts TY) + TT} 
) 1 

where No = 0, + 0, = ae 

In this reduction quantities of the order 27> and 
B(@,+62)/T? are neglected, these being, in all the cases 
considered below, very small. 

In a similar manner we find 

Gy r Lae oe QR EG Ns a al emp! _ — T+ (424 (TT) [261+ (T TA, +21T(T IN) Me 

i Gy 6 ! ey Tv ! 

| Gn 2 RT! mek Ty ’ 
B, = + (T+) {46 + (T—T) [26T +(T T’)A, +21 (T—T’)], 

281 
where Ay = 6,+0,+ ror | 

Also, again neglecting 6?/T? and (0,+04,)?/T? we have 

ij) ne IL 6,49, 2 

yi, m(-8+ 5} ) it 

if en iL 6,44, ] 

Lape ra( e+ City 2 
Y3 oF jee Pe ‘ee 

ae ena 0, + O. i 

pon met a") +p 
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Hence 

Bein = Bye”? 

— Gye- hyt 

and 
tly, — PR. pt! Byes = as Ys 

+Gye* | 2 2BT’ +(T—T’)ry} cos por (T— —T’) sin 
»(T +1’) 448? = Hes 

In the particular cases dealt with below 46?/(T—T’)? 
never greater than ‘0004, and may be neglected. 

Noticing that 

BT +(T=T jr, = 261’ +-(T—T)ry, 

and writing h for each of these quantities, also inserting es 
value of On we find 

1 M2,e5 
Ys a 5) WT 7-177 is £08 4 —T(T- — T’) sin 7 

ik May e7** ! 

+ 5 (T+) TTP E COS rv —T(T-T’) sin = : 

where 4, and f, are written for the damping coefficients 
of the two oscillations, viz. :— 

6,+ 6, tO, | 
ra 5 *—8) and rare +8). 

Since his small in comparison with T = T’) and T’(T—T’), 
we may express V.. in the more convenient form 

1 Mie eT : t ) 
Ve=+ 3 * (TT) co =5cin( 78 

Lh Rhee i” 

~ 9(r— T) cos 6! se ( rey ). 

: h 
where sin 5 = TW?) 

h 
and sin 6! = ToT) 5 

, [126t+C@- —T’)As$ cos FH 7—tt- T’) sin; | 
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The difference of potential between the plates of the 
secondary condenser is therefore, 

Mi,T ae (OF -B) t U 1 Z 2 

ONa =F 451) cos 5° sia (3) 
t (949, 

in Mil” 5 bi ( 2 +8) cee spe. S'). (3) 
(T? —'T?) cos & (q ) : 

(2) Experimental Arrangements. 

A detailed description of a short-period electrometer 
designed by the author, suitable for the measurement of 
rapidly-varying potentials, was given in a previous paper *, 
and need not be repeated here. One or two improvements in 
the instrument may, however, be mentioned. The oscillating 
strip has been made shorter, the distance between the sup- 
porting glass rods being reduced toabout 1:7 cm. This gives 
the strip and mirror a shorter natural period of oscillation. 
Instead of the oil-mixture described in the previous paper, 
paraffin-oil is now used. This has suitable viscosity, gives 
very high insulation, and is colourless. In its present torm 
the instrument may be used for oscillations up to a frequency 
ot 1500, and the present suspension has lasted for nearly a 
year with the strip under very considerable tension. 

The present experiments were made with two circuits for 
which the values of the product self-inductance x capacity 
were not very different. The secondary coil was the secondary 
of an induction-coil, of self-inductance, as measured by 
Rayleigh’s method, 70°15 10° cm., and resistance at the 
time when the photographs were taken 14022 ohms. The 
primary coil consisted of about 1200 turns of No. 14 copper 
wire wound on a glasstube. Its resistance was 1:0378 ohms, 
and self-inductance (by the same method) -004619 x 109 cm. 
This construction for the primary coil was adopted in order 
to make it suitable for the ‘ musical are” method. 

Two leyden-jars were used as capacities in the secondary 
circuit, and two paraffin-paper condensers in the primary. 
The values of the secondary capacities were determined in 
the following manner. The terminals of the leyden-jar were 
connected to the secondary coil and to the electrometer. 
Oscillations were set up in this circuit by sparking to the 
terminals of the jar with an induction-coil whose primary 
circuit was broken in each revolution of the rotating mirror 

* KE. T. Jones, l. c. p. 238. 

Phil. Mag. 8. 6. Vol. 17. No. 97. Jan, 1909. D 

——— 
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as the spots were crossing the photographic plate. The 
method of comparing the frequency, n, of the electrical oscil- 
lations with that of the tuning-fork, making allowance for 
difference of velocity of the electrometer and fork spots across 
the plate, was fully described in the previous paper. The 
self-inductance L, of the secondary coil being known, the 
capacity was calculated from the formula C,=1/47?L,n’, 
which was shown in the previous paper to agree very closely 
with the results obtained from the photographs. This method 
has the advantage not only of giving the value of the secondary 
capacity under approximately the required experimental con- 
ditions, but also of giving at once the total capacity in the 
secondary circuit, including leyden-jar, electrometer, and 
coil. 

This method was also used for measuring the coupling 
coefficient M?/L,L, of the two coils. For this purpose one of 
the leyden-jars was connected to the secondary coil, and the 
oscillation curves were photographed with the primary coil 
open and closed, the primary condenser being removed. The 
ratio of the squares of the periods with the primary closed 
and open is then 1— M?/L,L,. The mutual inductance of the 
two coils was also deduced from these measurements, since 
L, and L, were known. ‘The values so obtained were 
M?/L,L,=0°1483, M=0-2192 x 10° cm. 

The method employed for the determination of the capacities 
of the paraffin-paper condensers was as follows. The condenser 
was connected directly tothe terminalsofthe primary coil, whose 
circuit also included a battery and an interrupter consisting 
of a pointed zinc rod dipping under paraffin-oil into mercury. 
The terminals of the secondary coil were connected (without 
any condenser) to the electrometer. The mercury contact 
was broken, by means of a plate attached to the axle of the 
rotating mirror, as the spots were crossing the plate. Under 
these circumstances the secondary circuit had only the small 
capacity due to the electrometer and the coil, which was 
determined by methods described in the previous paper ”*. 
The frequency of the electrical oscillations in these circum- 
stances is given by 

1 M? Eee 
epee (1- Sua b0), 

27 Ly lis LC, 

* I. c. p. 248. OC, was here taken as the capacity of the electrometer 
pad io) : ° ° 

oh — C’+ = C”, where z is the number of sections in the coil, C’ the 

capacity of one section on the next, C’' the capacity of the whole of the 
secondary coil with the primary coil inside it. The value of C, was 
‘0000236 mfd. 
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a result which is deduced from the more general formula (4) 

below, by neglecting the square and higher powers of the 
small fraction L,C,/ HAG, Now ©, was known approximately, 
and this approximate value being used in the small term in 
the brackets, the inductances being also known, and » deter- 

mined from the photographic piates, a more accurate value 
of C, was calculated from the above formula. The capacities 
of the paraffin-paper condensers were thus determined under 
conditions not differing greatly from those existing when the 
double-period oscillation curves were photographed. With 
either of the paraffin-paper condensers in the primary circuit, 
the frequency of the oscillations when the secondary capacity 
was very small was, in fact, intermediate between the two 
frequencies when one of the leyden-jars was connected to 
the secondary coil. 

] The values of the capacities are given in the accompanying 
tables. 

(3) The Double-period Curves. 

Four cases of coupled oscillating circuits were worked out, 
particulars of which are given in the following table. 

TABLE I. 

L,=:004619 x 10° cm. b= 20° 15.x< 10° em: 

| M=-2192 x 109 cm. M2/L,L,="1483. 
10375 ohm. Ry = 14022 ohms. 

microfarads. microfarads. T,€, x10". | L,0, x 10°. — x 105. 

Mie) 955 ovl06s. | 4411. | (7455 | 6208. 

Fi... 9:55 -Q00875 4-411 6-138 5545 

POE... 11:87 001063 5-489 7455 6 805 

i <... 11:87 000875 5-482 6138 6147 

The frequencies n, and n, of the two oscillations were cal- 
culated from Oberbeck’s approximate formula 

=| Meee oe Sa y+ 42 1] 
— I-W/L,i, 0,0 * 1,0, ~ ers ee Cae Be reoC, a 

Hence the values of T and J’, 2. e. 1/2an, and 1/2772, were 
obtained, and 8 was calculated from (2). 

D2 
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In Table II. are given the values of the frequencies 4, no, 
of T and T’, the damping coefficients hk, and iy, B, and the 
phase angles 6, 6’ in degrees, for the four cases. 

TABLE LE, 

Ny. ge DE eLO* | oe eta a: | 6x10% | é'. 

L....| 542°2 | 882°7 | 29351 | 18030 | 80:21 | 169°1 | —707 | 1°81 | 2°95 

II....|582°8 | 905°0 | 27307 | 1°7585 | 77°50 | 171-8 | —233 | 2°08 | 324 

| ITI....|527-0 | 814°7 | 30201 | 19535 | 77-24 |172°0 | —240 | 2:36 | 365i 

8 IV....|560°3 | 844-4 | 2: 405 | 18847 |7616 |175°1 | +179 | 2475) 3°743 

The primary current, 2, was taken as 5°5 amperes, and 
values of the secondary potential, 2V., were calculated from 
(3) for various values of ¢ up to about ‘008 second. For 
the purpose of comparison with the photographs the values 
of 2V, were squared and the results plotted in curves. 
Figs. 1, 2, 3, 4 show the curves so obtained for the four 
cases, the abscissee representing the time in thousandths of a 
second measured from the moment when the primary circuit 
was broken, and the ordinates one millionth of the square of 
the potential-difference in volts of the plates of the secondary 
condenser. 

In obtaining the photographs, the primary condenser was 
connected directly across the terminals of the primary coil 
whose circuit contained also a battery and the mercury break 
described above. The terminals of the secondary coil were 
connected to the leyden-jar and to the electrometer. The 
curve was photographed three or four times on each plate, 
this being moved vertically in its own plane between the 
exposures. In addition the two spots were photographed in 
a number of positions in order to obtain the ratio of their 
average velocities in any portion of the curve. The primary 
current was not measured before each discharge, but before 
and after a group of several discharges ; in the four cases 
here considered the: value so obtained was 5°5 amperes, but 
there might possibly have been small variations during each 
group of discharges which were not recorded. - 

Pl. I. figs. 5, 6, 7, 8 show the photographs obtained with 
the coils and condensers specified in Table I., the lower 
wave-curve in each representing the oscillations of a 
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768 tuning-fork photographed simultaneously. In general 
_ appearance the photographs closely resemble the calculated 
curves, figs. 1, 2, 3,4, but in order to obtain a more accurate 
comparison the maximum ordinates and the time-intervals 
corresponding to the minima of the wave-curves were 
measured. These measurements were made on the negatives 
with a travelling microscope. 

In determining the minima, a fine line ruled on the plate 
at right angles to the zero line of the curve was used as line 
of reference, and the time-interval between the first minimum 
and the eighth or ninth after the starting-point, determined 
by the method described in the previous paper. The intervals 
between the first minimum and the second, third, fourth, 
&e., were then taken as proportional to the corresponding 

. lengths on the plate. The starting-point was not used in 
these measurements as, owing to the initial slope being zero, 
it is difficult to determine exactly the point at which the 
curve first begins to ascend. 

In Table III. are given the time-intervals in thousandths 
of a second of the first eight or nine zeros (measured from 
the first) of the secondary potential as determined from the 
photographs and as calculated approximately from (5) and 
the curves, figs. 1, 2, 3, 4. 

TasBLeE ITI. 

Case I. | Casz IT. | Case ITT. | Case IV. 
No. of 
Zero, | ) 

é 103 obs.|¢ 103 cale. i 103 obs. ¢ 10 calc.) ¢ 10% obs.|¢ 103 cale. lé 103 obs. ¢ 103 cale. 
e ig deve tiers, Red aonb Tyee | ; 

Meee | 1k || C..n.. ie |e a a ia aes 1-03 
2 | 07553| 0-76 || 07283) 072 || 07773| 078 || O7718| 0-77 
3 | 1579 | 159 || 1452 | 145 | 1586 | 1-460 || 1530 | 1-54 
4 76 || 2619 | 260 | 2855 | 285 || 2596 | 2:57 
5 | 3549 | 353 || 3395 | 337 || 3714 | 370 || 3558 | 3:55 
6 436 || 4132 | 412 || 4542 | 455 || 4342 ) 4:34 
7 | 5587 | 558 | 4962 | 499 | 5409 | 545 || S141 | 5-15 
8 | 6357 | 636 | 6019 | 599 | 660 | 6166 615 
9 P@slt) 675). | 7463 1. 747 |) 7129) 7-07 

me on Go on 

The zeros of 2V, calculated from (3) therefore agree 
closely with those determined from the photographs. 



é zo ee Sa cal 

a = 5422, n, = 8827. 

g a pe ets ts ofa 5 

2, = 582°8, n, = 905. 

The maximum ordinates of the photographic curves were 
determined by turning the plate round, so that the zero-line 
of the curve was at right angles to the cross-wire, and 
measuring the height of each maximum above each of the 
two neighbouring minima. If the two latter were not quite 



GO * thous Vie ee Ae Ccona. 

nn) = 527, nn, = = 814'7. 

| Wi 
SS A 
ee ZENA NT 

ye cr Choe ey Sas oe cond. 

m = 560°3, mo = 844-4. 

in the zero-line the mean of the two values was taken. 
The observed and calculated values of the maxima are given 
in Table IV., in which the first maximum of Case I. 
(‘4970 cm. in the photograph) is equalised to the corre- 
sponding caleulated value 45, and all the other maxima of this 

_ and the other photographs are altered in the same proportion. 

~~ 
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The numbers are given in millionths of the square of the 
volis at the plates of the secondary condenser. 

TaB_e LV. 

| | CaseI. || Case II. | Case ITT. | Case IV. 

SNe oF Maxima. | Maxima. Maxima. | Maxima. 
Maximum. | | 

| | 
Obs. | Cale. Obs. | Cale. | Obs. | Cale. || Obs. | Cale. 

| 
Ty 4 ty 45 | 45 | ras | 520/411 | 430 | 482 418.0 
ee 86-68 | 822 115-2 | 1086 | 88-31 | 87-0 112-7 |1060 | 
Bite ae 44-00 43:0 | 7836 780 6052 628 | 889 | 88-0 
OOS 11:20} 175 || 1517 | 149 1249] 130 | 2584 | 985 
Se 30:02 | 48:0 | 2689 | 420 |1862| 810 | 14:54 | 27-0 
sven ean 21:06 | 295 | 3614 | 545 | 2553 | 420 | 3011 | 495 
One. 459| 75 | 1888 | 27:0 | 13-90 | 230 | 24-22 | 400 
Bia nails. 11-04 | 22:3 | S414 12:0 | 4137) 80 || 842 | 140 | 
ee ea Ree ees | 12-56 | 29:0 | 7-875) 21-0 | 5622 | 15-0 

It will be seen that in the first group of waves, preceding 
the interval (about 003 to °0035 sec.), when the secondary 
potential is small and varies slowly, the maxima of the 
photographs are fairly closely proportional to the calculated 
values. In the second group the ratio of the observed to the 
calculated values of the maxima is considerably smaller, and 
there is a further drop in this ratio between the second and 
third groups. It seems, therefore, that the system loses 
energy rapidly in the intervals between the groups of waves 
of secondary potential. Now it is in these intervals that the 
energy exists mainly in the primary circuit, and that the 
potential at the plates of the primary condenser attains its 
highest values. Loss of energy, due to insufficient insulation 
or absorption in the paraffin-paper condensers, would there- 
fore occur most rapidly during these intervals, and this 
appears to be the probable cause of the abnormal drop in the 
secondary potential from group to group of waves. Apart 
from this the wave of secondary potential represented by (3) 
agrees fairly well with the indications of the electrometer. 

(4) The Musical-are Curves. 

If the primary coil, in series with the 11°87 mfd. con- 
denser, is connected to the terminals of an are lamp with 
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solid carbons (as in the Duddell musical-are arrangement), 
and if the smaller leyden-jar is connected to the terminals of 
the secondary coil, either of two notes, differing in quality 
and separated in pitch by about a major sixth, may be heard. 
The pitch of the notes is not constant, but fluctuates to some 
extent, and can be varied by altering the length of the arc 
or the resistance in the supply circuit. 

With these two condensers, which are the same as in 
Case IV. above, the two notes are equally stable, and the 
sound may change several times from one note to the other 
without any “ feeding ” of the arc, the change being always 
a sudden rise or fall of about a sixth. 

lf the primary capacity is increased to about 14°5 micro- 
farads, two notes may again be heard but the higher nete is 
less stable than before, and only comes out with a very short 
are, and then with difficuity. 

With the primary capacity 9°55 mfd. and the same 
secondary capacity (as in Case IJ. above) the iower note is 
rather less stable than the higher, while with C;=9°55 and 
C,=°001063 (Case I.) the lower note is rarely heard. 

It appears ea that with the coils used in these 
experiments, when L,C, is nearly equal to L,C, the two notes 
are equally stable; if the ratio of the primary to the 
secondary capacity is increased, the higher note becomes less 
stable ; if this ratio is diminished, the lower note sounds 
less easily. If L,C, is made either much smaller or much 
greater than L,C,, only one note is heard. 

Other pairs of condensers were tried, with similar results. 
In all cases in which the two notes were heard the interval 
between them was about a fifth or a sixth *. 

In Pl. L, fig. 9, are shown specimens of the photo- 
graphs obtained when the electrometer was connected to the 
secondary condenser. The upper curve represents the lower 
note and the lower curve the higher note, the capacities being 
C=" 000875 and C, about oe ee ae fig. 10 
is shown the lower note curve for the case C,;=11°87, 
C,=-000875 mfd. 

lt will be seen that while the higher note corresponds to 
an approximately simple oscillation, the curve for the lower 
note in fig. 9 consists of a succession of well-separated pairs 
of waves with sometimes two small waves appearing between 
the pairs. In fig. 10 the pairs of waves are not so well 
separated, and there are no small waves between them. 

* The are was supplied by the 200-volt continuous current mains 
through sufficient resistance. The current in the supply circuit was 
3 or 4 amperes. The current in the primary circuit was generally 
greater with the low note than with the high note. 
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These curves appear to be due to the presence of the octave *, 
with varying intensity, along with the fundamental tone. 
Thus, in the lower note of fig. 9, the amplitude of the octave 
is approximately equal to that of the fundamental, while in 
fig. 10 the amplitude of the fundamental is about six times 
that of the octave. With given condensers in the circuits 
the relative intensity of the octave in the lower note can be 
varied by altering the lengih of the are. 

In Table V. are given the frequencies of the are notes, 
along with the frequencies , and n, calculated from the 
inductances and capacities, for the four combinations de- 
scribed in section (3). The are frequencies were determined 
from one photograph only in each case, and must not be 
regarded as constant. The lower note in Case I. was rarely 
heard, and the corresponding curve was not photographed. 

TABLE V. 

* wpe ae ae Singing are. | Calculated frequencies. 

: Primary. | Secondary. ||Lower note. Higher note. | My. | Np» 

| 955 | -001063 || ...... 1 2608 | 542-2 882-7 

| 955 | -000875 he |. 5 80 582:8 9050 

| 11:87 | -001063 470. | 723. || 5270) au 

| 31:87 | -000875 445 745 ‘|| 5603 | 8144 
! | | 

Under the circumstances of these experiments, therefore, 
the musical are gives, if the product of self-inductance and 
capacity is not very different in the primary and secondary 
circuits, two notes whose frequencies are generally con- 
siderably lower than the values calculated for the system 
from the inductances and capacities by (4): in addition the 
octave of the lower note is prominent. 

It should be remembered, however, that in the calculated 
frequencies no account is taken of the resistance of the are. 

If the secondary condenser is removed (so that C, is very 
small) the are gives one note only, the wave-curve being of 
the low-note type. With C,;=9°55 mfd. the are frequency 
determined from one photograph was 659; breaking a 
current in the primary of this system (the are being re- 
moved) gives a simple damped oscillation of frequency 755°5. 

* The presence of harmonics in the high-frequency graphite arc has 
been detected by L. W. Austin (Electrician, Aug. 2, 1907). 
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With ©,=11°87 mfd. the frequency of the arc note was 
578, and of the damped oscillation 678. In these cases also 
the are frequencies are considerably less than those of the 
same circuits without the arc. 

With C,=9°55 and C, about :000275 mfd. one note was 
heard, and the secondary potential reached very high values 
during the oscillations, as was shown by copious “ brushing ” 
at the plates of the secondary condenser. The curve is 
shown in Pl. I. fig. 11. The amplitude was at times 
even greater than is there shown, and the zero-line had to be 
brought below the tuning-fork wave in order to keep the 
vibrating ray on the rotating mirror. The frequency is 613, 
and the octave appears to have an amplitude several times as 
great as that of the fundamental. The value of LQ, is 
4-411 x10-®, of L,C, about 1°929x10-°; the frequencies 
calculated by (4) from the inductances and capacities are 
approximately 723 and 1300. The high potential at the 
plates of the secondary condenser in this case appears to be 
due to approximate agreement in frequency between the 
octave of the are note and the higher natural vibration of 
the secondary coil. Similar evidences of “ resonance ”’ of a 
transitory kind were frequently observed with the other 
condensers when the are note (either the high note or the 
low note) during its fluctuations fell rather low in pitch. 
All the effects here described may also be conveniently 
obtained by using a variable condenser with oil dielectric 
as the secondary capacity. 

Bangor, September 1908. 

“IU. The Impulsive Motion of an Electrified Sphere. By 
G. F. C. Srarve, I.A., F.R.S., University Lecturer in 
Experimental Physics, Cambridge. 

ab. T the end of a paper on “ The Impulsive Motion of 
Electrified Systems,’ + published in the Philoso- 

phical Magazine for January 1907, I have calculated the 
energy and momentum radiated when the velocity of a 

* Communicated by the Author. 
_ + Lregret that when I wrote this paper I was unaware that Dr. Paul 
Heriz had obtained some of the results in his Untersuchungen iiber wnstetige 
Beweyungen eines Electrons, Gottingen, 1904. His paper was in my 
possession at the time, but I was under the impression that it referred 

_ to the force required to set a charged sphere in motion and not to the 
_ problems whichI was considering. Where my work overlaps that of 

Dr. Hertz, it gives an independent confirmation of his results, as it was 
done without any reference to his paper. 
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charged sphere is impulsively changed by an infinitesimal 
amount, the change of velocity making any angle with the 
initial velocity. In the present paper I complete the inves- 
tigation by calculating the energy and momentum which are 
radiated when the velocity of the sphere is impulsively 
changed in any manner, the only restrictions being that both 
the initial and the final velocities are less than that of light, 
and that the sphere has no angular velocity about any axis 
tnrough its centre. The results in the restricted case. in 
which the centre of the sphere moves along a single straight. 
line throughout, have been given by Heaviside and by 
Paul Hertz. 

§ 2. The investigation turns mainly upon a certain in- 
tegral. In the evaluation of this integral I have been greatly 
aided by Mr. G. T. Bennett, Fellow of Emmanuel College. 
I had carried out the integration in the manner given in 
§ 10 below, but I was unable to put the result into a sym- 
metrical form. Mr. Bennett then devised the very elegant 
semi-geometrical process which is given in §§ 6, 7, 8, and, 
guided by the result, reduced the complicated expression 
arising in my method of integration to a symmetrical form. 
I am also indebted to Mr. F. J. W. Whipple, of the Merchant 
Taylors’ School, for verifying the integration by an alternative 
method. 

§ 3. Now let us consider a sphere of radius a, carrying a 
charge Q on its surface, and let us suppose that its velocity 
is impulsively changed from wu, to uy, and that the angle 
between u, and u, is a, heavy type denoting vectors. Then 
it will be seen from § 31 of my earlier paper that, when the 
pulse generated by the change of velocity has travelled out 
through a distance r, which is very great compared with the 
diameter of the sphere, the electric force in the pulse is at 
right angles to the radius and is given by 

E- Q pee le | 
2Kra v—u,R v—u,R (1) 

Here R denotes, for the moment, « unit vector along the 
radius, and u,R denotes the scalar product of u,; and R, while 
K is the specific inductive capacity and v the velocity of 
light. 

The magnetic force in the pulse is at right angles to both, 
E and R, and is given by 

BH ok Vine eh ee 

where VRE is a vector product. 
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If @, and 0, be the angles between the radius and the direc- 
tions of u, and u:, we have u,R=w, cos @, and u,R=w, cos A,, 
and 0,U,=w,%. cos a, where « is the angle between v, and uy. 
Thus we find 

EP = 
F { uy? sin? 6; us? sin? 8, 

AK?7?a? | (v—u, cos 01)? (v—uz cos 83)” 

—9 
a 

U {Uy COS @— UzUy COS O, Cos F, } 

(v—u, cos 6,)(v—wuz Cos O,) } © 

The numerator of the last term in this expression can be 
written in the form 

24v(v—w, cos 6,) + r(v—u, cos 82) — (v—u, cos A,)(v — Up COS Ba) 

| —v +z cos at, 

and thus we obtain, after an easy reduction, 

2»? 
i? Q? { 2{v? — uyuly COS a) SOP ae 
eK 24707 oi, cos 9, )(v— upg eos 65) (vy cos é,)? 

ie ve us" 

(v—upz COS G2)? 
ey) 

In the pulse, the magnetic energy per unit volume is equal 
to the electric energy per unit volume, and hence, remem- 
bering that the thickness of the pulse is 2a, we find that W, 
the radiated energy, is given by 

ye hee {B%a, ee? ev ia. eeegay 
2ar 

where do is an element of solid angle. 
The last two terms in the expression for E? can be inte- 

grated at once. Thus we have 

( dw ae (" | sin 6,d0, 

J (v—uz cos 6,)? Jo (v= uy Cos 01)? 

tg 3 Aa 

Pay? 

The expression for W now becomes 

Si { 2(v? —uyuz cos a)dw } re 

‘ae S87ak (v—vw, cos 6,)(v—uz Cos 62) moe ae) 

Writing n, for w/v and n, for w/v, and noting that 
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()’/2aK=U,, the electric energy of the sphere at rest, we 
have 

a7) l=, cos2 dw \ 

0, 2a J (1—7, cos 6,)(1—ne cos 85) ad 

The only difficulty lies in the evaluation of the integral in 
this expression. Since the integral is a function of 7, no, 
and a, we shall write 

F(n, N9) a) = ( oe — nz cos 8;)(1—nz cos 02)’ (7) 

where the integration extends over the surface of the unit 
sphere of which do is an element. Thus 

W=U,{ (1—nm cos a)(27) TE (m, mo, a)—2). 8) 

§ 4. When the directions of u,; and u, are parallel and in 
the same sense, so that cosa=1, the value of F is easily 
found, for we now have 0.=@, and can take 27sin 0,d6, as 
the element of surface of the unit sphere. Thus 

sin 0,d0, 
—n, cos 8,)(1—nz cos 0;) 

ee, * sinO,d0, (" sin Ona 
Ng 9 L—n, cos 0; rae 1 —n, cos 0, 

ne (L=n)(1 423) Sone G 

F (ny 9, 0) = 27 a 
= 0 

When u, and wu, are parallel but directed in opposite direc- 
tions, so that cos z= —1, we have cos 6,= — cos 6,, and hence 
the value of F can be found from (9) by changing the sign 
of n.. Then 

pe) pea (1+n,)(1 +2) Meri i 1 
Substituting these values of F in (8) we obtain the following 

expressions for the radiated energy :— 

(10) 

When u, and uw, are parallel and in the same direction, so 
that cosa=1, 

1—n,ng (1+2n,)(1 —nz) igees WA : 1) eat oe) 

a uy nN, — Ng Ibe (1—n,)(1 +n) 2} . + Q 
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When u, and w, are parallel but in opposite directions, so 
that cos a= —1, 

es 1+n,n¢ : (L+n,)(1+7,.) } 

W=U, | “210 (a= ee - . (12) 

When the motion is exactly reversed, so that cos x= —1 
and ny=n, 

i 1l+n?, 1+”, 1} W=U, {= tog F829}. 2... Ca) 

The first result (11) was given by Dr. Oliver Heaviside*. 
These results have also been deduced by Paul HertzT on 
dynamical princivles from the values of the energy and 
momentum of a charged sphere in steady rectilinear motion. 

§ 5. We now pass on to the general case in which the 
initial and final velocities are inclined at any angle. The 
integration of F'(n,, m2, ~) is now somewhat complicated, but 
on account of the fundamental importance of the integral 
two independent methods of evaluation are given below. 

§ 6. The first method of evaluating F(n,, vm, «) is due to 
Mr.G. T. Bennett. Since this method is partly geometrical, 
it will be convenient to modify the integral so as to exhibit 
the geometrical quantities involved. We see, at once, from (7) 
that 

R R yh, 
Mp j4)= pe > . e . ° (14) 

E R2do 

a=| (hy —R cos 6;)(hg —Reos 6)" = * urs) 
where 

Here 6, and 9, are the angles between the radius defined 
by dw and two fixed radii drawn from the centre of a sphere 
of radius R, and thus we can write 

y=(E@, eee ne mH RES 
£1~2 

where 2, *, are the perpendiculars drawn from any point on - 
the surface of the sphere upon two fixed planes which cut 
the two fixed radii at right angles at distances h, and h, from 
the centre of the sphere. Since n,<1 and n;<1 we suppose 

* ‘Nature,’ Nov. 6, 1902. 
_t Untersuchungen tiber unstetige Beweyungen eines Electrons. Git- 
ae. 1904. See also M. Abraham, Theorie der Electrizitét, vol. ii. 
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that h,>R and h,>R, and thus the planes do not cut the 
sphere. 

If we denote the mean value of 1/z,<. for the surface of 
the sphere by [1/2,2.],, we have 

J=ioRe| | . 
Ze 

The first step is to cut the sphere in a circle by a plane 
perpendicular to both the fixed planes and to find the mean 
value of 1/z,z. for this circle. The case in which the two 
fixed planes are parallel has been discussed in § 4. We may 
therefore now suppose that their line of intersection is at a 
finite distance from the centre of the sphere. 

§ 7. Let the plane of the paper be normal to the line of 
intersection of the two fixed planes and let it cut the sphere 
in a circle of radtus 7, the centre of the circle being at a 
distance L from the line of intersection. Let OH,, OH, 
(fig. 1) be sections of the two fixed planes by the plane of 

the paper, and let CH, =h, and CH,=h, be the perpendiculars 
from C, the centre of the circle, upon OH, and OH,. Then 
the angles H,CH, and H,OH, are each equal to «. If P be 
any point on the circle and PN,, PN, be perpendiculars from 
P upon the lines OH,, OH», then PN; =z, and PN,=2p. 
Now draw PM, and PM, perpendicular to CH, and CH. 

Then CM, =h,—2; and CM,=h,—z,. Since M, and M, lie 
on a circle of which CP is the diameter, and since M,M, 
subtends the angle a at C, it follows that M,M, subtends an 
angle 2a at the middle point of CP. Hence 

M,M,.=CP sin a=r sin a. 
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Since CO=L, we find in a similar manner 

H,H,=Lsin a. 

From the triangles M,CM, and H,CH, we have 

m sin? a= (hy — 21)? + (hy — 2)? —2(hy— 24) (hy — 2) COS a, 
L? sin? a=hy?+ hy? —2Qhyhy cos a ; 

and hence 

(L? ~7) sin? a= 22,22 cos a+ 22,(hy— hz cos «) 

— 229(he —_ h,cos a) — Bae —z,". 

Dividing by 2,22, we obtain 

(L?—r?) sin? a 2(h, — ho cos 2(h,—h, eos 
=2cosa+ 2( fy — Rg Cos @) a2 (2 ~ hy cos a) 

al —) > 
ao? Coe ee ~ 1 a DNs (18) 

The problem of finding the mean value of 1/z2 for the 
circle is thus reduced to finding the mean values of 1/2, 
1/ze, 4/2, and z,/z, for the same circle. 

If [1/2], denote the mean value of 1/2, for the circle of 
radius 7, and if d; denote the angle PCH,, we have 

=| 54 Bal 
zy Cc ae Tr 0 hy—r COs ,’ 

since the integral from a to 2a is equal to that from 0 to 7. 
Putting tan $¢,=~ and therefore cos ¢; = (l—2”)/(1+.2”), we 
find 

=| i ee SOE ky) At | tan i an 
Le c Jo m—rt(ytra (he—r)h ; hy—ro 

Be fs COs ere te ah he ome a ni aL) = (h?— Pye by? 
where ¢, is the length of the tangent from H, to the circle, 

Similarly [1/22] = lft. - +» » - + « (20) 

Now z= PN, PN, cosa+ON; sine 
a ENG) PN, ; 

But there are two positions of P for which PN, or x has 
the same value, and the average value of ON, for these 
two positions is OH,. Thus we find for the whole circle 

X ! a 
[=| = cosz+OH, sina A 
Hl Cc zy C 

= cos «+ sina. OH,/t. 
Phil. Mag. S. 6. Vol. 17. No. 97. Jan. 1909. E 
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Similarly, since 4 

z, PN,  PN,cosa—ON,sina 

BO EN, PR, , 

we find 
21 

. EAP = cosa— sina. OH,/ts. 
Z9 

But OH, sin e=CH,—CH, cos c=h,—hy cos a 

OH, sin a=CH, cos e-—CH,=/, cosa—hy, 
and thus 

[2/2], = cose+(he—h,cosa)/t; . . (21) 

[<:/22], = cosa+(hj—h,cosa)/t. . . (22) 

When we substitute in (18) the mean values shown in (19), 
(20), (21), and (22), we obtain 

(L? —r*) sin? a | 1 | i h,—h, cos a hy—h, cos a 

£4291C ty ty 

But h,—h,cosa=OH,sina= sina. (L?—h,”)?. . (23) 

h, cosa—h,=OH,sina=sina(L?—h,?)?, . . (24) 

and hence 

[salem no sin ESE (a =f L?—h,”)* }. (25) 

§ 8. id can now find the mean on of 1/2;2. for the 
surface of the sphere. If we measure wx from the centre of 
the sphere parallel to the line of intersection of the two fixed 
planes, the area of the zone on the sphere defined by z and 
“2+ os is 2rRde, and thus 

R 

Fe ef [==], 27Rae. 
Now ° 77= R? — 2? 

>] 

andhence .- t?,=h?—7? =h,2—R? 4 2”, 

tp. =h,? —r? =h— R?+ 2. 

Thus we have 

_— =u, Ee oe 
=p ~ Rsina jy L?—R?4+ 2? | (hy?—R? +22)? 

(L?— 1,2)! 
TSR | 
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The integration can be 2h by aid of the formula 

= foc Mette 
P+e\Frey Sp G+ei—ap—F) 

if we put SE g=l?—R’, 

and pP-F=U-P, 

where f stands for either h, or hj. We thus obtain 

= = ies SE Seay am ee = 1,= Raa SF |! og | 

4 (PR )ihe R42) +2 alae 3 
(L?— R?)i(h?—R?+2)?—2(e— hee 

where | 

Thus 
) Peak , ad?— — R?)3+ R(L?—h,)3 

[los A], = los rsa RCE 
For B we have only to substitute hz for hj Hence 

| log 3|.= 

vee {h,(L?—R*)2 + R(L?—h,”)?} {h.(L? — R*)3 —R(L?—A,”)2} 

°S 4h,(L?—R*)F— RL hy?) fhg( LBP) RPh 
We now substitute for (L?—h,?)? and (L?—h,?)? the values 

given in (23) and (24), and then carry out the multiplications 
in the numerator and denominator of the quaniity under the 
logarithm. Replacing 4,?+/.°"—2h,h,cosz by L*sin?z, we 
then easily find 

[=|- Sa [log =" 
ay 1 ae hyhg—R* cos 2+ R(L?—R*)isin a 

~ 2Rsin a( L?—R?)2 °8 hyhz— R* cos 2— RC L?— R?)? sin z . 

ax «e+ (26) 

where L? sin? 2=h,?+ h.?—2h,h, cos z. 
We have thus found the mean value of 1/z,<, for points on 

the surface of the sphere. 
Mr. Bennett has supplied the following remarks :—“ The 

quantity under the logarithm in (26) is the cross-ratio of the 
pencil formed by the two planes together with the two tangent 
planes to the sphere through their line of intersection : ; ‘and 
the result takes a simpler ‘form if reciprocated with respect 
to the sphere itself. The perpendiculars froma variable point 
of the sphere to fixed planes are then replaced by (constant 
multiples of) perpendiculars drawn from fixed points within 
the sphere to a variable tangent plane. The result of the 

K 2 
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mean-value problem may then be expressed concisely as 
follows :— 
A sphere being given, AB being a fixed chord, and CD being 

fixed points on the chord, the mean value of the reciprocal of the 
product of the distances of C and D from a variable (tangent 
plane is log (ABCD)—AB. CD.” 

§ 9. To apply (26) to the electrical problem, we put 

fs. hy=1/m=v/u, hy =1/ng=v/Ug, 

It will be convenient to write 

Ny? + Ne? —2nyn, cos a=m?=w"/v?, . . (27) 

where w is the change of the velocity of the sphere, so that 
a, is the resultant of u, and w. Then 

ES 1 is ie COS % _ m? 
i?sin?'s = = + 5 

Tey tis Rite ne 

aad _ m'—njn,? sin? a ae ae 

(L?—R?) sin? « as : 
ny Ng 

By § 6 we have 

Filmy my 2) === [=] 
58 OULD) “1<9 

provided h,, h, and R have the values Be written. Inserting 
those values in (26) we have 

Fy, N25 a) = 

Qa 1—n,nz cos a+ (m?—n,n,” sin? a)? 
yA a ee ew Ee a ee 
(m? —ny’nq" sin”? «)3 ~~ 1—nynz cos a—(m* —n;*n- sin? a)? 

oe 

§ 10. We now proceed to give a second investigation of 
the value of 

“Fm, ng, a) = ie ; 
er “2 } (1=n, cos 6;)(1—nyz cos 62) 

where the integration is taken over a Fig. 2. 
sphere of unit radius. 

Let the plane containing the radius 
OP and the radius Ou, make an angle 
@ with the plane containing Om and 
Ou,, as shown in fig. 2. Then we 
have 

cos 6.=cos 6, cos «+sin 6; sin « cos ¢, 

while 
dw =sin 6, dé, dd. 
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Hence 

- { sin 6, d6, dd 
~ JJ (1—n, cos 6;)(1—n, cos « cos 6;— nz sin 2 sin 6; cos d) 

where @ goes from 0 to 27 and @, goes from 0 to 7. 
By §7 we see that 

vi 2ar 

~ {(1—nz, cos 4 cos @;)?—n,” sin? « sin? 6, {3 

, 2m ako) 

. 9 l—n: cos x cos 6;—nz sina sin 6; cos g 

provided that the result is real. But 

(4—n, cos a cos 6;)? —n,? sin? « sin? 6; 

= (cos «—n, cos 6;)? + sin? a(1—n,”), 

and hence this quantity is always positive, since n,?<1. 
The integration is therefore valid. 

Replacing sin* 0; by 1—cos? @, in the ¢-integral, we find 

os _ 2a sin 6, d6, 

9 (1—7n, cos 6;)(1—n,? sin? «—2n, cos « cos 9; +2? cos? O;)3” 

To reduce the integral to a simpler form, put 

1—n, cos 6; = 1/2, cos 8, = («—1)/nye. 

Then sin 6, dé, = — da/n2’, 

and 2«=(1—n,)—! when 0=0 and «=(1+7,)— when G=7. 
Making these substitutions, we easily find 

: B 
| Bia 2a)  Xreda: 

A 

eee X= p?a? —2ang(ng—nA) +72” 

P=Hnytney—AnynA—nynZtnynyrW? . . (29) 

Cs ee We a a ie es wg lO) 

a A=(l¢m)7,  B=(1—n;)-4 
Hence EF == beg, 

where 
B 

logy '= [log { p?2&—nz(ng—n Ar) +p} : 
A 
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Using (29), we easily find that when e=B=(1—7,)7? 

xX? —y 1G —nyr)(1 —7n) has 

and that when z=A= (1+7,)7} 

| X2=n(1+4+n.r)(1+2,)- 
Thus 

ae (1 +71) 4 9? — ng? + nyngr + yng? —ny2nd + pny(1— Nr) r 

(1— 7)4p?—ns" + yNgQh— My Ny? + Ny?Ngr + PNy(1 + mgd) 

When we substitute for »? from (29), we find that both 
numerator and denominator contain n, as a factor. When 
this factor is removed, we have 

ois (1 +71) {n+ nF —nyng?—NrA—NyN—A + NyNgPZA + p(1—xNA)} 

~ (L=1y) {my — 1? — nyng? — Nd + NyNgvA + NyNZA + p(1 — NA) } ‘ 

On carrying out the multiplications, we find that the five 
terms on the right side of (29) occur in both numerator and 
denominator. Replacing these terms by p’, we obtain 

(L—nyngr) (2, — 2dr) + p(1—2 QA + Ny — NA) + p? 

(L—nynr)(ny— nA) + p(L—nyn:vA—ny + nh) —p 

— A= nynr+ p)(m—nrA+p) 

~ (L=nynv¥—p)(m— 2A + p) 

L—nyngr +p. me 
1—nnrA—p- 

a 

Since, by (29) and (27), p? = m?—n,’n,’ sin? and since 
dX = cosa, we obtain, finally, 

F(m, Ny, &) = 

Qa 1 —nyny cos a+ (m?—ny’ng? sin? a)3 

{m? —ny’ng" sin” a)? if —N,Nz COS &2— (m? = Wns sin? a)? 7 

This result agrees with that found in § 9. 
§ 11. We can now return to the electrical problem and 

obtain an-expression for the energy radiated when the velocity 
of the sphere is impulsively changed. 

Since, by (8) 

W=Uof 27) *(1—nynz cos a) F(m, m2, «) —2} 

we have, by (28) 

Mt — 
1—n nN, COs a 1—nnz cos x +(m? ete sin? a)? _ 
2 297.2 aiNnZ 4 0s 2 2 e (m?—nynz" sin? a)? 1—nynz cos 4 —(m? —n2n,? sin? a)3 
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In terms of the velocities the expression becomes 

W/U)= 
Vv? — UUs COS & v? — Uj COS a+ (v7w?—U)"uQ” SiN? a)? g 

SS ae SS of 5 © = 

(v?w? —uPuz? sin? a)? v? —uyuz cos a— (v?w? — U7,” sin” «)? 

It is easily seen that the values of W found in § 4 for <=0 
and for a=m may be deduced from the general expression 
for W. 

| Tt is convenient to write W/Up in the form 

Ween te 
where 

: L 
je (v?w? — 47s” sin? a) 3 

UV? —UyUs COS & 

The expression for W/U) has no meaning when Z, which 
is positive, is greater than unity. When Z is less than unity, 
we have 

W ew ew Ag 
—- —? Fier -- =, > 3 a eee e 

EY, arin +h ] 

Since all the terms of this series are positive, W/Uo 
increases as Z increases. 

If we write u,? + u.?—2u,uz cos a for w”, we find 

Vay (v? — u,")(v? —u,”) 

(v? — uyuy Cos a)” 

Hence Z increases as 2 increases from 0 to zw. Thus for 
given values of 1, and uw, the radiated energy, W, increases 

. as the angle between the directions of w, and ug increases, 
since both 2; and w, are less than v. . 

| For given -values of u, and uw, the maximum value of Z 
| ‘occurs when 2=7. Then we have 

- 

] 

| 
_ v(uy +r) (v—wu,)(v—up) 

Lx — = SS SS t —— ee SSS SS SS 

UV + UyU2 VU? + UUs 

; and thus Zz is positive and less than unity. Collecting these 
results we see that for all values of « and for all permissible 
values of uw, and u,, Z is positive and less than unity. 

§ 12. Since the loss of energy arises from the change in 
‘the velocity of the sphere, it will be convenient to express W 
as directly as possible in terms of w, the change of velocity. 
As we require two other quantities to fix the circumstances 
of the problem, we take wu and Ww where 2u is the resultant 
of u, and u, and w is the angle between the positive 
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directions of uand w. For convenience, we write 

UNV. « . . . © . e (31) 

The relations which w, u., and @ Fig. 3. 
bear to u, w, and W are shown in 
fig. 3. 

From the three equations 

w? = Uy" + un” —2ujue COS a, 

uy =u? + jw? —uw cos yp, 

up? =u? +i" + uw cosy, 

we obtain 
UjUy COS a= u? —1w’, 

or NyNz COS a=n* —im’. 

Writing down two equivalent expressions for the area of 
the parallelogram, we have 

UjUy SIN a=uw sin yp, 
or 

~ NyNg Sin a=nm sin p. 
Hence 

vw? — uj7Us” sin? a= w?(v?—v? sin? Wp), 
or 

m?—nyn,? sin? a=m*(1—n? sin? yr), 

When these values are inserted in the results of §11, we 
obtain 

fe le ae 1—n? + 4m? +m(1—n? sin’ yt 
Uy, m(1—n? sin? yy log l—n? +4n?—m(1—n sin? pf) 

or 

W v—ut+iv? v—u+iv?+w(v?—v? sin? nD e 
log 

U, w(v?—u?* sin? yy)? } 

§ 13. We now pass on to calculate the momentum radiated 
in the pulse generated by an impulsive change of velocity of 
the sphere. It will not be necessary to employ the integral 
calculus, since the momentum can be deduced on dynamical 
principles from quantities which are already known. 

To change the velocity of the sphere impulsively from u,; 
to Uy it is necessary to apply a force Fy, to the sphere as long 
as the pulse is passing over the sphere. When the pulse is 
clear of the sphere the force is no longer required. While 
the pulse is passing over the sphere, Fj. probably changes 
both in direction and in magnitude, but we are not concerned 

v—w +40? —w(v?—wv sin?ap)s 

owe 
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with the value of Fj, at any instant, as we shall eliminate F,, 
from the equations. 

Let U,, T;, and Us, T, be the electric and magnetic 
energies of the sphere when moving with the velocities w, 
and 2, and let W, be the energy radiated when the velocity 
u; is suddenly destroyed, and W, the energy radiated when 
Uy is destroyed. Since the force which stops the sphere does 
no work, the total energy in the electromagnetic field is 
unchanged. Before the sphere is stopped the energy is 
U,+F,, and:after it is stopped the energy is U)+ Wy, where 
U, is the electrostatic energy. Hence 

U, + Ie = U; + W, 

(ule + = We -+ W,. 

The values of W, and W,, which may be deduced from the 

and 

results of § 4, are given by 

os v V+ Uy, A. Wi=Ui( 7 log a 2) 

Ones Drea 

W.=U,(2 log 2% 2) . eh Ohas) 
U— Us 

Since uw,;=n,v, we can write 

Hh l+n W,=Up{ = log 57-2). 16x UHM SEA) 

If we prefer to do so, we may express W, in terms of 
4m,v*, by the formula Up=3 .4m,v?, where m, is the electro- 
magnetic mass for infinitesimal speeds. 

TABLE I.—Values of Wi : 
U, 

Wie Wi/Ue. My. W,/U,. 

0 a 000067104) 0-6 0:31049 

02 |. 0:02733 0:7 0-47800 

03 - | 0-:06346 0:8 0°74653 

0-4 0-11824 0°85 0:95565 

0-5 0-19722 0-9 1:27160 
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§ 14. Now consider the impulsive change of velocity from 
u, to u, Before the force Fy, acted the energy in the 
electromagnetic field was U,+ 7), and after the force has 
acted the energy is U,+T,+W. Hence, by § 13, the gain of 
energy is W.— W,+ W, and this must be equal to the work 
done by the force. Thus, in vector notation, 

We — W, + W =|\F puede 

=\Fidi, 2 > + « a 

since U, is constant, the last expression being the scalar 

product of u, and (Frode. 

Similarly if F.; be the force required to change the velocity 
from u, to 1j, we have 

Wi- W.+ W=0,) Fade, - 2 ae 

since the energy radiated is the same for the change from 
u, to u, as for the change from 1, to Up. 

From these equations of energy we pass to the equations 
of momentum. When the sphere is in steady motion, the 
resultant momentum of the electromagnetic field is in the 
same direction as the velocity of the sphere. If M, be 
the momentum when the velocity is u, and M, when the 
velocity is Uy, it is known that * 

if ; WE 1, i=. +17 log ty —at (37) 

Qu, VU, pay 

ae Up (ve? tut, vtus 
a “lop ———2%. . .. 

M, Quy { VUg 8 U—Us (38) 

Since w,;=n,v, we can write 

= [a(1+ ni) 8 i 
—l—n, mm 

=e & ne 12n 3+5 5 ee eto (39) 

If we prefer to do so, we may express M, in terms of m,v 
by means of the formula U,/v=3m,v/4, where m, is the 
electromagnetic mass for infinitely slow motion. 

* These results may be deduced from § 19 of my previous paper, 
Phil. Mag. Jan. 1907. 
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TasLE [].—Values of ey 
U, 

| N. | M,2/U,. | Ny. | M,2/U,. 

0-1 01339 o6 | 09519 

faa 02710 0-7 1:2087 

03 04153. || og 15652 

0-4 05715 --|| og 18183 

05 0:7465 09 -| 21787 
| | 

Let P be the momentum in the pulse, so that 

|) VEH de dydz;;. . .'<.. (40) 

where VEH denotes the vector product of the electric and 
magnetic forces and the integration extends throughout the 
volume of the pulse. Then, since the momentum of the 
electromagnetic field is changed from M, to M,+P by 
the action of the force Fp, 

Be Po (Redes. sae 4D 

When the change of velocity of the sphere is effected in 
the reverse direction, both E and H in the pulse are simply 
reversed in direction without change of magnitude, as appears 

“ from (1) and (2), and hence P remains unchanged. Hence 
we have 

M,—-M,+P=(Pydt. . . . . (42) 

Combining these equations with (35) and (36), and writing 

P=P,+P,, 

where P, is in the same direction as u, and P, in the same 
direction as U,, we have 

u,(M,—M,+P,+P,)=W,—W,+ W 

u,(M, -—M,+P,+P?,)=W,—W.+ W. 

Working out the scalar products, we obtain 

P, cos 2+P,=M, cos 2— M,+(W2— Wi + W)uz?=X, 
P+ P, cos «= M,cosa—M,+(W,—W,4+ W)uw7'=X;2. 
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Solving these equations, we have 

X,— X, cos a X,— X, cos a 

aes sin? a vi sma 1 ? P, 

The magnitude of P is given by 

P?=P/7°+ P.?+2P;P, cos « 

=P,X,+ PX, 

a X,’°+ X,?— 2X, X, cos « 

sin? a 

Tffwe substitute for M,, M,, Wj, and W, the values given 
in (37), (38), (32), and as and write 

log? +4 —iin Ge el: == Be 
U—U, U—Us 

and make a slight re-arrangement of the factor of L,, we 
find that 
Pat Pyeosa= 49 o[ {ae oe = 

UU 

v?—uy? Ty U(Uy — Us COS @) 
Zu? UyUy } 

- (43) 
Similarly, we find | 

‘glow Sy w+ Uo oof {mae eos So COS 4 _ V7 —2Uy COS =i i 
: Qu? 

UjUg 

i Ee ae i . (48a) 
2u,? UjUy 

We can, without difficulty, write out the value of P?, but 
the expression becomes very complicated in the general case. 
We shall therefore consider its value in special cases only. 

The component parallel to u,; of the momentum in the 
pulse is P}+P,cose. If we make u,=0, we obtain the 
momentum in the pulse which is formed when w, the initial 
velocity of the sphere, is suddenly destroyed. The expression 
for P; +P, cosa (not P.+P,cosa) becomes indeterminate 
when we put u,=0, but this difficulty can be overcome by 
first expanding L, in the form 2n.+ 2n,*/3+ ..., and then 
putting m,=9 in the terms which do not cancel. Using the 
value of Wy, given by (84) and using wj=nyv, we find for 
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the resultant momentum in the pulse formed on stopping the 
sphere 

Pre 221 (525-5) logge — = plant) 
pa), { An? = 8n,? —s 12n," ia 
mers a7 kia Te 

This result agrees with that given in $ 19 of my earlier 
paper. In Table III. the numerical values of P,v/U, are given 
as well as the ratio of P, to Mj, 7. e. the ratio of the momen- 
tum carried off in the pulse to the momentum of the field 
betore the velocity is destroyed. It will be easily seen from 
(39) and (44) that, when n, is very small, P,;/My=n,?75. On 
the other hand, when n, approaches unity, only the logarithmic 
parts of the expressions for P; and M, need be considered, and 
we find that although both P, and M, tend to infinity, their 
ratio P,/M, tends to unity. 

Py Ie 
Tasie IIT.—Values of = and of =. 

Ny. P,0/U,. P,/M,. Ny» P,v/U,. Py Melb t 

0 0 0) 06 0:08308 0:08728 

0-1 0:00027 0-00201 07 0°15699 0°12988 

0:2 0:00221 000816 0:8 0°30113 0°19239 

03 0:00780 001878 0:85} 0:43029 0'23664 

0-4 0:01977 003459 0-9 064711 0:29702 

05 0:04237 0:05676 10 e) 100000 

If the “impulse” of the force which stops the motion of 
the sphere be I,, then 

M,—-=P,, 

and hence, by (89) and (44), 

J,=M,—P, 

ned me a 

Ces ee i i =I a my * my 

Since (1—7n) log as tends to zero as n, tends to unity, 
it follows that the limiting value of I is 2U/v. 

Thus it appears that if a charged sphere moving at the 
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speed of light be arrested by an obstacle, it only communicates 
a finite part of its infinite momentum to the obstacle. From 
Table Il. we see that the momentum communicated to the 
obstacle isequal to that possessed by the sphere when moving 
at a speed of about 0°87 v. 

The “impulse” of the force required to suddenly give the 
sphere a velocity equal to that of light is P,;+ M,, and thus is 
infinite. 

_ When the sphere is stopped, the pulse ceases to cut the 
sphere-after a time 2a/v, and then no force is required to 
hold the sphere at rest. 

But when the sphere is started into motion at the speed of 
light, the sphere is always just enclosed in its own pulse, and 
consequently the force required to maintain its motion does 
not vanish until the motion has continued for an infinite 
time. 

The component in the direction opposite to the sphere’s 
motion of the electric force in the pulse is * 

Qu sin @ 

2Kra(v—u cos @) 

provided r be very great compared with 4 a. When u=v and 
is very small, 

Kra- 

If « be measured along the direction of motion from the 
centre of the sphere, the retarding mechanical force expe- 
rienced by the sphere in consequence of the action of the 
pulse tends to the value 

K= sin @ 

Rr Qdze OQ? 
“Re ae eae 

or to the value ie 

Kart’ 

when ¢, the time since the sphere was started, tends to 
infinity. I stated this result in a review of Dr: Heaviside’s 
‘Electromagnetic Theory’ in the ‘Physical Review,’ July 
oo where, however, by some error the result is printed 

Zavt T. 
ee a charged sphere is suddenly set into motion with 
velocity wu at the time t=0, the force required to maintain 
that velocity does not cease until t=2a/(v—u), 7. e. until the 

* Phil. Mag. January 1907, p. 124. 
+ The printers did not furnish me with a “ proof” of the review. 



+ e 

, 
* 

pulse generated by the sudden change of velocity no longer 
cutsthe sphere. Dr. Paul Hertz* has obtained a complete 
solution for the force required in starting the sphere at 

any time from ¢=0 to t=2a/(v—u), and, by extending 
his method, I have found the force required to stop the 
sphere f. 

§ 15. The momentum in the pulse can also be obtained by 
direct integration. Since in the pulse H= vK VRE, it follows 
that VEH=vK VEVRE, where R is a unit-vector along the 

radius. But Eis perpendicular to R,and thus VEH=vKE?R. 
Hence VEH is in the same directionasR. Thus, by (40) the 

-momentum in the pulse is 

K , nes A \\ fe Reda dy dz, 

the integration extending throughout the volume of the 
ulse. 

, Since the thickness of the pulse is 2a, it follows that, if 
y be the radius of the pulse and dw an element of solid 
angle, 
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The value of E? is given in (3). For brevity we write 

, v—uy, cos 0, =hy, — U— Uy COS Oy = hyo, 

- v?—uu,cosa=S8, 

Noting that Q’/2Ka=U,, we obtain 

U,(/28S wv-u’ v’—u? 

ae Ane hyhy as ig | ha? )Rdo, 

The component of P parallel to u, is P,+P cose, with 
the notation of § 14, and thus, since the angle between R and 
U, is 6,, we have 

| U 280 ovr?) oe" — 7 
Pe, cosa—-—" ==> — Fe a) 008 0, da. 

Amv) \hyhs hy" h? 

* Untersuchungen tiber unstetige Bewegungen eines Electrons. 
y+ “On the Force required to stop a Moving Electrified Sphere,” Proc. 

Royal Society, A. vol. lxxix. p. 550. In this paper 1 have given a sketch 
of Dr. Hertz’s method and have stated his results. 
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Now cos 6,=(7—hz)/u2, and hence 

1 | dw { dw } cos G,do 1 ( de dw 

Pyle) yas hee dy 

ae 20 — = F(my ns, a) But, by CEP ey ae 

and {2 = ("nea oi = em ee 
hy 9 V—u,cosO,~ 4, 

V+ Uz 
where Lj = los ee and l.= eS 

Uh} 

With the notation of § 10, 

cos 6.=cos 6, cos «+ sin 8; sin 2 cos ¢, 
and thus 

‘| (cos 6; cos «+sin 6; sin a cos d) sin 0,d0,dh 
ne ee 

cos I.dw __ 

h;? ae 

where ¢@ goes from 0 to 27 and 6; from 0 to7. The term 
involving cos¢@ vanishes on integration with respect to @. 
Writing (v—h,)/u, for cos 0,, we obtain 

™ sin — cos O@,dw_ _ 2acosa atl *sin 0,d0, __ 

h;? ca h;? 0 hy 

go doneosa | ea sieaaene 
vu" Uy t Uy 

Writing (v—h,)/u, for cos 62, we obtain 

MS O,do _ 2a {= A,d02 _ {" sin 6,40) | 
G 2 

h,? Ug 0 hs 0 hy 

2ar f Qu 
= ——_ ——————S a Le 

Uy | ea Uy eo 

Collecting these results, and substituting for F'(n, n2,"a) 
the value derived from (8), we have 

wey Uo || (v?—Uy") COSa _ V7 —UyUy zaucese ie 
P,+P,cosa= a + mgt Qu BE: 

2,” tee v(Uy —Ug COS a] v 
See ees 

Uy" UyUy 
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This result is identical with (43), which was obtained in 
§ 14 by dynamical principles. 

§ 16. When w, the change of velocity, is small compared 
with (v?—w?)2, where 2u is the resultant of u, and uz, we can 
obtain approximate expressions for W and for P which may 
be useful for many purposes. 

The energy radiated when w is small is easily deduced 
from the expression given in § 12. Since, when y/z is less 
than 1, 

Sgtt! 2n0(2,4 4.4...) 
Bes, a(t H+... 

it follows that, when m or w/v is small, 

2 oth —n* sin? yf) 
Me i ae ae ee 

But Up=Q?/2Ka=pv?Q?/2a, and thus as far as terms 
In w’, 

We 2U pw?(1—n?sin? wv) _— 1Q?w?(1—n? sin? yr) 

3u?(1—n?)? ig 3a(l—n?)- ” 

a value identical with that. obtained when w is treated as small 
throughout*. Thus the effect of a given change of velocity 
depends upon the initial velocity. If W ) be the energy 
radiated when the velocity is changed from 0 to w, we havef, 
as far as ww”, 

and hence 

The following table shows the value of W/W, for a few 
values of n and of wf. 

It will be seen from the table that the angleibetween the 
initial velocity and the change of velocity has only a small 
effect when the initial velocity is small. For initial velocities 
less than 4v the energy_radiated does not differ by as much 
as 10 per cent. from the energy radiated when the initial 

* Phil. Mag. Jan. 1907, p. 146. 
+ Phil. Mag. Jan. 1907, p. 133 (or § 13 above). 

Phil. Mag. 8. 6. Vol. 17. No. 97. Jan. 1909. F 
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velocity is zero, the small change of velocity being the same 
in either case. 

TABLE 1V.—Values of we 
We. 

| n [a Yee ya 120°. b=90°, 

| o4 1-020 - 1-018 1013 | 1-010 

| 0-2 | 1-085 1-074 1:053 1-042 

| 03 1-208 1-180 1:126 1-099 

| 0-4 1417 1:361 1-247 1-190 

| 05 | 1-778 1-667 1-444 1-333 

06 | 2-441 94292, 1-782 1-562 

| 07 | 38845 3374 9:482 1-961 

0:8 | 7-716 6-481 4012 | 2778 

0:85 12-986 10-640 5-949 3604 

0-9 27-701 22:091 10:873 5263 

#§ 17. In § 32 of my previous paper I obtained approximate 
expressions for the components of the radiated momentum, in 
directions parallel and perpendicular to u, by treating w as 
small from the beginning. It will be convenient to express 
these results in terms of m)=2uQ?/3a, the electromagnetic 
mass of the sphere for infinitesimal speeds. 

If P.,* be the component in the direction of u, then 

Te Mp fo [ IRE In(3—5n?) 
‘Sr Sin 3(1—n’)? 

; B34+n?, 1ltn — n(9—12n?—n*) 

ap 

= 8 sin? yp), 

where A and B are functions of n. 
| For numerical calculations it is convenient to express P, in 
the form of a series, which we may use when nis small. Thus 

* 
2 2 e ew . 

Le Wale fea a P+ Bit ya. ¢ +} 
v is) 5) 7 

3 Ac yay one 1 
Se 2 SSS Oe he 3 ——— ? i 7 ee . 

z mn Wigs tiga day GaN ee 4 

* In the previous paper (Phil. Mag. Jan, 1907) the momentum in the 
direction of u was denoted by P, and the momentum perpendicular 
to u by P.. 
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If P; be the transverse component of the momentum, 7. e. the 
component perpendicular to u in the direction making an acute 
angle with w, 

Pp mow 3sin 2 y= — 2n’) 1 I £7] 
‘= 16v" 16n* | 3(1—7n?)— i 

= 
C sin 24p, 

where C isa Fe ckcn of n. 
Expressing the result in a series, we have 

2 9 3n5 
| ed ee ead 

Vv Y LT 

I have verified that the values of P, and P, given in § 14 
lead to the above formula for P, by expanding all the quan- 
tities in (43) in powers of was far as w?, the process involving 
a good deal of labour. The verification of the formula for 
P; requires the expansions to be carried as far as w’, and 
this led to expressions which were so complicated that I 
abandoned the work. 

Tables V. and VI., which have been prepared for me by 
my friend and former colleague R. 8. Cole, show the values 
of vP,/mpw? and of oP,/mow? for a few values of n and of yf. 

vP : 
5S =A-—B sin? 

mow" 
TaBLeE V.—Values of 

2. A. B. ~=0": w= JOP 45°. byt 60°. 
\ip=180°})—150°. p= 135°. $=120 ve 90°. 

| | | UPxu [ni yw. 

| | 

O11 | 0:0409 | 0:°0105 | 0:0409 | 0:0382  0°0856 | 00330 | 0:0304 
| 

0-2 | 0:0873 | 0:0242 || 0-0873 | 0:0813 | 00752 | 0:0692 | 0:0631 

0-3 | 01468 | 0:0457 || 0:1468 | 0°1854 | 0:1240 | 0-1125 | 01011 

04 | 02322 | 00835 || 0:2322 | 0:2114 | 0:1905 | 0-1696 0°1487 

0-6 | 0:6204 | 03099 || 0-6204 | 05430 | 0-4655 | 03880 | 0:3105 

0-7 | 1:1680 | 0:6924 || 1-1680 | 0-9948 | 0:8217 | 06486 , 0-4755 

08 | 27651 | 19461 || 2-7651 | 22786 | 1-7921 | 1:3056 | 08190 

0:85 | 50427 | 38667 | 50427 | 40760 | 31094 | 21427 | 11760 

0-5 | 0:3695 | 0°1559 || 0°3695 | 0°3305 | 02915 | 0:2525 | 0:2135 

0-9 | 11-6575 97421 11-6575 | 9:2220 | 67865 | 43510 | 1-9154 

2 
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TaBLE VI.—Values of aad = C sin 2p. 
Mow 

| | | | vPt/msu. 

4 C. z 
Son) $2 Ss 75° Se v= B0° ——- 

| | —— 

Ol | 00051 0 0:0025 25 0:0044 | 0:0051 

02 | 00106 || 0 0:0053 | 0-0092 | 00106 

03 | 00172 0 0.0086 | 00149 | 00172 

04 | 0-0256 0 | 0-0128 00222 | 0.0256 

05 | 00375 | 0 | 00187 | 0-0325 | 00375 

06 | 00560 | oO 00280  0:0485 | 0-0560 

07 | 00888 0 00444 | 0:0769 | 0-0888 

08 | 0-1606 0 008038 | 01391 | 0-i606 

0-85 | 0:2382 0 01191 | 02063 | 0-2382 

0 0-9 0°4059 | 0°2020 0°3498 0:4039 
| 

§ 18. I shall now consider the energy and the momentum 
which are radiated when the impulsive change of velocity 
affects the direction but not the magnitude of the velocity. If 
the direction of the velocity is changed by the angle «, we haye- 

a= U0, 
w= 2u7(1—cos «) =4n,7e" sin? $a, 

(vw? — uy?uQ? sin’ a)? = 2n,v" sin $a(1—n," cos” 3a)*. 

Hence, by § 11, we have 

where . 
at 2n, sin a(1—n,? cos? $a)? 

1—n,’ cos a 

When n, is small, the numerical calculation of W/U¢ is best 
made by the series 

W PP eh Cee TreiststTt a: 

which, by § 11, is always valid w Ae n, is less than unity. 
If the denominator Be each term of the last series be ex- 

panded in powers of 7,’, we obtain a double series in ny”. This- 
can be rearranged in the form of a single power series in ,”,. 
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provided that the double series remains convergent when the 
modulus of every term is substituted for the term itself. This 
will be the case if , 

An,’ sin? $a(1+ n,? cos? 4a) 
(1—n,;’ |cos «|)? 

where | cos «| is the modulus of cos z. 
The quantity on the left increases with ,?, and hence the 

inequality will be satisfied if n, be less than the least real 
value obtained from the equation 

<i 

| 

: An,’ sin? 4a(1 +n,? cos? $4) =(1—n,?| cos «| )?. 

} When « is not greater than 3m this equation leads to 
. (\/2—1)3, or 0°643... as the value of n. When a is greater 
| than3z, the value is \/2—1, or 0°414.... Hence, if 

7 n<*/2—1 the double series can certainly be rearranged as a 
single series for all values of «. 

On rearranging this series, we obtain 

W u) qe 
_ = eee hy a BON el — 2 ea BmSt{ B+ 5-38") + (35—428°+ 1689 

4 

Ny 

wet 
6 

+ (105-1898? + 1448'— 4085) "4, oe (45) 
where S=sin $a. 

Mr. R. 8. Cole has prepared Table VII., giving the values 
of W/U, for some values of n, and of a. 

| TasLE VII.—Values of we 
Uo 

| m. | @=0°. | a=30°,| a=60°. | a=90°. la=120°, |a=150° |e =180°. 
| 

| 01 | © | 00018 | 00067 00134 | 0-0201 | 0:0250 | 0-:0268 

02 | 0 | ovo74 0-0276 | 00547 | 00818 | 0-1013 | 0-1084 

| 038) 0 | 00177, 0-0650 | 01281 | 01895 | 0-2333 | 02492 
0-4 | 0 | 00338 | 01235 | 0:2404 | 03515 | 0-4293 | 0-4572 

(05 | 0 | 00588 | 02118 | 04050 | 05925 | 0°7038 | 0°7465 | 

06 | 0 | 00983 | 0:3464 | 0-6454 | 0:9082 | 10820 | 1-143 

07 | © | 01653 | 05623 | 10087 13779 | 16125 | 1-6922 

08 | 0 | 02968 | 0-947 16030 | 21021 | 2-4040 | 25043 
| 085 0 | 04221 | 12773) 20704 | 2:6433 | 29864 | 3-0911 

09 0 | 06540 | 18161 27765 | 3-4285 | 3:8008 | 3-9216 

art = 
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The radiated momentum is, by symmetry, along the di- 
rection bisecting the angle between the initial and final 
velocities. In this case the two components P; and Py, 
which are parallel to u,; and u,, have equal values, and 
thus 

P=2P, cos 3a, 

Hence, since M,=M, and W,=W,, we find by § 14 
that , 

M,(cos a—1)+ W/m cut gs Hs ia 2 Sl P=2 cos se eres 

WwW He 
= (= — 2M, sin? 12) sec Aa. 

Uy 

Hence 

Pv W 2M . 
a = Fea — in 3a | secda. . » (40m 
Uo ny Up Uo 

If we wish, we can express P in terms of mov by means of 
the formula Uo/v=3mov/4, where mp is the electromagnetic 
mass for infinitesimal speeds. 

If we make use of the series (39) for M, and combine it. 
with the series (45) for W/Uo, we obtain the series 

Pe _ gn 28%/T—B? - + (26-1682) 
Uo 3 

ny" 

“ike | 

4 

+ (85—1048? + 408*) ae rep. Ht 

where, as before, S=sin}e. This series is certainly valid 
when 7,<0°414.... 

In Table VILI., which was prepared by Mr. A. J. Bamford 
of Emmanuel College, the values of Pv/Up for ny =0:1, n=0°2,. 
and n,=0°3 were calculated by aid of this series. For the 
remaining values of ,, Pv/U» was calculated by (46) from 
the values of W/Uo given in Table VII. and those of M,v/Uo. 
given in Table II. 

When a=, so that the motion is just reversed, the 
value of P given by (46) becomes indeterminate since: 
then cosf¢=0 and W=2u,M,, as appears from (13) and 
(39). But in this case symmetry deniands that P should 
vanish. 
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TaBLE VIII.—Values of Po : 
U, 

m,- | a=0°. | a=30°.| a=60°.| a=90°. a=120°. a=150°. a=180°. 

aes ee Seas Been 

0-1 0 000010 | 0:00035 | 0°00057 | 000060  0-00039 0 | 

02 0 0:00087 | 0:00289} 0°00468 | 0:00493 | 0:00316 0 | 

03 0 0:00312 | 0°01031 | 0:01654| 001723 | 0:01095 0 

OF. 0 0:0082 | 0:0266 | 0°0417 | 0-0430 | 0-0264 0 | 

05 0 0:0182 | 0:0581 | 00898 | 0:0905 | 0:0564 0 | 

0-6 0 00376 | 01171 | 0:1751 | 0-1716 | 0°1046 0 | 

07 | 0 0-0768 | 0:2297 | 0°3285 | 0:3108 | 0°1859 0 

0-8 0 0:1670 | 04640 | 0°6202 | 0°5596 | 0°3257 0 

0°85 0 02619 | 0°6854 | 0°8733 | 0°7646 | 04381 0 

0 0°4501 | 10722 | 1:2817 | 1:0828 | 06091 0 

In conclusion I desire to thank those friends who have 
assisted me in the preparation of this paper. But for the 
help of Mr. G. T. Bennett I should have given up the problem 
as unmanageable. To Mr. R. 8. Cole and to my colleague 
Mr. T. G. Bedford, and to Mr. A. J. Bamford I am indebted 
for much help in the heavy arithmetical work involved in 
the construction and verification of the numerical tables. 
Mr. Bamford has also verified the mathematical work in the 
paper. 

IV. A Modified Theory of Gravitation. \ 
By ©. V. Burton, D.Sc.* Vv 

ig S° many questions arise in connexion with any theory 
which aims at assigning a dynamical basis for 

gravitation, that it may conduce to clearness if some elements 
of this paper are first presented without mathematical 
treatment. 

The theory now put forward is pulsatory, and may in fact 
be regarded as a development of that which has been 
suggested by Prof. Hicks t. The ether, even where modified 

* Communicated by the Physical Society : read May 8, 1908. 
+ W.M. Hicks, “On the Problem of two Pulsating Spheres in a 

Fluid,” Proce. Camb. Phil. Soc. ii. p. 277 (Oct. 1879). 
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by the presence of atomic matter, is assumed to be so 
nearly incompressible that the bulk-modulus of elasticity 
enormously transcends every other elastic modulus ; so that, 
in dealing with any compressional-rarefactional disturbances, 
we may treat the medium as a fluid. 

In two' particulars, however, there is an essential difference 
between the views now tentatively put forward and the 
more familiar form of pulsatory hypothesis. These differences 
are indicated in the following five paragraphs. 

2. Jt is a well-known hydrodynamical result * that if two 
spheres, placed at some distance apart in a frictionless in- 
compressible fluid, are by any means caused to execute 
periodic pulsations (increase and decrease of volume), the 
pulsation-period being the same for the two spheres, the 
average force which either sphere causes to be exerted upon 
the other will be an attraction, a repulsion, or zero, according 
as the phase-difference of the pulsations is less than, greater 
than, or! equal to a quarter-period. Hence, if we are to 
construct on these lines a model illustrative of gravitation, 
we must assume agreement of phase amongst all the pulsating 
centres, or at least we must suppose that the phases of the 
various centres are more nearly in agreement than would be 
the case if the phase-distribution were purely random. This 
seems to suggest that the source of pulsatory motion is not 
to be sought for in the free vibrations of individua! atoms or 
electrons, but rather in something external to these, and 
acting on them all in common. 

Let us suppose, for example, that free sether is very nearly 
incompressible, and that every region where atomic matter 
exists 1S a region of somewhat enhanced compressibility. 
On this supposition, an increase of pressure applied by any 
ideal means to all the ether within a given volume would 
cause only a very minute contraction except where atomic 
matter was present ; the expansion resulting from a diminu- 
tion of the pressure applied to the ether being similarly 
localised. 

3. It appears that we might thus account for attractions 
of gravitational type by supposing the etherial pressure to 
be undergoing a secular change. A gradually increasing (or 
decreasing) pressure would cause every region containing 
atomic matter to behave as a sink (or asa source) in the 
medium. For our purpose, however, accelerated inflow (or 
outflow) of ether at each sink (or source) would be 
necessary ; that is to say, the strength of each sink (or 

* Hicks, loc. cit. Cf. also Basset’s “ Hydrodynamics,” vol. i, chap. xi., 
where further references are given. 
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source) must be steadily increasing or steadily decreasing 
with the time—no matter which. The suggested possibility 
of accounting for gravitation by means ‘of a slow secular 
change taking place throughout the universe appeared at 
first sight very alluring ; but calculation shows at once that, 
feeble as gravitational "forces are, they are incomparably 
greater than could be accounted for in this way. 

4. What, then, would be the result of periodic or quasi- 
periodic fluctuations of the etherial pressure? Lvery 
portion of atomic matter would constitute a centre of 
pulsatory motion in the ether; and throughout any region 
not too immense the pulsations would agree sensibly in phase. 
It is by assuming the existence of a fluctuating etherial 
pressure that I have here sought to obtain a consistent 
illustration of gravitational attraction ; and, as furnishing 
most readily an assignable cause for such fluctuations of 
pressure, the propagation of compressional-rarefactional 
waves through the nearly incompressible ether is suggested. 
These waves are supposed to travel with so great a velocity 
that, even though all effective periods involved be very small, 
the effective wave-lengths, measured even by astronomical 
standards, are very great. Though the origin of the assumed 
wave-trains were unexplained, these might still be regarded 
as contributing to the explanation of gravity ; for when once 
the constitution of a dynamical system has been defined, the 
mere supposition that the system is in motion is hardly to be 
viewed as a piling-up of hypotheses. And if we regard the 

co) 

question broadly, extending our consideration to that wider 
range of space and motion wherein the whole of our explorable 
universe must needs be treated as an infinitesimal volume- 
element, sensibly homogeneous as regards its eetherial 
content, we may admit our complete ignorance of this 
greater universe, and of the forms of disturbance which 
might emanate from it. One might perhaps conceive of 
compressional waves as proceeding from a more primitive 
and chaotic condition of the “ primal ether,” from which an 

onetic qualities, may 
be in process of formation. As regards the sensible uni- 
formity in time which must characterize the primary dis- 
turbance, if so unchanging a phenomenon as gravitation is 
thus to be accounted for, we may think of it as a quality 
naturally to be looked for in any activities whose scale is 
sufficiently vast ; just as the energy of the radiation passing 
into space from the sun varies but little in the course of an 
hour, or as the turbulence of an ocean presents much the 
same aspect from minute to minute. 
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In any case it is instructive to trace out some of the 
consequences which might be expected to follow from the 
propagation of compressional waves through a very slightly 
compressible eether ; the more so as we are led to certain 
conclusions which, although essentially based on the ordinary 
postulates of dynamics s, are at variance with some traditional 
or instinctive views. 

5. The second innovation referred to concerns the nature 
and mode of progression of the centres of enhanced com- 
pressibility, which are assumed to be associated with atomic 
matter. If the nucleus of an electron is taken to be a 
vacuous cavity, the question of free mobility of this nucleus. 
through the zether presents some difficulty, even when we 
suppose that the electron itself is essentially ‘constituted by a 
self-equilibrating distribution of strain in the ether sur- 
rounding the nucleus. But now, discarding for the moment 
a too minute scrutiny of etherial constitution, so that we 
may regard the ether as a continuous medium, let us 
suppose that the nucleus of an electron *, instead of bein 
vacuous, is merely a region of somewhat diminished density. 
(Though increased compressibility may not be inevitably 
associated with diminished density, it is convenient to assume: 
such a relation for preliminary descriptive purposes. In the 
sequel this question is treated more generally.) This implies 
that, in the complete strain-distribution which constitutes the 
electron, there is included some degree of expansion in the 
nuclear region. An electron thus constituted may more 
readily be conceived as freely mobile through the ether, no 
vacuous cavity being present to complicate the problem ; . 
so that any infinitesimal displacement of the electron is. 
simply equivalent to the impressing of a differential strain 
upon the medium. 

6. This assumption as to the nature of an electronic 
nucleus is admittedly gratuitous, but apart from the difficulty 
regarding mobility which it was designed to remove, it has. 
the advantage of greatly simplifying the dynamics of the 
problem proposed. So far as we are concerned with the 
distribution of resultant ztherial motion from point to point, 
we may treat each moving electron as a doublet comprising 
a source and a neighbouring sink, while it is shown that the 

be) * . 

resultant of the hydrodynamical (gravitational) forces T 

* The necessity for distinguishing, in this connexion, between positive 
and negative electrons is considered in Appendices A and B. 

t That is to say of those forces which are concerned in palpable 
dikerini motions; our scrutiny being minute enough to take account of 
variations of etherial qualities through the region occupied by an 
electron, but not so minute that the sether ceases to appear to us as a 
continuous medium. 
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tending to accelerate the motion of the electron simply 
follows the gradient of diminishing pressure and is pro- 
portional thereto. It further appears that the assumption 
referred to might enable the elementary requirements of the 
gravitation problem to be satisfied with the contribution of 
only a very minute non-electromagnetic term to the total 
effective inertia of an electron (Appendix D).~— 
7. Let F be a physical magnitude characteristic of all 

electrically neutral (atomic) matter, and defined as follows : 
if m is the mass of atomic matter included in any given 
region, then Fmp is the defect of mass of eetherial substance 
contained within that region, as compared with the mass 
included in an equal region filled with free ether; the 
density of the wither being denoted by p. (As we shall 
suppose the average density of setherial substance to be but 
little different in a vacuum and in the densest atomic matter, 
no more precise definition of p is needed in this connexion.) 
Otherwise thus: if, within a region bounded by a fixed ideal 
surface and originally free from atomic matter, a mass m of 
matter could be created, a volume I'm of ether would flow 
outwerd across the bounding surface. IF may be called the 
extrusion of ether per unit mass of matter. 

8. Consider further the application of a small additional 
normal pressure dp to a surface bounding some definite 
portion of the etherial medium, which is modified by the 
presence of a mass m of atomic matter. A reduction of 
volume will result, and we shall define another constant H. 
by the statement that the reduction of volume is greater by 
Hmép than if the original volume had been wholly occupied 
by free ether. Thus evidently 

PSY apt) soy. tS od) 

9. Let a particle of atomic matter be present where from 
any cause there is a pressure-gradient in the ether. When 
the particle is displaced from one point to a second neigh- 
bouring point, there is a flow of ether inward at the first 
point, and a flow outward at the second point. If the 
eetherial normal pressure is greater at the first point than at 
the second, work on the whole will be done by the pressure 
during the displacement. 

Consider a particle m of matter at a point (2, y, 2) where 
the pressure is p, and let the particle be displaced to 
(v+6v, y, ¢) where the pressure is p+0p/dx. 6x. Also let 
the particle be acted upon by such ideal forcive as may be 
necessary to ensure that the displacement takes place very 
slowly. There is work done by the pressure p at (a, y, <) 
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corresponding to a reduction of volume Fm; this work 
being pF'm. There is also work done against the pressure 
ptép at («+6xz, y, 2) corresponding to an increment of - 
volume (F+6F)m ; this work is, to a first order, 

(pF 4-poF + Fép)m, 

where dp=dp/dx. oz, 

and oF =—Hédp=—HOp/de. bz. 

On the whole, then, the work done by the normal pressure 
of the medium in the virtual displacement 6z is 

(uo? 2 p—F oh) moz. 

Of this the first term represents the work done in com- 
pression, the potential energy of the system being increased 
to that extent, while the remaining term is the work done 
against the ideal forcive which was applied to the particle 

- to prevent its moving with appreciable acceleration. Thus 
if a particle of mass m is at rest in the eether (or, as below, 
in motion) at a point where an etherial pressure-gradient 
exists, there will be a force 

— nik (82, = oP) : (2) 

exerted on the particle. If the particle were allowed to 
move with a finite acceleration, the associated movements of 
expansion and contraction would be correspondingly ac- 
celerated, and work would thus be done in imparting this 
form of kinetic energy to the ether. This only implies, 
however, the existence of a corresponding term * in the total 
effective inertia of the particle, the remaining terms being 
probably of electromagnetic origin. Since here, as in the 
usual acceptation of the term, the mass m signifies the total 
inertia of the particle in question, we may remove the 
restriction as to the particle being at rest, (2) being in any 
case the force-components acting on m. It should be 
particularly noticed that the virtual displacement from which 
(2) was deduced was a displacement of m with respect to the 
ether, and that consequently 

_mF (OP. 9P oP 
nk (SP Oy Oz 

accelerate the particle m with respect to the ether . (3) 

) is the force tending to 

* The possible magnitude of this term is considered in Appendix D. 
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It will be necessary later to examine the forces which 
material bodies might be expected to exert on one another 
owing to their motion through the ether. 

10. Properly speaking, there are two distinct ways in 
which matter may be conceived of as moving with respect to 
the zther.. For simplicity, consider only a single electron, 
and let us agree to give the name “‘nucleus”’ to a certain 
definite central region of the electron. At any instant the 
nucleus comprises a certain identical portion of eetherial 
substance, and if this portion were bodily displaced, with 
respect to the surrounding ether (which thereby became 
strained), it might be said that the electron had suffered a 
displacement of like amount. But such displacement, even 
through distances far less than the diameter of the electronic 
nucleus, would presumably be met by an opposing stress of 
enormous magnitude, arising from the deformation of the 
cireumnuclear ether; while the alternative type of electronic 
motion, involving only transference of strain from one part 
of the ether to another, can take place freely without 
evoking any opposing stress. (The forces mutually exerted 
by electrons and assemblages of electrons not coming here 
into consideration.) We shall suppose that when, from any 
cause, matter experiences a tendency to move, or to change 
its motion with respect to the ether at large, the resulting 
motion may, with sufficient accuracy, be treated as exclu- 
sively of the strain-transference type assumed in the last 
paragraph. It should be remarked that, whereas vortex 
motion would be involved in a bodily displacement of that 
identical portion of ztherial substance which is instan- 
taneously co-extensive with the nucleus of an electron, the 
type of motion dealt with in § 9 above is irrotational. The 
latter motion may be supposed to be entirely distinct from 
that which, arising from the charge of the moving electron, 
constitutes a surrounding magnetic field. Such a supposition 
is justifiable if, as I imagine, a magnetic field involves no 
bodily motion of the ether. 

11. Let us now conceive the ether to be traversed by 
trains of compressional-rarefactional waves, and consider 
first how the motion of matter will be directly attected 
thereby. As already stated, the ether is regarded as so 
slightly compressible that, where compressional waves are 
concerned, any stresses which may be involved, over and 
above the variations of normal pressure, are relatively in- 
significant: the zther, in regard to such waves, behaving 
like a compressible fluid, whose motion is sensibly irrotational. 
To fix ideas, let the wave-motion be limited to a single 
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harmonic train of plane-waves, propagated with velocity 7 
in the direction of w-increasing. It will be convenient to 
define the waves in terms of the variations of pressure taking 
place in the ether ; thus 

2a 
1 (eV +e); . ee p=P+Bsin 

so that B is the semi-amplitude of pressure-variation, W the 
velocity of the disturbance, X the wave-length, and A/W the 
period ; while ¢ is a linear magnitude serving to fix 
the otherwise undefined question of phase. 

12. As a particular case, suppose that I’, the extrusion of 
eether per unit-mass of atomic matter (§ 7), is zero, any given 
volume of space thus containing precisely the same amount 
of ztherial substance, whether atomic matter is present in 
that space or not. It is then evident from general con- 
siderations that the ether affected by the wave-motion, in 
surging to and fro, will merely carry with it whatever atomic 
matter may be present; no tendency arising for those strain- 
distributions which constitute matter to lag behind or to 
outrun the bodily excursions of the etherial plenum. The 
same conclusion is reached when we put F = 0 in (3); there 
-are then no forces belonging to the class there concerned, or, 
in other words, the wave-motion has no tendency to accelerate 
the motion of atomic matter with respect to the ether; so 
that every portion of atomic matter will continue in its state 
of rest, or of uniform or accelerated motion with respect to the 
ether, precisely as if no wave-motion were taking place. 
Under this particular assumption that F = 0, the wave- 
motion (at least in the case of sufficiently great wave-lengths) 
would appear to be without influence on any of the pheno- 
mena which come within the range of our observation, and 
to belong to that class of activities for which the name 
aphenomenal has been suggested *. Apart from any question 
as to the correspondence between our special assumptions 
and the conditions obtaining in the physicai universe, it is 
instructive to realize that the picture here presented—of 
vibratory motions affecting all matter without influencing 
the phenomena of ordinary dynamics—is in no way in- 
compatible with the fundamental concepts of dynamical 
science. - 

13. If, instead of F=0, as in § 12, we suppose F to be 
finite, so that the mean density of etherial substance in a 
region containing atomic matter is different from the density 
in free eether, it is evident that a general bodily acceleration 

* But see also Appendix B. 
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of the zther will tend to produce an acceleration of atomic 
matter with respect to the ether. From (3) and (4) we find 
for the acceleration of any free mass m of neutral matter 
with respect to the ether 

9 2 
a= | —FB > cos (ett), 0,0} eee 

while the absolute acceleration A of the ether itself is 
given by 

—_1(0p Op opP\_1f _p2™ 27.4 = ye oe > =F B— cos5-(@ wete),0,0}. (6) 

In this case then, and (as we easily see) generally for small 
compressional disturbances of the ether, the ratio 

acceleration of free matter with respect to the 
ether : acceleration of the ethr=Fp.. . . . (7) 

14. There is another aspect of the hypothetical wave- 
motion which deserves some attention. At any point fixed 
with respect to the zether, changes of pressure are supposed 
to occur, accompanied by changes of density, and as we 
consider the compressibility of the medium in bulk to be 
very slight, the proportional changes of pressure and of con- 
stitutive (potential) energy will be great compared with the 
proportional changes of density. From this it may be 
surmised that corresponding changes in the velocity of 
radiation would be involved, and if the amplitude of these 
changes were not a quite insignificant fraction of the whole 
velocity, effects might result which would be palpable to 
observation. On the other hand, all effective wave-lengths 
are assumed to be so immense that, throughout even an 
astronomically considerable region, the etherial pressure, 
and therewith the velocity of radiation, may be treated as 
uniform at each instant. It is perhaps conceivable that the 
effect of increased etherial pressure would be to accelerate 
not only radiation but all phenomena in the same proportion ; 
so that, for example, two universes identically constituted 
otherwise, but differing from one another as to the pressure 
prevailing throughout the ether and the rapidity of pheno- 
mena in general, might present identical aspects to their 
respective inhabitants. But even so, in the question whether 
the pressure of the ether throughout our universe could 
be gradually or suddenly changed without giving rise to 
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observable effects, some nice points of dynamics would seem 
to be involved *. 

15. The primary effects of the hypothetical compressional 
waves having been for the moment disposed of, the secondary 
or gravitational effects may be considered. very portion 
of atomic matter, in so far as its presence implies altered com- 
pressibility of the etherial plenum (H=0), behaves as a centre 
of pulsatory motion, or as an aggregation of such centres. 
Thus the motion of the ether, to a second approximation, 
is to be found by superposing on the wave-motion proper 
a pulsatory motion due to a distribution of alternating source- 
sink centres, to which should be added (except, as will 
appear, when F=0) a distribution of source-sink doublets 
arising from the motion of atomic matter through the ether. 
It will be assumed that the whole region of space under 
consideration is so circumscribed that its greatest dimension 
is very small compared with the shortest effective wave- 
length of the compressional disturbance, so that, at any given 
instant, the primary pressure-variation is sensibly in the — 
same phase throughout, while, to the same order of approxi- 
mation, the source-sink centres just referred to may be 
treated as if they existed in an incompressible medium. In 
accordance with the assumptions explained in §§ 1, 11 above, 
the variations of normal (hydrostatic) pressure are taken to 
outweigh in importance all other stresses evoked by varying 
compression of the medium, and the whole motion to be 
investigated is accordingly irrotational. 

16. Let o be the density of atomic matter at any point 
(2, y, 2); then the total compressibility of matter-encum- 
bered ether contained in the volume-element dz dy dz exceeds 
the total compressibility of a like volume of free zther by 

Hada dydzn oy ys. 2) s/n 

in accordance with our definition of H (§8). Further, so 
far as the primary disturbance is concerned, let the pressure 
p be expressed by 

p= PB ee EN ee (9) 

the presence of atomic matter in the volume dz dy dz is thus 
equivalent to a source of strength 

slip OBE eth ae Se), 
ot 

* Among the values which, in § 33 below, are tentatively assigned to 
the various physical magnitudes involved, the variations of potential 
energy of the ether are set down as so small in comparison with the 
whole constitutive energy that the special difficulty above referred to 
seems to be evaded. 
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which expression must therefore be equated to y?¢ da dy dz, 
& being the velocity-potential of the secondary motion now 
considered, while y? = 07/02” + 07/07" + 07/02’. 

With due regard to boundary conditions, this leads to 

HO ou ne Be b= || Cawayes's Ne is aialy 

o' being the density of atomic matter at any point (a’, y’, 2’), 
while = (@—2’)?+(y--y')?+(«—z)?. The integration 
must be conducted through a sufficiently extended region to 
include all pulsatory centres which contribute appreciably 
to the value of ¢ at (z, y, z). In accordance with the as- 
sumption mentioned in § 15 above, the factor Op/dé is placed 
outside the sign of integration ; while sources and sinks other 
than those corresponding to the expression (10) are assumed 
to be absent from the secondary motion. 

17. Treating the primary wave-motion more generally than 
hitherto, (4) may be taken as expressing a single typical 
constituent, no restriction being imposed on the directiun of 
propagation of the waves, or on their periods or phases, 
provided that all effective wave-lengths are supposed suff- 
ciently great, and all limited sources of the primary 
disturbance sufficiently remote. The form of our equations 
of course involves the implicit assumption that, in the 
primary wave-motion, all relations are linear. It is now 
similarly assumed that, in dealing with the secondary dis- 
turbance expressed by (11), non-linear terms may be omitted 
from the equations, the principle of superposition being 
accordingly applicable to the primary and secondary motions. 
Thus, to our order of approximation, we may write 

p=PptPpt+a es . ay! hie C (12) 

Ove OP) (eR |) an + ai ty ah - func. (t) 

ma ‘ APT) + fane. es ys 13) 

where ¢, aw are respectively the velocity-potential and pressure- 
increment corresponding to the secondary motion, 1, p being 
the velocity-potential and pressure-increment corresponding 
to the primary disturbance. Hence | 

sale +) = Ropes ~(22 Choa aey 

Ox\ Ot my Oe Or 
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and subtracting from this the equation proper to the primary 
motion, there remains 

O°d 1aQa 
———-=—--5;..... (15 
Ot. 02 p O# (15) 

which with (11) gives 

pe Hp oO’p 1 0 1 f 39 ee 

Ho 3? 
=e ke 

alll = =<" de'dy'de'. . . . (7) 

Hence the secondary motion gives rise to a force upon a 
mass m of atomic matter at (a, y, z), the #-component of 
which is, by (2), 

oa ey oe —mE = Siege eae L=mX. (say), ee 

with corresponding expressions for the y- and z-components. 
In (18) F may be written f+ 6F, where F is the mean 

value of F, and 6F, to a sufficient approximation, represents 
a variable term, arising from and proportional to the variable 
pressure-term 9, which corresponds to the primary dis- 
turbance. Thus 

where 

F='+6F=F-Hp, Sees ag ~ (19) 

by (1); so that (18) becomes 
32 2 

x= ~(—HPo? +H St Boe rol OF. 
The mean value of X is therefore given by 

X=av Feu, oP y ] (21) e Air Oe zie . * . 

18. As the primary wave-motion is now supposed to 
involve only very great wave-lengths, so that the (primary) 
pressure-variation throughout the region of space considered 
is sensibly a function of the time only, and not of a, y, z, we 
may write 

p= B; sin (atte); 6s oa 
each B being of the nature of a pressure (in general infinite- 
simal), while the e’s are phase-terms. Hence 

2 
Le A wot, siti seque eas . 1 seems 
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and (20) becomes | 

ee HSB. s? sin (st +e.) « Ie 
Agr 

— £ FPSB, sin (st+e).2B,s?sin (st-+e,). Ie. (24) 

There is thus a gravitative field at (#, y, z) defined by the 
average values 

— ei fe H? 
ce Y, 7)=— oe: 2th. Ee) 

Hp  Seeoria PPE =— Psp? All Sp daldy'de 

(25) 
Within the limits of our assumptions, there is seen to be 

universal mutual attraction of electrically neutral matter, 
the Newtonian constant being 

Q 
ea 2 2 s Ce SBE 1k) el yy) 126) 

19. It has been pointed out above, as an assumption 
essential to the theory proposed, that every effective wave- 
length of the primary etherial disturbance must be very great 
compared with the distance between any mutually attractive 
bodies for which the Newtonian law of inverse squares has 
been closely verified. It may be worth while to indicate 
very briefly what would resuit if this condition were not 
realized. By way of illustration, let the primary disturbance 
take the form of plane progressive waves of harmonic type 
and of definite wave-length X. Two bodies whose line of 
centres was perpendicular to the direction of propagation of 
the waves, and which were at a distance r apart, would 
attract one another with a force proportional to 

r—* cos 2ar/n, 

which, as r is increased, changes sign periodically at intervals 
of 3X. (If, in place of a single wave-length A, there were a 
continuous distribution of wave-energy over a wide range of 
wave-lengths, there would simply bea falling off of attraction 
between the two bodies at a rate more rapid than that of the 
inverse square of the distance-) 

With the primary disturbance in the form of progressive 
wayes travelling in one direction (as above) the case of two 
bodies in a line not perpendicular to that direction would be 
more involved ; but if the primary waves were travelling in- 
differently in all directions, there would merely be a gradual 
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extinction of gravitational attraction as the bodies concerned 
were removed to distances apart not wholly inconsiderable 
in comparison with the smallest effective wave-length of the 
primary disturbance. 

It will be remarked that, when the distance between two 
bodies is small compared with the mean effective wave-length 
of the primary disturbance, the attraction between them 
exhibits only a second order deviation from the Newtonian 
law of gravitation. 

Motional Forces. 

20. The next question to be considered concerns the forces 
arising from the motion of neutral matter with respect to 
the ether. The expressions for these forces, as will appear, 
contain a factor F’, F being (as defined in § 7) the extrusion 
of ether per unit mass of matter: so that if the mean value 
F were zero, these forees—which correspond to nothing s so 
far observed—would disappear. 

Let (x, y, z) be the co-ordinates of a particle of mass m at 
time ¢, and let (#’, y’, 2') be the simultaneous co-ordinates of 
another particle of mass m', all referred to axes fixed with 
respect to the general mass of ether. As in § 10, the type 
of ztherial motion which here concerns us, and which arises 
from the motion of m and m/’, with respect to the ether, is 
sensibly irrotational. 

Let us consider the forces exerted on m owing to the 
motion of m’, and let ¢ a the velouty— potential at (x, y, z) 
due to the riguen of m! only, while 7? = (#— oh ae —y)? 
+(z—<')?. Then, the effect of the motion of m! being re- 
presentable by a source-sink doublet at (2’, y', z') we readily 

find Tee eae 
m 

o=—ae gs) - + + @D 
where d’/dt operating on any quantity represents the time- 
flux of that quantity due to variations of a’, y’, <’ only. 
Hence also, 

=e dP 
ae sh FN eo) "(4 a) vas 

Te y'e—s") dat dy! _ 
y di*’ dt 

Fm’ d’”? fe 

(28) 
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21. In accordance with (3), the force components on the 
“particle m at (2, y, 2) are 

—mF ‘ee ee, oP) =m (X, Y, Z) say; 

or, to a first approximation, neglecting squares and products 
g of ztherial velocities, 

(X,Y, Z)=—mFp (9%, 9¢ oy) q ? Ow? Oy? Oe 

4 =e (Ser Sy" de) ae) 
that is 

a me J ( 9( Sat NL ke vy 

(ere) _Miy=yre=)y iy ) eee ee 15(z—z’) galt w') a 

SS as oa reed 

”° x! at’ dt 
, (S052 30(2—2!)?(y—y’)\da' dy’ (6(2—2/) — 30(a#—2')?(e—2’) \de' dz’ 

+( : ) 

0 le— 0’) (y —y\e—z’) dy! de! a')\dx' — 3(y—y')(@—2') Py! 
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with similar expressions for ues mehigyl i Oa evuaayiy (29) 

a 22. From these equations it follows that, when two bodies 
are moving in the same direction thr ough the ether, and 

4 with the same unacceleraied velocity, the motional forces 
experienced by the bodies will be equal and opposite. They 
will not, however, have the same line of action, except when 
the motion is either in the line of centres or perpendicular 
thereto. When the common velocity v of the two bodies is 
in the line of centres, there is repulsion between the bodies 
amounting to 

3 mm’ Eo _, . 
Dap 4 Wert. ~ é a ‘ (30) 

q When the common velocity v is perpendicular to the line of 
centres there is attraction amounting to 

3 mm’F?o mm’, ; 
7 ol EN ee =K roe Wee MS eh <aes (31) 
Anr 7 

where Se. 
== a ° . . e ° 32 c= 3 rp (32) 
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There is neither attraction nor repulsion when the common 
velocity of the two bodies is inclined at an angle tan-1,/2, 
or approximately 54° 44' to the line of centres. But in 
addition to the forces in the line of centres, there are in 
general forces perpendicular to this line, and if we imagine 
the two bodies connected by a rigid immaterial (or material) 
bar, the tendency will be to set the line of centres perpen- 
dicular to the direction of motion; the couple acting on the 
system only vanishing when the direction of motion is parallel 
or perpendicular to the line of centres. When the direction 
of motion is inclined 45° to the line-of centres, the couple 
has its maximum value, namely, 

3 mm’F?p , mn’ _, ; 
iar see oe a . i 

23. If we consider a bar made of given material and of — 
definite proportions, and so suspended as to have a given 
period of oscillation about an axis through its centre of figure, 
then the angular deviation of the bar arising from a given 
velocity of translation through the ether will, at its maximum, 
be inversely proportional to the square of the linear dimen- 
sions of the bar. Though no experiments may have been 
specially made with the object of detecting motional forces 
of this kind, it seems certain that if more than a very slight 
residual effect existed, it must have become apparent in other 
observations. _ None the less it would be interesting to make 
some definite experiments to put the question to the test, the 
apparatus required being simple. Incidentally, if the couples 
proved to be of measurable magnitude, we could readily 
obtain the data necessary for a determination of our motion 
relatively to the ether.. This would involve no contradiction 
of the principle of relativity in electromagnetism; the phe- 
nomena with which we are here concerned not being electro- 
magnetic in character. 

24. Though we do not know what may be the value of the 
constant K defined by (32), or even whether it be different 
from zero, we can make some attempt to assign an upper 
limit to its value. Imagine two compact masses of 1 gram 
each, connected by a bar of negligible mass, the distance 
between their centres being 2 centimetres. Let this system 
be suspended by a quartz fibre, so that its axis is horizontal, 
and the period of its oscillations 30 seconds. Let us further 
suppose that we are able to detect any deviation as great as 
one second of arc on either side of a mean position, when 
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the suspended system turns about a vertical axis. Now in 
virtue of the earth’s orbital motion, the highest value attained 
by the velocity v must be at least as great as 32 kilometres 
per second (=3'2 x 10° cm. per second), so that by (33) our 
suspended system, when most favourably placed and oriented, 
could experience a couple as great as 

1(3-2x 10K 1:28x10"K. . . . (84) 
Also the restoring moment when the system is displaced 

through one second of are about a vertical axis is 4°4 x 1077 
dyne-cm.; and for the experiment to give a null result, we 
should accordingly have 

K > 3:4x10-" in o.a.s. measure. . . (35) 

Assuming, in advance, that a null result would be obtained 
in this case, the value which, in the sequel, will be provisionally 
assumed is 

geo ul SUA thi CMe ya dB ED 

25. This tentative value of K may be compared with one 
suggested by another way of regarding the question. If the 
negative electron could be regarded as having a vacuous 
spherical nucleus of radius 10-! cm., and if we assume the 
atom of hydrogen to contain only one negative electron, 
while*the number of molecules in 1 c.c. of gas at 0° C. and 
1 atmosphere pressure is taken to be 3°9x10"; then it 

appears that, on the score of negative electrons alone, F', the 
extrusion of ether per unit mass of matter ({ 7), would be 
4x10- cc. of ether per gram of matter ; equivalent to 
"004 gram of ether per gram of matter, when an eetherial 
density of 10! is assumed*. Though the existence of a 
vacuous nucleus in an electron does not appear reconcilable 
with some of the views adopted in this paper, it may be 
worth while to remark that the value of F just mentioned 
leads to K=4x 10-1}, which is 200 times as great as the 
estimate (36), and about 12 times as great as might just 
suffice to give positive results in the hypothetical experiment 
of § 24, 

Conjectural Estimates. 

26. The values of a further number of physical magnitudes 
will have to be conjectured before a quantitative view of the 
theory can be attempted. Some of these magnitudes are 

* Cf. § 35 below. 
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introduced in the following seven paragraphs, which are 
devoted to establishing certain simple relations amongst the 
quantities concerned; the immediate object being to discover 
whether there is any consistent set of values hich does not 
bring our theory into conflict with experience. 

27. From (32) 

F=%/(%). 5. + 

As regards the primary disturbance, the problem (as in 
§ 11) may be simplified by limiting our consideration to a 
single train of plane waves of definite wave-length X, the 
greatest linear dimension of the region with which we are 
concerned being but a small fraction of 2, so that, to a 
sufficient degree of approximation, the pressure variations at 
any point within that region are given by 

p=Bsin(2ant—e), . . . . . (88) 

~ n denoting the frequency of the disturbance. Equation (26) 
now becomes 

G= TPB 7. HpB rn, . 2. (39) 

since we are now limited to a single s, which is identical 
with 27n. 

I’, the extrusion of ether per unit mass of matter (§ 7) 
suffers variations given by 

6F=—Hp=—HBsin (Qant—e). . . (40) 

Let the greatest numerical value of 6F be €F; then by 
(40), 39), 

620? = H?B?=2G/mpn*; .\ .... er 

or, remembering (37), 

n= = y/ a) oo: 

28. Let « denote the bulk-modulus of elasticity of the 
eether, or 1/« its compressibility. By § 8 above, Ho is the 
additional eetherial compressibility where there are o grams of 
atomic matter per cubic centimetre; let this be equivalent to 
po/k, so that wo isa pure number. Thus 

pie Ln 1 
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In virtue of our assumption that « is overwhelmingly 
greater than any other elastic modulus of the ether, we have 
for the square of the velocity of compressional waves 

NN? =k 9, 
whence 

ee ha Meat. i.) LAA) 

From (39), (43), (44), 

B= / (72) Mins isthe ee (45) 

pda (=), . (46) 
Ke pn 7p : 

and Bae Pe xeeG . 
Fer gaan +) bile inn al CN) 

where E is the constitutive energy per cubic centimetre of 
the ether. Thus the factor of E in the right-hand member 
of (47) expresses the maximum potential energy per unit 
volume due to the wave-motion as a proportion of the con- 
stitutive energy of the medium. Moreover, this maximum 
potential energy per unit volume corresponds to an increment 
dF, equal to ¢F, above the mean value F’, and is thus, to our 
order of approximation, proportional to ¢?. We may write, 
then, vais 

ae - wk ’ 

or | re el a Cre 

which serves to define a numerical constant S$ now first 
introduced. This constant might, not improbably, be unity, 

_ or a number of that order of magnitude, and for illustrative 
purposes it is later assumed that 

SNL Ne OD noe erg mane cD 

29. From (42), (48) ; 

nak a/( ae) nlp bagi Any EC) 

the velocity of compressional waves in free ether being 

bi 3E i 

“ 
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Using (50) in conjunction with (44) and (45) respectively, 

_ 3p'pi 
ims: he . ° e . . . (52) 

pS 3EHGp\ 
B=ea/(GKe): a 

4orKs 
HSoee 7° °° nn 

while from (43) 

30. An expression is readily found for the maximum 
translational velocity attained by any element of ether in 
the primary wayve-motion, half the square of this velocity 
multiplied by the density of the ether being equal to the 
maximum kinetic or maximum potential energy per unit 
volume ; that is, equal to B?/2«. From (47) the desired 

expression is at once obtained, and only requires to be divided 
by 27n to give the semi-amplitude of vibration (maximum 
displacement), and multiplied by 2an to give the maximum 
acceleration of any ether-element. Remembering (50) the 
three expressions are :— 

2 ) 
Maximum displacement from mean position = ~A i a (55) 

Tp dp 

: 2 r 2G 
Maximum velocity = 7 aye at --e ws . . . 

: : 6GEH 
Maximum acceleration=« / (Go ae (57) 

31. Bearing in mind § 9, and in particular equation (3), 
we have also, for any particle of neutral matter considered 
with respect to the ether, 

2 

Maximum displacement from mean position= ote a / (= (58) 
Be ah) 

Maximum velocity = a/ = oe an) 

2 D) 
Maximum acceleration=24 / (=z =); é (60) 

these three equations of course concern only that motion of 
matter with respect to the ether which is directly due to the 
primary wave-motion. 
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32. From (46), (50) we have for the range of proportional 
changes of volume of the ether, above and below mean 
value, 

Be i2n 2GKS 
Ke — Sangh 3pH 9 e e . e (61) 

while for the rate (in ergs per second) at which wave-energy 
is being propagated through any square centimetre of surface 
whose plane is parallel to the wave-fronts, we must take the 

_ product of the wave-energy per c.c. multiplied by the velocity 
of propagation. Now throughout our purely progressive 
wave-train the total energy per unit volume is B?/2«, the 
maximum value attained by the potential energy per unit 
volume. Thus multiplying (47) by (51) the rate at which 
wave-energy is being propagated, in ergs per second per 
square centimetre, is found to be 

2G 3E : 
by) I 2 2 — ——— SS 2 . . 2 

Bee 2 (xs) i. be 

33. All the quantities with which we are now concerned 
are expressed in terms of the following seven quantities :— 

G.) G the Newtonian gravitation constant= 6°66 x 107°. 
Gi.) K the motional constant, defined by (31) [2 x 10-7]. 
(il.) p the density of the ether [10¥]. 
(iv.) E the constitutive energy per c.c. of the ether [10°*]. 
(v.) % the wave-length of the primary disturbance [10* 

astronomical units=1*5 x 10% em. ]. 
(vi.) yw the proportional increase of ztherial compres- 

sibility arising from the presence of 1 gram of 
atomic matter per c.c.,as defined at the beginning 
of § 28 [20]. 

(vil.) 3 a numeric defined by (48) [1]. 

Of these seven, only the first, the gravitation constant, is 
known, the values indicated (in square brackets) for the 
remaining six being merely conjectural. If no set of values 
could be found which did not lead to demonstrably false 
results, we should have-to conclude that the theory in the 
form here suggested was untenable. The considerations 
leading to the choice of the values in question will be best 
understood after the corresponding values of some related 
quantities have been computed. The table (p. 92) gives in a 
collected form the relations obtained in §§ 27-32. 
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TABLE. 

Values of certain quantities connected with the hypothetical 
(primary) wave-motion, expressed in terms of G, K, p, E, 
r, #, and %, together with the numerical values for the 
same quantities derived from those already assigned to 

Nature of quantity. 

( Maximum displacement. 

For any 
element  { Maximum velocity. 
of ether | 

l 5 . 
| Maximum acceleration. 

For any (Maximum displacement. 
element of | 

atomic j : : 
matter With | Maximum velocity. 

respect to; 
the ether (Maximum acceleration. 

Frequency of primary disturbance. 

Velocity of compressional waves in 
gether. 

Extrusion of xther per unil mass of 
matter (§ 7). 

Mass of ether extruded per unit mass 
of matter. 

Maximum proportional deviation of 
F' from its mean value. 

Bulk-modulus of elasticity of the 
eether. 

Additional etherial compressibility 
per unit density of matter present. 

Maximum deviation of ztherial pres- 
sure from its mean value. 

Maximum proportional deviation of 
zetherial density from its mean value. 

Total energy of primary disturbance 
per cubic centimetre. 

Energy propagated through 1 sq. cm. 
of normal surface per second. 

: Value in : Equivalent Value otherwise 
Syne. expression. Cae expressed. 

2 29KG 
a (sar 6°9 x 10-5] °69 micron. 

B A’ (=) '5:6x106 | 56 kilom. per sec. 
BY \xp 

6GE 
eee —S . 17 7 ( aon? 4:5 x10 

207K 29G 
Bee v =) 210-8 | 1/5090 micron. 
2X 2GK 
p V (= ) 1°6 x 102 16 metres per sec. 

27GH 
2 v( 5 ) 13x10" 
yb 8E 

PARES V7 (zex) 1-29 x 10" 
pe 3E 4 

B 7) a/ (=x) 2°19 X 107" | 9-8 x 109 light-years 

aK | per second. 
F 2 V(5) |2°9 x 10—16 

p 

Fo | 2 V/() 29x 10-4 
3 

r 23 hale Va) 56x 10-5 
2 

. 2 i 4°78 x 10° | 4°72 108 atmo- 
4 spheres, 

H amok 4:2 x 10-66 
dup 

Be et gy (=) 39x 10% | 38x10% atmo- 
T z3k spheres, 

Bh} Dogs (ss) 8:1 x 10-22 
atu iaaee 1/(6X108) of the 

B2/2k eG 1:6 1L07# constitutive energy 
Tp” of the medium. 

a9, WG .,/_3E_\)3:4x10% | 3-4x104! kilowatts 
Pees Da v(=ox) ergs. per sq. cm. 

34. We may now review briefly the tentative values 
attributed in the last paragraph to K, p, H,A, w,and 3. The 
value 2x 10-2 is assumed for the motional constant K, in 
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accordance with (35); the supposition being that K is small 
enough for a null result to be obtained in the test suggested 
in § 24, but not with any great margin to spare. It might 
be that the test referred to would give a positive result, and 
in any case a much more sensitive disposition could easily be 
devised. But since no such positive result has yet been re- 
corded, we cannot on this score assign any lower limit to the 
value of K, nor is our choice of something near the highest 
of seemingly admissible values made necessary by the quan- 
tities given in the table. The experimental determination of 
the motional constant K, or of an upper limit to its value, 
would be interesting quite apart from its bearing on this 
theory; the question involved being, essentially, whether or 
not the total of ztherial substance comprised in any given 
volume is modified by the presence of atomic matter within 
that volume. 
35. The values assumed for p and E (the density and the 

constitutive energy per unit volume of the ether) are those 
lately suggested by Sir O. Lodge *, who has given very 
convincingly his reasons for supposing that, in order of 
magnitude, the true values may not be very different from 
these estimates. Incidentally it may be remarked that 
Lodge’s estimate of the constitutive energy per unit volume 
of the ether is about 6 times the electrostatic energy per 
unit volume, close to the surface of a negative electron, cal- 
culated on the usual assumptions that practically the whole 
inertia of the electron is electromagnetic, and that the 
ordinary linear relations of the electromagnetic field hold 
good right up to the surface of the electron. 

36. For the wave-length of the primary disturbance, we 
must assume a value so great that, even at distances of at 
least several astronomical units, the inverse square law of 
gravitational attraction is sensibly accurate. By putting 
X=10* astronomical units, this condition seemed to be amply 
fulfilled, since for distances small compared with 2, the 
deviations from the inverse-square law would be only of the 
second order ($19). The chief consideration against assign- 
ing a very much greater value to X is that € must be kept 
small to preserve linearity of relations, and also, I imagine, 
for general plausibility. 

37. The same consideration (keeping € small) leads us to 
assign a fairly high value to w (defined in § 28). It is diffi- 
cult to see what sort of value uw should be expected to have : 
whether the proportional increase of etherial compressi- 
bility due to a space being “ filled” with water instead of 

* Phil. Mag. vol. xiii., 1907; Nature, Ixxv. p. 519, 1907. 
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being vacuous should be a large number or a small fraction. 
The value —20—chosen for « would make the phase-difference 
of pressure-fluctuation of about the same order between the 
surface and the centre of the sun as between the surface of 
the sun and that of the earth, under maximum conditions. 

The somewhat vague grounds on which the value unity is 
assigned to S were indicated at the end of § 28. 

38. Some of the derived quantities in the table above may 
now be considered. In the first place, take ¢, which repre- 
sents the maximum deviation from its mean value of F the 
“specific displacement” of atomic matter (§7). If the 
primary disturbance is slight enough to be adequately repre- 
sented by linear equations, we should expect on general 
grounds that € would be small, and the value for ¢ derived 
from our assumptions is 5°6 x 107%, while the energy of the 
primary disturbance per unit volume, under the same assump- 
tions, appears as 1/(6 x 10°) part of the constitutive energy of 
the sether. 

39. For n, the frequency of the primary disturbance, 
1:29x10°° per second is found, leading to 2°19 x10™ cm. 
per second, or over two thousand million light-years per 
second, for PB, the velocity of propagation of a compressional- 
rarefactional disturbance through the ether. This would 
amply suffice for the sensibly instantaneous character of 
gravitational attraction. , 

40. The bulk-modulus of elasticity of the ether, denoted 
by « is, with our assumptions, represented by 4°78 x 10° 
dynes per sq. cm., or 4°72 x 10 atmospheres. Comparing 
this with the assumed constitutive energy of the ether 
(10° ergs per c.c.), which is taken to be the basis of dielec- 
tric elasticity (the reciprocal of dielectric capacity) in free 
ether, the comparison appears to be consistent with our 
assumption that the bulk-modulus is enormously greater than 
any other elastic modulus of the ether ; an assumption in 
accordance with which the ether, in relation to compressional- 
rarefactional motions, has been treated as a fluid. 

Direct Effects of the Primary Disturbance. 

41. Considering next the motion of the ether constituting 
the primary disturbance, and the directly resulting motion 
of matter with respect to the ether, the question arises : 
what phenomena, if any, would present themselves to our 

observation if such motions were actually taking place? 
In the first place, bearing in mind §12 above, it will be 
evident that a bodily vibratory motion of the ether, of 
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sufficiently great wave-length, with atomic matter equally par- 
taking in such motion, could give rise to no observable 
phenomena ; if any effects aire 40! be made manifest, as a 
direct consequence of the primary disturbance, these must 
arise from the motion of matter with respect to the ether. 
So far as I have been able to see, after long and careful 
consideration, there would be nothing capable of affecting 
interference phenomena, no heating effect, and no production 
of electromagnetic waves, provided only that one condition 
were realized. That condition is that the positive and nega- 
tive electrons should have identical accelerations impressed 
on them by the direct action of the primary disturbance. 
The discrimination between positive and negative electrons 
in relation to gravitational agency is a question presenting 
many aspects for consideration. Some of these are touched 
upon in Appendices A and B. 

42. Perhaps the most surprising of the tentative numerical 
values tabulated above, is that suggested as the rate at which 
energy is being propagated through the ether, per square 
centimetre of surface normal to the direction of propagation; 
the energy so propagated in one second exceeding by man 
million times the Sun’s entire store of available heat. The 
problem has of course been simplified by limiting the primary 
disturbance to a single progressive wave-train of definite 
wave-length; but the result would not have been greatly 
different if a series of wave-lengths had been included as in 
§ 18, and it is of course quite immaterial whether we assume 
the primary waves to be travelling indiscriminately in all 
directions, or predominantly or exclusively in a single direc- 
tion. It must indeed be admitted that the basis of the 
estimates put forward in § 33 is nothing better than guess- 
work ; but, after making all allowances for the very great 
uncertainty attaching to such conjectures, it appears to be an 
inseparable feature of the theory proposed that energy should 
be travelling through the ether on a prodigious scale. 

43. The theory of gravitation which forms the subject of 
this paper has a good deal in common with its predecessors. 
In the first place, it is made to appear that gravitational 
attraction is not an essential and inseparable attribute of 
matter, the Newtonian constant being theoretically sus- 
ceptible of increase or diminution, or even of entire suppression 
through a change of external circumstances. In this respect 
the present theory is comparable with Le Sage’s hypothesis 
of ultramundane corpuscles, as well as with a scheme put 
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forward by Challis *, which likewise assumed the existence of 
compressional waves in the ether, although the function 
attributed to these waves was very different. But the theory 
now advanced is much more akin to that of Prof. Hicks, 
which indeed suggested it, and of which it may be regarded 
as adevelopment. The introduction of etherial compressional 
waves of great wave-length to actuate the pulsatory move- 
ments of atomic matter, and thus secure the necessary 
agreement of phase amongst the pulsating centres, is one of 
the main modifications suggested ; another being the manner 
in which the capacity for pulsatory motion, assumed to be 
associated with the electrons, is represented as mobile through 
the ether. In this way we avoid the necessity for supposing 
that any element of eetherial substance ever deviates by more 
than a minute amount from its mean position, the motion 
throughout being of “stationary” type, while at the same 
time the problem with which we have to deal is essentially 
one of hydrodynamics, capable of being worked out to a 
first order by means of a simple analysis. Weare enabled 
to treat the zther as if it were a fluid, not because we assume 
it to yield freely to certain types of stress, but because the 
distortions involved in the motions considered are so exces- 
sively minute that no appreciable opposing stresses are called 
up, save only the changes of hydrostatic pressure, which owe 
their importance to the enormous value attributed to the 
bulk-modulus of elasticity of the ether. Apart from the 
simplicity thus attained, it appears to me most desirable that 
we should discard, if possible, the conception of matter, or of 
any parts or properties associated with matter, as grossly 
ploughing a course through a reluctant zther. All that we 
know of ether and of matter seems to indicate that the 
mobility of matter is absolute, and that the elastic properties 
of the ether remain perfect, notwithstanding the motions of 
material bodies, or even of detached negative electrons 
travelling with velocities approaching that of radiation. And 
the only way in which I have been able to conceive of matter 
as travelling through the ether, without doing unwarrant- - 
able violence to the structure of the medium, is by supposing 
the entire phenomenon of motion to be reducible to a trans- 
ference of strain, so that no event in our universe involves a 
progressive yielding of the ether. | 

44. By Maxwell + it was felt to be an objection to such 
hypotheses as those of Le Sage and of Challis, that they 

* See a review by Maxwell, ‘Nature,’ vol. vili.; Scientific Papers, 
vol. il. p. 338. 

{. Loe. cit. 
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involved a continual expenditure of energy for the main- 
tenance of gravitational attraction, the conservation of energy 
in such cases being “‘ apparent only,’ ” The present theory is 
equally open to this criticism ; but the objection is a meta- 
physical rather than a physical one, and in view of recent 
developments it has hardly the force which it might have 
appeared to have some forty years ago. We have become 
accustomed to the idea that our rapid motion through a 
medium of enormous density not only fails to provide us 
with a useful source of energy, but defies the most refined 
attempts to detect it by means of terrestrial observations. 

And there is nothing more inherently improbable in the 
notion that our universe may be traversed by waves of 
enormous energy, perceptible to us only by means of a 
minute secondary effect—gravitation. That we should be 
unable, even in our dealings with this feeble residual pheno- 
menon, to extract with continual profit the minutest portion 
of the energy so abundantly propagated, is a view which 
may appear to us somewhat ironical, but which is not out of 
harmony with the trend of modern physical conceptions. 

45. Whatever may be the difficulties of the theory, this 
attempt to contribute something towards the explanation of 
gravitation has appeared to me “sufficiently suggestive to be 
worth publication; the more so as incidentally certain 
questions are raised, some of which, it may be hoped, are 
capable of being decided by experiment. 

Apprnpix A. 

Electromagnetic Phenomena which might conceivably arise 
from Gravitation. 

46. Since in this paper gravitation is regarded as a 
secondary or residual effect, due to the influence of atomic 
matter on the propagation of compressional eetherial waves, 
it might have seemed more logical to discuss the electro- 
magnetic phenomena possibly produced by such waves, before 
considering effects of a like character which might Le 
supposed to arise from gravitational attraction. In the first 
place, however, gravitation is known to exist, and in the 
second place, the effects to be considered, being statical, 
are comparatively simple. Accordingly gravitation may be 
dealt with first in this connexion. 

47. Independently of any theory as to the cause of gravi- 
tation, if we suppose that ordinary matter is made up of 
electrons, then it seems reasonable to conclude that any 
influence exerted on matter can be analysed into influences 

mi. Mage m2 6.) Vol. bi. No. 97. Jan. 1909, H 
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exerted on electrons. Again, experiment indicates unmis- 
takably that, whatever the nature of positive and negative 
electrons may be, they are far from being symmetrical 
opposites. Thus it is natural to inquire what effects are to 
be expected when we discriminate between positive and 
negative electrons under gravitational influence. 

48. To take the simplest case, consider a body moving 
without constraint in a uniform field of gravity, the accelera- 
tion of the body f thus agreeing in direction and magnitude 
with the strength of the field. Suppose that, electrically, the 
condition of the body is not changing; then on the whole 
both positive and negative electrons are moving with the 
acceleration 7. Now if the forces exerted in a field of gravity 
are in the same sense on positive and negative electrons, and 
of magnitudes proportional respectively to the masses of such 
electrons, the identical acceleration of the two denominations 
will follow, without additional forces of electrostatie type 
being called into play. But if the gravitational forces on’ 
positive and negative electrons do not conform to the condition 
just referred to, they can always be resolved into two sets: 
one set of like forces proportional respectively to the masses 
of the positive and negative electrons on which they act, and 
another set of forces acting equally and oppositely on the 
positive and the negative. This iatter set produces on the 
body under consideration the same effect as would result: 
from a uniform electrostatic field, the body becoming elec- 
trically polarized if of dielectric material, or, if a conductor, 
acquiring a surface charge of electrification without internal 
polarization. | 

49. The state of things here suggested is somewhat dif- 
ferent from anything ordinarily contemplated in electro- 
statics; the gravitational quasi-electromagnetic intensity 
which acts throughout the substance of a conducting body 
being balanced by the true electromotive intensity arising 
from the surface distribution of electricity, so that we have 
an electrostatic field of force exerted in a conducting medium 
in equilibrium. In these circumstances, it may not be super- 
fluous to point out that, in estimating the electric field-intensity 
from the surface charges, no dielectric constant other than 
that of free ether comes into play. For in an electrostatic 
field, the intensity at any point. is determined jointly by the 
signs and positions of all the electrons concerned, and by 
nothing else, each electron contributing to the field-intensity 
the same component as if the other electrons were non- 
existent. As is well understood, the electronic theory affords 
on these lines an account of the dielectric qualities of different. 



Modijied Theory of Gravitation. 99 

media; such qualities, however, being without any bearing 
on the problem, so long as on the whole there are no forces 
tending to displace relatively to one another the positive and 
the negative electrons which together make up the medium 
under consideration. 

D0. Let 44, “2 denote the masses of the positive and nega- 
tive electrons respectively, contained in unit mass of matter ; 
then 

pre LAS ee ee “IN EGS 

Also let the total charge of the positive electrons in unit 
mass of matter be ey, the total charge of the negative elec- 
trons being accordingly —ey: where ¢ is the quantity of 
electricity required to liberate one gram of hydrogen elec- 
trolytically, and y is a numeric. 

Further, in a field of gravity whose intensity is measured 
by the acceleration /, let 

gravitational attraction on mass py of positive electrons be py yf. 
He of negative electrons be fz Y2f-. 39 39 3 

We then readily find, for a mass moving freely in the field /, 
that the electrical condition is the same as if an electro- 
static field were exerted, whose intensity, measured in the 
same direction as f, is 

(Heat pay ex = (He — bare) Sf /€X 3 je (64) 

this equivalent field-intensity being expressed in electro- 
static or electromagnetic measure, according as e¢ is in 
electrostatic or electromagnetic measure. 

D1. The (single) condition that this quasi-electromotive- 
intensity should vanish is y;=l=y., in which case the 
gravitational forces acting on masses p;, M2 Of positive and 
negative electrons in a field of intensity 7 are respectively 
Hf, fof ; that is to say, in the proportion of the masses. As 
will be seen in Appendix B, the gravitation theory of ‘this 
paper appears almost certainly to demand that the condition 
just referred to should be satisfied; but putting that theory for 
the time being on one side, it is interesting to trace out some 
consequences of a less restricted view as to the relative 
behaviour of positive and negative electrons under the action 
of gravity. 

52. When the body with which we have to deal is not 
moving freely in a sensibly uniform gravitational field, the 
corresponding results cannot be written down without making 
some assumption as to the relative mobility of positive and 
negative electrons in a eee or dielectric mass. For 

2 
a 
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example, let us trace the consequences of supposing that the 
negative electrons alone possess sufficient mobility to enable 
them to migrate through unrestricted distances within the 
mass of a solid conducting substance; the negative electrons 
thus serving to convey the whole of any current which may 
be flowing in the substance. In a cylindrical conductor 
whose axis is vertical, let a current be flowing upward; 
consider what happens when negative electrons whose agere- 
gate charge is —ey pass downward through the cylinder, 
and in particular through a certain stratum of the cylinder, 
bounded above and below by horizontal planes, whose distance 
apart is h. According to our notation, —ey is the aggregate 
charge of the negative electrons which are comprised in one 
gram of neutral matter, and which have collectively the mass 
fo, eXperiencing in a gravitational field of intensity g the 
force py2g, measured downward, so that the work done 
by gravity while the quantity —ey moves downward through 
the stratum h is pyy2gh. There is thus virtually, correspond- 
ing to a height hf of the conductor, an electromotive force 

— ps2 gh/ex (measured downward); . . (65) 

the quasi-electromotive-intensity due to the action of gravity 
being therefore 

— pyy2g/ex (measured downward). . . . (66) 

53. If, in place of gravity acting, an acceleration 7 is 
impressed on an isolated conductor, then the negative elec- 
trons of total charge —ey, having an aggregate mass py. 
must experience, when there is electrical equilibrium, a re- 
sultant force 27, and in virtue of the assumed mobility of 
the negative electrons, this resultant force yz must be due 
to an electrical dist:ibution on the conductor in question. 
But an electrical distribution which would exert the force 
2 f on certain electrons is precisely that distribution which 
would arise from such an external field as would by itself 
exert the force —,7 on the same electrons. In other words, 
the conducting body caused to move with acceleration /, 
becomes electrified precisely as if it were placed in an 
electrostatic field of intensity 

bof lex. . : - . . . - (67) 

If we take f to be vertically downward, and identical in 
yalue with g, we find by combining (66) and (67) an ex- 
pression for the virtual electrostatic field due to the action of 
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gravity on a freely falling body ; and this expression agrees 
with (64) which was obtained independently of any assump- 
tion regarding the respective mobilities of positive and 
negative electrons. 

54. On the other hand, if we were to assume that, while 
currents of conduction were carried exclusively by the nega- 
tive electrons, it was the positive electrons alone which were 
acted upon by gravitational attraction, we should be led to 
the conclusion that bodies at rest relatively to (say) the earth 
would acquire no electrical charges through the action of 
gravity. 

55. Reverting now to the illustrative assumption of 992, 
we may attempt to form some idea of the magnitude of the 
electromotive effects to be expected when the negative elec- 
trons are supposed to be not only the exclusive carriers of 
currents of conduction, but also the only objects influenced 
by gravity. A further assumption is needed as to the total 
of positive or of negative charges carried by the electrons in 
unit mass of matter. Let it be assumed, for example, that 
v=1 (see § 50), so that the negative electrons comprised in 
one gram of hydrogen (or of other substance) will have an 
ageregate charge equal to e, the quantity of electricity 
required to liberate one gram of hydrogen by electrolysis. 
The expression (66) for the downwardly-directed quasi- 
electromotive intensity resulting from the direct action of 
gravity becomes —poyog/e, where poy.g is the downward 
force exerted in the earth’s gravitational field upon the mass 
PM, of negative electrons comprised in one gram of matter. 
But under our present assumptions this latter force is simply 
the weight of one gram of matter, and is equivalent to g; 
so that finally the downwardly-directed quasi-electromotive 
intensity is measured by —g/e. Now eis roughly 10* e.m. 
units of quantity per gram, and g may be taken as about 
980 cm./sec.?; consequently, for the quasi - electromotive 
intensity affecting stationary bodies at the earth’s surface 
the estimate obtained is 980x107* e. m. units of potential 

per cm., or 9°8x 107 volt per cm. 
56. On applying the axiom that gravity cannot be made 

to furnish an unlimited supply of energy, it is evident that 
the total gravitational electromotive force round any closed 
eircuit of conducting bodies must vanish, however small may 
be the conductivity of those bodies; so that any attempt to 
detect such electromotive effects galvanometrically must fail. 
The only methods conceivably available would be those de- 
pending upon the convection of electric charges by insulated 
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conductors moving between one level and another, and 
making contact intermittently with the extremities of an 
elongated vertical conductor. It would be easy to devise a 
machine for performing continually a cycle of operations, 
whereby any electromotive influence due to gravity would be 
rendered effective in gradually imparting contrary charges 
to a pair of insulated hollow conductors. But apart from the 
excessive minuteness of the effect to be looked for, and the 
thermoelectric and other disturbing influences almost neces- 
sarily encountered, another consideration steps in to render 
any such attempt nugatory. To guard against stray electric 
influences, our whole apparatus would require to be enclosed 
in a conducting envelope, the charge induced on which by 
gravitational influence would exactly neutralize, throughout 
the interior of the envelope, the quasi-electromotive intensity 
due to the direct action of gravity. Thus, even if we suppose 
positive and negative electrons to be oppositely acted upon 
by a gravitational field (in which case, for example, the 
agoregate attractive force on the negative electrons in a body 
might greatly exceed the weight of the body), it would still 
be impossible, by means of laboratory experiments, to detect 
any electromotive effects due to the earth’s gravity. 

57. The case of the earth moving in its orbit under the 
sun’s attraction may be regarded as that of a body moving 
freely under a sensibly uniform field of gravity. Making 
any assumptions that suggest themselves as to the number 
of electrons in a gram of matter, the relative masses of 
positive and negative electrons, and the forces experienced 
by these under gravitational influence, (64) may be used to 
estimate the resulting electrical distribution on the earth's 
surface (or in the upper strata of the atmosphere) arising 
directly from the gravitational attraction of the sun. But 
with such assumptions as I have tried, it appears that 
the effect to be expected is very minute. For example, 
making the same assumptions as in § 52, and in addition 
assuming that nearly all the inertia of neutral matter is the 
inertia of positive electrons, the extreme difference of. 
potential between opposite poles of the earth comes out as 
about 80 microvolts. Moreover, the shifting of this feeble 
electrical distribution, owing to the earth’s (solar) diurnal 
rotation, could not have any sensible influence on the 
phenomena of terrestrial magnetism. 
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APPENDIX B. 

Electromagnetic and Thermal Lffects produced by 
Compressional Attherial Waves. 

58. Returning more particularly to the view adopted in 
the body of this paper, the results obtained in §§ 16-18 
above may be readily revised so as to discriminate between 
the possibly different gravitative behaviour of positive and 
negative electrons. 

As in Appendix A, let unit mass of neutral matter contain 
mass #4, Of positive and pe. of negative electrons (so that 
#1 +M2=1), the aggregate charge of mass m, (or fy) of 
positive (or negative) electrons being as before denoted by 
ex (or —ey). 

Let 
volume of ether “ extruded” by mass p, of positive electrons =F, 

” ” 27 » Po», negative ,, =F jh; 
then 

mass ” ” 1» M19» positive ” =F yp, 
- and 

mass ” ” » Mg» Negative ,, =F p29. 

Also let —d}'\/dp= lay —d¥,/dp= Hy; ec (68) 

then evidently 

Py + Popo= FQ t+ w2)=F and Hyw,+Hy,=H. (69) 

Precisely as in (7), we can write down, in terms of the 
acceleration of the ether, the corresponding forces on 
positive and negative electrons. Writing A for the acceler- 
ation of the eether at any instant, arising from the propagation 
of the primary waves, the corresponding force tending to 
accelerate the mass yu; of positive electrons relatively to the 
gether is Fyy,pA, while the mass pe of negative electrons 
similarly experiences a force F.u,9A. Now 

FywpA= ALE ap+ (fh — F) up} Rie (1) 

Fp. A=A{ Py. + (F,—F) usp} , 

the aggregate forces acting respectively on the positive and 
on the negative electrons in unit mass of matter being thus 
resolvable into forces Fu,;pA, Fyu.pA proportional to the 
masses on which they act, together with the pair of forces 
(F,—F)mpA and (F,—F)u.pA, which by (62) are equal and 
opposite. The first two constituents named tend to accelerate 
each element of matter with respect to the ether as a whole, 
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the total force exerted per unit mass of matter being FpA; 
while the remaining equal and opposite forces, acting 
respectively on positive and negative electrons whose aggre- 
gate charges are ex, —ex, have the same effect on the motion 
of those electrons as would be produced by an electromotive 
intensity 

Ges (F,— F)uipA _ (F-F)) mopA 

ex re eX 
measured in the direction of the acceleration A. 

59. As in Appendix A, let it be assumed (merely by way 
of example) that y=1,e€ being as before the quantity of 
electricity required to liberate one gram of hydrogen electro- 
lytically. Assume also that the extrusion of ether F per 
unit mass of neutral matter is due entirely to negative 
electrons ; the ether extruded by one gram of matter being 
therefore that extruded by a mass py of negative electrons, 
whose total charge is —ey (=—e). Assume, that is to say, 

F,\=0 and Fiz.=Fe=F(e,4+4.).. . . cn 

, oa 

If we further assume (as in Appendix A, § 57) that nearly 
all the inertia of neutral malter is the inertia of positive 
electrons, so that 4, =1 approximately, then (71) becomes 

HE ot | 
€ 

which, with our present special assumptions, is the quasi- 
electromotive intensity due to an acceleration A of the 
eether. 

60. As regards the thermal effects arising from com- 
pressional waves in the eether, let us simplify the problem to 
be considered by reducing the disturbance (as in § 27) toa 
single plane wave-train of very great wave-length X, and of 
frequency n. Putting sin place of 27n, we may write for 
any region of dimensions very small compared with A, 

Taree Ase 8 i) fa 

T=— 

where it is to be understood that T and T, are expressed in 
absolute electromagnetic measure. 

61. Consider in particular the case of a flat parallel-faced 
slab of conducting material, whose length and breadth are 
very great in comparison with its thickness, the main faces 
of the slab being perpendicular to the direction in which the 
compressional etherial waves are being propagated, and 
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perpendicular therefore to the direction of the quasi-electro- 
motive intensity T, which we shall suppose to be measured 

positively from left to right in the figure, 
as indicated by the arrow. 

At any instant let s be (in electro- 
magnetic measure) the surface-density of 
electrification on the right-hand face, —s 

am 5) +j{s being that on the left-hand face; s will 
evidently be a periodic function of the time 
of the form 

c= Sess Satie) Siete s (75) 

——> where sp is a constant, in general complex. 
Between the faces of the slab there is, at any time ¢,a 

conduction current whose density, referred to unit of area, 
is ds/di, and a polarization current whose density is —ds/dt*, 
the total effective current being thus zero. The same result 
is otherwise evident ; for at any point exterior to the slab 
the total electromotive intensity arising from the surface- 
densities s and —s vanishes at each instant. Hence outside 
the slab there is no polarization and ne polarization-current, 
and of course no conduction-current; so that the total 
effective current is zero outside the slab. The solenoidal 
or “stream” character of the total current accordingly 
necessitates a zero value for this vector within the substance 
of the slab also. 

62. Thus everywhere, except near the edges of the slab 
(which we ignore) magnetic force is absent, and electro- 
magnetically speaking our system is without kinetic energy f+. 
There must of course be some kinetic energy involved in 
the reciprocating relative motions of positive and negative 
electrons, but this kinetic energy, even though a close enough 
analysis would reveal its electromagnetic character, has no 
place in the ordinary equations of electromagnetism, and a 
moment's consideration suffices to indicate its excessive 
minuteness. 

* Cf. Appendix A, § 49. 
+ There will accordingly be no production of electromagnetic waves, 

except near the edges of the slab where the same simple conditions are 
not realized. But in general electromagnetic waves will be produced 
wherever there are bodies of dielectric or conducting material in the path 
of the primary compressional waves. If the primary disturbance, as in 
the foregoing table, is assumed to be periodic and of frequency 1:29 x 10”, 
the electromagnetic waves, being of the same frequency, will in free 
eether have a wave-length of 2:33 em. Without having considered these 
waves in any detail, I think it may be said that they will be quite 
insignificant, provided the electromotive effects of the primary waves are 
too slight to give rise to appreciable thermal phenomena. 
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_ 63. Within the substance of the slab there is at each 
instant a quasi-electromotive intensity T and a true electro- 
motive intensity —47V°’s, V being the velocity of radiation. 
For simplicity it will now be supposed that the only opposing 
forces are due to electrical resistance; thus in the absence of 
appreciable inertia effects, the relation 

(T—4rV%s)e=ds/dt . . . . . (16) 
is always satisfied ; ¢ being the conductivity of the substance 
of the slab. Using (74) and (75), 

So Tc/4rVce+is). . . . . 

This gives for the current-density 

Ac(s?+2.42V?sc) ,., cist « 
lor? V*c? + s? ; 

or, separating the real from the imaginary problem, we have, 
corresponding to 

T= D3 COS St ae fey ee ete 

bik ae 
16a? Vie? +8? 

64.5 The rate, in ergs per second, at which energy is being 
dissipated as heat in each cubic centimetre of the conductor 
is accordingly 

(78) lo=i5.¢" = 

i! (scos st—47V?csin st). . . (80) 

P DL ese 
T= roa (scos st—47Vcsin st)?;. (81) 

so that | _ 
1 0 cs” 

average of 2 = 362 Viere (82) 

The last-written expression is a maximum with respect to ¢ 
when c=s/47rV”, in which case the average of I?/c becomes 

T8s/l6gV8) ns). 

64. Remembering (73), we find that, with the particular 
set of numerical values adopted in the foregoing table 
T,=130 volts per cm., or in absolute e.m. units 1°3 x 10”; 
s=2rn=27 x 1:29 10"; the average rate at which energy 
is being dissipated in the conductor being in that case 

3 x 108 ergs per sec. per c.c. or about 7°5 calories per sec. per c.c. 

This is with the conductivity most favourable to dissipation, 
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the value of the conductivity being then given by c=s/47rV? ; 
so that the specific resistance would be 47 V?/s=1'4 x 10" in 
absolute measure, which is equivalent to 140 ohms as the 
resistance of a centimetre cube. If the slab were of much 
higher or much lower conductivity, the dissipation of energy 
(corresponding to the same set of assumptions) would of 
course be much less. 

65. Thus with the special assumptions of § 59 the rate of 
development of heat, through the action of the primary waves 
on matter, though excessively minute compared with the 
rate at which we have supposed energy to be propagated in 
those waves, is nevertheless, at its maximum, much greater 
than could be reconciled with experience. But in obtaining 
the estimates of the previous paragraph, it was assumed 
that the “ extrusion ” of the ether per unit mass of matter * 
was entirely due to the negative electrons, and that the 
inertia of matter was almost entirely due to the positive 
electrons. Unless we were to suppose the extrusions due to 
positive and negative electrons to be of opposite signs, this 
would be the assumption corresponding with the greatest 
electromotive effects from the action of the primary waves on 
atomic matter, and with the greatest consequent dissipation 
of energy ; the inference being that, if we are to retain our 
tabulated estimates, or any others not wholly different from 
these in order of magnitude, we must adopt some more 
favourable assumption as to the relative “extrusions” and 
masses of positive and negative electrons. Now it is evident 
from (71) that if the “extrusions” of positive and nega- 
tive electrons were proportional to their masses (that is 
F,=F=F,), the electromotive effects of the primary waves 
would vanish. In that case there would be no heating of 
matter through dissipation of the energy of the primary 
disturbance, nor would there be any corresponding production 
of electromagnetic waves. Hxperience suggests, then, that 
the relation 

pee Shp tomate.) (gay 

is exactly or very nearly fulfilled. 
66. If indeed the ether is traversed by waves of other 

than electromagnetic type, to the penetration of which no 
sort of matter forms a barrier, it would be interesting to test 
for any residual heating effect due to the interaction of such 
waves with atomic matter. To devise the most sensitive 
arrangement within given limits of size wound need some 

* Of, § 7. 
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thought, but evidently a body of large bulk would be best. 
Such a body (perhaps hollow) of suitable conductivity, well 
jacketed with a material of the highest possible thermal and 
electrical resistance, and further enveloped in a double-walled 
vessel containing ice, might be examined for a gradual rise 
of temperature. Even if all iaboratory experiments on these 
lines should give negative results, it might still be held 
possible that some part of the earth’s heat was due to the 
electromotive effect of compressional etherial waves. This 
is only mentioned as a possibility suggested by the theory 
of this paper, and not as tending to remove any existing 
difficulty in the domain of geophysics. 

67. Some attempt having already been made in Appendix 
A to trace the possible electromotive effects of a gravitational 
field, the modifications which must be made in the equations 
of § 17 above, when we wish to discriminate between positive 
and negative electrons, will now be very briefly indicated. 
With the notation explained in § 58, the source whose strength 
is expressed by (1U) must now be represented by the more 
complete expression 

— (Hy + Hops) Po dedyds, ae 

which is to be equated to y*fdz dy dz; hence (11) becomes 

Hips + Hope OP (oe! 5 \y 5: ; d= ae = SP A cae dy d?;....-. 7 

while (16) is replaced by 

OT (Hyp, + Hop2)p op 7 5, = es ap le 8 ee 

where I,, as before, has the meaning indicated by (17). 
In place of (18) we have now two equations, expressing the 

forces acting on positive and negative electrons respectively. - 

The force on the positive electrons in unit mass of matter 

FH + Harts) 0°P 
bak 4 PTE Iz, = — nF, == =F (88) 

the force on the negative electrons being similarly 

02 be Cire elie + H3p2)p 0°P 12. 

= ae ee Agr oe (89) 
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(19) being replaced by | 

F, = aie SF, =F, —H,p 

F,=F,+6F,=F,—H.p 

Hence the gravitational force acting on the positive electrons 
in unit mass of matter is 

(90) 

a ‘hres oe 
ayes py (F) — Hyp) (Hi + Hope) 3 L5 . QL) 

and since the average value of 0*p/O?? is zero, the only part 
of this expression which does not disappear on averaging is 

3? 

average of we Aya, (Ay, ch Hus) Sal #/-e (92) 

Similarly, the average force on the negative electrons in 
unit mass of matter 1s 

average of 42 Hoyo( Hi, + pS, t (93) 5 bq eA 2fz Slide 

On adding (92), (93) and comparing with (21), it is seen 
that (H,w,+H..)?=H?, which is otherwise immediately 
evident. 

68. Now we have seen that the only escape from in- 
admissibly great heating effects of the primary waves lies 
in supposing the relation (84) to be at least very approxi- 
mately true ; and unless we make the very special assumption 
that the relation in question is only fulfilled for one particular 
value of the general etherial pressure, we must likewise 
conclude that 

dW ijdp—dl /dp—ab, dps) dt, | C94) 

or, remembering (68), that 

13 ees Ss Peg ert C9 

In this case the expressions (92), (93) for the forces 
exerted in a given gravitational field on the positive and the 
negative electrons in unit mass of matter, become proportional 
respectively to the aggregate masses of the electrons in 
question. _ As was pointed out in § 51 (Appendix A), this is 
the condition that no electromotive effects shall be experienced 
by a body moving freely under a sensibly uniform field of 
gravity. 

The relation between the notation of this Appendix and 
that of Appendix A is evident: m«, and uw, having the same 
meaning in each case, while H,, H, are respectively equivalent 
to mH, yoH. 
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APPENDIX C. 

A Non-Electromagnetic Term in the Inertia of an Electron. 

69. It will readily be realised that, just as an electron 
possesses mass or inertia of electromagnetic origin, so on our 
theory the total effective mass of the electron comprises what 
may be called a gravitational term. The motions which are, 
on this view, to be classed as of gravitational type are wholly 
of the nature of irrotational bodily movements of the volume- 
elements of ether. What has here been called the primary 
disturbance is assumed to consist of compressional waves, 
while the secondary disturbance—the supposed cause of gravi- 
tation—takes the form of a pulsatory movement whereof 
every particle of matter may be regarded as a centre. 
Finally, the motion of matter with respect to the ether 
appears in general to involve (over and above electromagnetic 
phenomena) an irrotational distribution of etherial motion. 
This necessarily implies the addition of a corresponding term 
to the inertia of the matter in question; but as will now 
appear this term may, on our assumptions, be relatively 
insignificant. By way of illustration, expressions for the 
gravitational inertia of an electron, obtained on two further 
alternative assumptions, will now be given. | 
_~ 70. In the first place, let us suppose that the free ether is 
a strictly continuous medium, and that the constitution of an 
electron involves a modification of eetherial density expressible 
as a continuous function of coordinates. Let the modifi- 
cation of density be such as corresponds with a radial dis- 
placement 6R (measured outwards) of any element distant R 
trom the centre of the electron. It is understood, of course, 
that the unmodified state of the ether, expressed by SR=0, 
is one of uniform density. In particular, let * 

68=Chr .from” “h=0° too ine By : 96 
SR=CR2/RP-strom Be By aite 6 Beeoo uf 324) ae 

then it can be shown that the corresponding term in the 
inertia of the electron is 

9  mpeCRY, sig it? 24. a 

where p as before is the density of the ether. 

* This distribution of dR suffers from the disadvantage that motion of 
the electron through the ether involves impulsive changes of velocity of 
those ether elements for which, instantaneously, R=R,. A slight 
modification of (96) would remove the objection, but at a great sacrifice 
of that analytical simplicity which inust always be a Jeading cousideration 
in the choice of purely illustrative examples. 
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71. Now the mass of ether “ extruded” by the electron 
is 479CR,° and the expression (97) bears to this the ratio 
2 C, which may be very small provided C is small enough. 
Moreover, in the table given above, the mass of ether 
“extruded”’ by one gram of neutral matter is estimated at 
2°9x 10-4 gram; and it therefore seems possible that the 
theory proposed may involve only a very minute non-electro- 
magnetic term in the total inertia of a body. 

72. Alternatively let the ether be regarded (for present 
purposes of illustration) as made up of thin coreless vortex- 
filaments pervading a frictionless liquid* of density p; the 
sum total of the vacuous cores comprised in any considerable 
volume of ether being so small a proportion of that volume 
that p may sensibly be identified with the average density 
of the ether. Let us further suppose, as in § 70, that the 
constitution of an electron involves ztherial displacements 
expressible by (96), and that such differences of density as 
exist from one volume-element of eether to another are due 
solely to altered diameter of the vacuous cores, no alteration 
in the total length of cores per unit volume being involved. 
It then appears that what we have called the gravitational 
part of the inertia of an electron, in addition to the quantity 
(97) contains a term 

2p x volume of electron xX avera ge value of { volume of vacua 

2 

per unit volume of ether x (FR) log sts (98) 
' dR To . 

where 7, +57) is the radius of a vacuous core ata distance R 
from the centre of the electron, and r, is a length corre- 
sponding in order of magnitude with the scale of structure of 
the ether. In (98) “volume of electron”? must be under- 
stood as extending to all that region wherein dér,/dR differs 
sensibly from zero. The addition of the term (98) does not 
disturb the conclusion that the gravitational part of the 
inertia of an electron may be very small compared with the 
mass of ether which the electron “ extrudes.” 

| APPENDIX D. 

A Kinetic Model of a Slightly Compressible Medium. 

73. The representation of the electromagnetic properties 
even of free ether by means of a turbulently moving liquid 
is beset by difficulties which may well prove to be insuper- 
able ; but it is nevertheless interesting to remark that fa 

* Cf, Appendix D. 
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perfectly incompressible liquid, through which vortices are 
distributed, constitutes a kinetic model of a slightly com- 
pressible medium such as we have assumed the zether to be, 
provided some or all of the vortices are coreless. One way 
in which a very minute degree of compressibility may be 
represented, is by supposing only a small proportion of the 
vortices present to be coreless. When such a medium is 
subjected to increased pressure, so as to diminish the volume 
occupied by the vacuous cores, the circulation around each 
vortex remaining unaltered, the energy of the turbulence will 
be increased by an amount equal to the work done by the 
pressure, and this additional energy is to be regarded as 
potential when the turbulently moving liquid is treated as a 
continuous medium. 

74. If we suppose each core, whether vacuous or con- 
sisting of rotationally moving liquid, to be of very small 
diameter in relation to the radius of curvature of its “ curved 
axis, and very small also in comparison with the distance 
between neighbouring vortices, an expression may readily be 
obtained for the compressional elasticity of the medium. If 
pis the mean pressure, we shall have, for any point in the 
liquid sufficiently remote from vortices, 

GL i ee Je 
P= Srre — Brre 70?” . . (99) - 

where 7, %,... are the radii of the various vacuous cores, 
Q,, OQ. ... the circulations around them, and p the density 
of the liquid. Hence, extending the summation to the unit 
of volume, and calling /,, /.,... the lengths of the respective 
coreless vortices comprised in that volume, 

. pal? 
Simp 

=lrr?=U,say; . . . . (100) 

so that U is the total volume of vacuous cores comprised in 
unit volume of the turbulent liquid. Also, assuming the I’s 
to be invariable, 

81? dU p : Diy 
ar ee =o = O33 i 3 

where, corresponding with any one vortex of strength Q, 
there is a volume v of vacuous core comprised within the 
particular unit volume now considered. The left-hand 
member of (101) represents evidently the reciprocal of the 
bulk-modulus of elasticity appertaining to the medium as 
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a whole, while the velocity B of compressional waves is 
given by 

1 
8ar7>,(u/Q?) * 

These expressions are given merely by way of illustration; 
they are of course far from being the most general, in the 

- first place because of our assumption that all the vortices 
may be treated as linear, and in the second place because it 
has been supposed that the core of any one vortex either con- 
sists wholly of rotationally moving liquid or is wholly vacuous. 

= ee \ 

V. The Double ies of Nabla. By FRANK LAUREN © 
Hircacock, Kenyon College, Gambier, Ohio, U.S.A.* 

» lee importance of the operator nabla in Physics must in 
the nature of things continue to increase. The more 

we come to regard a force between two material bodies as a 
manifestation of the properties of the intervening medium, 
the more any attempt to express facts in mathematical form 
ieads to the use of the potential, and thence to nabla or some 
equivalent of nabla. Every actual distribution of force has 
a potential, which is sometimes a scalar, sometimes a vector, 
in general a quaternion, but in any case yields the force again 
when acted on by nabla. ‘The same is true of every distri- 
bution of velocity in a fluid. Nabla might even be ‘defined, 
from the point of view of a physicist, as that operation by 
which any quantity is derived from its potential f. 
It is therefore of interest to inquire what are the most 

convenient methods of working with this operator andapplying 
it to various kinds of functions. As is well known, nabla is 
a differentiator, which we may, if we wish, express in terms 
of three ordinary Aaatohas and is aba a vector, in a 
mathematical sense, obeying all the laws of vector < algebra. 
We arrive at very direct methods of handling nabla as soon 
as we distinguish clearly these two properties, and take full 
advantage of the transformations to which they lead. 

For, in the first place, nabla, in its capacity of differentiator, 
conforms to all the familiar rules for differentiation so long: 
as we do not move it from its place relative to other vectors. 
Vector multiplication is not commutative, but it is distributive, 
and, in its original form, it is associative, obeying, therefore, 

* Communicated by the Author. 
+ Fora proof by the late Prof. C. J. Joly that every distribution of a 

quantity has a definite ea see his appendix to Sir W. R. Hamilton's 
‘Elements of Quaternions,’ 2nd ed., p. 451. 

Pb. Ig. 6. Vole 17. No. 97. Jan. 1909. I 
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ordinary algebraic principles if the order of vectors in any 
term is not changed. The expressions thus obtainable with 
nabla are noteworthy, both for their simplicity and _ their 
limitless variety ; a few are given below, but are to be 
regarded as exemplifying the method rather than as consti- 
tuting any attempt at completeness. 

In the second place, as a vector, nabla satisfies the formule 
proved by Sir W. R. Hamilton for vectors and quaternions, 
so that by using these we may change the order of multipliers 
and bring nabla next to any desired operand. The variety 
of results obtainable by this method is even greater than by 
the other. The transformations which take the place of the 
commutative law of ordinary algebra are wonderfully many- 
sided in their application. 

2. As a significant example of these two ways of working 
with nabla, we may take the problem of applying nabla to 
the product of any two functions. Call these functions 
gand7. They may be either scalars or vectors ; in general 
they are quaternions. They are assumed to be finite and 
continuous in the portion of space considered. We then 
have immediately, by ordinary differentiation, 

Vin=V¢rtVer;. . 3 ee 
where, on the left, nabla acts on both g and 7, but on the 
right is distributed, as indicated by the accents, accoraing to 
the familiar rule for the differentiation of a product ; that is, 
in the first term on the right, nabla acts on g but not on 7, 
and in the last term it acts on 7 but not on g; the order of 
multiplication is not changed in either term. 

The first term on the right may, by the associative law of 
multiplication, be rewritten as V/q.7; this gives 

Vier) = Vowrt+\V ore) «<5 ee 

a convenient equation for some purposes (to which I shall 
recur below). lf, now, we wish to bring \, in the last term, 
next to the operand 7, we may do so by means of the formula 

K(qg) =KqgKq, . - + - + 
true for any two quaternions g, and q*. For this, by 
operating on both sides with K, becomes 

Ong = KK KoKg,) ow. ase 

because KK =17. This formula shows that we may invert 
the order of any two quaternions by introducing the symbol K. 
With regard to notation, the parentheses on the right may 
well be omitted, for the first K obviously applies to all that 
follows it, otherwise the two adjacent K’s would together be 

* Hamilton, ‘Elements of Quaternions,’ 2nd ed., Art. 192. 
+ Ibid. Art. 145. 
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equal to unity and would not be written down. Thus we have 

ri OI Ooh bos, ges (ve, (BA) 

We may now write V in place of g, in this formula, for V 
satisfies all quaternion transformations. Accordingly 

V¢ = KKqKV 
: a LS a eee ae 9 

because the conjugate of a vector is its negative* This 
result is true whether V acts on g or not, since it depends on 
the vectorial character of YY and has nothing to do with 
differentiation. On substituting in (1B) we may drop 
accents, with the usual understanding that an operator does 
not act to the left of itself unless accents are inserted to that 

eee Vigr) = Vq.7KKoV.?*, - - . (10) 
the period in the Jast term indicating that the first K acts 
only as far as V. 

3. Operators such as KKgV, occurring in the last term 
of (1 C), are not always entirely comprehended at first sight, 
on account of their generality in comparison with ordinary 
differentiation. A point of view from which all such 
operators may be directly worked with is indicated below 
(Art. 5). It will suffice here to give three illustrations of the 
methods by which we may, if we wish, introduce more 
elementary operators to suit different purposes. 

First. suppose we wish to obtain, instead of KKgV, a form 
which shall exhibit as obviously as possible its own relation 
to ordinary differentiation. We shall then naturally bear in 
mind that the notation connecting nabla with ordinary 
differentiation along a direction in space is Sc\V/, where o is 
any vector along the direction of differentiation. In the 
present case this vector will be Vg; hence we shall so arrange 
the work as to bring in a term of the form SVgV. Thus 

Wa = VSq+VVo, because S+V = 1, 

=8¢.V+KVeV, by (3), 
=S8¢.V+(2S—1)VoV, because K=S—V=2S—1, 

= (Sq—Vq)V+28VQV, identically, 

ee erm ON Ye Lb LO) ato fo seg BRA) 

and by substituting in (1B), 

V(qr) = Vq-r+Kq.Vr4+28VoV.7, . (1D) 

a useful expansion which is in the form we started to obtain ; 
* Ibid. Art. 144. 

12 
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the only kind of differentiation implied in the first two terms 
on the right is the direct application of nabla; the other 
term implies ordinary differentiation along the direction Vq, 
or, if we preter to put dr=/dp, so that fis the linear function 
obtained by differentiating 7 completely, we may rewrite the 
last term as —2/Vq*. 

Second, suppose we wish to obtain, instead of the operator 
SVqV, which is the scalar product of a vector and uabla, the 
corresponding vecter operator VV \/, useful in the trans- 
formation of line and surface integrals+. Arranging the 
work so as to bring in such a term, 

V¢g=8¢.V+KVoQV, as before, second line of (4 A), 

=8¢.V+(1—2V)VgV, because K=S—V=1—2V, 

= (Sq¢q+ Vq)V—2VVoV, identically, 

Neh A ee er 

and by substituting in (1 B), 

Vignh=Vq.rt+aqVr—2VVaqV.r, . . (oe 

which is in the form we started to obtain. 
Third, suppose we wish to obtain that form of expansion 

which shall most clearly exhibit the quaternion equation as a 
generalization tor three dimensions of the theory of ordinary 
complex quantities represented on a plane. We shall then 
keep nabla always at the left, and, instead of interchanging 
Y and g, in the last term of (1 B), shall invert the order of 
the two quaternions g and r; the steps are not unlike those 
in (4B): 

gr = (Sg+ Vq)(Sr4+ Vr) 

= Sr8qt Vr.8y+KVrVq, scalars being commutative, 

=Sr.gt+Vr.8q+U—2V)VrVq, because K=1—2V, : 

= Sr.g+ Vr. (8q+ Vq)—2VVrVq, identically, 

= rg—2VV8V Ge Pia, ee. 2) se 

another formula for inverting two quaternions, giving by (1B) 

Var) = Va.r7+Vr.g—2V'VVr'Vaq, - (CF) 

which is in the form we started to obtain, for if g and r are 

* By putting two vectors for g and 7, and by operating with S or V 
either before or after such a substitution,we may obtain a number of special 
cases very useful in practice. For another quite different method of 
obtaining them see Phil. Mag. [6] No. 18, June 1902, p. 580. 
+ See, for instance, the physical applications in Tait’s ‘ Quaternions,” 

Art. 497 et seq. 
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in a fixed plane, their axes, or vector parts, are parallel to 
each other and to the vector parts of their differentials and 
the last term vanishes. ‘The expansion then reduces to what 
it would be if (7 were the symbol of ordinary differentiation 
and g and r were scalars. That coplanar quaternions obey all 
the laws of ordinary algebra is well known. 

These results may be extended. Thus for three quaternions, 
q, 7, and s, by writing gr for g in (1 F), and s for 7, 

V(qrs)=V (gr). st Vs. gr—2V'VVs'Vor 

=Vq.rstVr.gst+Vs.qr—2V'VVr'Vq.s | 

—2V'VVs'Vor, . (5) 

which may be transformed in a multiplicity of ways. 
As a special case of (1 F) let g = 7, then 

Vo —2V oi. g —2V NV Vig Vgy MOM cat) () 

where the last term does not vanish unless g and dg are 
coplanar. 

4. The result just obtained for the effect of nabla on the 
square of any quaternion suggests the question whether a 
simple general method exists for applying nabla to any 
function of a function, The answer is that, as has already 
been illustrated, the accents which we apply to V and to the 
operand may be treated in any way that the symbol! d of 
ordinary differentiation can be treated. Thus (1A) is 
true because 

d(qr) = dq.r+ qdr, 

and we may similarly, in any differential identity, replace d 
by an accent applied to the letter before which d stands, and 
write V/ at the left of the whole: this is the first of the two 
characteristic properties of nabla mentioned in Art, 1. 
Therefore, if Fg be any function of g and we write 

GEG fdas thi akan Ween =e CT) 

where f is the linear function obtained by differentiating Fq 
completely, it at once follows that 

Weeder 5 | 4g aere®) 

which is the fundamental formula for applying nabla to a 
function of afunction. The constituents of f will in general 
contain unaccented g as well as constants. 

As an illustration, let us obtain (6) by this method. 
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We have 

dq = dq.q+qdq 
= 2dq.q—2VVdqVq, 

by putting r = dq in (3B), so that by (8) 

V_7 a 2V'y'q—-2V'VVq'V aq, 

which is the same as (6). The method, we repeat, consists 
in differentiating the given function, arranging the differential 
in any way that may suit our purpose, and then replacing 
dq by an accented g', while V is written at the left of each 
term. 

To obtain the important generalization of (6) where the 
exponent shall be any constant scalar whatever, we have 
therefore to differentiate g”. To do so, we may think of the 
differentiation as conducted in two steps: first, as if the plane 
of g were fixed, and UVq constant, second, as if the rest of 
the quaternion were constant. The sum of the two results 
will be the complete differential *. Call the first step dy and 
the second d,, then in general 

d = dy+d,. sj) byte 

The result of d) on g” will be the same in form as if g were 
a scalar, since quaternions of constant plane act like scalars ; 
that is 

dy” = hd. #Fa eee 

The result of d; implies no differentiation except dU Vg, 
for g” is coplanar with g itself, UVg” is the same as +UVq, 
and we may write T 

ff = Sea PV e . Va: 

whence, differentiating as if UVy alone were variable, 

dg =+TYq".dUVg,’ .. an 

and by adding (10) and (11) 

dg? =a -ng@ oO ETV_g. dUVa, 
but by (9) 

dyq = dq—dq : 

=(dg—TVq¢.-dUV¢@ ig.) 4 

by the definition of d,, which substituted in the preceding 
gives i 

dg” = dq .ng*7!+dUVq «(+ TVq?—TVq.ng?), - (43) 

* Hamilton, Art. 329. 
{ The double sign is of course ambiguous in appearance only. We may, 

if we prefer, write + : i instead of +TVg” in equations (11)-(14). 
7 UV 
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and as the differentials stand at the left of the terms we have 
immediately, by (8), 

fe gg tt UV. (LTV e"—TV¢. ng). (14) 
There is nothing in the reasoning employed which will not 

apply equally well if, instead of g”, we take any other function 
of g containing neither quaternion constants nor any of the 
selective symbols 8, V, &c. ; in other words, if the functional 
form be any of those contemplated in the Newtonian, as 
distinguished from the Hamiltonian, differential calculus. 
For if we do not introduce any vector except Vq into the 
functional operation, the result can contain no other vector, 
or scalar multiples, and the vector part, axis, and plane of the 
function will be par rallel to those of q itself. All such functions 
of a single quaternion g must therefore be commutative with 
oneanother. ‘They will also be commutative with the result 
of dy) upon them, since that operator also can yield no other 
vector except scalar multiples of UVg. 

It will be convenient to call any such function, agreeing 
in form with those treated in the usual text-books on differen 
tiation, or, better, any function which we can construct by 
the employment of scalars only, an ordinary function. For 
example, sin (ng) is an ordinary function of the quaternion ¢ 
if n is a scalar, but not if n is a vector or a quaternion. 

It will also be convenient to represent such a function by 
the symbol Q, and to write DQ for the result of differentiating 
it with regard to g as if g were a scalar. Thus if Q be any 
ordinary function of q we shall always have 

dQ) = dyQ+d,Q 

=doq: DQLTVO .dUV¢ 

= dq.DQ+dUVq.(+TVQ—TVq. DQ), (13) 

- of which (14) is evidently a particular case*. We note that the 
only differentiation to be performed upon Q is that denoted by 
D, namely ordinary differentiation as if g were a scalar. The 
differentials dq and dUVq pertain to q only, depend therefore 
on the distribution of g with respect to the variables of which 
it may be a function, and have nothing to do with the 
relation of Q to y. Thus we m: ay, by (15), at once write 
down the differentials of any of the functions which Hamilton 
has defined in the Elements, or any which we might ourselves 
define in case we use forms not treated by him | (e.g. elliptic 

* We may write + a instead of +TVQ in (15). A similar remark 

applies to equations (16)-(26). 
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functions), provided such forms are what were just above 
called ordinary functions. For example, 

det = dq.et+dUVq.(+TVeI—TVq.e%),. . (16) 

and similarly 

dsing = dq.cosg+dUVq.(+TVsing—TVq.cosq), (17). 

and so on. If the plane of q is fixed, so that U Vq is constant, 
it is evident that the right side of (15), or of any special case 
of it, reduces to its first term. The presence of the term, or 
terms, in d@UVgq is due to the fact that the quaternion 
expansion is valid for space of three dimensions, so that the 
ordinary formulee have to be generalized. This is an illus- 
tration of the truth referred to in Art. 3 that the Quaternion 
Calculus is an extension of the system, due to Bueé, Argand, 
and others, by which a complex quantity is represented on a 
plane. It is the only such extension which preserves both 
the distributive and the associative laws. 

In (15), or in any special case of it, we may replace d 
by V, thus, 

VQ = V¢q.DQ+VUVe.(+TVQ—TV¢. DQ), Same 
Q being any ordinary algebraic or transcendental function of 
the quaternion g. As an instance, 

V logg = V¢.q73+VUVq.(+TV log g—TVq.q—); (19) 

TV log g as defined by Hamilton is the angle, or the ampli- 
tude, of gq. 

More generally, if FQ be any quaternionic function of Q, 
we have 

dFQ = fiQ 
where / is the linear function obtained by differentiating Q. 
Then by (15) 

dFQ = f[dq. DQ4+dUVq.(4+TVQ—TVq.DQ)], (20) 

and by (8) 

VFQ = V'fl¢'DQ+UV¢.( 4 TVQ—TV9q. DO) ae 

As an example under the last two results, we have, if a and 
b are any two constant quaternions, 

d(a sin bg) = abdg . cos bg +adUVbq.(+TYV sin bg—TVbq.cosbq), (22) 

obtained from (20) by putting a for 7/ and ég for g. And 

by @1), 
V'asin bg’ =V'abq' cosbg + V'aU Vbq'.(£TV sin bg—TVbq. cos bq). (23) 
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In the most general case of a function of a single 
quaternion g, we may have under F' several ordinary 
functions; call them Q,, Q:, &., to which will correspond 
Minis & - dy Bivins: 

dF (Q:; Qs, ae ) = fidQ + fodQs+ Pistols) hee . (24) 

each of the ‘/’s being obtained by differentiating the given 
function as if only the corresponding Q were variable *. On 
the right we may substitute the value of each of the 
differentials from (15). 

If we have a function of several quaternions, g, 7, Kc., the 
formule (15) and (24) will still serve, but the Q’s and the 
J's will contain any or all of these quaternions. When we 
change d for V, we shall accent only the variables which we 
write in place of the differentials. As an example, 

@loggr=digr).(gr)-'+dUVar.(+TV log gr—TVgr.r—%q—"),. (25) 

and changing to V, 

V log gr=V (gr). (qr)-1+ V'UVa'2". (+ TV log gr—TVgr.7r-1g), (26) 

in which we may, if we wish, transform UVq7 by the known 
methods for differentiating a unit vector. 

Most of the formule of the present section contain, on the 
right, the differential, or the nabla, of some unit vector. 
The differential of any unit vector is always at right angles 
to the unit vector itselft. If the unit vector is normal to a 
family of surfaces, it is also at right angles to its vector 
nabla ; in which case the unit vector, its nabla, and the new 
vector obtained by differentiating the unit vector along its 
own direction, form a rectangular system{. Thus the term by 
which the differential, or the nabla, of a quaternion function 
differs in form from that of a scalar may receive a geometrical 
interpretation. 

5. In Art. 2, above, we had terms containing the operators 
SVgV, VVqV, and KKgV; and the terms on the right of 
(23) can, by the methods of Art. 2, be thrown into similar 
form. These operators are special cases of the more general 
expression /V, where 7 stands for any linear function ; such 
functions of nabla are of great use, for example in hydro- 
dynamics, and in the study of an anisotropic medium §. 

* Hamilton, Art. 329. + Hamilton, Art. 335. 
t For the proof of this, with other properties of the rectangular system, 

see Phil. May. (6] vol. i. p. 581, and iv. p. 187. 
§ Maxwell, ‘ Electricity and Magnetism,’ 3rd ed., Art. 101, 2. 
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Since in Art. 4 use was made of nabla in its capacity as 
differentiator alone, we may, wherever nabla occurs in any of 
the formule of that article, write a linear function of nabla 
instead of nabla itself. Thus instead of (8) we may write 

FV EGS oN fig',. »\-. > 

where 7; is the linear function obtained by differentiating Fy, 
but f is any linear function whatever. The operator fY, 
since it includes scalar functions of VY, includes ordinary 
differentiation as a very special case. Therefore (27) virtually 
includes all the results of the last article. The expansions 
(15) and (24) may be used whenever one or more ordinary 
algebraic or transcendental functions enter into Fg, which 
may be any function of g whatever. 

The properties of linear functions afford many ways of 
transforming the right side of (27). For example, Hamilton 
showed that any linear function of a quaternion g may be 
expressed as the sum of several terms of the form tqs, where 
t and s are quaternions *. Therefore the right of (27) may 
be expressed as the sum of several terms of the form rV’sq't, 
where 7, s, and ¢ are quaternion functions which will in 
general contain the variable g without accent. Hach of these 
terms may then be transformed so as to bring YV next to the 
operand, as in (1 D) and (1 £), or if we prefer, so as to bring 
VY to the left of the whole, asin (1F). Such methods are 
still possible even when the expression io be transformed 
contains the selective operators 8, V, or K, for if « and 8 
are any two vectors we might put 2Se8 = «8+ a, and 
2VaB = a8—Ba; so that by expanding sufficiently we might 
always arrive at an expression free from these selective 
symbols. We have, however, direct methods for handling § 
and V too fully illustrated by Hamilton and Tait to need 
exemplification here. No matter what the form of the 
original term, we may always transform so as to bring V 
next to any desired factor of the term. 

Another general method is to put dg = f.dp, where fy is 
the linear function obtained by differentiating g. Instead 
of (27) we then have 

TMV w= IN Sid ep Bakr .% Cale 

and since it is no longer necessary to separate j, and fy we 
may more briefly write 

fi. Ro = PN PPL ae ss ee 
in which f3 is the linear function obtained by differentiating 

* ‘Elements,’ Art, 364. 
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Fg as a function of p; or it is the product of fy and f,. We 
may then, as in the last paragraph, arrive at a sum of terms 
of the form 7V'sp’t, but by (4 B) 

Vs = sV—2VVsV, 

whence we bring V next to p and have a sum of expressions 
of the form 

rs\/p.t—2rVVsV .p.t, 

and because Vep=—3 and VVsV.p=—2Vs%*, we obtain a 
sum of expressions of the form 

—3rst+4rVs.t, 

and may write in general 

at Bon (rst Par Vs eye a 0) 

in which r, s,and ¢ are the quaternions obtained by expanding 
the right side of (28) or (29). The result (30), apart from 
practical utility, has a certain interest by showing (what is 
well known), that we may find the nabla of any quantity 
(and the more general V7), without ever introducing axes of 
reference, whether rectangular or not ; and by means of one 
differentiation, not three,—a tact which might be commended 
to the attention of those who think that quaternions are mere 
abbreviations for Cartesian expressions. 
We may,.however, if we choose, introduce 2, j, and & into 

the work. The original definition of V gives, by (29), 

ie Vet i esi el ead pie, 4. sty sy (COL) 

and the right side is an invariant of the two linear functions 
f and 73. The late C. J. Joly showed how such invariants 
may be calculated, given the functions f and /; f. 
A fourth method, sometimes the shortest in practice, is to 

write the expression f V’.73e' as a sum of terms in whatever 
way may be most convenient, then calculate the invariants 
of each term separately, and add. The advantage of this 
method is that it is always possible to express a linear function 
as the sum of a small number of standard forms, whose 
invariants are easily remembered; as, for example, that 
used above, VVsV.p =—2Vs, or the very common form 
V'BSap! = — a8. 

To sum up, we may find the result of applying any linear 
function of nabla to any given function by performing a 

* Tait, ‘Quaternions,’ Art. 145-6. 
t Appendix to Hamilton’s ‘ Elements,’ 2nd ed., chapter v.; and Trans. 

iy be Aixxxs p. 709. 
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single differentiation upon the given function, and trans- 
forming to suit the purpose in view. The fundamental 
formula for the work is ( 27), which contains the others. 

6. A full discussion of the general case, when fY is any 
function of V7, not necessarily “linear, ete exceed the limits 
of this paper. A few illustrations of the meaning and use of 
such operators must suffice. 

The simplest function of the second order in nabla is the 
familiar Y?. Another is SeVSrV, which implies successive 
differentiation of the operand along two different directions 
oand7. The most general scalar function homogeneous and 
of the second order in nabla is of the form SV@V, where @ 
is any self-conjugate linear vector function. 

Vector functions of nabla depend on the properties of 
vector functions of a vector. No general theory has been 
worked out except for linear functions. In a future paper I 
hope to show that a vector function homogeneous of the 
second degree in a vector X may be put in the form 

VdAOA+AS2A 

where ¢ and @ are linear vector functions and @ is a vector. 
Then the most general vector function homogeneous of the 
second order in nabla would be of the same form, writing 
y 10r A. 
We may, however, write down at once equations like (27) 

for any differential operators whatever. Thus if d' and d” 
are symbols of two independent differentiations, we shall have 

d'd' Vo = Fld q,d'q),. ~—- - ae 

in which 7; will be a ao linear in each of the two 
differentials. Then if 7(V', V”) is any operator homogeneous 
and of the second order in 2 the differential nature of 
nabla enables us to write 

IM", VW) - Fg =IN5 V9 -AG, 7) - 2 
in which V! acts on g' and Y” ong”. Since d’ and d” are 
independent, f; is symmetrical in its two operands, a property 
not in general possessed by 7 in the two nablas. One or both 
nae will usually act on the constituents of f. 

7. The commutation of these differential operators is a 
efi of importance both in Physics and in Mathematics. 
Tait gives a proof of the celebrated theorem that vortex 
motion cannot originate in a frictionless medium, by 

7 6 : 2 : ; : 
commuting 5 with VV *. Commuting two ordinary 

differentiations along different directions gives rise to the 
so-called ‘“* Klammerausdruck,” due to Jacobi, and important 

* €Quaternions,’ 3rd ed., Art. 513. 
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in Lie’s Theory of Transformation Groups. If we have any 
two linear functions of V, which we may call fV and gV, 
they will be amenable to commutation by (3 B) whether or not 
either of them acts on the constituents of the other, but usually 
each will act on all that follows it; if so, we have, by 
Hamilton, Art. 529, 

evo Gf V'-gV-94+fV'.gV'.g, -... 34) 
and with the operators in inverted order, 

gv iV. q= GY ENE: g+tgV'.fV'. Ope LAWS (35) 

in both of which identities \/, if without accent, acts on all 
that follows it in the same term, but, if accented, acts only 
on the accented factor. The terms last on the right of (34) 
and (35) are amenable to commutation by (3 B), whence the 
difference of these two terms is 2VVfV'Vg\V'.q' and by 
subtracting (35) from (34), 

eee gov. V.p=fV'-g'V -9-9V -f'V «G7 
oN WV Vogl sa. G6) 

in the last term both V’s act on q only, but they both act on 
it, making this term one of the second order. The last term 
vanishes (a) if one or both of the functions f and g is only a 
scalar function, or (}) if the vector parts of these two functions 
are parallel. The “ Klammerausdruck ” of Jacobi comes, of 
course, under (a). We might, by using three operators, work 
out an analogue of the “Jacobian identity.” 

8. Finally, we may, in the general formule (33) and (36), 
i 

and in the whole of Art. 4, write V + = instead of \/, where 
a e e . e e 

— means taking the partial derivative with regard to some 
dt 

sealar variable, usually the time ¢. For these results are 
consequences of the differential character of nabla, and are 

equally valid if we put the quaternion V + & for the vector \/. 

If we do so, we shall best follow Prof. Kimura * in regarding 
d ; al 

V+ 7p os an extended nabla, and represent it by a single ; r 
symbol. Its quaternion character makes it amenable to any 
of the processes used in Art. 3 and Art. 5 of this paper, and 
the resuits will differ only slightly from those there obtained. 
Naturally, in using the extended operator, we imply that the 
operand is variable both in space and in time, or in some 
other scalar. 

* Annals of Math. x. p. 127. 
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VI. The Absorption of the Different Types of Beta Rays, 
together with a Study of the Secondary Rays excited by them. 
By V. BE. Pounn, M.A., University of Toronto*. 

[Plate II. ] 

I. Iyrropwucrion. 

i a paper in the Phil. Mag. of July 1907, Prof. Mac- 
kenzie gives an account of some observations which he 

made on the secondary radiation issuing from each side of 
plates of lead upon which a pencil of @ rays was allowed to 
fall. Using plates of increasing thickness, he found that 
the secondary radiation issuing from the side of the plate 
upon which the @ rays fell, gradually increased in intensity 
and reached a maximum value when a plate -2 mm. in 
thickness was used. With pilates of still greater thickness, 
this secondary radiation remained constant in intensity. He 
obtained, however, an entirely different result on investi- 
gating the secondary radiation from the back of the plate 
upon which the @ radiation was allowed to fall. Under 
these conditions, the secondary radiation fell off very slowly 
as the thickness of the plates increased, and was still quite 
measurable with plates of lead 15 mms. in thickness. 

In arriving at these results Mackenzie investigated the 
secondary radiation issuing from each side of the plates, first, 
when both 8 and y rays were allowed to fall on them, and, 
second, when y rays alone were allowed to fall on the plates; 
and the results quoted by him, and ascribed by him to the 
action of the @ rays, were obtained by subtracting the effects 
due to the y rays alone from those due to the combined 8 
and y radiations. 

With the arrangement he adopted, it was possible that in 
cutting off the & rays in order to study the effect of the 
y radiation alone, he also cut off a greater proportion of the 
latter than he estimated. If this were so, it would result in 
ascribing to the 8 radiation a part of the secondary radiation _ 
which properly should have been ascribed to the y rays. 

In view of the importance of his results in their relation 
to theories of secondary radiation now being put forward by 
Bragg ?t and others, it was thought well to make a more 
extended examination of the secondary radiations excited by 
both 8 and by y rays; and in the following paper an account 

* Communicated by Prof. J.C. McLennan. Read before the Royal 
Society of Canada, May 16, 1908. 

+ Phil. Mag. July 1907. 
¢ Phil. Mag. May 1908. 
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is given of some experiments in which the secondary radia- 
tion both from the back and front of metal plates was studied 
when these were traversed by y rays alone, and also when 
pencils of 8 rays of different types were allowed to fall on 
them. 

In differentiating the effects due to the various types of 
rays, the action of each was ascertained by deflecting pencils 
of each type into an ionization-chamber away from the others 
by means of a magnetic field. 

II. APPARATUS. 

The arrangement adopted is shown in fig. 1. The re- 
ceptacle for holding the radium was a lead cylinder A with 
walls 4 ems. thick. One end of the cylinder was covered by 

- SS 

BRR SLX 

Bane 
oh) A AN KX 

RAN 

Oe ~---" 

Wo Llectrometer 

-------BS 

78 Larus 

Jo Larth ii 

a brass plate 2°5 mms.’ thick, in the centre of which was 
a hole 4°5 mms. in diameter. The capsule holding the 
radium was held close against this plate in such a position 
that the rays from the radium on issuing, passed between the 
poles of a powerful electromagnet. Immediately beneath 
the pole-pieces of the electromagnet was the ionization- 
chamber B. It also was made of lead in the form of a 
eylinder 6°7 cms. long, with walls 4°6 cms. in thickness, the 
ionization-chamber proper being 4:7 cms. in diameter. At 
the top and bottom were brass rings to hold different 
thicknesses of selected absorbing materials over the ends of 
the chamber. 
A properly screened and insulated electrode was inserted 
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into the ionizing-chamber and connected to a Dolezalek 
electrometer by means of which saturation currents were 
measured. The sensibility of the electrometer was such that 
a potential-difference of one yolt between the quadrants 
produced a deflexion of 625 mms. on a scale about one metre 
distant from the needle. It was found that a potential of 
240 volts applied to the ionization-chamber was always 
amply sufficient to give the saturation current. 

IJ. EXPerRIMENTS ON THE ABSORPTION AND REFLEXION 

ok 6 Rays By TINFOIL. 

A. Measurements on Transmitted Rays. 

In these experiments the 8 rays from the radium, on 
coming between the poles of the magnet, were deflected 
either downwards or upwards according to the direction of 
the field between the poles. As the capsule containing the 
radium was covered by a thin sheet of mica the a rays were 
largely absorbed, so that the issuing beam contained only 8 
and y rays, which could easily be separated by the magnetic 
field in the manner indicated. Readings were taken of the 
saturation currents in the ionization-chamber as the current 
through the electromagnet was changed by small increments 
from 0 to about 28 amperes. 

A series of measurements was made with a number of 
different thicknesses of absorbing layers of tinfoil over the 
top of the ionization-chamber, and with the bottom of the 
chamber closed by a thin sheet of aluminium-foil 0:0065 mm. 
in thickness. 

Before making these, however, a set of readings was 
taken without any metallic covering over the opening at the 
top of the ionizing-chamber, and with only the single sheet of 
aluminium-foil over the opening at the bottom. In taking 
these the magnetic field was first applied in such a direction 
as to deflect the 8 rays down into the chamber, and observa- 
tions were made on the saturation currents corresponding to 
various field-strengths. The field was then reversed, and a 
second set of readings taken as the @ rays were gradually 
deflected upwards and away from the chamber. Both set; 
of readings are given in column I. of Tables I. and II. 
respectively, and curves representing them are shown in 
fig.2 (Pl. II.). From these curves itis seen that as the 6 rays 
were deflected down into the chamber by the magnetic field, the 
ionization in the chamber rapidly increased to a maximum 
value, and then decreased as the different pencils of rays were 
swept past by the increasing magnetic fields. It is seen, 
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TasBLE I,— Ionization by 8 transmitted Secondary Rays from 
Tinfoil with Primary Rays reflected down into Chamber. 

Saturation Currents (arbitrary scale) with different 
thicknesses of Tinfoil. 

Current 
in magnet 
(amperes). I in¥ ae IV, Vi; VEy.) VIL... } VII, 

Inm. | mn. mm. | mm. | mm. | mm. | mm. 
0:00 0-0196 0-078 01568 0°3136 | 1:254| 1:96 | 3:136 

0:0 46°6 | 42:3 | 27:3 23-3 19°4 | 16:25) 14:59} 13°08 
02 51°5 | 53:9 | 29°7 
045 | 1284, 842 
0°85 292-0 | 19675 |. 520 | 27:0: |) 20:3'| wz - |} 1451) 12°87 
1:15 348°5 | 2948 | 86:0 

6 165 || 360-0 |343-2 |152:0 | 626] 250] ... | ... | 12-73 
2-9 me Yaar | oT Plis |... P LOIS 
35 |3050| ... | ..-| .. | 458] 1619/ ... | 1266 
3-2 BAUOAy ANIC Sly, Savtlivsan| Atay baeae 
40 || ... |1493| ... | 974] 628] 1613] ... | 12-61 
50 0S s||_:«i«ws «| «Se «| 969 | 79:0 | 57-0 | 16°48] 14:35] 12-45 
mee eee Stl | 6a te) 467 bo. eo 
7-0 675 | 734| ... | 585| ... | 1643] ... | 12-29 

10:0 340 | 507 | 47:1 | 45:2 345 | 16-22] 14:02] 192-28 
150 | 208)| 354] 298] 31:5) 25-7 | 15-9 | 13-96] 19-22 
200 | 160} 275 | 265 | 25-4) 295 | 15°64/ 13:85 
25:0 By ihe iit! 0200) i550 13-82 
Rete oe, | 23-0) 229 | 20) kee bon | OE 

TaBLE I1.—lonization by 8 transmitted Seconday Rays Fis 
Tin foil with Primary Rays deflected up from Chamber. 

Saturation Current (arbitrary scale) for different 
thicknesses of Tinfoil. 

| Current 
in magnet. | | 

Bab SE ae, Sy SE 3 VSWR Ph VEEP RED, 
mm. | mm. | mm. | mm, | mm. | mm. | mm. | mm. 
0-0 0:0196 |0-0784 0- Lae 3136 | 1-254 | 1:96 | 3°136 

0-0 46°6 | 41-7 | 264 | 22-1 | 191 | 16°25} 14:55| 12°82 
O:7 14-7 | | 
0°85 pee cxe ears eset “1 DOP TL be Beds 14-34 
1-45 10° | 
1:70 av aS 190 18-0 12°56 
1-2 18-4 ee M 15 84 
2°5 ae wile le oO. | Lo St 12°52 
38 oO.) Bea | 19 2 AAMT Maal a ar 12-44 
50 | eee tee seeee hoe 1568 | 9.2.) | 1a 

| 66 Hee ee seat ka ei ee VES P1558 | 14-15}. 12536 
a0 | 16°9 

10-0 16°8 mo eee | Look) TeO9)) toes 
12:0 hae Pena Wena 2( 3 BG. | 
15-0 Kt Cede GG 3} 079 weet | LEO} | 15°29 | ISOs eto 
175 | 
21-0 Ls: 16°53 te | LE Sy plG9 ,| 15:17 | 187 | 12-06 
26°5 | | 162 | 176 .| 172 | 168 a. 1 13°79 

Phil. Mag. 5.6 Vor: 7. No. 97. Jan. 1909. K 
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also, that when the 8 rays were deflected upwards and away 
from the chamber by gradually increasing magnetic fields, 
the corresponding saturation currents decreased rapidly until 
a constant limiting value was reached. 

As already stated, similar sets of readings were taken for 
different thicknesses of absorbing layers of tinfoil over the 
top of the chamber. In columns II., III., IV., and V. of 
Table I. are given the results obtained with layers 0°0196 mm., 
0:0784 mm., 0°1568mm., and 0:3136 mm. in thickness re- 
spectively, and curves A, B, C, and D, corresponding to the 
results given in these columns, are shown in fig. 3 (PI. II.). 

Here again, it will be seen, when the @ rays were deflected 
downwards, that with each absorbing layer the saturation 
current passed through a maaimum value. It will be seen, 
too, that the maximum saturation current fell away as the 
absorbing layer was increased, and further, that as the thick- 
ness of the layers was increased it required a stronger and 
stronger field to produce the maximum ionization. 

The explanation of these results is found in the fact that 
the rays issued from the radium in a number of approxi- 
mately homogeneous sheaves or pencils possessing a maximum 
intensity in a direction at right angles to the axis of the 
ionizing-chamber. On applying the magnetic fields, these 
sheaves or pencils would undergo different degrees of de- 
flexion, those of high velocity being less affected by the field 
than the more slowly moving ones. 

As the rays from a sheaf of low velocity would enter the 
chamber first, the ionization would increase and reach a 
maximum when the axis of this sheaf of rays coincided with 
the axis of the ionizing-chamber. Still higher fields would 
deflect the slow moving rays past the opening of the ionizing- 
chamber and introduce others possessing still higher velocities. 
Inasmuch as Bragg * and others have shown that the ionizing 
power of 8 rays of high velocity is not so great as that of 
those moving more slowly, it follows that with increasing 
magnetic fields the ionizing power of the rays introduced 
would be less than that of the rays cut out, and hence a drop 
in the ionization values would occur. ‘This drop in the con- 
ductivity would continue until ultimately all the deflectable 
Brays were swept pastthy chamber. As the layers of tinfoil 
were gradually increased in thickness, the more slowly moving 
8 rays would be absorbed, and the first effective sheaves 
transmitted would consist of rays possessing higher and 
higher penetrability, and consequently of rays with less and 
less lonizing power. It follows, then, that while a maximum 

* Bragg, Phil. Mag. Oct. 1907. 
Od) 
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conductivity would be obtained with each thickness of tin- 
foil, the value of the maximum would decrease with the 
thickness of the absorbing layer. It is evident, too, since 
with increasing thicknesses the first effective sheaves of 
transmitted rays would possess higher and higher velocities, 
that the field required to deflect the axes of these different 
sheaves into coincidence with the axis of the chamber would 
increase. Hence the maximum conductivities, when absorbing 
layers of increasing thicknesses were used, would be obtained 
by fields excited by currents of greater and greater intensity, 
and this, as the curves A, B, C, and D show, is actually what 
happened. 

The numbers corresponding to the saturation currents 
obtained with different absorbing layers when the rays were 
deflected upwards and away from the chamber by the magnetic 
fields, are given in columns II., III., 1V., and V. of Table IL, 
and curves representing them are shown in fig. 4. From 
these it will be seen that with each absorbing layer the 
ionization fell away as the rays were deflected upwards, and 
soon reached a value which was constant, and which repre- 
sented the natural conductivity of the air in the chamber, 
together with that impressed upon it by the undeviable rays 
from the radium and by the secondary rays which they 
excited. 

These limiting curves, it will be seen, exhibit an effect 
already pointed out and emphasized by Mackenzie* and 
others, that when the thickness of a plate or wall upon which 
y rays are allowed to fall is gradually increased, the gain in 
lonization at the back of the plate from the secondary radia- 
tion is at first greater than the loss produced by the absorption 
of the primary rays. ‘This result is well exemplified by the 
eurves A’, B’, C’, and D’, which correspond to absorbing 
layers of increasing thicknesses, and which show that the 
limiting value of the ordinate of B' is greater than that of 
A’, that of C’ is equal to that of B’, and that of D! is again 
less than that of C’. 

In addition to the measurements just described, others 
were taken for magnetic fields in both directions with ab- 
sorbing layers 1°254 mms., 1:96 mms., and 3°136 mms. in 
thickness, and the results of these are recorded in columns 
VL, VII., and VIII. of Table I. The curves EH, F, and G, 
fig. 5, were plotted from the numbers in these columns, and 
represent the conductivities obtained with fields which de- 
flected the @ rays down towards the chamber. The numbers 
corresponding to the saturation currents obtained with 

* Mackenzie, Phil. Mag. July 1907. 
K 2 
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different absorbing layers when the rays were deflected 
upwards and away from the chamber, are given in columns 
VI., VIL, and VIII. of Table II., and curves HK’, F’, and G’, 
nehich w ere drawn from these aS are shown in fig. 5, 
and represent the conductivity when the rays were deflected 
in the opposite direction. 

The short sharp rise in the curve E shows that with tinfoil 
1-254 mms. in thickness the 8 rays were still able to pene- 
trate the absorbing layer. A slight rise, as can be seen from 
the figure, occurs in the curve F, but with the curve G no 
evidence exists of any rise in conductivity. This curve, 
moreover, coincides with the curve G’, which is drawn from 
values of the ionization obtained when the rays were deflected 
upwards; and this coincidence of the two curves G and G/ 
shows that with the absorbing layer with which the results 
illustrated by those curves were obtained, a thickness of 
tinfoil was finally reached which could not be penetrated by 
the 8 rays, and by the secondary rays which were produced 
by them in the metal. 

In order to find the precise thickness of tinfoil necessary to 
stop all the Band @ secondary radiations, a cnrveshown in tig. 6 
was plotted, taking as ordinates the ionization in the chamber 
due to the maximum f and @ secondary rays for each thick- 
ness ot tinfoil, and as abscissee the thickness of the: tinfoil 
screen with which each maximum was obtained. The 
maximum £8 and £ secondary ionization for each thickness 
was determined in the following manner. Taking the results 
for a particular thickness, the limiting value of the ordinate 
of the curve drawn for a deflexion of the 8 rays upward was 
subtracted from the maximum value of the ordinate of the 
curve drawn for deflexions of the 8 rays downwards. Inas- 
much as the limiting value of the ordinate of the former 
curve represented the ionization in the chamber due to y rays 
and y secondary together with that due to natural causes, and 
the maximum value of the ordinate of the latter, the ionization 
due to the maximum £ and 8 secondary, y and y secondary 
radiations with that due to natural causes, the difference 
gave the ionization due to maximum 8 and 8 secondary 
ionization for the particular thickness of tinfoil over the top 
of the ionization-chamber. 

In Table III. there is collected and given in row I. the 
maximum saturation currents in the chamber due to the 
Gand 8 secondary, y andy secondary radiations, and that due 
to natural causes, far the screens of different thicknesses of 
tinfoil ; in row II. the saturation-currents due to the y and 
y secondary radiations and that due to natural causes, and 
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in row III. the deduced maximum ionization due to the 

8 and B secondary radiations for the same screens of tinfoil 
sheets. 

Tasise, LIT, 

Remarks, Saturation Current. 

mim. mm. mm, mm. ;mm.; mm q mm. mm, . 

over the top 0:0 (0:0196| 0:039 0:0784 0:1568 |0°3136 | 1-254 /1-:96 | 3:186 

Thickness of tin 

of chamber. 

I. Max. 6+ 8 \ 
secondary | 

aaa oY . a, secondary ‘ 360°:0 | 343:2| 287°5| 230°0;) 113°8| 67:8) 17°2|14:4) 12°37 

+ natural | 
ionization. } 

dary + natu- Com elon! eS eT Ti ERIM EEO, Upraeaek ) V2 37 
ral ionization. : 

Il. y+y “at | 

secondary 
ionization. 

352'63 | 326°3 | 269°7) 2123; 96:1; 50:2 1:8} 0:3; 0-0 
III. 6+ | 

The ordinates of the curve in fig. 6 are the values of the 
maximum # and £ secondary ionizations taken from row III. 
of the above table. The curve, as will be seen, is drawn 
with an initial rise, although no values were obtained from 
which the position of the highest point could be determined. 
Some observations to be given later, however, on the deter- 

. mination of the maximum thickness of aluminium necessary 
to absorb all the @ and @ secondary radiations, show clearly 
that for aluminium the ionization in the chamber due to the 
8 rays rose and fell as the thickness of aluminium was in- 
creased. ‘The inference was therefore drawn that for all 
metals this rise and fall in the conductivity due to @ rays 
striking a wall of the chamber would occur, and would be 
made manifest if thin enough sheets of the metal were 
used. 

From the regular manner in which the curve in fig. 6 
falls away, it is clear that in the experiments with tinfoil the 
thickest screen used was amply sufficient to absorb all the 
8 rays, and the secondary rays excited by them. An exami- 
nation of the curve, moreover, makes it evident that even a 
thickness of 2°5 millimetres of tinfoil was amply sufficient 
for that purpose. 
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B. Measurements on Reflected Rays. 

A series of measurements was also made on the secondary 
radiation produced at the front side of sheets of tinfoil when 
8 and y rays were allowed to fall on them. One layer of 
aluminium-foil 0065 mm. in thickness was placed over the 
opening at the top of the chamber, and layers of tinfoil of 
increasing thickness were placed over the opening at the 
bottom. In these experiments, the capsule containing the 
radium bromide was placed vertically above the ionization- 
chamber, so that the rays, after passing between the poles of 
the magnet, impinged directly on the thin sheet of aluminium- 
foil forming the upper wall of the ionization-chamber, and 
after passing through it, traversed the air in the chamber 
and then impinged on the tinfoil at the bottom. As the 
magnet was excited by increasing currents, the 8 rays were 
more and more deflected until all were swept aside by the 
field and y rays alone entered the chamber. 

TABLE IV. 

Ionization by f reflected Secondary Rays from Tinfoil. 

Saturation Currents (arbitrary scale). 
Different thicknesses of Tinfoil. 

Current 
in magnet. / 

iE AT d) Ad eG ee VL, | Vil) wee 
mm. | mm. | mm, | mm. | mm. | mm. | mm. | mm. 
0:0 |0-0081 |0:0196 | 0-039 |0:0784 |0°1568 0:6272| 1:96 

0:0 1086 |1121:9/1165 {1198 {1225 |1230 (1234 /|1280 
0°85 ... | 826°4] 858:2| 8646} 881-2/ 891-4; 898-4 | 920 
09 821°4 
2°5 267°4 | 230°3 | 224°1| 294°8| 225°7 | 226°3 232-1) 250:2 
4:5 103°5| 104°5| 95:8] 98:2] 91:2| 95 95:0; 864 
6°75 68°0| 72:3) 649] 649) 57:5) 618] 62:5) 573 

10:0 58°9| 61°4| 53°9| 55:4) 476] 51:5) 508) 47-7 
15:0 54:2) 54:7) 491) 487) 43°9| 47:3) 46°7| 43°5 
22°0 51:8; 50°4| 46:3] ... 43-4) 449 449] 41:0 
23°5 “ee iy as 46:0 | 
28°5 48°5| 44-7] ... 42-6] 43:2) 43:0 
29°5 veh lle. ee | 

In column II. Table IV. is given a typical set of these 
measurements, and a typical curve plotted from them is 
shown in fig. 7. The values obtained with the complete set 
of reflectors used are recorded in columns I. to VIII. of 
Table IV.: and it may be seen from the curve in fig. 7 that 
after a field corresponding to ten amperes was exceeded the 
ionization approached a limiting value which indicated that 
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for magnetic fields excited by currents of ten amperes and 
greater, the 8 rays were all turned aside, and the y rays 
alone were left to enter the chamber. The maximum ionization 
due to the @ and @ secondary, y and y secondary, and that due 
to natural causes is given by the ordinate of the initial point 
of this curve. With the interpretation given above the 
ionization due to the y, y secondary, and to any radiations 
from the metal forming the walls of the chamber, may be 
taken to be represented by the point on the curve corre- 
sponding to the highest field. The difference between the 
values of these two ionizations givesa value for the maximum 
conductivity impressed upon the air by the @ rays, and by 
the secondary radiations excited by them in the tinfoil. 

TABLE V. 

| | 

Max. 8+6 | 
Thickness of Tinfoil secondary y+y secon-_ Max. B+ 

over bottom of +y+y secon- dary +natural secondary 
chamber, dary+natural ionization, | ionization. 

ionization. | 

mm, : 
0-0000 1086 | 51°8 1034°2 
0:008 1 1121 | 475 | 1073°5 ° 
0-0196 1165 | 44-7 1116°3 
0:039 1198 44-7 | 11533 
0:0784 1225 42°6 1182°4 
0°1568 1230 43:2 1186°8 
0°6272 1234 | 43:2 1190°8 
1-96 1230 | 41°5 | 1188°5 

| 

In Table V. is given the deduced values of the maximum 
ionizations which were due to 8 and § secondary rays from 
similar sets of measurements for different thicknesses of tin- 
foil at the bottom of the chamber. The curve drawn in 
fig. 8 is plotted with ordinates representing the values of 
these maximum £f and £ secondary ionizations, as recorded 
in the fourth column of this table, and with abscisse repre- 
senting the corresponding thicknesses of tinfoil. From this 
curve it is clear that the maximum conductivities produced 
by the 8 and the reflected 6 secondary rays reached a limiting 
value when the tinfoil sheets attained a thickness of 0°24 mm., 
and for still greater thicknesses remained constant. 

_ Summarizing all the results obtained with tinfoil it would 
then appear:—That when § rays from radium are allowed 
to impinge on sheets of tinfoil, a maximum reflected secondary 
radiation is obtained when the tinfoil attains a thickness of 
0:24 mm.; and further, that a thickness of 2°5 mms. of tinfoil 
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is sufficient to absorb not only the transmitted secondary 
rays excited by 8 rays, but also the whole of the primary 
radiation itself. 

This result, however, while giving definite information 
regarding a lower limit to the thickness of tinfoil requisite 
to absorb primary 8 rays, gives only an upper limit to the 
thickness necessary to absorb the transmitted secondary 
radiations produced by such rays. In order to obtain a lower 
limit to the thickness of tinfoil required to absorb the trans- 
mitted 8 secondary radiation alone which is excited by 
8 rays, it would be necessary to modify considerably the 
arrangement of the apparatus used in making these 
measurements. 

IV. EXPERIMENTS ON THE ABSORPTION AND DEFLEXION 

oF 8 Rays By LEAD. 

A. Measurements on the Transmitted Rays through Lead. 

Experiments were conducted with lead in an exactly 
similar manner to those on the transmitted rays through 
tinfoil, in order to find the minimum thickness of lead 
necessary to prevent the emergence of any 8 or B secondary 
radiations from the far side of a plate upon which the primary 
8 rays of radium fell. The radium bromide was placed as in 
fig. 1, and sets of readings were taken of the ionization in the 
chamber,—1st, with the top of the chamber open, and, 2nd, 
with it covered by lead-foil of varying thicknesses, the bottom 
of the chamber being always closed by a sheet of aluminium- 
foil 0065 mm. in thickness. As before, these readings 
were taken as the @ rays were deflected downwards into 
the ionization-chamber, and upwards and away from it by 
different magnetic fields. 

The sets of readings taken with the opening at the top of 
the chamber uncovered, and also covered with the lead-foil 
screens 0°241 mm., 0°482 mm., 0°723 mm., and 0:964 mm. in 
thickness respectively, are given in columns II., III., IV., 
and V.of Table VI. From the values of the ionizations given 
in columns III., 1V., and V. of this table the curves A, B, 
and C (fig. 2) were drawn. The curves A’, B’, and C’, also 
shown in fig. 9, were plotted from the numbers in columns 
HT TVs and V. of Table VII. Both sets of curves (at will 
be seen) are of the same type as those for the tinfoil which 
were fully discussed in Section If. A. 
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TABLE VL, 

Ionization by 8 transmitted Secondary Rays from Lead-foil, 
with Primary Rays deflected down into Chamber. 

) | 
| Saturation Current (arbitrary scale), with 
| different thicknesses of Lead-foil. 

Current || 
in magnet | | 
(amperes). | ii LT: Tis, LY: Ws 

| mm mm. mm. mm mm. 
i Oo 0-241 0-482 | 0723 0-964 

) 0:0 | 565 21-1 19-6 16°9 16°5 
0-2 | 95:8 
0°85 =|; ~294°8 21°9 Bo ce 16°3 
1:35 —— 8833 
1:70 _ 3593 
2°5 | 38026 | 30:0 20°4 16°9 16-2 
4:0 a 48°7 22°6 bas 15°9 
4°59 1185 a8 hd 17:0 
50 ie 50°4 24°8 17°4 
65 68:0 ae se 17°34 
70 me se 25°4 eae 158 
100 41°5 35'4 24:0 17:03 157 
15°0 26°4 | 27:9 21°6 16°45 15°4 
22°5 18:0 23°3 19°5 16°25 15°4 

“Exe VET. 

Tonization by 8 transmitted Secondary Rays from Lead-foil, 
with Primary Rays deflected up from Chamber. 

Saturation Current (arbitrary scale) for 
different thicknesses of Lead-foil. 

Current 
in magnet 
(amperes). I. EE. 1a0R IV. ¥. 

mm. mm. mm. mm. mm. 
0:0 0-241 0482 07723 0-964 

0 56°D 21°1 19°5 16°9 16°5 
08 18°5 OPT Sak a. se 16:3 
2-5 9-4 20°0 19:0 16°7 1671 
4:5 : 19°7 18°8 16°59 16:0 
6:5 86 19°5 
70 aa 18°5 16°71 15'8 

| 10°0 4 191 18°5 5,9 1b: 
| 15:0 81 19:0 181 16°15 15°5 

22-5 8:1 19°1 TeO; 1 16-25 15°4 
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The curve B, drawn for a thickness of ‘723 mm. of lead, 
indicates that @ rays which were deflected by a field cor- 
responding to about 6 amperes, penetrated this thickness of 
lead, while the coincidence of the curves C and OC’ drawn from 
the values corresponding both to the upward and downward 
deflexions of the 8 rays when ‘964 mm. was the thickness 
of the lead screen, shows clearly that the 8 and also the 
® secondary rays could not pass through this thickness of 
lead. 

As is fully explained in Section III. A, the maximum 
value of the conductivities in the chamber due to @B and 8 
secondary rays for the different thicknesses of the screens 
can readily be deduced from the tables given above. These 
deduced values are given in row III. of Table VIII., anda 
curve representing them is shown in fig. 10. From the 

TABLE VIII. 

Remarks. = Saturation Current. 

Thickness of lead over wae meat ee | ae 
the top of chamber. } 6 . 482 123 964 

IT, Max. 8+ secondary 
+y+y secondary + 3832 | 50°9 25°8 175 | 156 
natural ionization. 

Eee Mi cee ces Fr s4| 194 | 177 | 165 | 156 
natural ionization. 

a | 

III. Max. 8+ 8 secon- 
dary ionization, 3748 | 31°5 81 1:0 0 

curve it is evident that a screen of lead ‘9 mm. in thickness | 
completely absorbed all of the 8 and the 6 secondary radiations 
excited in the lead, including the most penetrating. 

B. Measurements on Reflected Rays from Lead. 

In this set of measurements the arrangement of the 
apparatus was the same as when the measurements on the 
reflected rays from tin were taken, the radium being placed 
vertically above the ionization-chamber. Different thick- 
nesses of lead were placed over the opening at the bottom, 
while the single sheet of alumininum-foil, ‘0065 mm. in 
thickness, covered the top. As before, the saturation- 
currents in the chamber were taken as the magnetic field 
deflected the @ rays farther and farther from the opening of 
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the chamber ; and the values of the saturation-currents are 
given in columns I., II., III., 1V., V., and VI. of Table IX. 

TABLE IX. 
Ionization by @ reflected Secondary Rays from Lead-foil. 

Saturation Current (arbitrary scale), with 
different thicknesses of Lead-foil. 

Current 
in magnet | 
(amperes). ik, cE BAe ae M, Vie 

é mm. mm. mm. mm. mm. mm. 
0-0 0-066 0-093 0-116 0:241 0-964 | 

0:0 1161:0 | 1815-0 | 1337-0 | 1349:0 | 1349°0 | 1340-0 | 
08 799°0 a 809°8 ae 818°5 801°3 
2:5 iL i haa ee 139°8 | 145-0 
4:5 64:9 tS 59°5 1s 65°3 63°8 
6°5 58:9 ie a er 54:2 555 | 

10:0 57°8 eae 56°3 58°3 5671 
‘15:0 589 57°8 586 58-0 ie 56°6 
22:0 57°8 56°9 57-2 56°6 56°9 56°9 | 
28°0 56°9 5671 56°3 56°0 bd3 55°8 

From these it will be seen that with the lead reflectors of 
different thicknesses, the saturation currents were practically 
the same when magnetic fields of sufficient strength to 
deflect all the @ rays were applied. In order to ascertain 
the maximum ionization for the various lead reflectors due 
to the 8 ray effect, the mean of the readings obtained with 

the high fields was taken as representing the conductivity 
due to y radiations, that due to the secondary radiations 
excited by these in the reflectors, and also that due to the 
so-called natural ionization. This mean was_ subtracted 
from the maximum ionization obtained with each of the 
reflectors before the application of a magnetic field, and 
the differences, which are recorded in column LV. of Table X. 

TABLE X, 

Pe aes Max. 6+ 6 secondary y-++y secondary + Max. 6+ 
batt +y+y secondary + Pres haath secondary 

over bottom RAEN natural ionization. 
Be hacibor: natural ionization, lonization. 

mm. 
0:0 1161 57°8 1103°2 
0-066 1315 56°9 1258'1 
0:093 1337 56:7 1280°3 
0°116 1349 aTt-3 1291°7 
0°241 1349 53°6 1293°4 
0°964 - 1340 562 1283'8 
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and represented graphically by the curve A in fig. 11, were 
taken to represent the -ionizations produced in the chamber 
by the primary 8 rays and by the secondary rays excited by 
them in the lead reflectors. From a consideration of these 
values and of the form of the curve in fig. 11, it is evident 
that a maximum secondary radiation, due to the impact of 
8 rays on the lead reflectors, was obtained with a thickness 
of -16 mm. of this metal. 

From these results, then, it is clear that the secondary 
radiation emitted by the front side of a lead plate upon which 
the 8 rays from radium fall, do not come from a depth of the 
metal greater than "16 mm. It is also established by the 
results that a plate of lead ‘9 mm. in thickness will com- 
pletely absorb all the primary 8 rays from radium, as well as 
all the secondary radiation excited by these rays in the lead 
plate. 7 

V.. EXPERIMENTS ON THE ABSORPTION AND REFLEXION 

oF 8 Rays By ALUMINIUM-FOIL. 

A. Measurements on Transmitted Rays. 

A series of readings was also made with a number of 
different thicknesses of absorbing layers of aluminium-foil 
over the top of the chamber, in order to find the minimum 
thickness of aluminium necessary to stop the B rays. The 
bottom of the chamber was closed by the same sheet of 
aluminium-foil, ‘0065 mm. thick, used throughout these 
experiments. As before, the first series of measurements 
was taken without any cover over the top of the chamber ; 
and this series is given in column I. of Table XI. The 
results obtained with layers ‘(0065 mm., °28 mm., 1°184mm., 
3°41 mm., 4°73 mm., and 8°14 mm. in thickness respectively, 
are given in columns II., III., IV., V., VI., VII. of the 
same Table. 

The curves A, B, C, D, and E, shown in figs. 12 and 13, 
are plotted from the results given in columns I., IL., IV., 
VI., and VII. of Table XI. ; and curves D' and E’, fig. 13, 
from the results given in columns V1. and VII. of Table XII. 

On comparing the results obtained when there was no 
metallic covering over the opening at the top of the ionization- 
chamber with the results when a covering of 0°0065 mm. of 
aluminium was used, it is readily seen that the addition of 
the covering considerably increased the maximum ionization 
in the chamber as the @ rays were deflected into it. This 
effect is also brought out very clearly by the curves A and B 
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Ionization by @ transmitted Secondary Rays from Aluminium- 
foil with Primary Rays deflected down into Chamber. 

Saturation Current (arbitrary scale), with different thicknesses 

Current 
in magnet 
(amperes). iE 

mm. 
0:0 

0-0 776 
0-2 117°3 
0:45 1769 
0-8 302°6 
13 365°0 
1:65 359°3 
2°5 294-8 
4:5 111°6 
6°5 63:1 

10-0 374 
-150 25°1 
22-0 18°6 

Ionization by 8 transmitted Secondary Rays from Aluminium- 

1 ADS 
mm. 

0:0065 

65°7 
100°8 
157°5 
319°4 
396°5 
396°5 
319°4 | 
127°7 
74:2 
43°2 | 
18-4 | 
20°9 | 

‘of Aluminium-foil. 

EEE: EVs. vi 
mm. mm. mm. 
0°28 1°184 341 

25°77 146 13°99 

362 
63:1 15°7 13°97 

280°4 22-2 14:57 
287°5 50°4 15°65 
111°6 13°2 17°42 
638°0 53°7 20°31 
22°7 35°59 Ae 
27°9 23°8 16°64 
20°1 1871 15°37 

TABLE XII. 

VI. 
mm. 
4-73 

13°12 

13°24 

13-15 
13°22 
13°42 
13°42 
13°17 
13°08 

VEE. 
mm, 
8:14 

12°32 

12°24 
12°22 
12°15 
12°13 
12:09 

foil with Primary Rays deflected up from Chamber. 

Saturation Current (arbitrary scale) for different thicknesses 

Current 
in magnet 
(amperes). 1% 

mm. 
0-0 

0-0 63:1 
0°85 19°8 
2°5 t7 
4:5 ee 
6:5 135 

15:0 12°6 
220 12°3 

in fig. 12. 

jai 
mm, 
0°0065 

ee eOeooeorc ee 

of Aluminium-foil. 

LET, EN. Vv. 
mn i) 7 mm: min. 

0°28 1:184 a 41 

25°9 14:7 13°93 
16:3 13°9 13:74 
11°8 13°1 13°65 
19 es) Lar 13°41 
11°0 12°4 12°90 
10:7 12-Oy | (Pa 72, 
MEG Pe EEO bo 1246 

' 

11:87 | 
11:68 | 

This increase in ionization in the chamber due to 

the thin covering of aluminium was interpreted as being due 
to the action of secondary radiation. The small thickness of 
aluminium-foil used would only absorb a very small pro- 
portion of the primary # rays, and consequently it would be 
possible for the excited secondary rays to make a contribution 
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to the ionization in the chamber greater than the loss incurred 
by the absorption of the primary rays. Of course it is also 
possible that the increase in ionization observed could be 
interpreted as being due to a decrease in velocity impressed 
upon the primary rays by their passage through the foil. It 
is to be noted, too, in connexion with this explanation that, 
since the values of the ionization shown by curve A were 
obtained with the opening at the top of the chamber un- | 
covered, these undoubtedly represented the ionization of a 
somewhat larger body of air than was used in the experiments 
when the opening was covered. It follows, therefore, that 
the real increase in ionization produced by the passage of the 
B rays through the single sheet of aluminium should have 
been greater than that indicated by the curves A and B 
of fig. 12. Some measurements were made with screens of 
two and of three sheets of aluminium ; and as these were 
found to give maximum ionizations approximately the same 
as that obtained with a single sheet, it was seen that, in 
order to investigate more fully this rise in conductivity, 
it would be necessary to use still thinner sheets of aluminium 
than the one with which the opening was first closed. As 
this point was not specially pertinent to the subject, under 
investigation by the writer, its examination was deferred. 
This rise in conductivity resulting from the passage of 8 rays 
through a thin layer of aluminium was not observed in the 
experiments with lead and tin screens, doubtless because the 
least thicknesses of these metals absorbed more of the primary 
8 rays than could be compensated for by the excited secondary 
radiations. This result, it will be remembered, was referred 
to in Section III. A, and was given as a reason for drawing 
the curve shown in fig. 6 with an additional rise, although no 
determinations were made with which it could be confirmed. 

Curve C shows that while the more deflectable of the 
8 radiations were absorbed by 1°184 mm. of aluminium-foil, 
the more penetrating still passed through it. The slight rise 
in curve D also indicates that some of the @ radiation was 
still able to penetrate 4°72 mm. of aluminium. With a 
thickness of 8°14 mm. of aluminium, however, no rise in the 
conductivity occurred, and, as curve E (fig. 13) shows, this 
thickness was sufficient to cut off all the 6-ray effect. 

It will be seen that the curves which are drawn on a large 
scale for deflexions of 8 rays downwards, and for deflexions of 
these rays upwards, corresponding to a thickness of 8°14 mms. 
of aluminium over the opening at the top of the chamber and 
denoted by E and Hi’, do not coincide. It will be recalled, 
further, that the curves drawn for the limiting thicknesses 
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of tin and lead under the same conditions showed an exact 
coincidence. This peculiarity in the behaviour of the 
aluminium screen was investigated at considerable length, 
and was finally shown by some experiments which are 
described later in Section VI. to be due to the action of 
the secondary rays excited on the far side of the thicker 
aluminium screens by the y rays entering the chamber. 

TasiEe XL. 

Remarks. Saturation Current. 

: hk mm. | mm. | mm. / mm. | mm. | mm. | mm. 
Thickness of aluminium } 0:0 0-:0065 0:28 1184! 3:41 4:73 8-14. 

over the top of chamber J 

I. Max. 8+ secondary 
+y+y secondary + }|3865 | 396°5 DOGO.) [Ian | 20%: 4) Wes Se | oweD 
natural ionization...... 

It y+ y secondary +1| 196 | 102| 11 | 123 | 191 | 123 | 11-7 
natural ionization...... 

ITT, Max 6+ secondary i 352:4 | 3863 |276-5 | 67-0 | 7-2 | 12 | O85 
TOMIZAUON oiccwesessaas 

TM oS ee rr 332°4 | 386°3 | 276°5 | 67:0 67 0-7 0-0 

In Table XIII. there is given in row I. the maximum satu- 
ration-currents in the chamber due to the 8 and £ secondary, 
y and y secondary radiations, and that due to natural causes 
tor the different thicknesses of aluminium-foil ; in row II. 
saturation-currents due to the y and y¥ secondary radiation 
and that due to natural causes; and in row III. the maximuum 
ionizations due to the 6 and @ secondary radiations deduced, 
as explained in Section III. A, from the Tables above and 
their corresponding curves. On looking at the figures given 
in row III. of this table, it is seen that there is apparently a 
B-ray ionization of -5, or about one-seventh of one per cent. 
of the greatest @-ray ionization in the chamber when the top 
of the chamber is covered by 8:14 mm. of aluminium. This 
conductivity, however, represents really a y-ray effect, due, 
as said before, to the thickness of the aluminium used, and 
should be deducted from the last three of the numbers given 
in row III. of the table. These corrected values of the 
maximum $8 and @ secondary ionizations are given in 
row LV., and a curve (fig. 14) is plotted from these values. 
An examination of this curve makes it evident that a thickness 
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— of approximately 7mm. of aluminium-foil was amply sufficient 
to absorb all the @ rays and the secondary rays excited sii 
them. 

B. Measurements on Reflected Rays from Alununium. 

A series of measurements was also made on the secondary 
radiation produced at the front side of sheets of aluminium-foil 
when 8 and y rays were allowed to fall on them; and from 
these the critical depth of the @-ray effect has been deter- 
mined. The arrangement of the apparatus was the same as 
for the measurements on the reflected radiations from tin and 
lead. The values of the saturation-currents in the chamber 
found for the ditferent thicknesses of aluminium-foil at the 
bottom are given in Table XIV.,and the maximum ionizations — 
due to the 8 rays have been deduced from these tables and 
their corresponding curves. These maximum currents are 
given in Table XV., and the curve in fig. 15 plotted from 

TaBLE XIV. 
Ionization by 8 reflected Secondary Rays from Aluminium. | 

Saturation Current (arbitrary scale), with 
| different thicknesses of Aluminium-foil. 

Current 
in magnet ) 
(amiperes), if 1, Iii, TY: We 

mm. mm. mm. mm. mm, 
0-065 | 0026 | 0065 | 0-280 0963 

0-0 11060 | 112960 | 11400 | 11760 | 11810 | 
08 709'8 716°5 
0:85 6843 7100 | 239 

) 2°5 127°1 128-9 116°5 125°8 170°4 
4:5 663 | 58°6 65°7 59°2 62:1 

0) Oo 574 | 520 555 49-5 52-9 | 
i dow 577 55:2 58:0 | 54:3 53°2 
| 93-0 5671 54:5 566 | 53'4 | 52°5 
!} = =6©30°0 53:4 54:7 p20 | 515 

TABLE XY. 

_ Thickness of | Max. B+ | y+y secondary | Max, B+B 
i: aluminium-foil secondary +y+¥ 

ral secondar 
| over bottom | secondary+ | er ae Beco aaa 

of chamber. | natural ionization, es tonization. 

mm. / 

0:0065 1106 BF 1 1048-9 
0026 | 1126 538 10722 
0-065 1140 56°2 - 10838 
0-280 | 11%6 523 1123-7 
0:963 1181 52°5 11285 
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them shows the manner in which the intensity of the 
secondary radiation excited ‘by the @ rays rose as the 
thickness of the aluminium was increased. From this curve 
it is evident that the maximum conductivity produced by 
the 8 and the reflected 8 secondary rays attained a limiting 
value when the aluminium-foil sheets reached a thickness 
of -4 mm. | 

Té follows, then, from these results that a thickness of 7 mm. 
of aluminium will completely absorb all the Brays from radium 
and the secondary rays which they excite in the metal. It 
follows, too, that the secondary rays emitted by the front side 
of a plate of the metal when bombarded by the @ rays from 
radium do not come from a depth in the metal greater than 
-4 mm. 

VIL. EXPERIMENTS ON THE SECONDARY RAYS EXCITED IN 

ALUMINIUM BY y Rays. 

It has been stated in Section V. A, that when a sheet of 
aluminium 8°l mm. in thickness, which was sufficient to 
absorb all the @ rays and the secondary rays excited by them, 
was placed over*the opening at the top of the ionization- 
chamber, the saturation-currents were not the same with a 
magnetic field applied in one direction as those obtained 
with the same field reversed. This lack of symmetry in 
the values of the saturation-cirrents obtained when screens 
of aluminium were used, is illustrated by curves E and Hi’ 
in fig. 13. In the experiments with lead and tin screens no 
effect of this kind was observed ; and in order to clear up 
the matter, an additional series of experiments was carried 
out to ascertain, if possible, the cause of it in the case of 
aluminium. 

(1) In the first experiment a thickness of 4:73 mms. of 
aluminium was placed over the opening at the top of the 
chamber, and above this a thickness of °964 min. of lead. 
This thickness of lead, it will be remembered, was found in 
the earlier experiments sufficient to absorb all the 8 and the 
B secondary radiations. It follows, then, that with this screen 
none but the y rays of radium could enter the ionization- 
chamber when this double thickness of lead and aluminium 
was placed over the top. The conductivities in the chamber 
for gradually increasing fields in both directions were taken, 
and these are given in Table XVI. The second column of 

Phil. Mag. 8. 6. Vol. 17. No. 97. Jan. 1909, E 
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TABLE XVI. 

Thickness of lead over the top of chamber=*964 mm. 
Thickness of aluminium over the top of chamber =4°73 mms. 

Lead above aluminium. 

| B rays deflected towards B rays deflected away from | 
chamber. chamber. 

Current | Current 
through Saturation || through Saturation 
magnet Current. magnet Current. 

(amperes). || (amperes) 

0:0 10°85 ) OD! 10°68 
| 2'5 10°94 | DAP. | 10-74 

4:5 10°87 45 | 10°37 
6°5 10°89 ) 65 | 10°10 

10:0 10°70 i OR 9°88 
15-0 10°67 (eae ea 9°74 

| 220 1065 || 210 | 9-60 

this table shows a slight gradual decrease in ionization as the 
8 rays were deflected downwards toward the chamber, and 
the fourth column shows a greater decrease as the 8 rays were 
deflected away from it. Here, again, it will be seen that the 
difference in the ionizations for the directions of the magnetic 
field was approximately of the same magnitude as when there 
was 8:4 mm. of aluminium over the ionization-chamber. Since 
none but y rays could enter the chamber, this difference in 
ionization must have been due to the action of the magnetic 
field in the chamber on the secondary radiation issuing from the 
back of the aluminium screen under the excitation of the y rays. 

(2) The next experiment was to place the radium protected 
by the lead cylinder on the side of the ionization-chamber 
directly opposite to its former position. The same aluminium 
screen, 8°14 mm. in thickness, was placed over the chamber 
as before, and the 8 rays were again deflected down into the 
chamber bya suitably directed magnetic field and afterwards 
upward and away from it with the field reversed. The results 
are given in Table XVII. The numbers thus recorded show 
the same characteristics as when the radium was in the first 
position. When the magnetic fields were such as to deflect 
the @ rays downwards into the chamber, the ionization 
decreased but slightly. On the other hand, a considerably 
greater decrease took place when the @ rays were deflected 
in the opposite direction. 
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Thickness of aluminium over the top of chamber=8-14 mms. 

‘ B rays deflected towards 
chamber. 

‘= 

Current 
through Saturation 

q magnet Current. 
| (amperes). 

: 0-0 12:50 
12°46 
12°43 

15:0 12°41 
22°5 12°40 

defiexions. These readings 

B rays deflected away from 
chamber. 

Current 
through Saturation 
magnet Current. 

(amperes). 

0-0 12°56 
0°85 12-43 

: 2°5 12°32 
: 4:5 12-06 
| ize en 11-76 

10-0 11-43 
150 11-11 
22°5 10°91 

i 

(3) A third experiment was carried out with the radium 
and its lead protection placed back in the original position. 
One sheet of tinfoil, ‘0196 mm. in thickness, was inserted 
over the top of the ionization-chamber, and 8:14 mms. of 
aluminium were then placed over the tin. 
then taken of the conductivity in the chamber for the two 

Readings were 

are given in Table XVIII., and 

ASEH &. VET. 

Thickness of aluminium over the top of chamber =8'14 mms. 
Thickness of tin over the top of chamber=-0196 mm. 

Aluminium above tin. 

B rays deflected towards 
chamber. 

Current | 
through | Saturation 
magnet Current. 

(amperes). 

0-0 16°31 
25 16°29 
4:5 16:08 
6°5 15°86 

10:0 15°75 
15:0 15°60 
23°0 15°43 

8 rays deflected away from 
| chamber. 

Current 
through Saturation 
magnet Current. 

| (amperes). 

0-0 | 16-26 
2:5 16-06 
4:5 15°77 
6°5 15°43 

10-0 15°38 
15-0 14:89 

| 220 14-74 
! 
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g. 16. the curves A and A’ representing them are drawn in fig 
These curves and the curves E and E’ drawn in fig. 13 are on 
the same scale. A comparison of the latter, which correspond 
to a screen of 8°14 mms. of aluminium alone over the top of 
the chamber, with the curves A and A’ in fig. 16, makes it 
clear that the insertion of the sheet of tinfoil beneath the 
aluminium screen brought the curves representing the two 
defiexions more nearly into coincidence. The natural con- 
clusion would be then, that for a greater thickness of tinfoil 
below the aluminium, the two curves representing the ioniza- 
tions for the two deflexions would coincide. To test this 
conclusion, four sheets of tinfoil, or a thickness of (0784 mm., 
were placed above the opening of the chamber, and over this 
the 8:14mm. of aluminium. The conductivity in the chamber 
was then measured for different magnetic fields. The results 
are given in Table XIX., and curve B illustrating them is 

TABLE XIX. 

Thickness of aluminium over the top of chamber = 8-14 mms. 
Thickness of tin over the top of chamber=-0784 mm. 

Aluminium above tin. 

B rays defiected towards } B rays deflected away from 
chamber. ) chamber. 

Current | Current | 
through | Saturation | through Saturation 
magnet | Current. | magnet Current. 

(amperes). _ (amperes). | | 

00 16:00 oo | 16-10 
25 16°04 | 45 15°69 | 
4°35 15°66 10-0 15°56 . 
65 1566 = || 150 1539 | 

10-0 15°44 | 22:0 16°17 ) 
15-0 15°35 | 
18:0 15°19 ) 

shown in fig. 16. The numbers in the table and the curve 
both show that with a screen made up in this way the con- 
ductivities in the chamber were identical for magnetic fields 
of equal intensity in either direction. This experiment showed 
clearly that the effect under consideration was due to a pecu- 
liarity in the secondary radiation emitted by the aluminium. 

(4) In the fourth experiment the radium protected by the 
lead cylinder was placed vertically above the ionization- 
chamber and also above the poles of the magnet in such 
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a way that the pencils of rays from the radium were directed 
straight into the ionizing-chamber. The saturation currents 
for magnetic fields in both directions, when the 8°14 mms. of 
aluminium alone covered the chamber, were then measured. 
From the values of these currents, which are recorded in 
Table XX., it will be seen that the ionization corresponding 

TABLE XX. 

Thickness of aluminium over the top of chamber =8-14 mms. 
Radium vertically above chamber. 

—— 

6 rays deflected towards | B rays deflected away from | 
chamber. chamber. 

Current | | Current | 
through | Saturation || through Saturation 
magnet Current. | magnet Current. 

(amperes). | (amperes). 

00 | 15°69 0-0 15°37 
2:5 15°31 3°0 15°31 
43 15°18 45 15°23 
6-4 14°97 Ga 14°78 
oo 14°81 1c! | 14°66 
150 | 14°89 Go| 14-82 
225 | 14°72 ae 14-74 

to any selected field-intensity was the same for both directions 
of the field. Since the disposition of the apparatus in this 
experiment was symmetrical, it follows that the effect noted 
with the previous arrangement was not only connected with 
some special property of the secondary radiation excited in 
the aluminium by the y¥ rays, but it also was due evidently to 
a non-symmetrical configuration of these secondary rays in 
the ionizing chamber. 

The following is offered as an explanation of the foregoing 
experiments :— 

In fig. 17 (p. 150), A represents the ionization-chamber, B 
the electrode, CD the aluminium screen, and R the position of 
the radium in the non-symmetrical arrangement. From a 
consideration of the figure, it is evident that the line RA, 
which is the axis of a pencil of y rays entering the chamber, 
will mark the line of greatest intensity of these rays ; since 
for all other rays the metal path traversed is longer, and con- 
sequently the absorption is greater. It follows then that RA 
will also represent the direction of the axis of the pencil of 
secondary rays of greatest intensity issuing from the back of 
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the aluminium plate. If then the magnetic field were applied 
in such a direction as to deflect the primary 8 rays down into 
the chamber, this field, since the chamber was so situated as 
to be affected by the field, would deflect the secondary rays. 

Fig. 17. 

EZ 
issuing from the back of the aluminium screen in the same 
direction. With the field in the opposite sense, the primary 
8 rays would be deflected upwards and away from the chamber, 
and the secondary rays in the chamber would also be turned 
by this field in a similar way, 7. e., with one direction of the 
field the axis of the pencil of secondary rays corresponding 
to RA would be turned anti-clockwise, while with the field 
reversed this pencil would undergo a clockwise deflexion. 
From the diagram shown in fig. 17 it can be seen that when 
the pencil of maximum intensity RA is given a clockwise 
rotation, the air-path traversed by it will be lessened, and 
consequently the ionization produced by it reduced. On the 
other hand, with the anti-clockwise rotation the length of path 
traversed by this pencil will be increased; and hence one should 
not expect the magnitude of the decreasein ionization following 
the application of the field producing this deflexion to be as 
great as when the field applied caused the rays to be deflected 
in the opposite sense. It is evident, too, that the tertiary rays 
excited on the walls of the chamber by the aluminium secondary 
rays would be greater in the case of the anti-clockwise rotation 
of the secondary rays than in experiments when the rotation 
of these rays was in the opposite direction. One naturally 
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inquires why this effect did not appear in the experiments 
when tin and lead were used as coverings for the openings 
into the chamber, and also when a thickness of 0°0784 mm. of 
tinfoil was placed below the aluminium cover. The probable 
explanation is that the transmitted secondary rays from tin 
and lead are not so effective ionizing agents or so good exciters 
of tertiary rays as the secondary rays from aluminium. The 
effect even in the case of aluminium is small, although quite 
noticeable ; and it is probable, therefore, with the weaker 
secondary rays from the tin and lead, that the effect would be 
very much less and consequently masked by the other in- 
fluences present. 

The experiments which have just been described are also 
interesting for the light which they throw on the nature of 
the transmitted secondary radiation excited in the metals 
aluminium, tin, and lead by y rays. According to the 
argument which has been presented, it follows from Bragg’s 
conclusions, since the secondary rays from aluminium are 
better ionizers than those from tin and lead, that the particles 
constituting these secondary rays must be endowed with 
smaller velocities than those constituting the secondary 
radiation from the other two metals. The transmitted y 
excited secondary rays from aluminium should therefore, 
from this point of view, be more easily absorbed than those 
emitted by tin and lead. 

This conclusion regarding the character of the transmitted 
secondary radiation excited in aluminium by y rays is in 
accord with the conclusions of McClelland *, Starke f, and 
others, who have found an exceptionally high coefficient of 
absorption for the reflected secondary rays excited by 6 and 
y rays in this metal. 

VII. A ComPARISON OF THE SECONDARY RADIATIONS 

EXCITED IN DIFFERENT METALS BY # Rays. 

Some conclusions of interest can also be drawn from 
the results of the experiments of the present investigation 
regarding the secondary rays excited in different metals 
by 6 rays. For the purpose of making a comparison, the 
thicknesses of the limiting absorbing layers of the three 
metals studied with both reflected and transmitted rays are 

* McClelland, Trans. Roy. Dublin Soe. viii. p. 169 (1905). 
+ Starke, Le Radium, Feb. 1908. 
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collected in Table XXI., and in fig. 18 curves are drawn with 

the thicknesses of the absorbing layers as abscisse and the 

TABLE XXI. 

Lead. Tin. Aluminium. 

Thickness required to mm. mm. mm, 
absorb B and B se- 0-9 2-5 7:0 
condary radiation. 

Thickness giving ea, 
mum reflected se- 0-16 0:24 0-4 
condary radiation if 
due to 6 rays......... 

Density Rig Bf by 113 73 2°6 

{ 

densities of the absorbing substances as ordinates. The 
curve A is plotted from the results of the transmitted radiation 
experiment, while the curve B corresponds to the measure- 
ments on the reflected rays. It will be noticed that the scale 
of abscissee used for the latter curve is only one-tenth that 
adopted in laying out the former. From the results in the 
table and from the form of the curve, it will be seen that the 
thicknesses of the absorbing material required to stop the @ 
and (3 secondary rays were not directly proportional to the 
densities, but that as the densities decreased it required a 
greater thickness to stop the rays than should have been 
expected from density considerations alone. 

It is highly probable that the maximum depth from which 
the secondary rays come on the front side of a metal plate 
when primary 8 rays impinge on it represents the thickness 
that the secondary rays excited by the primary ones will 
penetrate in that metal. Now if the secondary rays excited 
by the primary in the three metals are all of the same 
penetrability, one should expect, on the assumption that they 
are 8 rays, that numbers representing the maximum pene- 
trability found for these secondary rays would follow the 
same absorption-law with reference to the density that the 
numbers representing the maximum penetrabilities of the 
primary radiation followed. In other words, the two curves 
A and B should be similar in form if the secondary rays 
excited in the three metals possess the same penetrability. 
But it is clear from the manner in which the two curves 
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intersect in the figure, that they do not typify the same 
absorption law. It will be seen from the curve B that the 
maximum penetrabilities of the secondary 8 rays, as deter- 
mined by the reflexion experiments, approach very closely 
to a linear relation which exhibits in a striking manner the 
important result that secondary rays excited in plates of 
different metals when @ rays are allowed to fall on them are 
the more penetrative the greater the density of the metal of 
which the reflector is made. 

VIII. Summary or RESULTS. 

(1) The 8 radiation from radium bromide, which includes 
the 8 radiations from all the radium products in the equi- 
librium state, will not produce any ionization on the far side 
of a plate of aluminium 7 mms. in thickness, of a plate of 
iin 2°5 mms. in thickness, or of a plate of lead -9 mm. in 
thickness. 

(2) The maximum secondary radiation emitted from the 
front side of plates of the metals aluminium, tin, and lead, 
when bombarded by § rays, are given by the following 
thicknesses :— 

Ammann sy sy. OL mm, 
parm ee (og a. sa OPER 
Merwe Fer a st ee sg) OF EG. 

(3) The transmitted secondary radiations excited by y rays 
in lead and tin are more penetrating than the transmitted 
secondary radiation excited in aluminium by the same rays. 

(4) When @ rays are allowed to fall in turn on reflectors 
of different metals, it is found that the greater the density of 
the metal from which the reflector is made the greater is the 
penetrability of the reflected secondary rays excited by the 
B radiation. 

(5) From the experiments on the transmission of 8 rays 
through sheets of aluminium-foil, it has been shown that when 
very thin sheets of the metal are used the ionization at first 
contributed by the transmitted secondary radiation excited by 
the 8 rays is greater than that lost through absorption of the 
primary rays. 

In conclusion, I wish to express my best thanks to Prof. 
McLennan, at whose suggestion the investigation was under- 
taken, for his help and advice and unfailing kindness 
throughout the course of the research. 
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VII. On the Damping of Long Waves in a Rectangular: 
Trough. By Rosert A. Houstoun, Ph.D., D.Se., 
Lecturer on Physical Optics in the University of Glasgow”. 

‘had this paper an expression is derived for the rate of 
damping of stationary long waves in a rectangular 

trough, and the result is compared with the results of 
experiment. 

§ 1. We shall begin by obtaining the differential equation 
for long waves, taking viscosity into consideration. In the 
ordinary treatment of long waves without friction (cf. Lamb’s 
‘Hydrodynamics,’ p. 239) the horizontal velocity is the same: 
at all points in the same vertical ; the bottom is perfectly 
smooth. We shall suppose that there is no slipping at the 
bottom and that the velocity there is zero. 

Let the motion be in one horizontal dimension in a medium 
of uniform depth h. Take the axis of x horizontal and in the 
direction of motion and the axis of < vertically upwards.. 
Let the bottom of the medium be given by z=0, and the 
surface in its undisturbed state be given by <=h. 

The ordinate of the free surface corresponding to the 
abscissa « at time ¢ will be denoted by h+%. Then, on the 
usual assumption that the vertical acceleration of the fluid 
particles may be neglected, p the pressure at any point (2, 7, 2) 
is given by ’ 

P=potgp(h+C—<z), « « « « » (1) 

where p, is the external pressure and p the density of the- 
medium. Hence 

OOP ke neore 
Oidx = IP Did2 e - e = “ = (2) 

To obtain the equation of motion, consider the element 
du dy 8z. The difference of the pressure-thrusts on the ends. 
18 

OP — 57,80 Sy 82. 

The difference of the tangential stresses on the upper and: 
lower faces is 

poe da by Od, 

and on the sides is 

Oru 
ad Oy 

* Communicated by Professor A. Gray, F.R.S. 

bu dy 8. 
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Equating the sum of these terms to the mass-acceleration, we 
get 

Ou Op & o) 
—— = = <e 1 a cae eet 3p 

p ot Ow ne oll hi (orm (3) 

To obtain the equation of continuity, consider the rate at 
which fluid is entering the space bounded by «, e+ 6, and 
equate it to the rate at which the fluid in this space is in- 
creasing. Hence 

h 

We oe ss (eh detucscws 
v0 ae 

Differentiating (4) with respect to « and combining with 
(2), we obtain 

Q h ANZ 

ae 0 l 

Differentiating (3) with respect to ¢ and substituting from (5), 
we obtain the final equation, writing v for u/p, 

O7u h O*u Pe) & Ow? 

This of course reduces to the ordinary equation for long 
waves if v=0 and we assume Q07u/O02? to be taken as inde- 
pendent of <. 

§ 2. Let us now apply equation (6) to the case of water 
contained in a rectangular trough, the ends of which are 
given by «=0, w=a, the sides by y=0, y=0, and the bottom 
by z=0. Then, in order that we may apply (6), € and 0¢/ot 
must initially be functions of w alone. Let the initial con- 
ditions be 

t=o( « -- »)) 

OF =0. | 

The boundary conditions are 

==) 

futon. ao, yO, y=b, 2=0, 

and oY O2—) tor 21, 

the latter condition expressing the fact that there is no tan- 
gential stress on the free surface. 
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As a solution we assume 

u=eZ sin me sin ny, 

where Z is a function of z alone. Substitution in (6) gives 

fo 
Z must be zero when z=0 and QZ/Oz must be zero when 
z=h. The solution satisfying these conditions is 

Z=coshkh—coshk(h—z). . . . . (8) 

On substituting (8) in (7) we find that 

a —vien’+vick?=0. ~. ie 

and : gm 
(0? —ghm?) —vion? +: I 

In order to satisfy the boundary conditions we must put 
m=q7/a and n=r7/b, where g and r are positive integers. 
From (9) and (10) it is obvious that both & and o are 
complex. Put o=p+ix; x is then the reciprocal of the 
modulus of decay 

The complete value of n is given by 

h 2 
(tovn? — 0?) Z +gne| ZLdz— iov 92 =0. 5 ae 

0 

tanh kh=0.. 9. ) 

YF sin — [cosh kh—cosh k(h—z) ]. (11) 

We shall now investigate the rate of decay of the different 
terms of the above series. Reserving the justification until 
later, we shall assume that the term von? may be neglected 
in equations (9) and (10) and that tanh kh may be put equal 
to unity. 

In place of (9) and (10) we have then 

io Pe wo oa oe 

areal part =B,,e~ sin pt sin 

v 
x : m and (ao? —ghm?) + I =—0. . . > [a 

if p+i« be substituted for o in the above equations, and « 
be neglected in comparison with p”, we find that « is given 
by the equation 

Pie .2h aie es Bae 7 ye ( Z) =)... es 

It is easy to show that this equation has always one, and 
never more than one, real positive root. This positive root 
gives the rate of damping, since that rate must be positive ; 
its reciprocal is the modulus of decay. 
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If we make the additional assumption that a/v is large the 
- expression for « becomes very much simpler. Then (12) 
may be written 

b=a/2 (143). 

Substituting in (13) 

pet zipegln?+gnen/ % 1) =0, - (15) 

and equating the imaginary part to zero, we find 

ey, Se 
To a first approximation it may be assumed that the visco-. 

sity has no effect on the period; then p/m= gh and the 
wave-length X=27/m. Hence we may write 

Cay 2 «=(75)=(3)(4)-. - - - G8) 
To find the effect of the viscosity on the period we equate 

the real part of equation (15) to zero. Then 

p? —ghm? + gm? oe =F 

By substitution from (16), this becomes 

p?—ghm? + 2pKe=0. 

Hence when «’ is neglected in comparison with ghm? 

p= — ebm Ghee AD 

The period T=27/p. To, the value which we obtain when 

viscosity is neglected, is 27/(m gh). Hence substituting in 
(17) 

Dee 5, b0"- Sok wees Pbk elie ft 15) 

We shall next determine the values of the coefficients in 
the expression for w. 

* I found, after deriving formula (16), that it had already been 
obtained by 8S. Hough for progressive waves in an unlimited medium by 
a longer method (Proc. Lond. Math. Soc. xxviii. p. 276, 1897) ; he finds a. 
general expression for the damping of waves in one horizontal dimension,,. 
and as a special case gives the formula for long waves. 
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Differentiating (11) with respect to x and integrating with 
respect to z from 0 to h, neglecting the term divided by &, 
we find 

r Ou Gm Leen, que. Try 
) 5 z= 2By.—é sin pt cos ~ sin cosh kh. 

Integrating this with regard to ¢ and at the same time 
neglecting the variation of e~** with t, we obtain by means 
of (4) 

t= Be e—* cos pt cos sin cosh kh. 5 aa 

Eyre 
Woieies Boe cosh kh= Ay, 

pa 

and expressing the initial condition, we obtain 

aN wk . Pry 
e(w—$) = 2A cos sin, 

If we calculate the different values of Aj, we find that the 
most important ones are as follows :— 

16ae 1l6ac 16ae 
Ay=— reser As= 3273) Ay = — 5273? 

16ae¢ l6ae 16ac 

Au gaa? baa een» oot hres 
16ac 1l6ae 1l6ac 

Aut Baht. hae lint, 6s ae 

The values with an even suffix vanish. 
For the different terms of (19) g/p is constant and cosh kh 

increases rapidly with g; hence Bgr must converge more 
rapidly than Agr. For a point near the centre of the trough, 
the terms for which g=1 in the expression for wu will be at the. 
very least nine times as great as the terms for which g=3. 
Hence the rate of damping of the vibrations there will be 
sensibly that of the first term. 

§ 3. The trough used for the experiments had a slate 
bottom and plate-glass sides and ends. It was 152°4 cms. 
long and 20°3 cms. broad inside and the sides were 15°9 cms. 
high. The waves were excited by raising one end of the 
trough about 1 cm. by means of a lever. Then the lever was 
held by a catch until the surface was perfectly still. When 
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‘the catch was suddenly released, the end dropped, the surface 

of the water was represented for an instant by ¢ =o i) 

and then began to oscillate about its equilibrium position. A 
‘scale was held from above over the surface of the water 
parallel to the sides of the trough at its middle. Any motes 
that happened to be in the water were brought to the surface 
there ; the turning-points of one of them were read on the 
scale as long as the motion lasted, and the rate of damping 
‘thus obtained. 

The following table gives some results :— 

ie eake | 

= Ro re ee nese ar id itcatved: 
. | calculated. | 

ie nee secs. ae i Daa VERS OEE 
1-0 10:1 9°75 "385 “45 "028 "048 

2:0 T12 6°89 23 ‘23 ‘017 032 

3°0 5°80 5°62 "18 Les 012 028 

50 4-49 4°35 "14 09 "0084 023 

70 3°68 3°68 ‘00 ‘02 ‘0066 "022 

10:0 3°12 308 ‘04 ‘01 "0050 ‘O11 
\ 

—<——— 

The first column gives the depth of the water and the 
second the observed period. The third gives Ty, the 
theoretical value obtained for the period when viscosity was 
neglected ; the fourth gives the difference of the second ana 
third, and the fifth gives the effect of the viscosity of the 
water on the period calculated according to (18). The 
‘seventh column gives the observed values of «, and the sixth 
gives values of « calculated according to (16). If we use 
(14) slightly better values are obtained. 

The actual value of « is thus much greater than its theoretical 
value. The difference is due neither to neglecting the other 
modes, which die away more rapidly, nor to the vibrations 
not being small enough, nor to the “ residual motion ” of the 
water. ‘Ihe same values were obtained for x when the water 
had a slight irregular motion in addition to the periodic one. 
The approximations made in deriving the formula are 
perfectly justifiable ; for, to take a concrete example, for 
h=5 ems. in equation (10) o?=2:1 and von? =0-00038, and 
in equation (11) the modulus of kf is about 60. If we take 
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the vertical acceleration into consideration « bec 
instead of greater. 

The difference appears to be due to dissipation of d 
in the surface-film. All the other conditions being the sat rey , 
« increases with the time. The following spore taken fot ; 
h=5 ems. exemplify this :-— 

July 2 ee CC : 

” 3rd, LS 
“036 

es oa 
ot) a 
oo) . (surface cleaned) “025 

On July 2nd the trough was cleaned, filled with clean ta 
water, and « determined. The water was then left 
on the trough, and « determined on the 3rd, 4th, and Ci 
Immediately after the first determination of x on the 6th the 
surface was “ scraped,” the film removed, and « fell to half 
its value. 

The values of x determined from a fresh surface were 
never very consistent ; the motes were drawn in different 
directions owing to the film forming. After the surface bad 
stood some time the values of x were more regular. . 

Since «x increases so much with the ie increase 
which we can explain only by the formation of a surface 
film—it seems reasonable to suppose that the difference 
between the value of « fora fresh surface and the theoretical 
value is due to a film which forms with great rapidity. In 
other words, none oi the surfaces were perfectly clean. This 
view is strengthened by the fact that the addition of minute 
quantities of lubricating oil or linseed oil to a fresh surface 
had no appreciable effect on «. Apparently there was a film 
already there. 
The impurity seemed to come from the atmosphere of the 

laboratory and from the putty at the corners of the trough- 
No improvement was obiained on cleaning the trough with” 
acid or on using distilled water. When a smaller trough, 
which could he kept clean more easily, was used, the waves. 
were not suitable for accurate measurement. 

According to the tabie the effect of viscosity on the period 
agrees with ‘ts calenlated values ; the fourth and fifth columns. 
agree. Some other aisertiend of the effect of viscosi 
on the period are given below. For these A was calculated 
from the volume of the water, and the surface was not at all 
so clean. 
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h. ae T.. Difference. ae 

CS SS ee ee 
9) 16°71 13°76 2°95 1:45 

10 10°57 9°75 "82 45 

20 TAsy: 6°89 ‘29 "23 

30 5°79 5°62 alii "14 

5:0 4:425 4°35 ‘07 ‘09 

70 3°70 _ 3°68 ‘02 ‘02 

100 3'085 3°08 "00 ‘Ol 

The agreement is not good, but it ought to be stated that 
(18) is hardly applicable to such small values of A as 1:0 or 
0°5 cms. 

If we calculate T) by the general formula for surface-waves 
instead of by the formula for long waves, no difference is 
made, except in the case of h=10 cms. The value for the 
latter becomes 3°10 secs. 

The calming effect of oil on a stormy sea is explained by 
supposing that the oil floats as a membrane on the surface of 
the water and hampers its motion by offering resistance to 
extension. The surface-film here seemed to be easily exten- 
sible. To explain the dissipation of energy it is necessary to 
assume that the membrane opposes the extension with a force 
proportional to the velocity. The tangential stress on the 
surface of the water is proportional to and opposed to the’ 
velocity there. 
We thus have to solve (7) with the conditions 

On =f, 2=h, 

Li). ey 
We find 

Z=|cosh kh —cosh k(h—z)]— 7 [sinh ke —sinh 4h + sinh k(4—z) |. 

Neglecting the term in which n? is a factor, we find that 
(12) still holds ; but in place of (13) we have 

(2? ghim? + = gm) 

gm(1—ch) + co? bi Aenea Lenk 
ee cer tanh kh Fr Eh == ania) 

Phil. Mag. 8. 6. Vol. 17. No. 97, Jan. 1909. M 
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In the coefficient of tanh kh, gm?h may be put equal to o? 
since the whole term is small. Tanh £h is as usual =1, and 
the 1/cosh hk term may be neglected as it is very small. 

Substituting from (12) in (20) and writing 

o=pti 

we get 
2 

pe +i 2px —ghm?—i 9 tome /} (1 -i)=0, . (21) 

The new term is equal to 

Hence 
V = .cy 

«=(z) oa “7 : 2 . wid (22) 

The new surface condition is therefore capable of accounting 
for the rate of damping. It does not affect the period. 

For h=5 cms. and a fresh surface ¢ is about 7, 7. e¢., for 
unit velocity the retarding force/unit area is +; dyne. We 
can find the effect of a tangential drag of this magnitude on 
free waves on deep water very readily by the method of 
Lamb’s ‘ Hydrodynamics,’ 3rd edition, § 331. 

It is only necessary to add a new term — : to the dissi- 

pation function. Then using the notation of that section we 
have instead of equation (8) 

hfe sees 9,,]3 ait oy 2 gil Pha) = —2uk Pa Rea. 

Therefore 

sr i ‘ 822 T 

For X=100 ems., the first term =8 .10-* and the second 
4.10-*; hence there cannot be a tangential drag of this 
magnitude on free waves on deep water. 

The damping of the waves in the trough seems in some 
measure to be due to the film being attached to the sides. 
According to the theory, if the width of the trough were 
diminished by half, « at the centre should not be altered 
appreciably. I had a wooden partition made which could be 
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fitted down the middle of the trough dividing it into two. 
For a fresh surface, h=5 ems., on removing this partition « 
diminished approximately 10 per cent. 

$4. It is interesting to note the manner in which tle 
velocity falls off at the bottom of the trough. 

Z=real part {cosh kh—cosh k(h—z)}, 

= COs J eh cosh / £h—cos gs (h—z) cosh J £(i-2). 

Taking h=5 cms. we find that at different depths Z is 
roughly proportional to the following numbers, the value at 
the surface being taken as unity :— 

Zz Z 

0-0 mm. "000 
G5 ee "£29 
POAT o. e920 
pee 3 “Tag 
BO S11 
3) Se 1°03 
2S ee 1:04 
aU 22 1:02 
G06 5, 1:01 
Or, 1:00 

Thus the velocity reaches its surface value 3 mm. from the 
bottom. 

§ 5. The case of a circular sheet with symmetry about the 
centre can be treated in the same way as the rectangular 
trough. 

If wu denote the radial velocity the equation of continuity 
is 

ora 1G! {2 comae cbt: Miemtsival Gace) 

The equation of motion is 

pot = SP iS (24) 

Eliminating p by means of (1) and (23) we get 

Cum are 1o(ur) Ou ve 

a 2 arr or tare 
M 2 
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Multiply by 1, differentiate with regara to r, and divide by 
r, and (25) becomes 

o 10) es 0 1d(ur) 0° 1 O(ur) 

Bir dr 4 J, rar" Orr Or tls ae: OF ae 
Substitute 

eR) a 
rae =J(mr)Z, 

where Z is a function of z alone. Then 

193 10(w) _ 927100) , 19180”) 
ror "Orr Or orr or rorr Or” 

O*Jo(mr) | 1ddo(mr) 

ne 
=—m J o(mr)Z. 

Hence Jo(mz) cancels out of equation (26). If we assume 
a time-factor e’? we have for Z 

‘ | 

ot—gm* (Lis vio = 0, . . 

which is the same as equation (7). 

VIII. On the Frequency Ranges of Non-generating Force 
exerting Cumulative Influence. By ANDREW STEPHENSON™. 

i, lemme: non-generating force acting on a system 
in oscillation about a position of stable equilibrium, 

exeris a cumulative action in intensifying or diminishing the 
amplitude if its frequency is contained within any one of a 
number of ranges lying in the vicinity of 2u, 2u/2,2u/8 .. 
where y is the “natural frequency of the system f. ; 

The limits of the leading ranges have been obiaaued for - 
small non-generating force. It is our object here to give a 
general method of finding the ranges in magnitude and 
position when the force is finite, and in particular to obtain 
the numerical values of the range limits about the double 
frequency for various intensities. 

* Communicated by the Author. 
+ “On a Class of Forced Oscillations,” Quart. Journ, of Mathematics, 

No. 168, 1906. 
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2. The complete solution of the equation of motion 

a+ p(1+2 3, a Cos Ree Oe ae (ie) 
a | | 

is given by | hoe hi | 

a= > A, sin {(c—rn)t+e}, Or ae ae g pC Lin) 

where e¢ is arbitrary and 

A,{u? ot (c a rn)? \ =e Ta \rca] Gaeta a5 nie) =i ao(Ap—y oF A,+2) amet } =. 

On eliminating. the A’s we obtain the infmite determinant 

By ey italy ay a : : =0,. (1) 

where [vr] denotes {u xd aN iy "This Laie deter- 
mines c, and the roots are all included in the form +c,—rn, 
where r has the zero or any positive or negative integral 
value *. 

Considering n as a variable parameter we observe that 
the roots can become equal in pairs only through ¢) becoming 
equal to zero or half of some multiple of n. But the values 
of n leading to equal roots separate the ranges of n giving 
a real ‘c’ from those giving a complex ‘c.’ Hence the 
determination of the ranges of cumulative action is equiva- 
lent to the problem of obtaining the values of n which 
make the roots of the above determinant equal in pairs; 
i. e. to the problem of finding the roots of each of the two 
equations in n obtained from (1) by putting e=0 and $n 
respectively. 

3. When c=0, [—r]=[7], and when c= $n,[ —(r—1) ]= 
[rx]: on account of the symmetry thus introduced the idea 
suggests itself that for these values of ¢ equation (1) admits 
of reduction. We shall investigate this question by direct 
examination of the motion in the limiting cases. 

The general solution (i1.) may be written 

2=cos € (sin t& A, cos rt —cos ct & A, sin rnt) 

+ sin €(cos ct = A,.cos rnt + sin ct SA, sin rnt). 

Now in the limit ol c=0, either A_,=A, or A_,=—A,, 

* Thus far we follow the analysis introduced by G. W. Hill in his 
lunar theory. 
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according to which end of the range n approaches. On the 
tormer alternative one particular solution is given by 

) © 
w= > A, cos rnt 

—® 

= Ay+2 S A, cos rnt. 
1 

and the other by 

#=Lt,xo {t S A, cos rnt — “= > A, sin rnt} 

= Lt.-o{t(Aot+ 2 2 A,.cos rnt) —2 = ee sin rnt}. 

Thus the solutions can be eess8a by convergent series 
of the form 

fe 2) 

x= 2B, cos rnt 
0 

es 90 i 
and x=t>B,cos rnt+ > C, sin rnt. 

0 1 

By direct substitution 

By +B, + «By +a3B3+ asst =0, 

22,Bo+ { 1— (7/4)? + @} By + (a+ cs) By + (a +a) Bz + eee =e 

2 ao Bot (ay + as) By ~ { {— (2n/p)? + a,} By + (a + ot;,) B,+ Bia xf 

2ea,By+ (a, > a,) By + (a, + as) B, _ 41 = (3n/p)* + at By+ seni =i. 

also 

ae 6 oS int ... =2n.B,, 

(4 —a3)C, + {1—(2n/p)?—ay}Co+ (a, —25)C3... =2n. 2B, 
aT AS a {1—(8n/p)?—ag'C3+...=2n.3Bz. 

The eliminant of the former set gives 

| 2 2a 2a, 2as . =e 

| n\? | 
2a 1-(“) +a, a&,+as3 do + a, 

be 
2 

2a, ata, 1—4(”) +a, a+, 

Te ; 

Bay tpt tag 1-9(7) tay «| 
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where the term in the (r+1)th row and (s+1)th column 
IS @45+@),-;;, unless r=s, in which case the term is 
1—s7( n/p)? + ctg¢. 

This equation determines one limit of each of the ranges 
of n associated with pw, u/2,...w/r.... For the other limit 
A_,=-—A, in (i1.), and the particular solutions are 

se = e 

2= > B,sin rnt, 
1 

gat : B, sin rnt — > C, cos rnt, 

where 

{1 — (n/m)? —a2} By + (4, — #3) By + (ag— a4) Bs + (a3— 45) Bat ... =0> 

(a, —a3)B, + {1 — (2n/p)2— a4} By + (a; —a5) By + (to — 4) By +.. =0, 

(4 — a4) By + (a —a;) By + {1 — (3n/u)?— 2%} Bs + (a1 — 27) By +... =0, 

(a3 — a5) By + (a4 — ag) By + (a, — a7) By + {1 — (4n/u)?— %} Bu t.. =0> 

Ca a0, + a0, +2,03+ were =0, 

2a,U, + {1 — (n/p)? + a} Cy + (a, + 43)Cg + (at + 4) C3 + .. =2n.B,, 

2220) + (a; + ct) Ci+ l= (2n/m)? + aypCo+ (a + a;)O3 +4 40 ° 2Be 

Hence, 

n\?2 

H(3) mee 6 7% nes Sar Ps . |=9,(3) be 

n 
a1 — ae 4 (7 — 4 A, — hs Ap— Xe 

bo 

n 
Ag— A, Ay — as 1-9(7) — Ae Ay— Ay 

iv 

os 5 Bo = ag A) — a7 1—16(* | aioe 

where the term in the rth row and sth column is @ | ;~s| —@p4s, 
if #s; if r=s the term is 1—s?(n/w)?— a2, This equation 
determines the other limits. 
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The case c=4n admits of similar treatment. When ¢ has 

this value we find that either 

2 =0, (4) 
1-(5.) Fay ay + ay Oy as ah 

+ t-o(— ) +4 Oy + oL —9( — 3 ty toy 
ahs (5 

2 
oy + a3 oy tay 1—25( 5.) + a; 

or 

2 — 

i be Sal 1 — Xo bg — &3 0, (5) 

2h 

where the term in the rth row and sth column is 

A)r—s| HOrts+1, 

except in the case r=s, for which it has the form 

L— (2s—1)? (n/2p)? + 5-1. 
Hence the ranges of n associated. with 2y,...2y/r are 
obtained. 

Thus when c=0 equation (1) splits up into (2) and (3); 
and when c=43n, into (4) and (5). 

4, When the non-generating force is simply periodic 

2 +p{1+2acosnt)r=0. 

If « is so small that its square may be neglected, it is 
evident from (4) and (5) that the range of cumulative effect 
about the double frequency, 2u, is 2u(1+4a). Toa second 
approximation the limits are given by 

whence n= An lase— Teo). ee 
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For the limits of the range about mw, from (2) and (3) 

| k a =(, 

and 1—(*) i =0, 

i | 
2 

bb | 

#03 n=p(1 -2a?) | - 

and fees aL ei ie ass (7) 

Again, for the range associated with 2u/3, 

2 oe 

1-(#) ae a =0, 
2p | 

= 2 | | whence begs P (1-2, a? + SJ03). Pee oe ores (8) 

These results are in agreement with those obtained previously 
by another method*. 

5. From the physical point of view interest attaches to 
the change in the breadth and _ position of the range about 
the double frequency when the intensity of the force is 
increased. For this range the roots approach rapidly 
towards their limiting values if « is not too large, and we 
readily find :— 

; n \2 n a, Range of e) : | Range of Dea 

0°25 O7G070%) 452560 | OSi2y° /UE2T 
0°50 OraG U9. L597 | OAs 1232 
0°75 4425, L18ia. | O669,77 3a7 
1:00 0°4007, 2°0571 0-633, 1°434 
1°25 0°3983, 2°3284 OGL; L526 

and so on. 
* Loc. cit. § 3. 
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If Z, denotes the determinant obtained by taking the terms 
common to the first n rows and columns of either (4) or (5), 
when all the @’s except « are zero, 

Ln = {1—(2n— 1)?z}Zn1 —a’Z,_2, 

2 

where 2=(5-) . Hence if z is a root of Z,_,;=0, and if the 
2p 

corresponding root of Z,=0 differs from z by a small 
quantity s, then approximately 

, when 225. 
at Te 

GL, % 

s= 

This affords a ready method of testing the approximation 
given by z,. 

To the degree of accuracy shown in the table the last three 
lower limits follow from Z,;=0; the rest of the roots exhibited 
are given by Z,=0, with the small correction s if necessary. 

6. The cumulative effect of nongenerating force of long 
period, being comparatively feeble, is likely to escape notice, 
except in the case of a system in which the motional re- 
sistance is inappreciable and the time of observation extended. 
As both of these conditions hold for the solar system, it is 
natural to inquire whether any outstanding discrepancies 
between astronomical calculations and observations could be 
traced to the neglect of such slow cumulative action. Records 
of solar eclipses are available over a long period, and it is 
found that the calculated paths exhibit a regularly varying 
error which becomes more marked with the remoteness of 
the eclipse*. The regularity of variation is held to confirm 
the accuracy of the record; and the question remains as to 
how the discrepancy arises. 

I would suggest that it may be due to the cumulative 
action of some lunar disturbance of relatively long period—- 
an action requiring for its detection a higher approximation, 
perhaps, than has been attained in existing calculations. 

* See, for example, “ The Moon’s Motion,’ Nature, Oct. 1908, p. 599. 
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IX. On the Number and the Absorption by Matter of the 
8 Particles emitted by Radium. By WattTER MaKower, 
Demonstrator and Assistant Lecturer in Physics in the 
University of Manchester *. 

7 HEN radium is in radioactive equilibrium with its 
prolucts of disintegration, it is known to emit 

a, B, and y rays. The @ rays are emitted by the radium 
itself, the emanation, radium A, and radium C3; whereas 
the 8 rays are emitted by radium C and by radium B onlyf. 
Now it is known that the @ rays consist of negatively charged 
particles projected with high velocity, whereas the ‘y rays 
carry no charge with them ; so that a mass of radium so 
situated in an insulated enclosure that only the @ and ¥ rays 
ean leave it, should lose a negative charge, and therefore 
become charged with positive electricity. That this is the 
case has been shown by M. & M™ Curiet, Strutt §, and 
others. It is a matter of importance to ascertain the 
magnitude of the negative charge carried away from a 
known quantity of radium in radioactive equilibrium, and 
hence to deduce the number of £ particles emitted. 

The first attempt was made by Wien ||, from whose data 
it may be deduced that, if each 8 particle carries a charge 
of 3°4x 10-" electrostatic unit, one gram of radium emits 
1:13x10" 8 particles per second. The method of expe- 
riment consisted in suspending in a very perfect vacuum 
a known quantity of radium in an insulated platinum vessel 
connected to an electrometer, and measuring the charge 
acquired by the electrometer in a known time. The value 
obtained is, however, certainly too low, since no account 
was taken of the absorption of the rays by the walls of the 
platinum vessel. A subsequent series of experiments was 
earried out by Rutherford, in which this source of error 
was eliminated. A lead rod, 4 centimetres long and 4 milli- 
metres in diameter, was made active by exposure to radium 
emanation for a sufficient time to obtain the maximum 
activity. After testing the quantity of active deposit thus 
collected on the lead rod by comparison with a standard 
quantity of radium, the rod was covered with just sufficient 
aluminium-foil (053 millim. thick) to absorb the @ rays, 
and transferred to a vessel in which the charge acquired by 

* Communicated by the Author. 
Tt H. W. Schmidt, Phys. Zeit. vi. p. 897 (1905). 
t M. & Mme Curie, Comptes Rendus, exxx. p. 647 (1900). 
§ Strutt, Phil. Mag. Nov. 1903. 
|| Wien, Phys. Zett. iv. (1203). 
§, Rutherford, Phil. Mag. Aug. 1905. 
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the rod when insulated in a perfect vacuum could be 
measured by a quadrant-electrometer. As a result of his 
experiment, Rutherford concluded that “ the total number of 
8 particles expelled by 1 gram of radium per second is 
KO. 

In the light of recent investigations on secondary 
radiation, it seemed not impossible that in the abovye- 
described experiments errors might have arisen on account 
of secondary radiation of the @ type set up when the rays 
from the active deposit impinged on the lead rod and on the 
containing cylinder. As it is difficult to estimate to what 
extent the value obtained was vitiated by this circumstance, 
it seemed desirable to repeat the experiments in such a 
way as to reduce the possibility of errors due to secondary 
radiation to a minimum. It was with this object, and at 
the suggestion of. Professor Rutherford, that the following 
measurements were undertaken. 

Method of Experiment. 

As somewhat large quantities of radium would have been 
required to carry out the experiments satisfactorily, it was 
thought advisable to woik, not with radium itself but with 
the emanation. The emanation from a considerable quantity 
of radium was therefore collected in a fine glass tube, about 
1 millim. in diameter, the walls of which were exceedingly 
thin. When the emanation had been transferred into the 
tube, it was sealed off so that the emanation could not 
escape. After sufficient time had elapsed for radioactive 
equilibrium. to be established, the quantity of emanation 
which had been collected was determined by comparing the 
y radiation emitted from the tube with that from a standard 
quantity of radium. The quantity of radium emanation in 
the tube at any subsequent time could then be deduced from 
the well-known rate of decay of the emanation. The tube, 
which was about 7 centims. long, was then covered with 
thin aluminium-leaf to render it conducting, and introduced 
into the measuring apparatus, the arrangement of which can 
be seen from fig. 1. The tube A containing the emanation 
was attached by sealing-wax to the brass tube B, which was in 
turn cemented to the glass tube C fused on to the stopper D 
of an internally silvered glass vessel of 4°4 centims. diameter. 
By inserting the stopper D, the tube A could be made to lie 
along the axis of the glass vessel. The other end of the glass 

* Taking the value 4°65 x 10-10 for the charge carried by the 8 particle, 
Soe - 3°4x10—10, which is probably too low, this value should be 
5°33 X 101°, 
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vessel was closed by a large ebonite stopper E, into which 
fitted a brass cylinder F, of diameter 2 centims., as indi- 
eated in the diagram, and the thickness of whose walls was 
13 millim. ; the length of this tube was 11 centims. When 

in position, the tube A lay along the 
Fig. 1. axis of the brass tube F’. The cylinder 

F could be connected to a quadrant 
electrometer by the wire W passing 
through the ebonite stopper EH. By 
means of the platinum wire G, fused 
through the stopper of the glass 
vessel, the brass tube B, and there- 
fore the aluminium-leaf covering the 
tube containing the emanation, could 
be maintained at any desired po- 

to bum tential by a battery of accumulators. 
| The platinum wire H, sealed through 

the glass vessel, served to connect the 
silvered surface of the glass to earth. 

To carry out an experiment, the 
silvered glass vessel was evacuated 
as perfectly as possible by means of 
charcoal and liquid air, and, by a 
quadrant electrometer, the negative 
charge reaching the brass cylinder F 
from the tube containing the ema- 
nation on account of the @ rays 
emitted by it, measured. The walls 

of the glass tubes containing the emanation, in the two 
sets of experiments which were made, were ‘12 millim. 
and °078 millim. thick respectively. This thickness of glass 
was sufficient to completely stop the « rays coming from 
the emanation, but insufficient to stop more than a small 
fraction of the @ rays from radium C. The slowly moving 
8 rays from radium B are nearly, though not completely, 
absorbed by the above-mentioned thickness of glass. It 
will thus be seen that the 8 radiation reaching the brass 
cylinder F consisted, for the most part, of the @ rays 
from radium (©, together with a small amount of radiation 
from radium B. In order to find the charge which would 
be acquired by the cylinder on account of the radium C con- 
tained within the glass tube A alone, it is necessary to apply 
corrections for the small quantity of radium reaching it from 
the radium B in the glass tube, and also for the absorption 
of the rays from radium C by the walls of the glass tube. 
The method of applying these corrections will appear later. 

foriectrometir 
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In order to eliminate errors due to faulty insulation and to 
the ionization of the residual gas between the tube containing 
the emanation and the brass cylinder, observations were made 
first with the tube containing the emanation connected to the 
positive pole, and then to the negative pole of twenty storage- 
cells. By taking the mean of the charges acquired by the 
brass cylinder in a fixed time in these two cases, the above 
mentioned errors were eliminated. 

Assuming that all the @ rays are stopped by the brass 
cylinder, it is clear that, if the capacity of the glass tube 
together with that of the electrometer and connexions is 
known, the total negative charge emitted per second by the 
known quantity of radium C contained in the glass tube 
can be calculated. Now it is known that the charge carried 
by the @ particle is 4°65 x 10" electrostatic unit. Hence, 
from the above measurements, the number of @ particles 
emitted by the quantity of radium C in equilibrium with 
one gram of radium can be calculated. In the experiments 
here to be described, the current passing from the emanation 
to the brass cylinder was so large that it was necessary to 
insert, in parallel with the electrometer, a large capacity. 
On this account it was necessary to determine the capacity 
of the electrometer and its connexions only roughly. This 
was done by screening off part of the radiation from the 
tube containing the emanation by glass tubes placed over it, 
and, when the radiation had been sufliciently reduced 
to get readable deflexions of the electrometer, comparing 
the deflexion produced in a given time with and without 
a condenser of suitable capacity in parallel with the 
electrometer. 

It has already been mentioned that these measurements 
were undertaken with a view to avoiding errors due to 
secondary radiation of the 8 type set up when @ rays 
impinge on an obstacle. The following considerations will 
show that the method described above is calculated to reduce 
such errors to a minimum. The radiation proceeding from 
the tube containing the emanation fell upon the brass- 
cylinder, where it was absorbed. During this process 
secondary rays were emitted from the inside of the brass 
cylinder, and so would have escaped detection by the electro- 
meter had not steps been taken to reabsorb them by the brass 
cylinder. Now any radiation proceeding from the inside of 
the walls of the brass cylinder will impinge on some other 
portion of the cylinder, since this forms an almost perfect 
enclosure, and will therefore ultimately all be absorbed and 
give up its charge, except for the small amount of radiation 
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which escapes at the open end of the cylinder, and the 
secondary radiation which, impinging on the walls of the 
glass tube containing the emanation, is there reabsorbed. 
The radiation escaping at the top of the cylinder was 
certainly small, and did not amount to one per cent. of 
the total radiation ; the secondary radiation absorbed by the 
glass tube must also have been inconsiderable, since the 
thickness of the glass was too small to absorb much of 
the radiation falling on it. If, further, we take into con- 
sideration the small surface of the glass tube, which amounted 
to only one-twentieth of the area of the brass cylinder, it is 
evident that errors due to secondary radiation were without 
effect within the limits of experimental errors. 

The following numbers illustrate the method of mea- 
surement :—With the emanation from 13:17 milligrams of 
radium-bromide contained in a glass tube ‘078 millimetre 
thick, the electrometer charged up ‘235 volts per minute 
when the tube containing the emanation was connected 
to the positive pole of a battery of 20 storage-cells, and 
"281 volts when connected to the negative pole. ‘The 
capacity of the whole system connected to the electrometer 
was 9150 centimetres. Assumi'g the charge carried by the 
B particle to be 4°65 x10-" electrostatic unit, this gives 
as the number of 8 particles emitted per second by the 
radium C in equilibrium with 1 gram of radium, the value 
3°68 x10". <A second experiment with the same glass tube 
gave 3°41x 10°. Having regard to the easy absorption of 
the @ rays from the active deposit from radium for small 
layers of absorbing material, these numbers. are in fair 
agreement with the number 5°33 x 10'° found by Rutherford 
when the radiation had to traverse only ‘053 millimetre of 
aluminium. 

The Absorption of the B Rays by Glass. 

It has already been pointed out that it is necessary to apply 
a correction to the number of 8 particles emitted by radium 
given above, on account of the absorption of the rays by the 
walls of the thin glass tube containing the emanation. In 
order to determine the magnitude of the correction to be 
applied, it was necessary to study the law of variation of the 
charge emitted by the emanation sealed in the glass tube after 
traversing different thicknesses of glass. It was also thought 
that experiments on this point might throw light on the 
interesting question of the nature of the process by which 
the @ rays are absorbed by matter. If, as is sometimes 
supposed, the absorption of the @ rays consists. in a scattering 
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of the primary rays, then, with the apparatus described above, 
the quantity of electricity reaching the outer brass cylinder 
should decrease little, if at all, when screens of glass are 
interposed between it and the tube containing the emanation. 
For after scattering, the quantity of radiation reaching the 
brass cylinder will be the sameas before. On the other hand, 
if the rays are actually stopped on passing into the glass, 
leaving their charge on the glass by which they are absorbed, 
then the charge reaching the brass cylinder will be diminished 
by interposing screens of glass. This was found to be the 
case; so that the absorption of the @ rays by glass cannot, 
at any rate, be entirely accounted for by considering the rays 
to be scattered. If, further, the law of absorption as found 
by measuring the charge transmitted through different thick- 
nesses of glass is found to be identical with that as measured 
by the ionization produced by the 8 rays after absorption by 
different thicknesses of glass, then the falling off of the 
ionization due to the rays must be entirely attributed to the 
stopping of the negatively charged particles of which the rays 
are known to consist. It will be seen from the experiments 
now to be described that such is the case *. 

The method of experiment was the same as that already 
described, the thickness of glass through which the radiation 
passed before reaching the brass cylinder being increased by 
covering the glass tube containing the emanation successively 
by a series of thin glass tubes of gradually increasing dia- 
meter. The glass tubes so interposed were always coated wit 
thin aluminium-leaf to render them conducting. | 

The law. of absorption of the 8 rays from radium B and C 
hy aluminium, as measured by the ionization produced by the 
rays after transmission through different thicknesses of that 
metal, have been very carefully investigated by Schmidt f. 
As the densities of glass and aluminium are nearly the same, 
it might be expected that the absorption of the @ rays by 
these two substances would be not very different. It was, 
however, necessary to find out whether this supposition was 
correct or not, and a series of experiments was carried out to 
test the question. 

* It has been shown by Crowther (Proc. Roy. Soc. A. lxxx. 1908) that 
the @ rays are scattered after traversing very small thicknesses of matter. 
The present experiments are, however, quite consistent with this pheno- 
menon, since the rays from the emanation had always to traverse the 
walls of the containing tube. But it seems clear that the diminution of 
intensity of the 6 rays on traversing matter is ultimately effected by an 
actual stoppage of the particles of which the rays consist. 
+ H. W. Schmidt, Ann. der Phys. xxi. p. 609 (1906) and Phys. Zeit. 

vil. p. 764 (1906). 
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For this purpose, an aperture was cut in an ordinary @-ray 
electroscope and closed by a thin aluminium filter just thick 
enough to absorb the # rays. The thin-walled glass tube was 
then placed just outside the electroscope, as close up to the 
aluminium as possible, and various thicknesses of glass tubing 
interposed between the emanation and the electroscope by 
passing glass tubes over the tube containing the emanation. 
The results obtained were then compared with those given by 
Schmidt for aluminium, The results are shown graphically 
in fig. 2, from which it will be seen that the absorption-curves 
for glass and aluminium are substantially the same. The curve 

Fig. 2, 
100 J 

Milliumelers of Glass 

+ By lonizalion 

O) By Charge 

is drawn from the values of the ionization obtained by Schmidt 
when different thicknesses of aluminium were interposed 
between the radium B and C and the electroscope. The 
points marked (+) indicate the value of the ionization ob- 
tained in the experiment with glass when the thickness of 
glass traversed by the 6 rays was increased by superposing 
successive glass tubes over the tube containing the emanation. 

Pil. Mag. S. 6. Vol. 17,.No. 97, Jan. 1909. N 
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It will be seen that the absorption-curves for aluminium and 
glass do not differ appreciably from each other. The points 
marked (©) indicate the value of the charge in arbitrary 
units received by the brass cylinder surrounding the tube 
containing the emanation in the experiments described above. 
It will be seen that these points, too, lie fairly closely on the 
curve obtained for aluminium by measuring the ionization 
caused by the rays after passing through different thicknesses. 
This shows that when the @ rays are absorbed by glass, the 
charge carried by the particles which are absorbed remains 
in the glass, indicating that the rays are actually stopped by 
the glass and not merely scattered. 

Corrected Value of the number of B particles emitted by 
Radium C. 

The value for the number of @ particles emitted by radium C 
given above is incorrect, for two reasons. In the first place, 
some of the radiation from radium C is absorbed even in 
passing through the very thin glass tube used to contain the 
emanation ; and in the second place, a small amount of 
radiation passing through the walls of the glass tube is due 
to the 8 rays from radium B. It remains to apply a cor- 
rection for these two errors. Now the absorption-curves for 
the 8 rays from radium B and C have been calculated 
separately by Schmidt *. On the assumption that radium B 
and C, when in radioactive equilibrium, emit the same number 
of B particles, it is possible to deduce the number of particles 
emitted by either separately, 2. e. the number which would 
impinge on the outer brass cylinder (fig. 1) when no glass is 
interposed between the emanation and the cylinder. Table I. 
shows the experimental numbers obtained, and fig. 3 shows 
the method by which the above-mentioned correction was 
applied. The curve obtained from the experiments described 
above is shown by the continuous line. The dotted curve has 
been obtained by subtracting from the ordinates at each point 
the charge due to the 8 rays from radium B, and then extra- 
polating back to thickness zero from the values given by 
Schmidt in his paper. The value so obtained for the number 
of B particles emitted by radium C per gram of radium per 
second is 5:0 x 10°. 
In a recent determination of the number of « particles emitted 

by radium C Rutherford and Geiger give the number 3:4 x 102°. 
Considering the uncertainty in applying the corrections just 
given, the values for the numbers of « and £ particles emitted 

* Schmidt, loc. evt. 

— 
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by radium C are in fair agreement. It would therefore seem 
that for every a particle emitted by radium QC, one, or possibly 
two, @ particles are simultaneously emitted. It should, how- 
ever, be noticed that this conclusion has been reached on the 
assumption that radium B and radium C, when in radioactive 
equilibrium, emit the same number of £ particles. 

Conclusions. 

(1) The @ rays are stopped and not merely scattered when 
they pass through matter. 

(2) The number of 8 particles emitted per second by the 
radium C in radioactive equilibrium with one gram of radium 
1s oO <0 

I am indebted to Professor Rutherford for the interest 
which he has taken in this investigation and for many 
valuable suggestions. My thanks are also due to Dr. Beattie 
for comparing the condensers used in the above experiments 
with his standards. 

X. The Absorption of B Rays by Liquids. By Norman 
CampsBELl, /.A., Fellow of Trinity College, Cambridge *. 

1. PF I, is the intensity of a pencil of 8 rays, I the 
intensity of the same pencil when it has passed 

through a uniform layer of absorbing material of thickness a, 
then the coefficient \ of absorption of the material for the 
rays is defined by the equation : 

T=Te™. 

If p is the density of the absorbing material, Crowther 
(Phil, Mag. Oct. 1906, p. 388) has shown that the value 
of X/p for a compound containing the proportions a, y, z,... 
of the elements X, Y, Z, can be calculated from the known 
values of the same quantity for the elements by means of the 
formula : | 

(1/0) eae apt (A/p).+Y % (A/p)y +2 . (A/p),+ viii 

Crowther’s work extended only to solid compounds. Some 
experiments on the @ rays from potassium described in a 
recent paper (Proc. Camb. Phil. Soc. xiv. 6, 557) indicated 
that the law was not true for such rays absorbed in solutions 
of potassium salts: it appeared that the value of A/p for the 
solution might be greater than either of those for the solute 

* Communicated by the Author. 
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or the solvent. Accordingly it seemed desirable to discover 
whether the abnormality arose from the rays or from the 
solutions. The following pages contain a brief description 
of measurements of the value of A/p for the B rays of 
uranium passing through various solutions and other liquids. 

2. The apparatus used was identical in principle with 
that of Crowther and needs no lengthy description, except in 
regard to one detail. It was thought that some difficulty 
might be found in obtaining layers of liquids which should 
be thin enough to be penetrated by a measurable proportion 
of the rays and yet be uniform in thickness. Such layers 
must not be much more than 0°2 em. thick and, if the liquid 
were merely poured into a tray covering the active material, 
a slight deviation of the tray from the horizontal and a 
distortion of the surface by capillary action might cause 
variations in the thickness sufficient to produce notable errors 
in the measurements. Accordingly, the device was adopted 
of absorbing the liquid in a sheet of thick filter-paper placed 
in a carefully levelled tray. 

In the final form of the apparatus this tray was formed 
out of two zinc rings, 16°5 em. in external diameter, 8°5 cm. 
in internal diameter, and 0°35 em. thick, screwed tightly 
together and enclosing between them a sheet of mica about 
0°02 em. thick. The upper surface of the mica and the 
internal edge of the upper zine ring formed the tray in 
which the filter-paper was placed. In the tray formed by 
the lower surface of the mica and the internal edge of the 
lower zinc ring, was placed about 50 grammes of uranium 
oxide held in place by paraffin-wax melted over its surface. 
The rings rested upon 3 V-ways, along which they could be 
pushed into a definite position under the ionization-vessel : 
the ways were levelled so that the upper surface of the mica 
was accurately horizontal when the rings were in the fixed 
position. A thin sheet of mica rested on the upper ring and 
formed a cover to the tray, preventing evaporation of the 
liquid. 

The ionization-vessel was a circular cylinder, 16°5 cm. in 
diameter and 8-0 em. high. The top and the sides were of 
zine sheet, the bottom, through which the rays passed, was 
of tinfoil. An electrode, passing through ebonite insulation 
and the usual ouard-ring, led to a Wilson tilted electroscope. 
The natural ionization of the vessel was measured ev ery hour 
and, of course, subtracted from the observed ionization when 
the uranium rays were acting. 

3. In measuring the absorption coefficient of the solid 
solutes, measurements were made of the value of I for about 
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ten different values of w. (The latter quantity was always 
determined from the mass of the substance placed in the 
tray and the known area (c) of the tray. Since the value 
of X/p and not of X is required, a knowledge of the density 
is not necessary.) It was found that the most satisfactorily 
uniform layer of such solids as were used could be obtained 
by reducing the solid to fine powder and sprinkling it over 
the surface of the tray out of a vessel of the nature of a 
pepper-pot. The usual graphical method of determining /p 
rom such observations was not sufficiently delicate to take 

full advantage of the accuracy of the observations: this 
quantity was found by solving by the least square method 
the equations of form : 

log Ipb— log I = A/p, 2 .m 

resulting directly from the observations. I, and X/p are the 
unknowns. The calculated probable error was never more 
than 1 per cent. 

However, since only comparative measurements on the 
solutions of different concentrations were required, it was 
thought in the first instance sufficient to make observations 
on the value of I for only one value of x, the same for all 
the solutions. Accordingly in each case the contents of 
a pipette (6°691 c.c.) were poured upon the filter-paper. 
Ten measurements of this nature were made on each 
solution: the agreement between the calculated values of 
A/p was such that the probable error of the mean was always 
less than 0°8 per cent. 

The composition of the solutions was estimated by pre- 
paring them by dilution of a saturated solution, the content 
of which was known by analysis. The values thus obtained 
were confirmed from density measurements with the aid of 
Landolt and Bornstein’s tables. 

4. Three solutions were investigated in this manner, 
namely, aqueous solutions of potassium carbonate, potassium 
acetate, and calcium chloride. The following diagrams 
(1, 2, 3) indicate the results obtained. 

The straight line on the diagram joins the points repre- 
senting the pure solvent and the pure solute. If the law 
enounced by Crowther for solid compounds were true for 
liquids, all the points would lie on this line. The points do 
not lie on the line, and it will be noted that in the case of 
each of the three solutions, a curve drawn through the 
observed points seems to possess a common feature, namely, 
a point of inflexion nearly midway between the solvent and 
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the saturated solution. However, since the largest deviation 
of any one point from the straight line is not four times the 
probable error of that point, it is scarcely legitimate to 

Fig. 1. Fig. 2. 
100 

by HCH; 02 iS) (es) 
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draw any definite inference from the results. The accuracy 
attained is not sufficiently great to determine the issue 
investigated. 

5. In endeavouring to increase the accuracy of the ob- 
servations it was found that, if a larger volume of solution 
was used, a smailer value was found for A/p. It appeared 

65: 
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that the “absorption curve” for the solutions was not 
accurately exponential and detailed investigations on this 
point were made. 

In the first place, it was investigated whether, through 
any defect in the apparatus, the absorption curve for a solid 
deviated from the exponential form. Table I. gives the 
results for measurements on sulphur, a solid which was 
convenient for the purpose. The results are plotted in 
diagram 4, and it will be seen that there is no evidence of 
a departure from the theoretical straight line. (m is the 
mass of the substances in the tray.) 

TaBLE I.—Sulphur. 

Mm. log, ol. 

CR eee ee +°3874=log, I, 
(2) AZ aber ances "3304 
(SB) ee es eel ‘2648 
Cy ST eer eanpees| "2387 
(3): ASL09 wah ss cveler ol “Lyall 
(6) 2, DOE Seve te ttc: | "1255 
Cp yey o> nar SE oe ‘0664 
(8)’ G80" Sinecomnae. 0327 

| SCD STO erase eoreanes - — 0285 
| (10) D'GG7 esis ect, 1324 

Calculated value of \/o 6°967 +0°038. 
(Crowther gives 6°6.) 

mm (grammes) 

£065 I 

Other solids investigated were filter-paper, aluminium, and 
the solutes of the solutions used. Observations of these salts, 
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which are hygroscopic, were perforce less accurate than the 
others, but in no case was any deviation of the absorption 
curve from the exponential form indicated. 

Table II. gives measurements made on various masses of 
water poured on filter-paper in the tray. The results are 
plotted also in diagram 4 and the deviation from the straight 
line is obvious. The dotted curve through the observed 
points is concave upwards for small masses and concave 
downwards for large. The intermediate part of the curve is 
approximately straight and from it a value of A/p can be 
deduced. Taking the observations numbered 3 to 12 in- 
clusive the value for X/p is obtained, 

6-243 +.0-064. 
Observations were then taken on the absorption of water 

poured directly into the tray without the use of filter-paper 
to contain it. ‘Table III. gives these observations which are 

Tassie II. Tase III. 

Water with filter-paper. Water without filter-paper. 
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h/o=6'243-40-064. \/o=7'176 +0082. 

also plotted in diagram 4. It appears again that the ab- 
sorption is not exponential: the dotted curve is concave 
downwards both for large and small masses. Taking the 
figures numbered 4 to 10 inclusive, which lie fairly well on a 
straight line, the value of X/p is obtained 

7-176 +0:082. 
Various modifications of the apparatus were tried to reduce 

the curve to its normal form. Changes in the shape and 
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position of the ionization-vessel may change the absolute 
values of the absorption coefficient of solids as well as iquids 
by as much as 10 per cent., but they did not seem to have 
any effect upon their relative values or upon the shape of 
the absorption-curve for the liquids. Other liquids were 
tried—parafiin, aniline, alcohol, as well as several solutions, 
but the curves with and without filter-paper all showed the 
same peculiarities. In all cases the absorption ccefficient 
(deduced from the straight part of the curve) was less when 
filter-paper was used than when it was not used. Different 
thicknesses of filter-paper produced little, if any, effect upon 
the observations. Since the curvature of the curves with and 
without filter-paper are in opposite directions in their earlier 
parts, it might be possible to find paper so thin that the curve 
should be straight ; but the thinnest paper obtainable gave 
results differing very little from the thickest. 

The shape of the early part of the curve without filter- 
paper can be explained easily on the assumption that the 
thin layers do not spread themselves evenly over the tray ; 
for a non-uniform layer would absorb less rays than a 
uniform layer of the same mass. But I cannot offer any 
explanation of the other deviations from a straight line, 
or (the most important point of all) of the difference between 
the absorption coefficients calculated with and without the 
filter-paper. 

It should be noted that the calculated probable error of 
A/p for a liquid is always greater than that for a solid, and - 
greater than that estimated from the known errors of the 
constituent observations. This fact would seem to indicate 
that that part of the curve for solutions which appears to be 
a straight line is not so in reality—as might be expected 
from the form of the remainder of the curve. 

6. It appears doubtful, then, whether liquids possess a true 
absorption coefficient as defined in the first paragraph ; at 
any rate it is obvious that that quantity differs according to 
the method of measurement. Nevertheless, it was thought 
worth while to continue the comparison of the absorption of 
solutions of different concentrations by adopting throughout 
the same method of calculating the absorption coefficient. 
Since rather more consistent results were obtained with the 
use of filter-paper, that method was adopted. The absorption 
is approximately exponential for masses of the liquid between 
2 and 7 grammes; some ten measurements were made on 

each solution between these limits, and the value of A/p 
obtained from them by a least square calculation. 

Diagrams 5-8 give the results obtained. Four solutions. 
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were used—aqueous solutions of sodium iodide, potassium 
carbonate, potassium nitrate, and an alcoholic solution of 
sodium iodide. The actual figures are given in Table IV. 
for the first of these solutions in order to show the order of 
the errors. (The error for the solid iodide is exceptionally 
large because that salt is very hygroscopic.) 

TasLe LY. 
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The results are so different for different substances that it 
is impossible to draw any general conclusions. Hxcept 
possibly in the case of potassium carbonate, it is clear at 
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the method selected. It is interesting to note that in the 
. case of an aqueous solution of potassium nitrate, the value of 

A/p seems to decrease with an increase in the concentration, 
although the value of the same quantity for the solute is 
notably greater than that for the solvent. 
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Fig. 8. 
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7. One more experiment must be described. An attempt 
was made to discover whether the same mass of substance pos- 
sessed the same absorption in the solid and liquid states. 
A certain volume of water was poured into the tray (without 
filter-paper) and frozen by pouring liquid air into a metal 
vessel covering the tray. The tray was then placed under 
the ionization-vessel and the readings of the electroscope 
taken while the ice melted. Similar observations were taken 
by pouring melted paraffin-wax into the tray and taking 
readings while it solidified. The measurements were not 
very reliable because the temperature changes of the walls 
and the air of the ionization-vessel undoubtedly produce 
small changes in the current through it; but no certain 
change in the current could be detected while the substance 
changed from the solid to the liquid state or vice versd. 
Such a conclusion is to be expected. It is very improbable 
that the complications of the absorption of the rays by liquids 
are due to some peculiarity in the condition of the molecules. 
of the substances, for if absorption were a property dependent 
on the state of the molecules, it would not follow the atomic 
law stated by Crowther for solids. It is much more probable 
that they are due to some peculiarity of the distribution 
of the liquid in the tray, and this distribution would not be 
altered greatly by the solidification of the substance in situ, 
The detailed investigation of the absorption of any substance 
in two different states involves the measurement of ionization 
currents at different temperatures. The accuracy obtainable 
in such measurements at any temperature other than atmo- 
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spheric is so much less than that at atmospheric tempera- 
ture, that it seems doubtful whether the results would be 
sufficiently definite to lead to any certain conclusion. 

8. It is not pretended that the experiments which I have 
described are in any way final. My only object in under- 
taking them was to compare the potassium rays with the 
Byrays of uranium. The absorption of the former in solutions 
is abnormal and so, it appears, is the absorption of the latter. 
Moreover, the abnormalities are, in general, of the same 
kind. The object of the investigation is attained, and it is 
not proposed to pursue it further in the immediate future. 
Light is far more likely to be thrown upon the difficult 
question of the absorption of @ rays by experiments, such as 
those of McClelland, Schmidt, and Crowther, on the 
secondary radiation excited, than by any direct measurements 
of the absorption coefficient. 

I am much indebted to Mr. Crowther for valuable 
suggestions and for the benefit of his great experience in 
work of this nature. : 

ont 

Summary. 

The absorption of the @ rays of uranium in liquids 
(especially solutions) has been investigated. It is doubtful 
whether liquids possess a true absorption coefficient defined 
as a quantity occurring in an exponential equation. 

One of several possible, bet inconsistent, methods of 
estimating a quasi-absorption coefficient has been selected. 
It appears that the relation between the values of A/e (where 
} is estimated by this method) for the solution, the solvent 
and the solute is not linear. It is possible that the value 
for a solution should be greater than either of the values for 
the solvent or the solute, or should be less than either of 
those values. 

Sept. 8, 1908. | : 

XI. Note on the Amount of Water in a Cloud formed by 
Expansion of Moist Air. By W. B. Morton, Professor of 
Natural Philosophy, Queen’s Coliege, Belfast *. 

HE ecaleulation of the total mass of water condensed, 
when a volume of air saturated with vapour receives a 

given sudden expansion, is an important step in Prof. J. J. 
Thomson’s determination of the charge on a gaseous ion fT. 

* Communicated by the Physical Society: read June 12, 1908. 
+ Conduction of Electricity through Gases,’ p. 122. 
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In conjunction with the size of a single drop, as found from 
the rate of fall of the cloud, it gives the number of drops in 
unit volume and so the number of the ions which form the 
nuclei of the drops. In making the calculation Prof. Thomson, 
following C. T. R. Wilson, makes the assumption that the air 
is cooled down to the full extent by the adiabatic expansion 
before the drops begin toform. Then condensation proceeds 
and the latent heat liberated warnis the air until the density 
of the remaining vapour is such as to saturate the air at the 
increased temperature. This process is, of course, irreversible. 
There is no reason to doubt that it represents closely the 
actual experimental conditions ; but with a view to estimate 
the amount of error which would be introduced by a small 
departure from the assumed process, it seems of some interest 
to calculate, for comparison, the result of the other extreme 
assumption, viz., that the expansion and condensation exactly 
keep pace with each other, the density of vapour at each stage 
being the saturation-density corresponding to the instan- 
taneous value of the temperature. In this case the process 
would be reversible, and we can equate the initial and final 
values of the entropy of the combined mass of air and water- 
substance. Since an irreversible change is accompanied by 
an increase of entropy, it is easy to see that on the new 
assumption we shall arrive at a lower value for the density of 
the remaining vapour and higher value for the mass of water 
in the cloud. 

In both cases the solution is most easily obtained by a 
graphical method. We plot a curve connecting the vapour 
density p and temperature ¢ at any stage of the condensation, 
and find where it intersects the curve representing the 
maximum density of saturated vapour at different tem- 
peratures. In the irreversible case the former curve is the 
straight line. 

ih 0s es 
where (using the notation of the authors quoted) p! is the 
initial saturation density, # the expansion ratio, ¢, the calcu- 
lated temperature after adiabatic expansion, M the mass of 
unit volume of air after expansion, © specific heat of air at 
constant volume, L latent heat of the vapour. The heat- 
capacity of the drops is neglected in comparison with that of 

‘the air. For the reversible case the equation of constant 

* Equation (2), loc. cit. 
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entropy comes out : 

Tae mp ae = (®MC+ sp!) log sre ty + L { oP — see} teMRloge=0, 

where, in addition to the symbols already define, s is the 
specific heat of water, T the temperature before expansion, 
and R the gas constant for one gram of air. 

I have plotted this curve for the particular case discussed 
in detail by Prof. Thomson, viz., starting from an initial tem- 
perature of 16° C., and giving an expansion of 1°36. The 
graph comes out practically a straight line running parallel 
to the irreversible line, both lines being nearly perpendicular 
to the saturation-density curve with which their intersections 
are sought. The numerical values come out on the reversible 
hypothesis, ; 

p=4°87x10-*, t=0°:5, mass cf cloud per cm.3 5:06 x 10~-®grm. 

as compared with the values obtained on the accepted 
assumption by Prof. Thomson, 

p=5'15x 10-8, ¢=1°2, mass of cloud per cm.? 4°77 x 10~® grm. 

So that even on the extreme assumption here made we 
arrive at a value differing by only 6 per cent. from the 
other. We can infer that no error, comparable with the 
other inaccuracies attached to the methods of measurement, 
will be involved if the assumption of complete adiabatic 
cooling of the air does not exactiy correspond with the facts. 

27th May, 1908. 

XII. The Coefficient of Viscous Traction of Lead and Tin 
Alloys, By ALBERT Ernest Dunstan, B.Sc.* 

Pha results obtained in experiments where pitch, shoe- 
makers’ wax, and the like materials were subjected to 

torsional stresses, Trouton (Phil. Mag. 1904, xix. p. 34) 
found that the rate of twisting was approximately propor- 
tional to the driving couple, and the proportionality between 
the shearing stress and the induced flow was sufficiently 
exact to render useful the introduction of a coefficient of 
viscous flow for such materials. The viscous flow was shown 
also by the same author (Proc. Roy. Soc. 1906, A. Ixxvii. 
p- 426) in the case of drawn-out rods of the same materials 

* Communicated by the Author. 
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to be proportional approximately to the force of traction per 
sq. cm. of cross-section, 2. e. 

F dv 
sas CMTS yo 3s) ph) 

I being the shearing force in dynes ; 
A being the area of cross-section in sq. cms. ; 
v being the velocity in cm.-secs. of any point distant 
wv ems. from the point of support; and 
d being the constant for the particular material, 

this constant being termed by Trouton the coefficient of 
viscous traction. 

Trouton and Rankine (Phil. Mag. 1904, viii. p. 538), in the 
ease of a lead wire stretched beyond its elastic limit (and for . 
this material the elastic limit is practically obtained with so 
small a load as 10 grams, though not by the weight of the. 
wire itself), pointed out that : 

(1) The viscous flow has a larger initial rate than that 
which obtains in the subsequent steady period. 

2) The tractive force is hence not strictly proportional to 
the rate of flow, so that 

dv 
T—Th=r 7 _e e e e ° ° (2) 

a correction Ty being made for the initial effect. A close 
connexion exists between the ordinary coefficient of viscosity 
as usually determined and this new coefficient of viscous 
traction, viz. 

BON. 

This equation (Trouton, Proc. Roy. Soc. A. lxxvii. p. 438), 
obtained, analytically, from the flow of a viscous cylinder of 
incompressible material, was confirmed by direct comparison 
of results from tractive experiments, sagging of a beam and 
Poiseuille’s capillary tube method. 

Thus from a mixture of pitch and tar, 

Xr. 1. A/n. 

Read Nea Ava Xx 108 PA x 10" 3°07 
BME ats go 10? Oe 10" 3°30 
es LAS se'T OF 4°2x 10° 3°07 

‘e In the present communication, this valuable method for 
determining viscosity coefficients of solid bodies at the 
ordinary temperatures has been applied to lead, tin, and 
alloys of these metals. 
The following conclusions, which have been deduced in a 
Phil. Mag. S. 6. Vol. 17. No. 97. Jan. 1909. O 
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series of papers on the viscosity of liquid mixtures, may be 
briefly summarized in connexion with this work on alloys 
(Dunstan, Chem. Soc. Journal, 1904, Ixxxy. p. 817; 1909, 
Ixxxvu. p. 11; 1907, men p53). 

1. There is an intimate relationship for all substances 
between the viscosity coefficient and the molecular condition. 

2. In the case of liquid mixtures of completely miscible 
components, the viscosity concentration curves afford evidence 
of the mutual effect of the one component on the other ; and 
from observations of the tangential angles at each end of the 
viscosity concentration curve, it is possible to obtain, firstly, 
the relative molecular masses of the component liquids; and, 
secondly, evidence as to their dissociation on the one hand, 
and as to their homogeneous or heterogeneous association on 
the other. 

3. Maxima in the viscosity concentration curves are found 
at points of simple molecular composition (e. g, 1 alcohol 
3 water), and are due to the associations of molecules of each 
compound in simple ratios. | 

4, Minima are also found at points of simple molecular 
composition, and are due to the partial or ultimate fission of 
one complex component by the other. 

5. For any chemical compound 

7n=A+B log a, 

where 7 is the viscosity coefficient of the compound, A is a 
general constant for all substances, B is a specific constant. 
belonging to each family of closely related substances, and 
z is the molecular weight of the compound. 

It is obvious, then, that an extension of this previous. 
work was desirable; and its application to the question of the 
molecular condition of the components of alloys was rendered © 
possible by Trouton’s discovery of the relation described 
above between viscosity as ordinarily defined and viscous 
traction. 

In this preliminary paper, one of the simplest ranges of 
alloys was chosen for testing the validity of the above con- 
clusions on the variation of the coefficient of viscosity with 
concentration. The lead and tin system was selected because 
the metals are readily obtained in a pure condition, the alloys 
can be conveniently made without any volatilization, and can 
be easily drawn into uniform wires. The two metals, more- 
over, are closely allied chemically, their melting-points lie 
nearly together, and consequently there is little chance 
of chemical union; hence, we should expect that each 
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component should behave independently in the mixture, 
contributing its own share to the total observed effect. 
A considerable amount of work has been done on this 

range of alloys, from the cryoscopic point of view. Roberts- 
Austen (‘ Engineering,’ 1897, Ixiii. p. 233), in determination 
of the freezing-points of lead-tin solutions, obtained an eutectic 
point at 180°, corresponding with 32 per cent. lead. This 
eutectic point would tall at a concentration of 4 Sn 1 Pb, or 
Sn,Pb. In yarious communications Heycock and Neville 
(Trans. Chem. Soc. 1892, lxi. p. 904; Phil. Trans. A. xevii. 
p- 25, Ixxi. pp. 384 & 892) showed that tin may attain 
varying degrees of molecular complexity in different solutions, 
thus Sn, in lead, Sn in zine and bismuth, Sn, in silver, 
whereas lead is monatomic in tin, cadmium, and copper, and 
very slightly associated in silver and zinc solutions. 

The alloys used in this work were made up of approxi- 
mately definite percentage composition, and drawn by the 
London Electric Wire Company. They were of 1 mm. 
diameter, and usually a length of from 70-80 cms. was used. 
The wire, enclosed in folds of paper, was suspended from a 
pair of wooden jaws, screwed tightly together. This method 
almost entirely obviated slipping at the suspension. To check 
any error from this cause an index affixed to the wire quite 
close to the jaws was observed through a vernier microscope 
reading to ‘001 cm. Any slip would thus be detected, 

_ determined, and corrected for in the calculations. A similar 
pair of jaws was screwed on to the lower end of the wire, 
and served to carry the stressing load. Near the bottom end 
of the wire, at an accurately determined initial position, was 
affixed an index mark on mica, and this also was followed by 
a yernier microscope during the time of flow. The actual 
flow in ems., corrected for slip, was plotted against time in 
minutes, and the data for ealculation were taken off the curves 
when a steady rate had set in. As a rule the same loads 
(about 500 grams) were used throughout the experiments, 
for it was found that the rate of flow was affected very con- 
siderably by increase in the tractive force, so much so that 
the viscosity coefficient cannot be taken as constant, but must 
be accepted as a function of that force. The experiments 
have been carried out at the laboratory temperature (varying 
at different times between 10° and 22°), and there is un- 
doubtedly a marked temperature coefficient to be introduced. 
Further experiments are now in progress, with a view of 
following quantitatively these two factors. 

O2 
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Discussion of Results. 

Generally speaking very regular straight-line curves obtain 
for each wire. The extension increases quite steadily with 
time over a long range, so long as the load is not excessive. 
It is very clearly shown that increase in concentration of tin 
lowers the viscosity, increasing the stretch per minute. Pure 
tin is markedly mobile under a load of 500 grms., pure lead 
is proportionally scarcely affected by such a load. 

For a constant load the curves, after a long period of stress, 
tend to fall towards the horizontal, a state of fatigue sets in; 
but after an extra load is suddenly put on the mobility 
markedly increases, a sudden loosening of molecular attrac- 
tion occurs, which soon passes away however, when the 
necessary rearrangement of groupings comes into play. From 
this point a normal state of affairs obtains, but with a noticeable 
increase on the previous rate of extension. 

Whether similar curves would be obtained with virgin 
wires remains to be settled. In all probability the gradual 
change of curvature would disappear and a discontinuous 
series of straight lines would be obtained. Undoubtedly, 
much depends on the previous history of the wires. Too 
much stress should not be laid, however, on the curves after 
a certain limiting line, because the progressive thinning out 
of the wires causes an apparent diminution of viscosity, and 
ultimately the rupture of the material. In fig. 1 values 
for the coefficient of viscous traction are plotted against per- 
centage composition. ‘The inner curve is for an approximately 
uniform load of 500 grams, and the nature of the curve is 
undoubtedly hyperbolic, asymptotic to the axes. The effect 
of adding tin to lead is very great, 10 per cent. tin lowers the 
arbitrary viscosity coefficient from 160 to 37; beyond this 
further addition of tin is almost without effect ; similarly, 
addition of lead to pure tin produces no noticeable change, 
till 80 per cent. has been alloyed with it. 

The greatest divergence of this curve from the straight 
line joining the extreme points of the curve is at 70-75 per 
cent. lead. 

Now it has been found in previous work that such a point 
of maximum divergence always lies at some simple molecular 
‘concentration. The nearest molecular concentration in this 
case is 2 Pb 1 Sn. 

The addition of lead to tin does not markedly affect the 
viscosity of the lead ; it does, however, throw the curve well 
out of the normal. One must assume, therefore, that there 

et, 
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is a certain amount of association existing between the two 
metals in the solid state, which is not made apparent when 
they are fused, since the freezing-point curve is of the 
ordinary type, indicative of no such loose combination. 

j Fig. 1. to} 
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It is only natural to expect a greater degree of association 

in the solid state. The enormous effect of the addition of 
tin to lead may be explicable on the assumption of the com- 
plexity of the tin molecule, which has been seen to approxi- 

F mate Sn, The dissociation of this and the consequent 

a building up of lead-tin complexes would account for the 

departure of the curve from the normal. The two outer curves 
in fig. 2 (p. 198) represent the viscosity concentration curves 

for greater loads than 500 grams, viz., 1000-1100 grams. 

' It is at once evident that the already low viscosity coefficient 

: of tin is not materially affected by increased stressing force, 

but a very considerable effect is to be observed in the case 
of iead and its higher alloys. 

It seems very possibie that at a given limiting load these 
two metals and their alloys would attain an equality of 

mobility ; at any rate, the difference between their viscosity 
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coefficients would not be observable by this meth 
doubtedly in this limiting case we should be dealin, 

LOAD IN GRAMS. 

40 
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pseudo liquid ; in fact, from the point of view indicated by 
this work, lead, and particularly tin, are quite comparable 
with such viscous liquids as the pitch-tar mixtures with which 
Trouton experimented. 

In fig. 2 some attempt has been made in a preliminary 
way to investigate the character of the effect of load on the 
coefficient of viscous traction. The effect is most pronounced 
with large percentages of lead, so much so that the question 
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arises whether the introduction of the idea of a coefficient 
can be really helpful in the case of these alloys and such like 
substances. Jt must, however, be considered that, as in the 
case of permeability in magnetism, a coefficient, though a 
function of the force applied, may yet render assistance in 
unravelling the intricacies of complicated phenomena. 

Particular mention must be made of the behaviour of those 
alloys containing more than 10 per cent. of tin. It may be 
at once pointed out that the curves for the alloys 98 Pb and 
90 Pb and for the pure metal Pb are quite comparable in 
general contour. With increasing load there is the same 
approximation to the quasi-liquid state, the viscosity falls to 
the same limiting value, but for the alloys 85 Pb and 17 Pb 
much the same mobility is observable, no matter what load 
is operating. 

As mentioned already, it must be remembered that the 
application of the term “coefficient of viscosity” to these 
cases may be somewhat misleading. it is a moot point 
whether such a term can be applied fairly with its usual 
understood connotation, viz. that itis a constant. The re- 
ciprocal expression “ coefficient of mobility ” might perhaps 
be better as not presenting an idea already stereotyped by 
usage. The chief difficulty is the determination of the 
limiting stress, before which no displacement other than that 
within the elastic limit occurs. That there is such a limit 
even for liquids appears certain. Consequently the method 
used in this paper, of assuming coefficients of viscosity to be 
comparable when determined with the same stressing force, 
is to be regarded only as an approximation. This will be 
quite evident when fig. 3 (p. 200) is considered. Here are 
plotted rates of extension against loads, and it is clear that 
comparable rates of flow can be determined only when the 
initial rate is neglected; in other words, when the intercept 
of the tangent on the load axis should be subtracted from the 
total load. Up to the present the data at hand are not 
sufficient for this correction to be made in every case. 

General Conclusions. 

1. When a wire composed of pure lead or tin or alloys of 
these metals is stretched beyond its elastic limit (in these 
eases this limit is exceeded by a very small load) the rate of 
extension proceeds quite steadily, and the material undergoes 
a viscous flow. From this rate of flow a coefficient of viscous 
traction may be deduced for any given load. 
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2. On plotting the corresponding coefficients of viscous 

traction against the percentage composition of the alloys a 

hyperbolic curve is obtained, which indicates that the relative ! 

effect of tin on the mobility of lead is very great, whilst that 

of lead on the mobility of tin is very small. The maximum 

divergence from the normal did these alloys follow the mixture 
law, is at 2 Pb 1 Sn. . 

3. The coefficient of viscous traction is a function of the 

ioad, and in some cases is very considerably affected by the 

load used. This statement is, however, strictly applicable only 

to those alloys containing less than 10 per cent. of tin. 
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. Tabulated Results. 

| | 
¥ Ll te Coeffcient | ~ Percentage | Load in Time of Total : 

of ca grams. | expt.in extension nce fying 
in wire. minutes. in ems. pei e ie tag xy x 1012, 

100 501 | 30 082 160 ne 
754 12 1:112 35°4 15°5 

98 nL | 60. | 218 73 17 
1016 9 391 13°5 19 
1116 5 -410 7-99 19 . 
1216 4 ‘601 477 19 
1316 5 1-798 2-12 19 

96 567 19 | 067 92:2 12 
1007 42 522 321 12 
1107 48 724 21-1 12 
1207 | 51 923 15°4 12 

92 501 5D ‘303 414 10 

85 569 8 430 6-91 15 
1069 8 880 574 15 
1169 ,|. 5 1:895 1:88 15 

84. 500 42 941 12°72 20 

80 a} AZ |, 1-836 2:28 22:5 

50 500 | 7 1150 2-65 15 

29 500 | 14 1155 ATU hans) FF 
500 | 46 | 2-892 3-57 19 

20 5095 66. | 315 | 12 
17 567 | 10 779 | 4:15 14 

1000 21 2-690 2-99 14 
1100 27 4°305 2-34 14 

14 500 42 | 3:005 4-14 | 15 

4 500 4:03 10 

0 498 16 3°135 2-17 

¥ The author desires to thank ee aor Trouton, in whose 
a oe this work was carried out, for much kind advice 
py and assistance. 

a _ London, University College, W.C. 
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XIII. The Grating Spectrum of Radium Emanation. By 

T. Royrps, JLSc., 1851 Exhibition Scholar, Manchester 
University *. 

N order to measure with greater accuracy the wave-lengths 
of the lines in the spectrum of radium emanation, it is 

desirable to photograph the spectrum with an instrument of 
the highest power practicable. The fact that when a dis- 
charge is passed through a vacuum-tube containing pure 
radium emanation, the emanation rapidly disappears into the 
glass walls of the tube, sets a limit to the dispersion which 
can be employed. Using, however, a concave grating 
suitable for faint spectra, having a radius of only one metre, 
it has been possible to photograph the more intense lines in 
the spectrum of radium emanation, and also, incidentally, to 
extend the spectrum farther into the ultraviolet than has 
previously been photographed. 

This concave grating, which has been fully described 
previously +, has a width of 3°5 inches, and is ruled with 
15,000 lines to the inch. Its radius of curvature is 1 metre, 
and the dispersion in the first order spectrum amounts to 
16°8 A.U. per mm. The grating, the slit, and the camera 
are mounted in a light-tight wooden case and the photographs 
are taken on a photographic film which is bent to the 
requisite curvature by the shape of the film-carrier. 
A small vacuum-tube of about 50 c.mms. capacity made out 

of capillary tubing and fitted with platinum electrodes, was 
filled to a pressure of about 0'1 mm. with radium emanation 
purified by the method and apparatus of Prof. Rutherford f. 
A quartz condensing lens was employed and the iron are used to 
give a comparison spectrum. ‘The comparison spectrum was 
obtained alongside on the same film by moving a suitably perfo- 
rated screen in front of the slit between the two exposures §. 

* Communicated by Prof. E. Rutherford, F.R.S. 
+ de Watteville, Phil. Trans. A 204. p. 139. 
{ Rutherford, “ Experiments with Radium Emanation,” Phil, Mae. 

Aug. 1908. - 
§ This method waa employed for two reasons: (1) to avoid the risk 

of displacing the film-carrier into which the comparison shutters 
commonly used with the grating were slid in front of the film; and (2) 
in the case of the end-on discharge when the image of the tube was a 
faint dot on the slit, to avoid the possibility of the height of the spectrum 
being such that the spectrum was entirely cut out by the shutter—an 
adjustment which it is difficult to carry out in the dark, and, moreover, 
every moment of exposure is valuable. 

This method of using different portions of the slit for the two 
exposures is open to objection if the slit is not exactly parallel to the 
rulings of the grating owing to the astigmatism ; the adjustment was, 
however, carefully made by Kayser’s method, and, in any case within 
reason, the error would be small, 
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Three photographs were obtained, two being of the end-on 
discharge seen through a quartz window in the end of the 
tube ; in the latter cases it was not possible to remove the 
hydrogen completely by a preliminary heating of the tube 
for fear of cracking the quartz-glass joint. The photographs 
“were measured up by means of a : Kayser’ s measuring machine 
with a pitch of 4 mm. 

About 35 of the more intense lines previously obtained by 
Rutherford and Royds* with a glass prism can be seen on 
the photographs together with four additional lines farther 
in the ultraviolet. The new lines AX 4631°89, 4628°08 near 
the intense line X 4625°58 are only seen in one photograph 
(which had the longest exposure), but they may have been 
hidden in the prism photographs by the broadening of the 
mtense line due to overexposure; the lines AX 4572°66, 
4568°24 are only seen in the same photograph. ‘The spectrum 
presents the same characteristics as those previously obtained, 
the relative intensities being those of photograph 3 of the 
former paper rather than those of photograph 2. 

The wave-lengths of the spectrum obtained by means of 
the grating are given in the accompanying list. The error 

Wave-lengths of the Hmanation Lines. 

r r r r 
(Grating). | Intensity. (Prism). (Grating). | Intensity. (Prism), 

5084°45 ne 5084:5 4568°24 2 not observed ; 
4979-02 3 4979°0 4508°68 7 45090 | 
4861°55 10 (4861-49 HB) || 4503-89 2 4504-0 
4828'46 1 4827°8 4439°88 1 4440-6 
4817°33 5 4817°2 4435:25 3 4435-7 
4796°73 1 4796°7 4371-70 1 43721 
4768°16 5 4767°9 4349°81 1S 4350°3 

Sapa |. 2 4721°5 4340-69 4 | (4840:66 Hy) 
4701°88 | 3 4701°7 4203'39 10 4203-7 
4680°92 10 4681-1 4166-59 20 4166°6 
4671°58 1 46718 4114-71 6 41149 
4644°29 15 4644:7 4017-90 6 4018-0 
4634:13 3 (4634-15 H) 3981°83 15 3982°0 
4631°89 2 not observed || 3971°71 8 3971:9 
4628:08 1 not observed || 3957-30 8 3957°5 
4625°58 15 4625°9 3664°96 5 36646 
4609-40 10 46099 3612°76 3 3612-2 
4604-46 6 4604-7 3122-02 0) 
4580-03 3 (4580°1 H) 3100°31 1 
4577-77 8 4578°7 3089°15 0 
4572°66 0 not observed || 5005°84 il 

* Rutherford and Royds, Phil. Mag. Aug. 1908. 
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of the measurements is about 0-1 A.U. ; it will be seen that 
the measurements of Rutherford and Royds are in good 
agreement. 

Brief glances at the spectrum when the jar and spark-gap 
discharge is sent through the vacuum-tube indicate that the 
spectrum remains unaltered. 

These experiments were made with the aid of the radium 
loaned to Prof. Rutherford by the Austrian Academy of 
Sciences. To Prof. Rutherford I am also indebted for 
the use of the apparatus and methods for purifying the 
emanation. 

Physical Laboratories, 
Manchester University. 

——————— 

XIV. The Ewperimental Study of Huygens’s Secondary Waves. 
By C. V. Raman, M.A.* 

[Plate JII.] 

ie the Phil. Mag. for Nov. 1906 (pp. 495-498), I published 
a note on the diffraction-bands formed when a rectangular 

aperture is held very obliquely in a parallel beam of light. 
I showed that the bands cease to be of the same symmetrical 
type as the fringes formed when a rectangular aperture is 
held normally. They are not equidistant, the band-width 
increasing progressively from one side of the pattern to 
the other. Further, the number of bands visible on one 
side of the pattern is limited. The photographs of the 
effect published with this paper (Plate III.) exhibit these 
features. 

Further observation of the diffraction-bands on the 
spectrometer, made by the methods I described in the paper 
referred to (7. e. of observing through the telescope the image 
of the slit of the instrument formed by light reflected very 
obliquely at the face of a prism, or by light passing through 
a rectangular aperture cut in a thin sheet of metal and held 
very obliquely on the table), elicited the following : it was 
found that the bands on one side of the pattern were fainter 
than those on the other, the difference becoming very large 
as grazing incidence was approached. ‘This feature is visible 
on all the three photographs in the Plate. The effect is 
inexplicable on the ordinary (non-analytical) theory of 
diffraction. 

* Communicated by the Author. 
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The illumination at any point in the pattern is, as deduced 
by the ordinary method, proportional to 

Big MG yes ae 
hic (sin 2—sin @) | e 

a being the aperture, \ the wave-length, and z, @ being the 
angles of incidence and diffraction respectively. Plotting 
this expression against 0, it is seen to be the ordinary sym- 
metrical curve sin? 2/x? with its abscisse distorted but its 
ordinates the same: (1) the maxima of illumination in corre- 
sponding bands on either side of the central one (2 = @) are 
equal: (2) the illuminations at corresponding points on 
either side of the diffraction-pattern 

(sin2—sin 6)?, 

(sinz—sin 6, = sin @,—sin72), 

are equal: (3) as the largest value of @ admissible is x, it 

follows that the curve of illumination at this point drops 
suddenly to zero ; in other words, there is a discontinuity in 
the illumination-curve at this point. All three results are 
contradicted by observation. As has been stated above, the 

bands on the side nearer to the limiting plane 0 =5 were 

found to be fainter than those on the other side and the 
illumination at points in the diffraction-pattern decreased to 
zero as the limiting plane was approached. 

The diffraction-fringes were observed through a nicol; 
there was no relative change in the illumination at ditferent 
points in the pattern as the nicol was rotated, and at very 
oblique incidences no change at all. 

An explanation of the effect was sought for on the 
following lines: each element of the reflecting surface may 

Fig. L. 

-'--------------j2 

be supposed to send out hemispherical secondary wavelets 
(fig. 1) and the illumination in the diffraction-pattern may be 
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determined by integrating the effects of these secondary 
waves. If the amplitude of the disturbance in a secondary 
wave in the direction in which the diffraction-pattern is 
formed varies rapidly with the obliquity, such variation would 
have to be taken into account and we should have an 
explanation of the difference between the observed result and 
that predicted by the ordinary theory. In no diffraction- 
experiment so far known, with apertures of ordinary size, 
has the variation of the amplitude with the obliquity, in a 
secondary wave, manifested itself. In the well-known 
Fresnel-Arago Circular-disk experiment, the fact that as the 
disk is approached the illumination along the axis of the 
disk decreases, cannot be taken to be an obliquity effect, it 
being more or less entirely due to the large increase in the 
effect of minute irregularities in the rim of the disk or of 
minute inaccuracies in its setting, as the latter is approached. 
Some authorities have gone so far as to deny that an obliquity- 
effect is possible at all. The present paper will show that 
this last view is erroneous. In the case considered in this 
paper, if we assume that the effect of an element at O (fig. 1) 
of the reflecting surface is zero at points on the lines OA, 
OB and a maximum in the direction ON, the rate of variation 
with respect to @ of the amplitude in the secondary wave 
ANB would be a maximum in either of the directions OA, 
OB, and zero in the direction ON. If plane waves of light 
are incident on the reflecting surface at a very oblique angle, 
the diffraction-pattern (as observed in a telescope focussed 
for infinity) is formed in the neighbourhood of the direction 
OA, and the variation of the effect of an element with @, the 
angle of diffraction, would have large effects. The intensity 
in the diffraction-pattern would be zero in the direction OA, 
and at a point at which 0 >2, would be less than at the corre- 
sponding point at which 0 <z. 

The point will now be investigated mathematically. Take 
the case of an aperture of any shape and of dimensions large 
compared with A, cut in a thin perfectly reflecting sheet of 
infinite extent, and let parallel waves of light be incident on — 
the aperture at an angle i. The light passing through 
the aperture falls upon the object-glass (focal length f) of a 
telescope focussed for infinity. Let x, y be coordinates in 
the plane of the aperture and &, 7 in the focal plane of the 
telescope, y and 7 being parallel, and assume that the effect of 
an element dx, dy ot the aperture is, in the focal plane, 

equal to 

fi sda dy E(, 6) sin = (Vi—e—P), 



Study of Huygens’s Secondary Waves. 207 

where A is the amplitude in the incident wave, c is a constant, 
@ the angle of diffraction, and P the path-difference of the 
effects at &, 7, of the element dx dy and of an element at the 
origin in the plane of the aperture. The rigorous expression 
for P is a little complicated, but if the angle of incidence is 
not so large that (sinz—sin@) cannot be put equal to 
sin (¢—@) cosi, P can be shown to be equal to 

_ w&cost+yy 
ri e 

The amplitude of the effect at any point in the diffraction- 
pattern is therefore 

A Bate TG vE cosityn =e dx dy F(2, @) sin 5 ve+ 7 ~s), 

the double integral being taken over the whole of the aper- 
ture. Putting rcosi=p and y=gq, p and q being therefore 
the projections of # and y on the wave-front, the above given 
expression reduces to 

A BGO) 2 PE+ 
-||Sa@ dq. ee sin + (Ve+ — —c), 

the integral being taken over the whole of the projection of 
the aperture on the wave-front. Now, the quantity of energy 
passing, per unit of time, through the obliquely held aperture, 
must, at any rate approximately, be equal to the quantity 
that would pass through an aperture identical with the pro- 
jection of the first on the wave-front, cut in a screen held 
parallel to the waves. From this it follows that, provided 
we assume F(i, @) does not vary sensibly throughout the 
diffraction-pattern, it is equal to cosz*. This, on the assump- 
tions made, agrees with the expression deduced by Kirchhoff 
in his ‘rigorous ’ formulation of Huygens’s principle 

ae 
Rr 

D) 
(cosi+ cos 9) sin = (Vt—R)dz dy, 

* From this and the integral given above, it appears that the diffraction- 
bands due to an aperture held obliquely are, at moderate incidences, 
identical with those due to its projection held normally: a proposition 
that might seem otherwise obvious, were it not for the fact that itis not 
true for very oblique incidences. As an instance, it can be shown 
experimentally that the dittraction-pattern observed when a circular 
aperture is held obliquely in front ofa telescope directed at a point-source 
consists of a system of ellipses. 
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for in the direction of the wave-normal, cos?=cos6@ and the 
expression reduces to 

9 

— Fe cosisin 2” (Vt—R) dee dy. metre: 

The question now to be discussed is, whether we can always 
assume F'(2, 0) to be appreciably the same in all the directions 
with which we are concerned, 2. e. throughout the diffraction- 
pattern. Taking Kirchhoff’s formula, the approximation 

clearly becomes inadmissible as 2 approaches = In this 

case cosi and cos @ are both small and a variation in @ affects 
the value of the expression very largely. The value of 2 at 
which the approximation ceases to represent matters fairly 
well depends upon the size of the aperture. @ will, in the 

(ene 
diffraction-pattern, range from 5 toz and less. The value 

of the factor (cosi+cos 0) will vary from cos? to 2.cos? and 
more. Kirchhoft’s formulation of Huygens’s principle thus 
leads us to expect that at oblique incidences we should 
observe some phenomena due to the variation of the obliquity, 
which are inappreciable in the case of normal incidence. But 
though Kirchhoff’s formula is able to indicate this, it itself 
does not hold at such incidences. It will be remembered 
that his formula is a purely mathematical deduction holding 
rigorously only in the case in which the wave-surfaces are 
not limited by screens of any kind. When they are limited 
by screens and mirrors, Kirchhoff’s formula does not entirely — 
meet the physical circumstances of the case and at oblique 
incidences leads to results widely differing from the truth. 

Tig. 2. 

S 

For example, let P be a point-source inside a surface 8, such 
as that in the diagram, which is closed everywhere except 
over the opening AB. Take a point D inside the plane ABC 
at this point, the intensity ought obviously to be zero, D being 
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inside the plane of the aperture. But Kirchhoff’s formula 
leads to a different result. An element of the surface AB at 
X would have an effect proportional to 

(sin|P x B—sin|D x A), 

and if the angle PAB be not very large, the path-difference 
PA+AD—PB—BD would not be very large compared with 
X and therefore there ought to be a finite effect at D. This 
absurd result discredits the applicability of Kirchhoff’s formula 
to experiment, and further shows that the investigation of 
the correct obliquity factor has an actual tangible relation to 
experiment, 
We now proceed to obtain a solution of the general 

differential equation of wave-motion in the form of a surface- 
integral which satisfies the requisite boundary conditions. 
Let S be the surface over which the integration is to be 
effected and r be the distance of a point in the space around 
from an element dS of the surface, 

ea kr ‘ 

r 

is a solution of the symbolical equation 

(V2+h2) =0. 

Tf dn be an element of the normal to the element dS, then 

fy a 
dn\ r 

is also a solution of the differential equation. If ¢@ is an 
expression which is a function of the position of dS on the 
surface but does not contain 7, then 

a (a (ees ye 

is a solution of the equation. This integral is the well-known 
expression for the potential of a sheet of double sources of 
sound, provided one of the directions of the normal n be 
regarded as positive and the other negative. The value of 
the integral at the surface itself is, on one side of it +, on 
the other —@: for, regarding one of the directions of the 
normal as positive, the value of the integral at a point 

Phil. Mag. 8. 6. Vol. 17. No. 97. Jan. 1909. P 
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indefinitely near the positive side of the surface 

Bea cs jal> ) gr dr cos 6 

a —on |" oe ) i, . 

where N is the indefinitely small distance of the point from 
the nearest element of the surface and @ is the angle between 
n and r. 

e—kN 

= Lt, _,.@N N 

= ¢. 

In the particular case in which § is an infinite plane and ¢ is 
constant over the whole of it, the expression (6), instead of 
being an approximation true in the limit (N=0), is perfectly 
rigorous for all values of N and expression (a) reduces to 

e~ uzAN 

N 

which is the velocity potential of two sets of aerial waves 
proceeding from the infinite plane, on opposite sides of it, 
to an infinite distance. 

If the surface over which the integration is effected is part 
only of an infinite plane, the integral (a) can be written as 

1 rd —vwkr fe 
— 55 || ge(—_) $28 08 8 . » <r 

At points on that part of the infinite plane over which the 
integration is not effected, the integral (c) is zero, for (fig. 3) 

+ oN “= + oe, 

g =7 and cos@ = 0 for all such points. This part of the 

Fig. 3. 
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infinite plane is therefore one of ‘silence.’ This is true 
whether ¢ is or is not constant over the whole of the surface 
of integration. 
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We shall now apply the solution (a) of the general 
differential equation to the following problems: it is under- 
stood that in each case the reflecting surface or transmitting 
aperture is of dimensions large compared with the wave- 
length. ove 

‘Reflexion of plane aerial waves at an infinite rigid plane, 
whose position is given by «=0. 

Let the plane waves be incident at an angle z on the posi- 
tive of the plane, and the velocity-potential of the incident 
waves be the real part of 

Aeke +x cos 7—7 sin 7), 

Superpose upon this, the value of the integral 

A } id (es) ero evan (ee 
Qr \\ydxa\ r 

taken over the whole of the infinite plane, Y and Z being 
the y and 2 coordinates at any point on the plane. 

The value of the integral at any point in the space on the 
positive side of the infinite plane is 

uk(Vi — x cosi—y sini Ae ( cosi—y ) 

and on the negative side 

_ AeWVire cos i—y sin Z) 

The resultant disturbance on the positive side is 

o= ' Capaeelal cos i— y sin 7) ws eve —z cos?—y sin )) 

~ = Avkcosi eh(Vi-y sin 2) fe" cos z SF cos EI. 

which when 7=0, is equal to zero. 
On the negative side 

se db _ @¢=0 and So 

The necessary conditions are thus satisfied. The normal 
velocity at the plane is zero on both sides of it, and the region 
on the negative side of the plane is entirely screened from 
disturbance. The same is true even if the reflecting surface 
occupies only part of the plane # = 0, for at points close to 
the plane, on either side of it, the result of the integration (d) 
is practically the same as if it were extended over infinity. 

In the case last mentioned of a finite reflecting surface, the 
effect of the reflected waves at points not near the reflecting 

P2 



212 Mr. ©. V. Raman: The Experimental 

plane and on the positive side of it, is given by t he integral (d) 
taken over the whole of the reflecting area. This integral 
may be written as 

—vkr = | de uk(Vt —¥ cos 2) ~* V() cos OdY dZ, . 1F) 

where @ is the obliquity of the point of observation viewed 
from the element dY dZ. The point of interest is, that for 
all points on the continuation of the reflecting sheet, @ being 

1 
9 9 

the plane is therefore one of silence. This becomes of im- 
portance experimentally when the angle of incidence is such 
that the diffraction-pattern is formed near this plane of 
silence. It is not difficult to understand why the elements 
of a reflecting surface should be equivalent to double sources 
and not to simple sources of sound: for, if the reflecting 
plane be replaced by an indefinitely thin sheet in the same 
position, every point of which instead of being kept fixed is 
obliged to follow the vibration in the incident waves, then it 
is obvious that these waves would be transmitted without 
disturbance to the far side of the plane, The effect of the 
reflecting plane must therefore be equivalent to that of the 
reversed motion of the thin sheet in a medium entirely at 
rest. This involves periodic compressions and rarefactions on 
one side of the plane, and simultaneous rarefactions and 
compressions on the other: 2.e., periodic introductions and 
abstractions of fluid on one side, and simultaneous abstractions 
and introductions on the other. This is the equivalent of a 
sheet of double sources, 

equal to =, the value of the integral is rigorously zero and 

Passage of Plane Aerial Waves through an Aperture 
in a Thin Plate. 

This can be seen to be directly deducible from the pre- 
ceding: the integral (d) would have to be taken over the 
reflecting plate (excluding the aperture), and the expression 
for the velocity potential of a system of plane aerial waves 
passing through an infinite medium superposed upon it, On 
the positive side of the reflecting sheet, the integral (d) gives 
the effect of the reflected waves, and since in the integration 
the area of the aperture is excluded, the effect of an element 
of the aperture in any direction on the positive side of the 
sheet is zero. On the negative side of the plate, the distur- 
bance passing through the aperture appears as the difference 
of two quantities: if the integral (d) is taken over the whole 
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of the reflecting sheet, including the aperture in it, this 
difference is zero. It follows therefore that the disturbance 
passing through the aperture is given by the integral (d) 
taken over the area of the aperture alone, with its sign 
reversed. It follows therefore, that considerations such as 
those that apply to the case of reflexion at oblique incidences 
apply to this also. 

Light incident on a perfectly reflecting screen, the waves 
being polarized in a plane at right angles to the plane of 
incidence. 

The magnetic vector € in the incident waves is parallel to 
the axis of z and to the reflecting screen. Since € satisfies 
the general differential equation and also, at the screen, the 

be di 
condition = 0, the expression for €in the secondary waves 

dx 

is exactly the same as that for ¢ in the preceding paragraphs. 
As for the other components of the magnetic vector in the 
secondary waves, they are zero at all points in the plane of 
incidence and we need not at present trouble about them. 

Light incident on a perfectly reflecting screen, the waves 
being polarized in the plane of incidence. 

The electric vector § in the incident waves is parallel 
to the axis of z and to the reflecting screen. The expression 
for the vector ¢ in the secondary waves can still be 
deduced from the integral (d), if the sign of this is changed 
and the operand d/dz is replaced by d/dn, where dn is an 
element of the normal to the reflecting surface, both directions 
of this being regarded as positive. On the side of the screen 
on which the waves are incident and at points close to it, 

ee Aett(Vit+e cosi—ysini) _ Aek\WVi-2 cost—y sin Os 

which is zero if « = 0. 
On the other side, at points close to the reflecting sheet 

oe AetVire cosi—ysinz) _ Aelita cos i—z sin 2) 

=). 

The other components of the electric vector in the secondary 
waves need not be considered here. 

Apertures in Perfectly-Reflecting Plates. 

The results for these cases can be deduced from the ex- 
pressions for reflexion, in exactly the same way as was done 
for aerial waves. On the side on which the waves are incident, 



214 Mr. C. V. Raman: The Experimental 

the effect of an element of the aperture is zero. On the other: 
side, the z component of the electric or (as the case may be). 
magnetic vector is given by the integral (/) taken over the 
aperture and with its sign reversed. | 

From the integral (/) it can be seen that the obliquity- 
factor, for the z component of the light-vector in the secondary 
waves, is simply the cosine of the obliquity and is independent 
of the angle of incidence of the waves on the reflecting 
screen or aperture. Differentiating and realizing the inte- 
gral (/), it can be seen that for moderate incidences it is 
equivalent to the expression (1), for at such incidences, the 
diffraction-pattern is formed in a direction in which cos@ 
does not vary rapidly with @ and may therefore be put equal 
to the mean value cosz. At oblique incidences this is no 
longer true. The integral of (/) in the case of a rectangular 
aperture (sides 1, m) held obliquely in a parallel beam of 
light, in front of a telescope, gives for the illumination in 
the diffraction-pattern 

Se sin? =< (sin?—sin @) sin? fa sin + | 
Sacchi Xr 

2 bt es (9) Saas OOS 2 
> a hi | ol wm 

6 and w being the angles of diffraction, in other words, the 
angles made by the diffracted ‘ray’ with the two planes 
normal to the plane of the aperture. The expression deduced 
from the non-analytical theory is 

A 

Vee Ie Fr Mr ok 
Pn? sin? — (sin7— sin @) sin” f= sin +| 

qeem ae ru 
5 COS” 2 Xr 2 

ae [2 (sin?—sin 6) | E sin al 

These two expressions give, for moderate incidences, 
practically identical results. At all incidences, they. give the 
same positions for the minima of illumination in the diffraction- 
pattern. But as regards the distribution of illumination in 
the pattern, and as a minor point, as regards the positions of 
the maxima of illumination, they give at oblique incidences 
very different results. The expression (h), as has already 
been mentioned, makes it out that the illuminations at corre- 
sponding points on either side of the central band should be 

equal, and that at the limiting plane @ =5 the curve of 
as x Ps Ne Ah Ate : . 
illumination should drop discontinuously from a finite to zero 
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value, both of which results are contradicted by experiment. 
The expression (y) shows that the illumination at points in 
the pattern on the ae of the central band, nearer to the 

limiting plane 0 = = , is less than at the corresponding points 
TT 

2 ? 

the curve of illumination falls continuously to zero at the 
limiting plane. Both these results are verified by experiment. 
Photographs (1) and (2) (see Plate III.) of the diffraction- 
bands formed by reflexion at the face of a prism, and photo- 
graph (3) by transmission through an aperture, all exhibit 
these effects. 

The investigation of the intensity ut different points on a 
secondary wave, given above, is for the case of the incidence 
of light on a perfectly reflecting screen. It can be shown 
that by a suitable modification of the integral (a) it can be 
made to cover the case of the reflexion and refraction of light- 
waves-at a dielectric medium, and that the obliquity-factor in 
these cases, as given by theory and as applicable to experi- 
ment, is cos@. Asa matter of fact the photographs (1) and 
(2) in the Plate are of the diffraction-bands formed by 
reflexion at a glass prism. 

Similar obliquity-effects should be obtained with other 
forms of aperture, for example with a reflexion or trans- 
mission grating, with wide rulings, if it is held obliquely ana 
if points in the field of view receive no light from the grooves 
of the grating, the only effective parts being plane portions 
of the grating, these being: parallel to, or coincident with, 
its general surface. These and other considerations will form 
the subject a a future paper. 

Q > 

on the farther side: and that since cos?@ is zero if 6-= 

Summary and. Conclusion. 
Hach element of a reflecting surface, may, when waves are 

incident upon it, according to Huygens, be supposed to send 
out into each of the two media meeting at the surface, hemi- 
spherical secondary wavelets. The amplitude of the ‘distur- 
bance at points on these secondary waves may be investigated 
mathematically, as in this paper, and shown to be a maximum 
at the pole of the hemisphere and zero at points on its equator. 
A similar result for the case of an aperture in a screen can 
be deduced therefrom. Observation of diffraction-phenomena 
at oblique incidences confirms this result. The law of varia- 
tion of the amplitude of the principal component of the light- 
vector is the cosine of the obliquity. This may be subjected 
to experimental investigation, and it is hoped that if the 
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necessary instruments are available, photometrical measure- 
ments to test this can be made. 

The experiments and observations recorded in this note 
were made at the Physical Laboratory of the Indian 
Association for the Cultivation of Science, Calcutta, and 
formed the subject of a demonstration held at a Special 
Meeting of that body on the 18th of January last. 

P.S. dated the 26th of Nov.—Photometrical measure- 
ments in verification of the above have been carried out. 
These will be dealt with in a future communication. 

- —s 

XIV. The Effect of Pressure on the Natural Ionization in a 
Closed Vessel, and onthe Ionization produced by the y Rays. 
By W. Wiuson, M.Sc., Graduate and Hatfield Scholar of 
the Unversity of Manchester *. 

i natural ionization in gases has been very largely 
studied since the experiments of Geitel t and C. T. R. 

Wilson ¢ in 1900. Experiments have been generally made 
with the object of determining whether ordinary matter is 
radioactive or not. Wilson observed the effect of diminishing 
the pressure of the gas inside the electroscope, and found 
that for pressures of 43 to 743 mm. of mercury, the ionization 
was proportional to the pressure. Patterson § also studied 
the effect of varying the pressure and found that with large 
vessels (20 cms. long, 30 cms. diameter) the ionization 
increased with the pressure at first, but that at one atmosphere 
it had become sensibly constant. Strutt || observed that the 
lonization varied for vessels of different materials; and 
McLennan { and Burton found that it was proportional to 
the pressure up to seven atmospheres. 

Rutherford and Cooke ** observed that the rate of leak 
was diminished on surrounding the electroscope with lead, 
thereby proving the existence of a penetrating radiation. 
Wood tf showed that the decrease in ionization depends 
both on the material of the screen and the material of the 
ionization vessel. He concludes that the natural ionization 
is due to an external radiation and its attendant secondary 
radiation, together with intrinsic rays from the sides of the 

* Communicated by Prof. E. Rutherford, F.R.S. 
t Geitel, Phys. Zeit. ii. p. 116 (1900). en 
t C. T. R. Wilson, Proc. Camb. Phil. Soc. xi. p. 32 (1900); Proc. 

Roy. Soe. lxviii. p. 151 (1901). § Patterson, Phil. Mag. Aug. 1903 
|| Strutt, Phil. Mag. June 1908. 
4] McLennan & Burton, Phys. Review, No. 4, 1903. 
** Rutherford & Cooke, Am. Phys Soc. Dec. 1902. 
tt Wood, Phil. Mag. April 1905. 
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vessel. From some experiments with an ionization vessel 
with a movable side, Campbell * calculated the ranges of the 
particles given off by the walls, and has found that they are 
in general greater than those of the 2 particles from known 
radioactive elements ; but McLennan + has lately measured 
the natural ionization in vessels of different material, and 
attributes it to external radiation differences coming in on 
account of the various metals not giving out equal amounts 
of secondary radiation. 

Apparatus. : 
It was decided to measure directly the ionization in an 

electroscope containing gas at the desired pressure. The. 
pressure-chamber, which was kindly lent by Dr. Hutton and 
Prof. Petavel, has been described by them in Phil. Trans. 

Fig. 1. 

aed sie 
Ee 

Ke 

A. 207. p. 421. It consists briefly of a cylindrica! iron vessel, 
a section of which is shown diagrammatically in fig. 1. The 

* Camphell, Phil. Mag. Sept. 1906. 
t McLennan, Phil. Mag. Dec. 1907. 
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internal diameter is 10 inches, the height 16 inches, and the 
thickness of the walls 1:5 inch. This is surrounded by an 
iron water-jacket about *5 inch thick. A massive lid which 
is made gas-tight by means of a lead joint can be fastened 
down to the main body by screws S § which are 10 in number. 
A rod K which projects into the chamber can be moved up 
and down by an insulated screw, and is itself insulated from 
the rest of the apparatus by mica. The air is prevented from 
escaping along the surface of the rod by means of a stuffing- 
box. The leak of the air from the vessel was quite small, 
not amounting to more than ‘5 atmosphere per hour at 
4() atmospheres, and even this could be largely stopped by 
tightening the stuffing-box. 

_ The. electroscope used consisted of an aluminium vessel, 
10 cms. cube, with a base of brass. Aluminium was used 
because it has been found by other observers that the natural 

-lonization in vessels made from it is small. It rested ona 
wooden stand securely fixed to the bottom of the pressure- 

Fie. 2 
TOK 

chamber. A vertical section of the electroscope is shown in 
fig. 2. The brass -base contained a central hole 1 em. in 
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diameter, through which passed an ebonite stopper. A brass 
wire terminating in a brass cup, C, fitted centrally into the 
stopper. The wire was fastened by means of a metallic 
spring toarod K’ similar to K, at the bottom of the pressure- 
chamber. A sulphur plug in C supported the gold-leaf 
system, which could be viewed by means of a reading micro- 
scope, through two windows in the electroscope which could 
be placed in line with two others in the pressure-chamber. 

_ The electroscope could be charged from the outside and 
the leaf left insulated as follows:—A brass wire passed 
through the ebonite stopper D, and was bent so that by 
moving it could be brought into contact with the gold-leaf 
system. The wire is shown at HHH, fig. 2. It was attached 
by a spring F to an ebonite plug and to the terminal K by a 
wire H, which passed through a copper ring J fixed into 
another ebonite plug. By raising the rod K, the wire E 
could be brought into contact with the gold-leaf system, and 
the leaf charged by connecting K to one end of a battery of 
100 small storage-cells, the other end of which was to earth. 
On lowering K, while charged, the wire E was drawn back 
by the spring F’, and the gold-leaf remained charged. In 
each experiment the rod K was lowered by the same amount 
and then connected to earth, in order to get the same electro- 
static conditions each time. The pressure of the air was raised 
by connecting the pressure-chamber to a cylinder which had 
been charged to 100 atmospheres by the compresser of a 
liquid-air machine. The air passed into the pressure- 
chamber through two stopcocks, by means of which its rate 
of admission was regulated. It had to be allowed to enter 
very slowly or the gold-leaf was torn off its support. The 
air entered the electroscope through the copper tube T 
(fig. 2), which ended in a flat disk 2 inches in diameter, 
placed as shown. By this means the air was prevented from 
impinging directly on any one portion of the leaf and so 
injuring it. 

Experiments with y Rays. 

It will be more convenient to consider first some experi- 
ments on the effect of pressure on the ionization produced by 
y rays. The experiments were made simultaneously with 
those on the natural leak, 1:09 m.g. radium bromide being 
fixed to a stand which could always be placed in a definite 
position outside the pressure-chamber by means of. a hole 
and slot clamp. The measurements of the ionization were 
made by noting the time taken by the image of the gold-leaf 
to move over a ‘certain number of divisions of the scale in 
the eyepiece of a reading-microscope. 
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The ionization was very weak, being only *25 scale- 
division per minute at atmospheric pressure. This corresponds 
to about 216 ions per c.c. per second. Such a low ionization 
was used in order that the comparatively low voltage applied 
would be sufficient to give the saturation current, without 
which of course the results would have no definite meaning. 
Some experiments on this subject have been already done 
by Erikson *, but he makes no statement as to whether he 
was using the saturation current or not. It was probably 
not in fact, for with an E.M.F. of 19 volts per em. he 
obtained a maximum current at 70 atmospheres pressure, 
while with 1000 volts the maximum occurred at 140 atmo- 
spheres. 

The results obtained are given in fig. 3, where the ionization 
is plotted against the pressure. It will be observed that the 

Fig. 3. 
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ionization does not increase proportionally with the pressure, 

but less rapidly as the pressure rises. This confirms the fact, 

as McLennan has shown, that the secondary rays from the 

sides of a vessel exposed to y rays contribute an appreciable 

amount to the ionization inside. Thus, since this secondary 

radiation is comparatively easily absorbed, the ionization 

due to it will approach a maximum value as the pressure 

rises, while that due to the y rays alone will not do so, but 

will increase proportionally with the pressure, 7. e. with the 

density of the gas. ; 

An approximate equation to the curve can be obtained as 

follows :—Consider for simplicity of calculation that the 

secondary rays move perpendicular to the sides of the 

* Erikson, Phys. Rev. Jan. 1908. 

Ionization in Arbitrary Units. 
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electroscope, and that they are absorbed according to an 
exponential law with the distance traversed. 

Let dl be the ionization produced in a layer of thickness 
dz at a distance x from the side of the box, and let Idx be 
that produced in the layer adjacent to the side. 

Then ai gt ed = 

and the whole ionization due to the secondary rays, if the 
length of the box is a, is 

#12). 

Assuming the rays to be of the S ray type, 2X will be pro- | 
portional to the density of the gas, 2. e. to the pressure, and 
so will I, since I,dz is the ionization in a thin layer of 
constant thickness dz. 

Therefore the total ionization due to the secondary rays at 
different pressures is given by 

Bo—e*”), 

where B is a constant, p the pressure, and A the coefficient 
of absorption at atmospheric pressure. 

Since the y rays are not appreciably absorbed in their 
passage across the vessel, the ionization due to them will be 
iven by a term of the form Ap, where A is a constant, 

having the value of the ionization due to the y rays alone at 
atmospheric pressure. 
We have then, if I is the whole ionization in the 

pe omescope, I=Ap+B(l1-e"*”). 

Now, Eve* gives the value of X for aluminium for the 
secondary rays from aluminium as 24. Assuming the density 
law and taking the density of aluminium as 2°6, and that of 
air ‘00129; we obtain for our value of A -0119. 

Ti will be noticed that for high pressures the equation 
becomes I=Ap+B. 

Therefore the intercept of this straight line with the 
ionization axis gives the value of B, and the tangent of the 
angle made by this straight line with the pressure-axis gives 
the value of A. 

Producing the final portion of the curve backwards, we get 
then 

AUN, B=178., 

The theoretical curve is drawn in the figure and the 

= Eve, Phil. Mag. Dec. 1904, 
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experimental points are marked on it. The curve agrees 
much better than would be expected considering the number 
of assumptions and the uncertain values of the constants. 

The current was tested for saturation at different pressures 
by noting the time taken by the leaf to move over the various 
divisions of the scale. The same time was taken to fall 
through a division at 190 volts as at 120 volts, except in the 
case of the last point at 40 atmospheres, when the time was 
slightly longer at the latter reading, 2. e.. the current was not 
quite saturated. The saturation current was further tested 
for by taking a few readings with the rays about twice as 
intense. On making one reading fit on the original curve, 
all the others on being reduced in the same ratio also fell 
on the curve. These points are shown by squares in the 
diagram. i 

We can from this formula deduce the relative values of 
the ionization due to the secondary and primary rays in the 
vessel at atmospheric pressure. The value found is 6°6, 2. e. 

— p—Aa 

ence This is greatly in excess of that obtained by 

McLennan (loc. cit.), who found that in aluminium vessels 
the ionization produced by the secondary is half that due to 
the primary rays. This discrepancy cannot be accounted for 
by differences in the sizes of the vessels used, since it can be 
easily worked out approximately that, assuming the above 
formula to be correct and the amount of secondary radiation 
to be proportional to the exposed surface, and the ionization 
produced by the primary to be proportional to the volume, 
the ratio of the ionization produced by the primary rays to 
that produced by the secondary should be of the same order 
as that given above. 

Experiments on the Natural Ionization. 

We are now in a position to proceed with the experiments 
on the natural ionization, which were conducted as follows :— 

The air was admitted till the required pressure was reached, 
which was recorded on a Schiifer and Budenberg gauge. 
The apparatus was then left until the gold-leaf came to 
rest, when the electroscope was charged, and the time taken 
for the image of the leaf to move over a certain number of 
scale-divisions in the microscope eyepiece was noted. From 
this the number of divisions per minute moved over by the 
image was calculated and the ionization is expressed in these 
units. 

The first set of experiments was performed with the gas 
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originally at 21 atmospheres. The pressure was reduced 

from time to time and readings of the natural ionization 

taken. The leak decreased with pressure till four atmospheres 

was reached, when it commenced torise. This effect appears 

to be due to an emanation given off by the walls of the 

pressure-chamber, for on filling to 15 atmospheres and then 

allowing the air to expand, tilling again, and again allowing 

to expand, it was found that the ionization decreased by 

about 75 per cent. and fell in with the general trend of the 
curve. For the higher pressures, the emanation does not 

diffuse from the walls of the pressure-chamber into the 

electroscope so quickly on account of the great density of 
the gas. For the remaining experiments then the bomb was 
filled and emptied several times before taking each reading ; 

this process taking so long that any active deposit from the 

emanation would (assuming it to be that from radium) have 
all disappeared. . 3 

The air used was always drawn from the outside of the 
laboratory, since it was found that air drawn from the inside 
was more active, due to the fact that experiments with 

radium were being carried on in the room in which the 
liquid-air machine was situated. It was found that leaving 

the air compressed in the cylinder for two weeks did not 
make any observable difference in the readings. 

The insulation was tested from time to time by connecting 
the cup © to the same potential as the gold-leaf by means of 
the terminal K’. The rate of motion of the gold-leaf was 
never altered by more than 2 or 3 per cent. This small 
variation is to. be expected, since when C is charged some 
ions will be drawn to it which before went to the gold-leaf 
system. 

& ‘2 16 20 2a 26 3 fo) a+ Se. 

The final curve obtained connecting ionization with 
pressure is given in fig. 4. It is seen to be a straight line 
which curves over somewhat towards the pressure-axis at 
low pressures. 
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At the hiysher pressures, such as those above 20 atmospheres, 
the gold-leaf did not come to rest for some time after filling. 
At 30 atmospheres it moved irregularly to and fro, even 
after 8 hours. In such cases, if the leaf were not moving 
too irregularly, its position on the scale was read every 
quarter minute for two or three minutes and the mean was 
taken as the reading at the middle of this period. 

If we reduce the y-ray curve to the same dimensions as 
the natural ionization curve, as shown in the curve dotted in 
fig. 4, we see that the two curves are quite dissimilar, and 
therefore the natural ionization in the vessel cannot be wholly 
due to external y rays. The natural leak, however, was 
found to be about 40 per cent. lower when in the pressure- 
chamber than when out, showing that the ionization in an 
unscreened vessel is partly due to this cause. 

The number of ions produced per c.c. per second was 
deduced as follows :—EHve has shown that the number of 
ions produced per c¢.c. per second in an aluminium vessel by 
the y rays from 14°3 m.g. radium bromide placed at a 
distance of 303 cms. is 297. In the present case 3°7 m.g. at 
a distance of 67 cms. produced an ionization of 5°50 scale- 
divisions per minute. The natural ionization at one atmo- 
sphere on this scale is ‘046 division per minute. 

This corresponds then to a number of ions 

“46, (2971 Kot XieUely sae 
5” 43x (67 =13'1 per c.c. per second. 

This agrees very well with the corrected value of the 
number found by Cooke, who obtained 9°9 to 13°8, and 
confirms the test of the insulation. 

The curve obtained if the ionization were due to the 
admixture of an emanation with the air, such as that of 
radium which emits rays of low penetrating power, would 
be a straight line passing throughthe origin within the 
limits of pressure examined ; while if the walls of the vessel 
emit rays of low penetrating power, either intrinsic or due 
to radioactive impurities, the ionization should not vary with 
the pressure. 

The experimental curve can be made up of two parts :— _ 
(1) A constant part due to radiations from the sides of 

the vessel. 
(2) A part which increases proportionally with the pressure, 

due for the most part to an emanation mixed with the gas, 
but in some part very likely also to penetrating radiation. 
The latter part must be very small, however, or the curve 
would be concave towards the pressure axis. The emanation, 
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if it is one of the known ones, must be that of radium, since 
the emanations of thorium and actinium have much too short 
a life to exist during the time required to take a reading. 

The conditions of the experiment are not sutticiently well 
known to be sure of the explanation of the slight curvature 
of the lower portion of the curve, but it can very likely be 
ascribed to radiations shot out obliquely from the sides of 
the vessel, which even at atmospheric pressure have not 
completed their full path in air before striking another side. 

The amount of emanation required to produce the sloping 
part of the curve can be calculated from these results and is 
found to be exceedingly small. 

If we assume that the final portion of the curve is due 
exclusively to the radiation from the emanation, we see from 
the slope of the live that the ionization due to it is 00104 
division per minute at atmospheric pressure. Now, ‘017 
division per minute on the scale corresponds to an ionization 
of 13 ions per cc. per second. Consequently, the ionization 
due to the emanation present is only *80 ion per c.c. per second. 

Also, Rutherford has shown that one « particle from radium 
produces about 86,000 ions in its path through air. Taking 
into account the difference in the ranges, an & particle from 
the emanation must produce about 100,000 ions before it 
comes to rest. 

Now, 800 ions are produced per c.c. per second by the 
emanations in the whole of the vessel which has a capacity 
of 1000 c.c. This corresponds to the passage of one « particle 
in every 125 seconds on the average. | 

And the radioactive constant of the radium emanation is 

0° that is, one atom in every 463,000 disintegrates 

per second. 
Therefore, since we have only one atom breaking up in 

every 125 seconds, the number of emanation atoms vresent 
must be 3700 or 3°7 per c.c. 

This is an excessively small amount, and we can hardly 
expect to get rid of it, no matter how clean the vessel in 
which the air is stored. The effect of this small quantity is 
of course practically unmeasurable at atmospheric pressure, 
with the electroscope used, and only becomes at all marked 
when the pressure is raised considerably. 

This research was suggested by Prof. Rutherford, and 
I wish to acknowledge his ever ready advice and en- 
couragement. 

Physical Laboratory, 
The University, Manchester. 

Phil, Mag. 5. 6. Vol. 17. No. 97. Jan. 1909, Q 
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XVI. Notices respecting New Books. 

Bulletin of the Bureau of Standards. Vol. IV. No. 4, May 1908. 
(Washington : Government Printing Office.) 

HE following are the titles of the articles appearing in this 
number :—Apparatus for Determination of the Form of a 

Wave of Magnetic Flux, by M. G. Lloyd and J. V. S. Fisher. 
Effect of Wave-form upon the Iron-losses in Transformers, by 
M.G. Lloyd. The Luminous Properties of Electrically Con- 
ducting Helium Gas, by P. G. Nutting. Function of a Periodic 
Variable given by the steady reading of an Instrument, with a 
Note on the use of the Capillary Electrometer with Alternating 
Voltages, by M. G. Lloyd. Selective Radiation from the Nernst 
Glower, by W. W. Coblentz. The Testing of Glass Volumetric 
Apparatus, by N. S. Osborne and B. H. Veazey. 

XVII. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

[Continued from Vol. xvi. p. 832.] 

June 3rd, 1908.—Prof. W. J. Sollas, Sc.D., LL.D., F.R.S., 
President, in the Chair. 

{pee following communication was read :— 

‘On the Fossiliferous Rocks of the Southern Half of the Tort- 

worth Inlier.’ 
and Prof. Sidney Hugh Reynolds, M.A., F.G.S. 

This paper is a continuation of that on the igneous rocks of this 
area published in 1901 (Quart. Journ. Geol. Soc. vol. lvii. p. 267). 
The following succession is that adopted by the authors :— 

Oxtp RED SANDSTONE. 
Luptow Rocks. 

Wpn.tock Rocks. 

LuANDOVERY Rocks. 

. Upper limestone-band ......... 

. Variable non-calcareous beds, 

. Lower limestone-band, 

By Frederick Richard Cowper Reed, M.A., F.G.S., 

Thickness in feet. 
(5. Fissile red and yellow sandstones 

with gritty and calcareous bands... 
about 

according to Phillips about 
. Highly-fossiliferous red clay or shale, 

with rubbly limestone and celestine- 
bands iid ae aN 

sandy thickiy-bedded limestone ... 

, Soales with grit and highly-fossili- 
ferous calcareous sandstone ......... 

. Highly-fossiliferous ashy limestone . 
. Upper trap-band 
. Sandy limestone and calcareous sand- 

about ee ee 

stone and grit, crowded with fossils 
about 

. Lower trap-band ... maximum about 
. Micaceoussandstone,withL.Symondsi 

Rete on? 

500 | 

12 (seen) 

30 

500 
185 

? 

800 to 850 
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The rocks are affected by the Hercynian flexures which produced 
the Bristol coal-basin, and the outcrop of the beds in the main 
follows the horseshoe-shaped outcrop of the Old Red Sandstone. 
This regularity is lost at Daniel’s Wood and Middlemill. Two 
important transverse faults traverse the outcrops, which are further 
obscured by the overlap of unconformable Trias. The trap-bands 
are found to be confined to the Llandovery, the number of recorded 
fossils has been largely added to, and previous statements as to 
the thinness and imperfect development of the Ludlow rocks and 
as to the probable exposure of the district to erosion in Ludlow 
and Lower Old-Red-Sandstone times are confirmed. The typical 
Ludlow fauna of Herefordshire and Shropshire has not been met 
with, and the series is clearly much attenuated. General remarks 
on the fossils are appended, and the paper contains lists of fossils 
in various collections (Bristol Museum, Sedgwick Museum, Earl 
Ducie’s collection, and the Museum of Practical Geology, Jermyn 
Street ), as well as those collected by the authors from the Llandovery 
and Wenlock formations. 

November 4th.—Prof. W. J. Sollas, Sc.D., LL.D., F.R.S., 
President, in the Chair. 

The following communications were read :— 

1. ‘The Relations of the Nubian Sandstone and the Crystal- 
line Rocks of Egypt. By Hugh John Llewellyn Beadnell, 
Assoc.Inst.M.M., F.G.S. (late of the Geological Survey of Egypt). 

The paper opens with an account of the general conclusions of 
previous observers, which are mainly in favour of the view that the 
granites are not intrusive into the Nubian Sandstone but that 
the latter was deposited round denuded masses of the granite. The 
crystalline rocks south of the Oasis of Kharga are first dealt with. 
Eight exposures of crystalline rocks were met with. The sediments 
near the contact with the crystalline rocks are generally inclined 
at a high angle, and in some cases the former appear to undergo 
considerable alteration. The bedded rocks contain no fragments 
derived from the crystalline rocks. Hills of folded Eocene and 
Cretaceous strata seem to indicate that the intrusion of the granite 
may be of later date than Lower Eocene. These crystalline rocks 
do not appear to differ from those of the First Cataract and of the 
Eastern Desert and Sinai, where great vertical displacements have 
occurred, and where it seems likely that the sandstones were carried 
up when the great igneous core was elevated into its present position. 
Here too there seems to be no evidence of fragments of the crystalline 
rocks in question in the sediments. Thus the author concludes that 
the Nubian Sandstone was unconformably deposited, partly on pre- 
existing sedimentary formations, and partly on the planed-down 
surfaces of still older crystalline and metamorphic rocks. Subse- 
quently it was invaded by outbursts from the underlying magma, 
the intrusions being probably connected with the elevation of the 
mountainous regions on the east side of the Nile. 

2. ‘On the Fossil Plants of the Waldershare and Fredville Series 
of the Kent Coalfield.” By E. A. Newell Arber, M.A., F.L.S., F.G.S, 
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November 18th.—Prof. W. J. Sollas, Sc.D., LL.D., F.R.S., 
President, in the Chair. 

The following communication was read :— 

‘On some Intrusive Rocks in the Neighbourhood of Eskdale 
(Cumberland).’ By Arthur Richard Dwerryhouse, D.Sc., F.G.S.. 

There appear to be five well-marked groups of intrusions in this 
district :— 

(a) The andesitic dykes in the neighbourhood of Allen Crags and Angle 
Tarn. 

(b) The dykes of the spherulitic and felsitic group on Yewbarrow and 
High Fell. 

(c) The dioritic (bastard granite’) bosses of Peers Gill, Lingmell Crag, — 
and Bursting Knotts, with their associated dykes. 

(d@) The Eskdale Granite, with the granite-porphyry dyke running from 
Great Bank to Wasdale Head and thence to Kirkfell Crags, 

(e) The dolerite-dykes, having a general north-west to south-east trend. 

The dykes of series (@) bear a very strong petrological resemblance 
to the Borrowdale volcanic rocks, into which they were intruded. 
Furthermore, they are weathered to much the same extent and 
have developed the same secondary minerals, among which epidote 
is conspicuous. They appear to the author to be of Borrowdale 
age, and roughly contemporaneous with the lavas and ashes into 
which they are intruded. The spherulitic and more acid series (bd) 
are considered to be also of Borrowdale age, though probably some- 
what later than the andesitic series. The rocks of the dioritie 
group (c) are considered to be the holocrystalline and hypabyssal 
equivalents of the Borrowdale Lavas, and the author is of opinion 
that they also are of Ordovician age. 

The Eskdale and Wasdale Granites (d) are much more acid, and 

show little sign of alteration except that due to weathering and 

dislocation. They are undoubtedly intrusive into the Borrowdale 
Series, but seem to be pre-Triassic. Thus the intrusion is probably 
Devonian, like the neighbouring granite of Shap, which, with the 

exception of its large phenocrysts of orthoclase, is not dissimilar to 
some of the varieties of the Eskdale Granite. The basic intrusions (e) 
have been examined only where they come into proximity to the 
eranite. They may well be connected with the great Tertiary 
basic flows of Antrim, as has been suggested by Mr. Harker. 

The granite becomes progressively more and more acid as its 
margin is approached, until in some places the percentage of silica 
amounts to 96°16. This is explained by the assumption that the 
magma as a whole was more acid than the eutectic mixture of 
quartz snd orthoclase, and that consequently the excess of silica 
separated in the marginal portions, which were the first to solidify. 
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Fig. 5. 

C,=9'55, C,='001063 microfarad. 

Pires 6; 

©, =9°55, C,=:000875 microfarad. 

Pigs 7: 

C,=11°87, C,=:001063 microfarad. 

Hie se; 

C,=11°87, C,=*000875 microfarad. 
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Fria. 9. 

J | Wad U tead Weal § coed § wad ond | 

Musical arc oscillations in secondary circuit. 

Fre. 10. 

Lower note of musical are. 

C,=11:'87, C,=:000875 microfarad. 

Fre. 11. 

Musical are oscillations. 

C,=9'55, C,=:000275 microtarad. 
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INTRODUCTION. 

if. 4 ition present paper attempts a critical examination of 
some of the difficulties which surround the appli- 

cation of the law of equipartition of energy to the energy of 
wave motion in the ether or other continuous media. These 
difficulties manifest themselves most clearly in connexion 
with the problem of determining the law of partition of 
radiant energy inside a uniform-temperature enclosure. 
Accordingly it is with this particular problem that we shall 
be mainly concerned. 

2. Let two or more bodies, originally at different tempe- 
ratures, be supposed placed inside a closed chamber whose 

* Communicated by the Author. 

Phil. Mag. S. 6. Vol. 17. No. 98. Feb. 1909. R 
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walls reflect energy perfectly. These conditions cannot be 
realized experimentally; so that it is not known what would 
happen. But it is commonly supposed that the temperatures 
of the bodies would equalize * by radiation, so that after an 
infinite time the bodies would all be at the same tempe- 
rature T; also the ether, the vehicle of energy from one body 
to another, would be possessed of a certain amount of energy, 
and in spite of the continual transference and retransference 
of energy between matter and ether, the amount of energy 
in the ether, and the law of its distribution between different 
wave-lengths, would remain constant. In this supposed state, 
let the energy per unit volume of radiation of wave-lengths 
intermediate between A and A+ dd be assumed to be 

FA, DA... .. . ee 
3. The position of the masses of matter inside the enclosure 

has been immaterial. Let them now be supposed spread over 
the walls, so that every part of the original perfectly-reflecting 
walls is covered. So far the whole system inside the re- 
flecting walls has remained impervious to energy. Let a 
minute hole now be made at any point in one of the walls, 
and let the radiant energy stream through this hole into 
external space (which may, for simplicity, be thought of as 
devoid of radiant energy). At first the issuing stream of 
radiant energy will be of constitution given by formula (1); 
but in time, as the total amount of energy inside the enclosure 
diminishes, the constitution of the escaping energy will 
change. The flow of energy could be kept constant, provided 
energy of the appropriate amount and constitution could 
be supplied to the inside of the enclosure. There would 
then be a steady flow of energy through the aperture, of 
coustitution given by formula (1). 

4. Suppose that the walls are no longer perfectly-reflecting, 
but are provided with a mechanism which keeps them at a 
uniform temperature T. The flow of energy through the 
small aperture must now be “ steady”: experiment shows it 
to be independent of the nature and reflecting power of the 

* This is the orthodox view. Equalization is commonly supposed 
to be a necessity, from the second law of thermedynamics. My own view 
is that equalization would take place, but only because the charges 
on the electric sources of radiation would be identical in the different 
masses of matter. If the electrons in one mass were more heayily 
charged than those in the other masses, I believe the temperatures 
would tend to become different, in opposition to the second law. 
(Cf. Phil. Mag. [6] xii. p. 57.) 
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walls. Let the constitution of this stream of energy be 
supposed yviven by the formula 

Pena rar eh SO By 
It is commonly argued or assumed* that the constitution 

of the energy in this experiment must be the same as in the 
preceding imaginary experiment. If so, the functions IF and 
f must be identical. 

5. Assuming the legitimacy of using the theorem of Equi- 
partition of Energy, the function F can be calculated at once 
from this theorem. It is found f that 

aryl eebTo. ww wet Shae 
where R is the universal gas-constant. 

The function fcan be determined experimentally. Planckf, 
with the help of a mathematical argument, with the details 
of which we are not here concerned, arrives at the formula 

OQ, T) = See + edt Ma) 
ekta —] 

a form which agrees well$ with experimental readings, pro- 
vided ¢ and & may be treated as adjustable constants. 

The values of ¢ and £ which Planck arrives at by comparing 
formula (4) with experiment are 

e=1:965x10-%, = k= 1346 x 10-18. 

On the other hand, Lorentz ||, using the form 87kr~*T, to 
which formula (4) reduces for long wave-lengths, obtains 

k= 10734 1Oa2¢ 

as the value of & given by experiments on light of great 
wave-length. According to Planck’s analysis, the constant & 
ought to be identical with the gas constant R, of which the 
value is known to be R=10-!¢ to within a few per cent. 

* The assumption is tacitly involved in the common employment of the 
expression “radiation appropriate to a given temperature.” (Cf. Proc. 
Koy. Soe. A. Ixxvi. p. 306, 1905.) 

Tt Rayleigh, Phil. Mag. [5] xlix. p. 5389 (1900), and Nature, Ixxii. 
pp. 64, 248 (1905). Also J. H. Jeans, Phil. Mag. [6] x. p. 91 (1905). 
t Vorlesungen viber Warmestrahlungen (1906), p. 157, and in earlier 

apers. 
; 8 Planck, Vorlesungen iiber Warmestrahlungen, p. 158, and Paschen, 
Annalen d. Physik, iv. p. 277. 
gags Akad. van Wetenschappen (Amsterdam), April 24, 1903, 

p. 678. 
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Let us, for the present, continue to denote R and k by 
separate symbols, leaving open the question of whether or 
not the quantities they represent are identical. If these 
quantities are not identical, then the formule (3) and (4) are 
entirely different. Butif they are found to be identical, then 
the formulee will be seen to coincide for light of great wave- 
length, but to diverge widely. for light of visible or very short 
wave-length. 

6. The divergence between the two formule, whether 
complete or partial, raises various questions, to which the 
analysis of the present paper attempts to provide answers. 
It is natural to inquire— 

(1) Is the uce of the Theorem of Equipartition, and con- 
sequent derivation of formula (3), legitimate ? 

(2) If so, what is the essential difference between the 
physical conditions which lead to formula (3) and _ those 
which lead to formula (4) ? 

(3) If equation (1) is answered in the affirmative, do 
formule (3) and (4) become identical for long wave-lengths ; 
and if so, why? 

It may simplify what follows to state briefly in advance 
the conclusions arrived at. 

7. It is found that question (1) can be definitely answered 
in the affirmative, but that the theorem of equipartition 
represents merely the tendency for energy to become de- 
graded into irregular disturbances of the medium, and the 
utility of the theorem of equipartition (although not, of 
course, its truth) is limited by the circumstance that it 
represents a state attained only after enormous, or infinite, 
time. 

The answer obtained to question (2) can be best explained 
by making use of an acoustical analogy. Let the ether be 
replaced by air: let waves of light in the ether be repre- 
sented by waves of sound in air. Matter may be represented 
by a series of musical or noise-producing instruments : these 
will of course be capable of absorbing as well as emitting 
sound. 

To represent the state of things considered in $ 4, we 
have to imagine the walls of a room to be covered conti- 
nuously with sound-instruments (to make the picture clearer, 
let us say telephone diaphragms), and we suppose that these are 
kept in vibration by agencies acting from outside the room. 
A person listening at an aperture in the wall of the room will 
hear the sound of the telephones (modified by the reflexion 
and absorption of the other diaphragms, perhaps): the 
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energy of these sounds corresponds to that given in 
formula (4). 

To represent the state of things imagined in § 3, suppose 
that the walls behind the diaphrae ms are impervious to sound 
and to all kinds of energy, and that the aperture in the wall 
is stopped up-with matter also impervious to energy. The 
diaphragms must be supposed to be initially set into vibration, 
and then left to themselves. The energy of the sounds they 
emit will be reflected, absorbed, re-emitted, and so on. 
Finally all sound will have become dissipated into heat. The 
energy of the original sounds—the total store of energy in 
the room—will fioure as the heat of the air and of the 
diaphragms. A person outside the room who uncovers the 
aperture and listens will hear notbing at all, unless his ears 
are sufficiently acute to hear the waves of air originating 
in the random heat-motions of the molecules. For, as we 
shall see, this random motion of the molecules can be re- 
solved, by Fourier’s theorem, into the motion of trains of 
waves, and, in perfectly irregular heat motion, there is equi- 
partition of energy between the different trains of waves, so 
that the law of partition according to wave-lengths is given 
by the formula 47 RTA~4dd. ne agrees with formula (3), 
except for a numerical factor 2 /which finds its origin in 
the different energy-capacities of transverse and longitudinal 
vibrations. 

It isfound that the third question must be answered in the 
affirmative. The reason for as answer will be found in 
the concluding sections ($$ 22-380), and the reader who is 
not interested in the abstract argument and analysis which 
follow is advised to pass at once to these sections. 

The “Normal State” and Equipartition of Energy. 

8. We begin the mathematical discussion by proving the 
law of equipartition in the form appropriate to the vibrational 
energy oi continuous media. It is important to exhibit the 
proof in such a form as to make it clear that the law rests on 
no assumptions of any kind, except the assumption that the 
motion of the medium obeys the laws of a conservative dynamical 
system. i : 

Let L be a function of variables 6), 05,...0,, 01, 02,...0 

and let these change in value so tha 6, =6,, &e., while 
dt 

J Ladt i is stationary in value. Let L consist solely of terms of 

n? 

degrees two and zero in 6,, 8., i. Be: 
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New functions 2, w%,,...u, and L’ of these variables are 
introduced, defined by 

Uy= ol Ke. 

Ob; 

L' = 1,0, + 265+ a he A Mees 3 

and it is then proved in the usual way, by purely algebraic 
transformation *, that 

whence it follows that 

é- So\ 8 a2) = ... . at 

The condition that J Lat 3 is to be stationary determines 
uniquely the changes in 0), @2,...On, 61, O5,...6,, starting 
from given initial values. Now Tet a generalized space be 
constructed, having 6), 9%,... On, U1, Ug..-Un, as its coor- 
dinates. Let this oe be filled with “ representative points ” 
each of which is to move as directed by the condition that 
§ Lde is to be stationary. If p denote the density of these 
‘representative points ” at any point in the generalized space, 

and if = denotes the rate of increase of p as we follow the 

‘“‘representative points” in their motion, we havet, as a 
matter of sae calculation, 

ree a dale sa (ai) } = , 
by equation (6). Ifthe “representative points” tended, in 
their motion, to concentrate onto any special points or regions 

in the generalized space, then 24 would be positive for those 

points or regions: similarly, if the “representative points ” 

tended to scatter, = would be negative. The result obtained 

in equation (7), that De vanishes everywhere, shows that 

there is no tendency for the “representative points” to 

* Routh, ‘Elem. Rigid Dynamics,’ chap. viii., or Jeans, ‘ Theoretical 
Mechanics,’ chap. xii. 
tJ eans, ‘Dynamical Theory of Gases,’ p. 63. 

eee Ol, a 

— 
NS ee 



= - ae 

a ve | 

and the Partition of Energy in Continuous Media. 235. 

concentrate about any special points or regions in the 
generalized space, or the reverse. 
We have so far merely studied the changes in the values 

of a system of algebraic variables, when they change as 
directed by a certain algebraic system of conditions (namely, 
6{ Ldt=0). The motion of points in the generalized space 
has merely provided a graphical representation of these 
changes. byl 

9. Now let these variables 0,, 05,...0n, 61, 99,-. + On be the 
coordinates and velocities of a dynamical system, and let L 
be its Lagrangian function. Then the motion of a “ repre- 
sentative point’ in the generalized space will represent the 
changes in the coordinates and velocities as these change in 
accordance with the principle of Least Action—i. e., as the 
system moves in accordance with the laws of nature. The 
proved fact that in this motion there is no tendency for the 
“representative points’ to concentrate about any special 
points or regions of the generalized space leads at once to the 
following :— 

THEOREM. All properties (if any) which are such as to be 
jinally acquired by the dynamical system, independently of the 
special state from which the system started, must be properties 
common to the whole of the generalized space. 

For, if the system must inevitably possess some property, 
this can only be either because its representative point tends 
inevitably to pass into the regions of the generalized space in 
which this property holds, or else because the property holds 
in all regions. The former alternative is disproved by 
equation (7): the latter alternative must accordingly be the 
true one. 

10. It is found that, in general, there are no properties 
common to all regions in the generalized space (or rather, no 
properties of any importance for the present purpose). But 
when the system possesses an infinite (or very great) number 
of similar coordinates, there are certain statistical properties 
found to be common to the whole of the space except for 
infinitesimal regions of it. A system which possesses these 
statistical properties is said to be in the ‘‘ Normal Siate.” 
A representative point may of course have its whole path 

in regions in which the “ Normal State” does not obtain, or 
it may pass through these regions for periods, large or small, 
on its path. But we have the quite general theorem:— 

THEorEM. If a system tends to acquire definite properties, 
independently of its initial configuration, or if it tends to acquire 
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these properties when it starts from any configurations except 
an injinitesimal few, then these properties must be properties of 
the “Normal State.” 

For, if not, suppose that the system tends to assume some 
property P which is not commen to the whole of the gene- 
alized space, or even to the whole except for infinitesimal 
regions, but is confined to some region 8 of the generalized 
space. The “representative points” which at the beginning 
of the motion in the generalized space occupied the whole of 
this space (or the whole of it except for infinitesimal regions), 
must, by the end of the motion, all lie within the region S— 
a result which would be in opposition to equation (7), 
ib) aay 0 

ib? Sree 
11. Of the properties of the “normal state,” that one 

which is of primary importance for the present investigation 
is the Equipartition of Energy *. 

Suppose that the energy E of the system can be expressed 
as a function of the Lagrangian coordinates and velocities in 
the form 

2H=ayp~+ aoPo + eee + an, Py +/(,, Es eve is 

where py, 2+. + Pn are any quantities (coordinates, velocities, 
or momenta) and 0, @.,... 0, are other quantities which may 
or may not enter into a, a,...¢,. The law of equipartition 
states that if n is very great, the energy represented by any 
very great number s of the n first terms is, in the normal siate, 
proportional to s. We assume it to be 4sRT. Then, if part 
of the dynamical system consists of matter of any kind, T is 
the temperature of this matter f. | 

12. If the system is supposed, for the moment, to consist 
solely of a non-dissipative vibrating medium, free from dis- 
turbance by external agencies, the whole of the energy can 
be expressed in the form 

2K =a,p+ topo +... + enpn, 

in which 7, po,.-+ Pa represent the normal coordinates and 
their rates of change. Thus each separate free vibration 
contributes two terms to the energy. tn the normal state, 
the energy of any great number s of tree vibrations must 
be sRT. 

13. From aconsideration of physical dimensions, it is clear 
that in any medium whatever, the number of free vibrations 

* The proof that this is a property of the Normal State is purely 
algebraic in its nature: see ‘The Dynamical Theory of Gases,’ p. 67, 

+ Jeans, ‘Dynamical Theory of Gases,’ §§ 77, 124. 
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of wave-lengths intermediate between > and X+dd (where » 
is large compared with the scale of structure of the medium, 
if the medium is coarse-grained) must be 

lant PHI Saert Bo: whapediggy 
per unit volume, where C is a numerical quantity which 
depends on the structure of the medium. It follows that 
when the medium is in equilibrium with matter at tempe- 
rature T, its vibrational energy of wave-lengths intermediate 
between A and A+dXr must be 

Ghia... le ae 
per unit volume. 

If the medium is ether, it is easily found (§$ 5) that the 
value of C must be 87, and formula (3) follows at once. It 
the medium is gaseous (so that all vibrations are longitudinal) 
the value of C is 47, while for an elastic solid medium 
liar. 

14. If the medium is structureless, then formula (9) nolds 
down to the very shortest wave-lengths. The energy corre- 
sponding to any finite value of T is infinite. Whatever the 
value of T, the whole energy (except for an infinitesimal 
fraction) is confined to vibrations of infinitesimal wave-length. 
In this case the value of the Law of Equipartition is not so 
much that it gives the final state of the medium (a state 
reached only after infinite time (cf. § 24, below)), as that it 
shows the tendency for the energy to run into vibrations of 
infinitesimal wave-length. Or, what is the same thing, it 
shows the tendency for regular trains of waves to become 
dissipated into irregular disturbances (subject to a certain 
imitation, cf. below). 

15. If the medium is coarse-grained, then formula (9) is 
not applicable, when dealing with waves of length com- 
parable with the scale of structure of the medium. Let 
Ao denote (loosely speaking) the smallest wave-length pos- 
sible, so that Ag is a length comparable with the scale of 
coarse-grainedness of the medium. From formula (9), the 
total energy per unit volume of the medium is 

Se Up we ORT 
| {erm Ue aa 

If J is the mechanical equivalent of heat, the “ specific 
heat” of the medium inust be 

CR 

‘per unit volume. Denoting this specific heat by o, and 
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replacing R/J by its known value 2 x 10-4, we find that r» 
must be of the order of 1°3x10-8xo-3. For instance, for 
water o=1: it follows that the mean distance apart of the 
molecules of water must be comparable with 1°3 x 10-8 em. 
For air at atmospheric pressure, c=*0002: it follows that 
the mean distance apart of the molecules of the atmosphere 
must be comparable with 2x 10-7cm. If it were possible 
to measure the energy of ther in temperature-equilibrium 
with matter, we could determine the specific heat o, and so 
obtain a knowledge of the scale of structure of the ether 
(if any). 

Examples and Discussion of the “Normal State” in 
continuous media. 

16. Before passing to further developments of the theory, 
I have thought it permissible to illustrate the foregoing ideas 
and concepts by a few mechanical illustrations. 

I. A Stretched String. 

17. Consider a dynamical system of which the kinetic and 
potential energies are respectively given by 

20 =m alta tone ly ew US 

2V =p (@yp— 21)? + (@1— 2)? +. + (tn — hn gi)*}, « (11) 

and let n be very great. 
If x, Ly, @q,.+. Lng Lat1 are coordinates of particles con- 

strained to remain always in the same straight line, the 
system may be supposed to consist of a series of n+2 
collinear particles, each attracting (or repelling) its neighbour 
according to the law of the direct distance, the two end 
particles being fixed in position. With a slight change in 
the meaning of the symbols, the system may be supposed to 
consist of heavy particles connected by elastic strings. In 
the limit when 7 is made infinite, the system will represent 
a continuous one-dimensional elastic medium, or a stretched 
string capable of performing longitudinal vibrations only. 

Regarding the system as a collection of particles, the pro- 
perties of the “normal state”? can be seen at once from an 

examination of the energy-function. The velocities 2, a9)... 2n 
will be distributed according to Maxwell’s law 

—hnu2 Ae dy, 
and, when 7 is infinite, the same can be shown to be true of 
the differences 2)— 2), 2}— 2, &c. Thusin the normal state, 
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each particle has, on the average, kinetic energy 34RT, and 
each element of stretched string has, on the average, potential 
energy 3RT. Inthe normal state, these kinetic and potential 
energies are distributed at random, and without correllation, 
about the common mean-value 4RT. 

In the present investigation, however, we are concerned 
with expressing the energy of the normal state in terms of 
the energy of trains of waves. 

It is readily found that the free vibrations, subject to 
%p=0, n41—0, are given by 

a=sin (eee ie ceiaieg oo ames an meg gS) 

and the frequency of this vibration (p) is given by 

P hn Ri Atiath Gal (13) 

If &, &,...&, are the various principal coordinates, we 
may, from equation (12), write 

S78 wad Eysin IT hs Ue hit Sabet ec ne) 

Expressed in terms of the principal coordinates, equations 
(10) and (11) become 

peeve BP 4. 48,2), 

es (2 sin? ein? esi? "™ _)- =2u(n+ IG sin? 2(n +1) sia 2 sl 2(n +1) eee ie se) 

We can now express the energy of the “ normal state ” 
terms of the ener ‘gies of free vibrations, or of trains of waves. 
Since each term in T and V has an average amount of energy 
RT, it follows that each free vibration has aver age energy Ri. 
From equation (12) it follows that the wave-length r of the 

2 ye 
gth free vibration is is (length of system). Hence the 

number of free vibrations for which > lies between A and 
X+dx is ZX~*dX per unit length of the system. The energy 
per unit length, of wave-length intermediate between A and 
A+dA, is accordingly 

215, Lae a aman ies 55) 

This is the one-dimensional analogue of formula (9). It 
represents the energy of the random ‘distribution of kinetic 
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and potential energies which we have already seen to obtain 
in the normal state, analysed into the energy of regular trains 
of waves. 7 
We return to the discussion of this system in § 23. 

II. A Tube of Air. 

18. The next system to be considered will consist of the air 
inside a tube of uniform cross-section, closed at both ends. 
For simplicity, the molecules of air will be supposed to be 
similar and infinitely small spheres: let them be N in 
number. | 

The normal state of this system is one with which the 
Kinetic Theory of Gases has made us very familiar. As 
regards position, the molecules are distributed absolutely at 
random throughout the tube : as regards motion, each velocity- 
component is distributed according to Maxwell’s law. 

Let us consider the arrangement of positions first. Let 
us imagine the tube divided into a great number n of cells, 
each being of the same cross-section as the tube, and of 
volume . 

An ‘arrangement by which the molecules are placed at 
exactly equal distances apart, in some regular geometrical 
order, is of course a possible arrangement, but is no more 
typical of the normal state than would be a motion in which 
each molecule had exactly the same velocity. So also an 
arrangement in which each of the n cells into which the tube 
is divided contained exactly the same number N/n of mole- 
cules, is possible, but is not typical of the normal state. Inthe 
normal state, the numbers of molecules in the different cells 
will be distributed around the mean value N/n, according to 
a law which can be determined. 

Consider a single arrangement in which the numbers of 
molecules in the 7 cells taken in order are a, ag,...@,. In 
the limit, when n is made infinite, a knowledge of the values 
of a, dy, ... An will be equivalent to a knowledge of the density 
of the gas at-every point of the tube. On expressing this, 
by Fourier’s theorem, asa series of circular functions, we 
can represent the deviations from uniform density as due to 
the superposition of trains of waves. 

Employing the conception of probability in the exact sense 
in which I have defined it elsewhere *, the probability that an 

* Phil. Mag. [6] v. p. 597, or ‘ Dynamical Theory of Gases,’ p. 53. 
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arrangement selected at random shall have aj, 4, .., an as the 
numbers of molecules in the successive n cells, is * 

N!in-% 

ay ! oD) Ay 

Ay Ag 
Hence the probability that .. shall lie within limits 

a(x) a(x us 

IN Rac N@ on Ne 7 (Os a\ 7 {as k ctiben wy gts 
tata t(F d(x): oy 

Let us now transform variables from a,, @)...@, to 
E,, £.,...&, where &,, &,...&, are given by the equations 

co NT "Sg, sin 27, Gei(s= hy 20 rye ie CLT) 
Q=) 

NN’ 

In the limit, when 7 is made infinite, this equation becomes 

l 

where vis the molecular-density at a distance « along the tube 
(supposed of the total length 1), and v is the average value of 

| v (cf. equation (14)). Thus &,, &,...& ultimately become 
proportional to the amplitudes of waves ot wave-lengths 

21, £(21), 4(21), &e. 
et expression (16), transformed to variables £1, &,... &n, 

be supposed to become 

Eis E>, ae wea) dé, dE, oy eile ens 

: so that this expression will measure the probability that 
| eee eee, shall lie within limits d&, d&,...d&.. From 

equation (17). we have 

o(% eo itis a3 
Oc, x) Mea 

so that 

dake 8(X me .) 
N’ N’ 

= CNA: 

ey eee we 
where A is the determinant whose (s, q) term is sin (sg7/n), 
a pure number and a constant. 

q qn , “ve 

1 yv—My=>E sin —g7, 
pais 

* ‘Dynamical Theory of Gases,’ p. 39. 
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Thus we have 

f (Et, & ay. Ex = CEN? Ore Ne ) | 7 
Gh tale dnl = 

f i OE; | Foe nee. 

sy N!n-XYorA 

ee ee re he 

Using Sterling’s ee Ge for the values of N!, a, ai 
this gives 

log f (Ey &2--. &))=O— E(u +4) log V (8) 
where C denotes the constant 

—— og (27N) +n log w+ logA. 

Write equation (17) in the form 

Gs=G)+8s, . » « |) pape 
where 

q=n ‘ GST, 

d=—,8,=o > & sin ; 
n pat n 

then, since S, may be supposed small compared with ay, we have 

(as +4) log “$ — (a+ +8,) log (1+ =) 

eh 2a,—1 

as far as terms of order (S,/ag)”». On summing, we obtain 

s=n i: iy s=n 

= (a,+4) log = SS, 
s=l 

Au? s=1l 

2a)—1 nw’ : 
—— Aes ea ven 4-& eee E,”). 

Diy 
Replacing aie by x in this, equation (18) becomes 

Ag 

log gf (&, Eo, s- sia E,) =C— «(Ey + &? + BS Sm | 

pS. 
4a ap AV , 

and so we obtain as the law of distribution 

F (Et Eq oss En) GE, Uy «,. Hine be Ee) gE Ts ee 
, eae 

where c= 
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where A is a constant. It follows at once that &,’, &,’,... 

each have the same mean value, given by 

EP =F= eas 7 ee oO gay te ° (21) 

The next step is to find the potential energy of the trains 
of waves &,, &2,...&. If p is the equilibrium pressure, and 

o the condensation at any point, the potential energy V is 
given by rs 

V=5P\\\ o dedy dz, 

where V is measured from the equilibrium configuration, and 

all heat-energy is treated as kinetic. The condensation in 

in the sth cell, say cz, is, by equation (19), 

a,g—a SS; @ as gst 
= SO Ge i ; 

so that 
V=tprofa 

_ po 
Ay 2 (Seas &? + “— Ee. )3 

LW) 

or, since p=R», I, Eo 

See (7 +82? + 2.5 &,”). 

Hence, by equation (21), each term in V has average 
energy $RT. 

19. We next consider the partition of kinetic energy. 

Suppose that of the N molecules, a number N’ have 
z-components of velocity which are intermediate between 
wand u+du. In the “normal state” there is no corrella- 
tion between velocity and positional coordinates, so that the 

N’ molecules will be distributed between the n cells accord- 

: ing to the same laws as the N molecules in the analysis just 

; completed (§ 18). 
Of these N’ molecules, let the numbers in the different 

cells be b;, b,...02, and let 7, 7,...%, be given (cf. equa- 
tions (17)), by 

ee PS? lea STE f ono t 2” sin fio. 2), © 2% 

then the 7s will be distributed according to the law 
(ef. equation (20)), 

A! oF (an tn + .-- Mn”) dn, dnz ase dnn; an hs (23) 

where «’=0?/4N’, 

a 
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_ That part of the e-momentum in the sth cell which arises 
from the motion of molecules with z-velocities between wu’ 
and u+du, is 

a hg . GST 
bs mu=mu— + Y muon sin>— 

anaes n 

The total momentum in the sth cell, obtained by summa~ 
tion, is accordingly 

u=+o q=n 

M.= & b.mu= & c sin 2, -. ae 

where 

C= > mie . . 
u=—a 

Equation (24) analyses the total «-momentum into the 
momenta of trains of waves. The total kinetic energy of 
these waves is 

sS=n 2 a 

ig OM oo eta ces ed, 
7 = Nm ~~ 4Nm (6, S, S, c, 

To find the law of distribution of the ¢’s we return to 
equation (23). The law of distribution of mu 71, mu@ mp, ... 
may from this equation be expressed in the form 

Bee : 
AY oR (mun)? + (mw ns) + er d(mu @m) d(muw,) «5 

where «"=0?/4N’w?w?m?. It follows at once that the law 
of distribution of the quantities ¢, &,... given by equation 
(25) is* : 

Avie Gr tite de dt, .., . nn 
where E 

1. E58 4ern’ "SW > 4mNRT 
a= Ss 7 = oO HIN YU i. 

K u=—wo K u=—a nr 

* If m,u,, m4,2, ,w, are distributed according to the law 

BER 2 § (myuy)2+ (my)? + (ayer)? f nee 

i, d(m,u,)d(m,v,)d(mw,), 

and mU>,... according to the law 

h 9 _~ S(moug)2+ ... 
C'e mm" 5 A( MU) «+3 

then mW, mat .-+) ++ are distributed according to the law 

{ (myui+moueat . BE) aet> oes 
j A(myu, moet ...).0., 

where M=m,tm,+.... This result is obvious from physical con- 
siderations, or may of course be obtained by algebraic transformation. 

he 
ou e M 
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Thus Z;, Z, ... are distributed according to the law of trial 
and error, and the mean values of their squares are given by 

Ba Pr a SE 2mNRT 
PE MCN orC ae (es Min. 

The energy of the trains of waves being, as has been seen 
in equation (26), | 

ray (et Get. +522), 

it now follows that the average value of each term is $RT. 
20. Thus we have seen that in the normal state the random 

motions and positions of the molecules result in certain 
departures from uniformity, both of density and of momen- 
tum. We have seen how these departures from uniformity 
can be regarded as due to regular trains of waves, and have 
effected their analysis into such trains of waves. 

In any general motion of the medium, the kinetic and 
potential energies T V are given by 

IT =a1b2+ anh, apie 

2V =B,61? + Bode? + ...; 

where $,,,... measure the amplitudes of different trains 
of waves. We have found that in the normal state the 
average value of each of the terms 

Fahy", B¢2P2", »-» 3P1P1", »+s 

is the same, namely 4RT, the value given by the theorem 
of equipartition of energy. Incidentally, we havegalso 
verified that the values of dy, $2, ... b1, -.. are ranged round 
their mean values according to the law of trial and error, as 
they ought to be. 

To put the matter in another way, we have found that the 
law of distribution 

—hm(u,?+v,27+w,2+us?+... & e ( 1 1 1 sit 2 dur dv; dw, dug a ae Ax, dy, dz; dit et iter 

is identical with, and may be transformed into, the law of 
distribution 

eee aS -, P P C : a UM a,o,7+ a,0,? + ... +B,9,°+8.6.2+ «--) dd, dds sig Dy, Hee 

The former law regards the energy as that of a system of 
Phil. Mag. 8. 6. Vol. 17. No. 98. Feb. 1909, S 
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moving molecules: the latter regards the energy as ah 
vibrating medium. Each law of distribution is that 
normal state. From the second, it follows at once ICA . 
tion (15)) that the law of partition of energy bet veel a 

ah a 

vibrations of different wave-lengths i is 

2RTA-? dav, 

and it is easily seen that in the three-dimensional aa ' 
the corresponding law i is ; 

4aRTA-* aX. 

These formule are of course true only for waves of lane 
great compared with molecular distances. They require — 
modification as we approach wave-lengths comparable with _ 
molecular distances. t 

iT. A Mechanical Model of the Ather. 

21. There appears to be no reason why the energy of the 
electromagnetic field cannot be treated similarly to that of © 
a gas, except for the simplification that, so far as we know, 
no limitations need be introduced by the coarsegrainedness 
of the structure of the medium. 

For simplicity let us consider a rectangular enclosure,and 
imagine it divided into equal cubical cells, each of edge ee 
and volume w. Let these cells be denoted by the numbers 

000, 001, 002, ... 010, 011, ... 

the cell pgr having as its Cartesian coordinates relative to 
the cell 000, 

2p gg, 5=—rl. 

With any cell pgr we associate three coordinates &,-, 
Gpgr, Cpr, and the three corresponding velocities £,,,., "pars ro 
We examine the motion of the system of which the energy 
function is given by 

K= {: ge 
melt oe + Meet poe 

ty bs 

a ga as 

This fumetion. Eis of course identical with the Hamiltonian 
function L' of § 8, so that the equations of motion of the 
system can be Da down at once (¢7. equations (5)). 
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If we introduce new quantities «, 38, y, X, Y, Z, associated 
with each cell and given by 

Spor <= Gi. 

myigizs © + (30) 
i! irs ‘% Lp, q+ Lr— Cp, ve r— 1p, 9.7r+1 Np, 4, la : J 

&c., then the energy-function becomes 

i = SED (22+ 4724+ X?+V242%), . (31) 
par 

If we make | and @ vanish in the limit, the value of E 
becomes 

4 (\\ (eter te +V +z) dx dy dz, 

which is identical with the electromagnetic energy in free 
ether. The equations of motion obtained from equation (29) 
reduce, when / is made to vanish, to the equations 

eR COV OR 
C- di Oy). Oz 

Inde woh «odY. 

O dierragnniee’ 

which are the electromagnetic equations in free ether. 
Thus the mechanical system now under discussion becomes 

identical dynamically with the electromagnetic field when 
1=0. Any dynamical property of the present system which 
is independent of / must accordingly be a property of the 
electromagnetic field. 

The energy function (29) is the three-dimensional analogue 
of the one-dimensional energy-function given by equations 
(10) and (11). Itcan accordingly be expressed as the energy 
of trains of waves, following the method of $17. From 
this it follows that in the ‘“‘ normal state”’ the law of partition 
of energy between waves of different wave-lengths must be 

LST Le ee 
so long as J is large in comparison with J. Hence this must 

mam . - 35 

be the law of partition of energy in the ‘normal state” in 
an electromagnetic field, at any rate for waves which are long 
in comparison with the scale of structure (if any) of the 
eether. 

S 2 
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The Rate of Approach to the “Normal State.” 

22. The “normal state” may be thought of asa sort of 
composite photograph of all possible states. Any features 
common to all states (or to all except an infinitesimal fraction 
of the whole), must be features of the normal state, and 
conversely. From this it follows (§ 10) that if there are any 
properties which a system tends to acquire, independently of 
the particular state from which the system starts, then these 
must be properties of the normal state. But it has not been 
proved, and cannot be proved, that a system will, in every 
case, tend to pass into the ‘‘ normal state.” 

To take a well-known instance, the “ normal state” of a 
gas inside a rectangular vessel is given by Maxwell’s law, 
but if the system is started in such a way that the molecules 
all move on parallel paths perpendicular to one pair of faces, 
the system will not pass into the normal state at all. 

23. Again, the energy of a non-dissipative medium, or 
conservative dynamical system capable of executing isochro- 
nous vibrations, can be expressed in the form 

2T = aby? + ahs? + ait itd F 

2V = Bid? +Pod?t ... 5” 

where ¢), ¢o,... are the coordinates of the separate free 
vibrations. In the “ normal state,’’ we have 

3 apy” + Bi dy" == a2” +f.¢7 = ... =i 

But in any free motion of the system, the quantities 

5 (21612 + 8:61”), 3 (aos? + Bods”), &e., ey AS (34) 

retain through all time exactly those values with which they 
started. There is no tendency towards equalization of the 
values of these quantities, and therefore no tendency for the 
system to pass into the normal state. 

For instance, in the system of § 17 (a string of particles) 
the motion consists of the propagation of trains of waves, 
without change of type or interchange of energy. As regards 
the practical problem of finding the final partition of energy, 
the existence of the ‘‘normal state” is of no account at all: 
the whole problem turns on the initial state of the system. 

As regards the system of §§ 18-20 (the tube of air), we 
know that as a matter of fact the system does tend to assume 
the “normal state,” which, as we have seen, is a state of 
random motion of the gas-molecules. The reason why this 
case differs from the last is that it is not permissible to 

.. a 
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express the energy in the form (33), while at the same time 
treating the system as non-dissipative. If the energy is 
expressed in the form (33), the quantities (34) do not remain 
constant, for the energy they represent is subject to dissipa- 
tion by viscosity. If we wish to treat the system as non- 
dissipative, we must regard it as an aggregation of molecules, 
and the energy can no longer be expressed in the form (33). 

24. We come now to the electromagnetic system discussed 
in $21. There seems to be no room for doubt that formula 
(32) accurately represents the partition of energy in the 
normal state, but the question of whether the system tends 
to pass into the normal state remains as yet unanswered. 

Light reaches us from stars of which the parallax is too 
small to measure. The most refined measurements have 
never yet led us to suppose that its velocity depends either 
on its intensity or frequency. This and all other available 
evidence points to the fact that vibrations in free zether are 
isochronous and free from dissipation, or at least that they 
may be treated as such in the present investigation*. The 
energy may accordingly be expressed in the form (33), and 
the system treated as non-dissipative. It follows at once 
that the quantities (34) retain their original values—if not 
for ever, at least for a time incomparably greater than any 
that could be realized experimentally. It follows that a 
system consisting solely of free ether could never attain the 
normal state. 

As soon, however, as matter is introduced into the enclosure, 
the problem assumes a different aspect. From the necessary 
interaction between matter and ether, it follows that the 
energy of the ether can no longer be expressed accurately in 
the form (33). The energies of the different vibrations into 
the ether no longer remain constant, for the matter supplies 
a means of interchange of energy between them. The 
question which now becomes of preponderating importance 
is that of the rate of transfer of energy. 

25. It is known? that the rate at which energy is trans- 
ferred to a vibration of frequency p is proportional to a 

* A short calculation will show how safely we may neglect dissipation. 
Light reaches us from Arcturus, distant 2x 10'+ miles, and we have no 
reason to suppose that it is greatly dimmed on its way. However, as 
we can afford to be liberal in the allowance we make for dissipation, let 
us suppose that the light, by the time it reaches us, is dimmed to one- 
billionth (10—1*) of its original brightness. This means that the light 
has to travel 70,000 miles (a much greater distance than it could possibly 
be made to travel in any terrestrial experiment) before its energy is 
diminished even by one-millionth of one per cent. 

J ‘ Dynamical Theory of Gases, chap. ix. 
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factor e-*?8, where @ is a positive quantity. If the origin 
of heat-radiation is to be found in the collisions between 
electrons and atoms of matter, then 8 will be comparable 
with the time of collision, say, 7x 10-'* sec. at ordinary 
temperatures. For yellow light p=3x10", so that 
e~*?8 —e—420, Thus, purely as a matter of calculation, and 
apart from any special hypotheses or assumptions, we find 
that the rate at which visible light would be emitted, as the 
result of heat-radiation, from matter at ordinary temperatures, 
must necessarily be very slow. Thus, although the final law 
of partition of radiant energy in a perfectly reflecting en- 
closure containing some matter would be that of the “normal 
state,”’ given by formula (32), yet it would require centuries 
to reach this final state, and the smallest departure from 
perfection in the reflecting power of the walls would result 
in this final state being impossible of attainment, even if 
infinite time were available. 

So far from it being possible to assume infinite time or 
perfect reflecting power under experimental conditions, we 
find that we must assume exactly the reverse when light of 
short wave-length is concerned. For light of sufficiently 
small wave-length, the densest matter must be as transparent 
as is the atmosphere for ordinary light. Even for light of 
the wave-length of Rontgen rays, the walls of the experi- 
mental enclosure must be regarded as practically transparent. 
Thus energy of short wave-length disappears entirely from 
the enclosure within, say, 10-® seconds after its emission, 
while the emissions of centuries would have to accumulate 
before the “normal state” could be established. 

CONCLUSION. 

26. It now appears certain that the observed partition of 
energy which Planck’s formula (4) attempts to represent 
cannot be that of the “normal state’’—at least for short 
wave-lengths. 
We are at once confronted with the question: Why is it 

that the partition of energy given by this formula is, to all 
appearance at least, that of a final state which the system 
tends to assume, independently of the state from which it: 
started? For the existence of such a final state, different. 
from the “normal state,” would at first sight seem contrary 
to the theorem of § 10. 

In answering this question it is necessary to emphasize. 
the distinction between “free” and “forced” oscillations 
The “‘ normal state” is one in which the oscillations are free; 
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the system neither gains nor loses energy, and is free from 
all external disturbance for an unlimited time. In the 
observed state there is both a loss and a gain of energy (the 
two being of course equal in amount), and the oscillations 
are “ forced.””?” Any dynamical system subject to a loss of 
energy will, after a sufficient time, reach a state from which 
all traces of the initial conditions have disappeared ; its state 
will depend solely on the forces which act upon it from 
outside. There exists a final state of this kind, to which every 
system necessarily tends when acted on by definite external 
agencies, and this final state may be something entirely dif- 
ferent from the “normal state”: it is such a final state that 
Planck’s formula represents. We may speak of this state 
as the “steady state”: it is the state reached as soon as 
the influence of the initial conditions has been dissipated 
away. 

27. The “normal state”? can depend only on the eether, 
but the “steady state” will depend in addition on the 
material agencies which force the vibrations in the ether. 
Consequently; Planck’s formula (4) contains more constants 
than the formula (3) of the “normal state.” 

There is no @ priori reason why there should not be 
different “steady state”? formule corresponding to different 
Kinds of matter: the vibrations forced in the ether might 
reasonably be expected to depend on the nature of the forcing 
agency. In point of fact it is found that the specification of 
the “steady state’ involves only the temperature, and not 
the nature or structure, of the matter by which the etherial 
vibrations are forced. This is easily seen to be a necessary 
consequence cf Kirchhoff’s law*. Once the truth of this 
law is accepted it is readily seen that there can be only one 
“steady state’? corresponding to a given temperature, so 
that this steady state must be the same for all kinds of 
matter. Thus the constants which enter into the steady-state 
formula must be quantities which are common to all kinds 
of matter. 

In Planck’s formula there are two constants, ¢ and hk. 
Of these & is either identical with the gas-constant R or is 

* If the views of the present paper are sound, the structure commonly 
ealled “The Thermodynamics of Radiation ” requires modification, and the 
usual theoretical proof of Kirchhoft’s law with it. We then have to fall 
back on experimental investigation as to the truth of the law. The law 
seems undoubtedly to be true, whether the usual theoretical proof of it 
is valid or not. 

Lorentz, on the basis of the electrical structure of matter, has verified 
the truth of Kirchhoff’s law for radiation of long wave-length (Konink. 
Aiud. van Wetenschappen, Amsterdam, 1903, p. 678). 
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some numericai multiple of it (cf §5 and § 29, infra). The 
constant c is, on inspection of the formula, found to be of 
the same physical dimensions as E?/K, where E is an eleciric 
charge and K an inductive capacity. The only quantity of 
these physical dimensions which can be constructed out of 
quantities common to all matter is e?/K,y, where e is the 
charge of the electron, and Ky is the inductive capacity of 
free ether. Thus we conclude that the ¢ of Planck’s formula 
must be some numerical multiplier of ¢?/Ky*. 

28. Although the ‘steady state” is the same for all kinds 
of matter which actually exist, yet it depends on the quantity 
e, and so would be different for substances having different 
values of e, if such could existT. 

Imagine for the moment matter for which e is very small— 
matter for which we can say that e=0. For such matter 
the partition of energy in the ether in the steady state 
is obtained by putting c=0 in Planck’s formula. It is 
therefore given by 

f(a, T)=80kTA.. . . ee 

This same formula of course gives also the partition of 
energy for actual matter for large values of A. 

Planck’s value of f(A, T) differs from this in that it falls 
off in value as we come to small values of X. Let us examine 
the physical significance of this. 

29. Planck’s formula differs from formula (35) as soon as 

e ; : 
KRTD becomes Peas ¢ €., aS soon as XA is sO small 

as to be comparable with ERT A physical interpretation 
0 

of this last expression is readily found. 
The motion of two electrons, or the motion of an electron 

and an atom (or molecule) can be regarded as the super- 
position of two motions. There is first the motion of the 
centre of gravity of the two bodies (which is unaffected by 
a collision or encounter between them), and second, there is 
the motion of the two bodies relative to their centre of 

* It can be shown, from a consideration of physical dimensions (see 
Proc. Roy. Soe. Ixxvi. p. 545), that, subject to a certain assumption, the 
*“ steady state” formula must be of the type 

CEL Gait Vy 
FO, N= o5¢ (em 

Planck’s formula determines the form of the function 9. 
+ See Phil. Mag. [6] xii. p. 57. 
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gravity. The energy of the components of this last motion 
in any given direction is equal (on the average) to RT. 
Thus at the instant of closest approach in a collision or 
encounter, an amount of kinetic energy equal to RT must 
have been transformed into potential energy. If a@ is the 

2 

distance of closest approach, the potential energy is 5) 
Kya that 

e2 

a= K,RE° ° BT pra ph Reed vel, atte (36) 

Defining a by this equation, we see that Planck’s formula 
differs from formula (35) as soon as A” becomes comparable 
with a, a being the average distance of closest approach in 
a collision. 

_ When we consider matter in which, in the limit, we take 
e=0, we have a=0, and formula (35) gives the partition of 
energy in the issuing radiation. This is as it should be; 
collisions in which the electrons approach indefinitely close 
to one another will in this matter be of frequent occurrence, 
and radiation, even of very small wave-lengths, is produced 
at a rapid rate. 

30. We now come to the final problem. Is formula (35), 
which gives the “‘ steady state ” for large values of ), identical 
with formula (3), which gives the “‘normal state” ? Or, in 
other words, are k and R identical in § 5? 

The work of Lorentz, already referred to (§$ 8, 27), 
provides incidentally an answer to this question. Lorentz 
finds, as the result of actual calculation, that what we have 
called the ‘‘ steady state”? formula, has for large values of X 
the limiting form 

CHEN ee Aa Anam MEME: 

and so establishes the identity of & and R.  Lorentz’s 
analysis, however, proceeds on certain definite assumptions, 
such as that the free electrons in a metal undergo instan- 
taneous encounters, and that between these encounters they 
describe undisturbed free paths. It is therefore still necessary 
to examine whether, in order to compensate for the inaccuracy 
of these simplifying assumptions, it may not be necessary to 
correct Lorentz’s expression by multiplication by a certain 
numerical factor*. If this is found to be necessary, then 
the identity of # and R will not have been proved. 

* This is the only kind of correction which is possible without 
violating the physical dimensions of the formula in question. 
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31. Apart from this, the identity of k and R can, I. think, 
be established by an argument of a very general nature, 
which does not depend on these special assumptions. 

The continuous spectrum emitted by a solid must be 
granted to proceed from the motions of free electrons. A 
calculation, based on our knowledge of the total kinetic 
energy of these electrons and of the rate at which they 
radiate energy, will show that their rate of radiation of 
energy is very slow, when the time-scale is taken to be the 
average interval between two collisions. It follows that the 
kinetic energies of these electrons must be distributed in 
accordance with Maxwell’s law about the mean value RT. 
This theoretical result can be obtained independently of any 
assumptions as to the nature of free-paths, collisions, or 
forces by which the electrons are acted upon. Its truth has 
recently been confirmed in a very striking manner by the 
experiments of Richardson and Brown™*. 

It follows that the motion of the electrons can be analysed 
into the motion of trains of waves by the analysis of § 19. 
Hach of the trains of waves, into which the motion of the 
electrons can be analysed, will have kinetic energy appro- 
priate to the temperature T. There will obviously be ex- 
tremely rapid transfer of energy between these waves of 
electrons and the ether in which they are imbedded. Thus 
the ether in the interior of matter or in a cavity made in the 
matter, will immediately take up its equilibrium partition of 
energy appropriate to temperature T, namely, that given by 
the formula 

ScRTA—“d.. . . , 

There is a limit to the applicability of this argument. The 
analysis of the electron-motion into regular trains of waves 
holds only for wave-lengths great compared with the dis- 
tances apart of the nearest electrons. Thus formula (38), 
will hold only for values of X which are great compared with 
a, where a is given by equation (36). This is exactly what 
is given by Planck’s formula, if the & of his formula is 
identified with R. 

Princeton, Oct. 8, 1908. 

* Phil. Mag. xvi. p. 353. 
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XIX. The Inductance of Two Parallel Wires. By J. W. 
Nicnotson, D.Sc., B.A., Isaac Newton Student in the 
University of Cambridge *. 

\ HEN direct and return currents flow in two wires of 
ereat length, and the alternation is not rapid, the 

effective self-induction L per unit length of the system may 
be calculated readily by the method of geometric mean dis- 
tances + or by simple integrationt. If the wires have radii 
(a, b) and permeabilities (4, w:), and if ¢ be the distance 
between their axes, 

am 
L=2 log, + g (Pit 2) ° e e e (1) 

But this formula ceases to be of any practical utility in many 
eases when the frequency of alternation is several thousands 
per second. Such frequencies are of constant use in practical 
work. For example, in the measurement of small inductances 
by Mr. Albert Campbell’s method §, it is necessary to employ 
long leads in order to keep them at some considerable dis- 
tance from bridge and other circuits. The self-induction of 
these leads must be small, and a calculation of its value is 
very desirable. It was therefore suggested to me that I 
should attack this problem. The general case presents ap- 
parently insuperable mathematical difficulty, but the solutions 
given below appear to include all cases of practical im- 
portance. A short statement of these results was given by 
the author in ‘ Nature,’ Jan. 30th, 1908, but the limitations 
were not emphasized. 

Let the axis of < be chosen parallel to those of the two 
wires. Any point in a section defined by a constant value 
of z may be conveniently specified by means of polar co- 
ordinates in two ways. Let these coordinates be (7, @) and 
(0, ¢), where (7, p) are the distances of the point.from the 
two axes respectively, and (9, @) its orientations measured 
from a line perpendicular to both axes. 

In the figure A and B are the projections of the axes of 
the two wires, and AB=c. A and Bwillbe referred to as the 

* Communicated by the Physical Society: read June 12, 1908. 
t Maxwell, ‘ Electricity and Magnetism.’ 
t+ Russell, Alt. Currents, 1. p. 56. 
§ Phil. Mag. Jan. 1908. 
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first and second wires respectively. If the first wire were 
not disturbed by the presence of the second, the electric and 

magnetic vectors would be derivable from a vector potential 
H parallel to the axis, independent of @, and proportional to 
a time factor ¢”*, if 27/p be the frequency of alternation. 

The electric force in the general case is axial, and will be 
denoted by R. There is no axial magnetic component. Let 
the magnetic components radial and . transversal with respect 
to an origin in the axis of the first wire be (a'8’). 

Then in a medium of permeability y, 

ee Be Co —.-—-- e . ° " (2) 

All vectors are independent of z. The current is parallel to 
the axis, and of magnitude 

1 Te RRR as 
er eS 

ie tee logs. 197 ET 
=- ES ie or mgs ae 

If the medium have specific inductive capacity K, and 
specific resistance oa, 

aie i K oR 

me o See ot 

=(54+42)R 

o Ar 

for the periodic vibration. 
Moreover, so far as inductive action is concerned, 

oH 
R= ae Ot 5 ° ° ° ° ° ° (3) 

and thus, H being entirely due to inductive agency, 

Pogo Mn rae re ces) i Pt is Oats a ta Stems + Ze }H=0. @ 

ret =. 
a's ¢ by 

: sere 

7 
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In the wire, the current may be regarded as due to ohmic 
conductivity alone, and writing 

en er Te he ER) 

‘¢ = ee 25 eae AR 

whose solution finite at the axis of the wire is 

P= S, Ab, In (er) cos ny 2D 

kp i hayt | 

eos esto} © 
and is the ordinary Bessel function of the first kind. In 

the surrounding medium, ~ may be neglected, and writing 

1/Ku=C?, where © is the velocity of propagation in the 
medium, 

eee) Yoel. 1 ort 
Orr Or OF 

where h=p/C. 

The solution proper to the space outside the wire, satisfying 
the condition of being finite at infinity, is 

H= y. By, Ke (ha icosmgw)! <2.) ELOY 

+h?H=0, SaaS) 

where 

Kn (thr) = ( ey tr cosh egelimmame |) 1) (LE) 
«0 

This function is connected with the more usual Bessel 
function of the second kind, introduced by Hankel, by the 
formula * 

K, (hr) =—46-™ SY, (hr) temdn (ar)b, .  12) 

h being real, and, if y="577 .. 

x1) =200 bas 7} CY foe GPG) -} 
HG) { = +8.)(5 ee a are + +8:)(5) + 

where ee eh ee: hy: aga) 

* Vide e.g. Somne, Math. Ann. 16, 1880. 

, (13 
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The Single Wire. 

We consider first the distribution of vectors in and about 
a single wire conveying an alternating current, whose dis- 
tribution is undisturbed by the presence of a second wire. 
All vectors are independent of orientation, and the impressed 
electric force may be supposed equal at all points of the 
wire, the resistivity (7) of the latter being constant. Let 
He‘ be the line integral of this force per unit length. Then 
the total force, inductive and non-inductive, in the wires is 

ge OH 
ee! 
=H—wp AJ, (kr), 

since H does not depend on 6. The time factor is ignored 
throughout. 

The corresponding force outside is 

MEOH = et = ten (chr), 

and by continuity, if a be the radius of the wire, 

H—wp AJ (ka) = —tp BKy (tha). 

The tangential magnetic force (@) at the surface is also 
continuous, and therefore, if w be the permeability of the 
wire, 

‘ ALJ, (ka) =th Bh! (sha), 
we deduce that 

he = K,! (tha) |(K,! (cha) Joka) — a J! (ha) Ky (she) nae 

Be ki Ne (ka) (Ko! (tha) Jo (ka) — Fo! (ka) Ko(cha)), (16) 
phy feet 

and the vector potential in the wire is 

H=A J, (kr), - » + 2 

and outside 1s 
H=BK, (thr). . . . . 2 

The current crossing any section is the line integral of 
magnetic force round the section, divided by 47r, and becomes 

1 
= 2 ‘ r=a gars 27ra(B) 

= Wihad (ha)/2p, oo. § 2. ee 



K (0. 

= [ap ere09 cosh ng -{T(e) +28 (=F. (6) cosh og} 
_— FOL en rcosh 6 cosh nd dd a Ss (—2)J, co) ea cosh g ‘ 

; 0 1 0 

But 
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and with the above value of A, 

B12 (-Iylkay ~ & Ky (sha) ¥ 
er Laecray” ahs Ka’ (ha) f° ) 

and the effective self-induction is the real part of the ex- 
pression on theright. The effect due to variability of current 
in the section, deduced from the first term, is in accord with 
the result obtained by Lord Kelvin* and otherwise by Lord 
Rayleight. Maxwell and Heaviside have also given other 
forms of this solution. 

Transformation of Bessel Functions to a new origin. 

We have by the integral formula for the function finite at 
infinity, 

K, {u(ctr)}= | e-etreosh$ cosh np dd. 
0 

ale ) 

gn 
=Iyl)+ 2 I, {4h - @h 

by an ordinary definition of Bessel functions of the first 
kind whose order is an integer. 

Writing z= —ve?, 

e-eehp— Jc) +25 (—"I"(c)coshnd. (22) 
1 

if the series be convergent. 
Thus 

c+r) 

cosh n+ sh 

= Iy(e)Ka(or) + 2 (—1)° J,(c) {Knss(or) +Kn_,(ur)}, . 

where K,_, (ur) is identical with K,_, (sr). 

* Presidential Address to Inst. of Elect. Engineers, 1889. Math. and 
Phys. Papers, vol. iii. p. 492. 
: dj Yt Phil, Mag. 1886, where a complete practical solution may be 
ound. 

+cosh n—s 
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This may also be written 

Ky(o.0F 1) =To(r) Kaleo) +3 (=F (7) {Knee + es 
Now the series 

K,,(she)Jo(hr) +> (—1){Kn4s (she) +Ky_s(she}J.{hr) cos sO 

is a solution of the equation (9) which, when @=0, takes 
the form of the right-hand side of (24). Such a solution is 
also cos nd . K,,(thp), where p and ¢ are connected with r and @ 
as in the figure. 

Thus P=r+e+2crcos0. . » 

r sin @ 
e+rcos@” ~ 

and when é= 0, cos nok, (vip) SS K,,{th (c -- r)}, 

Thus. the two solutions only differ by a function vanishing 
with @, and therefore capable of expression in a series of 
sines. This function is at once seen to be zero, by an appli- 
cation of Fourier’s theorem. The function cos n@K, (chp) and 
the series last written do not change sign with 6. Thus if 
(p, @) are connected with (7, @) as before, 

cos np. K,(thp) 

=K, (the) Jo(hr) +2(—0)'{Kngs(she) + Kns(the)}Is(hr)ooss@ (27) 

and similarly > 

cos n0.K, (thr) =K, (the) Jo (hp) 

++ =  {Kn+,5 (the) + K,_s (the)} Js(hp) cos sd. (28) 

tan d= (26) 

Lfect of the Return Wire. 

It has been shown that if an impressed force E (Ggnoring 
a time-factor ¢?*) acts per unit length in a single wire of 
radius a, the vector potential produced outside is 

H=BkKy (hr), 

where h=p/C, C being the velocity of propagation of electro- 
magnetic disturbances in the medium, and 

kK k 

aes ! (} ! (]. we. Wg = BF Ie (a) | (Bu! Cha) (he) — Fe’ (le) Ka (ea), 
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where the origin is in the axis of the wire, and 

k? = — 4 pup /c. 

It will be convenient to write 

SK (cha) J, (ka) — ma (Hay K, (cha) 2 (299 

where « depends entirely on the first wire. 
The corresponding function of the second wire will be 

ealled 8, and its radius b. 

Thus kK ‘ss 
B a Ya (ka). . . e . ° (30) 

_ Writing n=0 in (28), it appears that 

Ky (thr) = Ko (che) Jo (hp) +2 & K, (the J, (hp) cos sp, (31) 
s=1 

and if hd is small, as in all applications proposed in this 
paper, this series is rapidly convergent in the neighbourhood 
of the second wire. 

We may write 

Hg— Ky (hs), O,=2i° K, (thc) sf0, «. (32) 

and the vector potential H, which may be regarded as 
incident on the second wire, becomes 

H=B@6,Jo(hp)+ © B.O;.5, (hp) coss®. . (33) 
1 

We neglect, in the present section, the terms dependent on 
orientation. This will afterwards appear to be equivalent to 
a neglect of terms of the order (a/c)”, so that the wires are 
not close together. Thus 

Hone tap prest.. . Ba 
is incident on the second wire. A secondary disturbance 
will be thrown off, of the form 

H=CK, (chp), a Mit a cat ce 

zero at infinity, and inside the wire, a disturbance 

Be CRA hisses) fs) ecw hS8) 

finite at the origin, will be introduced, where 

Pet eanenla ss ey 

v being the permeability of the second wire. 
Phil. Mag. 8. 6. Vol. 17. No. 98. Feb. 1909. T 
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Since the electric force R is continuous at the surface, H 
is also continuous (for this disturbance due to induction), 
and therefore 

DJ, (k'b) =OK, (shb) + BOT (hd), 
and because the magnetic force is also continuous, 

=H) Jo! (k'b) =thCK' (chb) + BhOy Jy (10). 

Adopting the notation 

page ae eT. (ha) J } 
| ph 

k’ > ey 
by =J 0 (Kb) Jo! (Ab) — A 00 (hb) Jo’ (kb) j 

it appears that 
C=1B6@,6,/8 

D=.86,/hb8 )’. ° 2) ae (89) 

where the numerator of D has been simplified by the 
reduction 

LK! (hb) Jy (hb) —K, (chb) J! (hd) 

=2 (Jo (hb) Yo (Ab) —Jo (hb) Yo! (h8)) 

_a se 
ae 

by the usual property of the Hankel solution Y,. 
The second wire, therefore, throws out a disturbance of 

vector potential 
_ tBA08. 

B 

Potential independent of Orientation. 

H Kp (ship). . . «) =, 

In the calculation just made, the terms of a transformed 
series of Bessel functions involving orientation were neglected. 
We now trace the series of compensating disturbances which 
may be regarded as thrown off by the wires, and form their 
sum under the same condition. ‘This leads to a very accurate 
result if the wires are not very close together. 

A vector potential H=BKo (chr) leaving the first wire 
has, for its main term near the second, a magnitude 
Bé Jo (hp), and causes (1) an inside potential 

Bé, H=— FpaJo(p),- - - - + (Al) 
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and (2) a reflexion of vector potential from that wire, of 

H= 2K, (lp). . he a) 

This is again incident on the first wire, having for a 
leading term there, 

Ha E20 Jo (hr), Wen Cavcgans 

and causing an inside potential 
2 

He OF i A EN elie 
and a reflexion 

H a ees 1 i : Ky (thr) 

53 (45) 

= — 56, » 4B Ko (thr). 

This process may be continued. The successive waves of ° 
reflexion form a geometric series of common ratio 

9078 182/a8. 

The subsequent reduction indicates that in general, with a 
frequency of the magnitude dealt with in this paper, this 
series is convergent. ‘The effect inside the second wire, of a 
potential 

Fit, (chr), 

originally supposed to leave the first, is a potential 

Bis, rp) Vue 8 5,28, Fee Tig de (Kp) 4 1-622 +5! anf 

19 B a re Ce et Rr a a ic (Aly 

+00 8 

Moreover, the effect on the potential in the first wire, due 
to the waves caused by the potential originally leaving that ° 
wire, is 

_ B49, oe haaB 24 1- Oe oS = ale sii Jo (hr) 

tk Bé,” Oo Jo (hr) ; carer nk? ca ee 

a8 
1+ 6,2 
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A similar potential H=B’Ky (chp) leaving the second wire 
produces secondary potentials 

65 5 

a 6105 
1+ 06,” 

ap 

B'0,?6, Jo (k' ) 

Wa «BiB 1+ 6)? 25 

Jo (kr) . . 

He (49) 

in the first and second respectively, and as 

__k Edy! (ka) 
php o by (16), 

pre oh DE 2a 
ply «iB 

so that the secondaries may be exactly analogous to the first 
rou 
The value of H in the first wire is therefore, to this order, 

% Bae ed a H= fa-2" a ee ee (51) 
0 a3 a [3 : 

so 

(50) 

with a corresponding total current 

k H m= 5 Jo (ha). 5 Cy" - 2 ee 

As previously indicated, ha and hb are to be supposed very 
small, so that ha Jy (ha) is of order (ha)’. 

Neglecting this order of magnitude, a justification for the 
process appearing later, 

Se 8,=— = Jy! (ka) | 
Mit 

s 

k! oF 
= <= $F Jo’ (x!) 

and therefore 
—E ,_ —E 

B= eae Bb Pe o>} a! ‘Sy aes (54) 

and in the first wire, on reduction, 

=~ 2 

Hes steal + 0s) (1 4 7%) . (55) 
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and in the second, 

a ao (14 He) | (1 +) (56) 

Ou 

phbB B 
The total currents are 

ot Eé, 16,8. 4% nae 

_ He, 10,01 6, 5,33 

by (52). 
If L is the self-induction of the system per unit 

length, cLp is the imaginary part of a Zo - } OF OF 
1 2 

1 t 2 (1 rn oe ee 
P a) “(1+ a) ) (+ aa ia ae (59) 

In particular, if the wires be equal and of the same 
material, as will usually occur in practice, .L is the imaginary 
part of 

ao uO 091 Ac 16,8; et a) eee )s A es : F (60) 

Case of a Small Frequency. 

When p is small, ha=pa/C is exceedingly small for a wire 
not of excessive thickness, and may be safely ignored as in 
the above calculation, even in its first power, and thus 

Ko (tha) = —3} Yq (ha) + vrrdo (ha) } 

= (y+ F + log Li ) 

= —lom ha practieallys «oie... @GR) 

PEGA 3 e e e e e (62) 

tha 
so that on reduction, 

of / poo (ka) ‘ 
a= hp (ke) { log ha— i, ° (63) 

Lo, : J : 
paar it / {log (ha) — ts} rer 

A= Ko (the) = — log he. 

and 
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If he is not too great 

iy 24 18,0, _ log hPa — p3o| kad of : 
o c te ha—pdo/kad,' ’ 

and has the value 2 for a small value of h. 

6,76,6 = eg =~ {log Gtate} [log h, - (G5) 

to the same order, where 

€,= po (ka) /kad' (ka), . « » © CBeD 

and €, is the same function of (k’, ), 

= 6; bet Os 

a iiceh  ~’ 

and e, reduces practically, under the present circumstances, 
to 

Si! ie {1-7 ra, 

and quoting the value of &, the real Mee: is 3m, and the self- 
induction becomes 

L=2 log — rt +5l+y), |. «nn 

1+ 

in accord with the results deduced from a distribution 

assumed uniform. 

Gi > . 

Case of two equal wires. 

When the wires are equal, cL is the imaginary part of 

Aa om 
5 (1 = ely =) 

When /?c? and h?a? are both neglected, this leads to 

‘e ber x ber’ «+ bei x bei’ Z 

ae 087 ae (ber’ x)?+ (bei’z)? 7 © (68) 

where, if = is the Nae of alternation per second, 

T Ln 
v=2a a ° . Be oe (69) 

The functions bera, beiz, are those introduced by Lord 
Kelvin*, and subsequently tabulated. 

* Loc. cit. ante, 
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To this order of approximation, the result might have been 
written down at once. [or ¢/a has already been assumed so 
great that the distribution may be regarded as made up of 
cylindrical current sheets. The number of linkages of the 
lines of force outside the cylinders* is 4 log c/a, and the 
linkages due to the lines of force wholly in the metal give 
rise to the second part of (68) f. 

To the same order the approximation for two wires becomes 

ole! 1 2 ber x ber’ 2+ bei x bei’ x 
ene 18 ab + @ (ber’ x)? + (bei' #)* 

2v ber y ber 'y + bei y bei!y) 

y — (ber' y)? + (bei! y)? 

2 haa 2 fs ga2an (TH yap, /M™, . . CU) 
and may also be written down at once. 

When the vibration becomes more rapid, even though h?a? 
may be neglected in comparison with unity, the latter cannot 
itself be neglected in comparison with log (ha). Thus (61) 
requires modification, and it appears that 

—w6 / =a 1 | {tog 2) 49-4 FL —pdolhady b, 
fd 

» + (70) 

where 

and ¢L is the imaginary part of 

An oy 

5 (1 —w6, ps 

or of 

ha iT = pg he ot 

leading to the same value as before. 
But when the wires are different, the new approximation 

thus caiculated differs from the old, and is very cumbrous. 
It is therefore to be desired that, in practical work involving 
a knowledge of the inductance of parallel leads, the leads 
should be of the same size and material. The formula for 
inductance is then of the same accuracy over a wider range 
of frequency. 

Cases may arise in practice in which ¢ is so great in com- 
parison with a that the neglect of 47a? may not involve that 

* Russell, Alternating Currents, i. p. 56 et seg. 
+ Vide Gray and Matthews, Treatise on Bessel Functions. 
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of h?c?. Tables of the Bessel functions of the second kind 
must then be employed. IL is the real part of 

ear | {log a +y+ > _ E+ —4K,(che), 

and becomes 

ha Au ber x ber’x + bei z bei’ z 
=? — a Se (1 L=2Y (he) —4 { log 5) Tp v} * = (ber'x)? + (bei' x)? (72) 

where w has its previous value, and Y, represents the function 
introduced by Hankel. ‘ables of this function are given in 
Gray and Matthews’ Treatise. 

Tee 
If 5— is the frequency, 

Ae | = 

h=-.10-%. . - .. 
3 

A general idea of the range of frequency with which these 
formule may be used, can be obtained at once. The neglected 
terms are of order A?a? in comparison with those retained. 
The radius of a wire is rarely greater than two millimetres, 
and thus with a frequency of a hundred million per second, 
17a? becomes 1°6 . 10—°, which may be neglected at once in 
comparison with unity. Most frequencies dealt’ with in 
practice are therefore within the scope of these formule, 
when the wires are not of large cross-section. But another 
source of error is present, owing to the neglect of terms 
depending on orientation. Upon examination, the error is 
found to be of relative order a?/c?. Even if ¢ = 5a, the 
formule are sufficiently accurate tor most applications. The 
error is about ten per cent. if ¢ = 3a, which is the limiting 
closeness for the majority of practical purposes. More 
accurate results suited to this case are obtained in the next 
section. 

Higher Approximation. 

The terms depending on orientation in the vector potential 
do not contribute to the total current across any section of a 
wire, which is proportional to a line integral round the 
boundary. In considering the supposed waves of potential, 
it is therefore only necessary to calculate the successive 
coefficients of the Bessel functions of zero order. 
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A potential 
Pippen) fs). TO GTA) 

leaving the first wire, reaches the second as 

H = BOJo(hp) + BS, OJs(hp) cos sp 
where 

O, = 20°K, (the). 

If the reflected and internal potentials be respectively 

H = eK,(shp) +3, ¢sKs (hp) cos " i, ee 

H=d,J,(k'p) + >, dsJ (Hp) cos sh 

the surface conditions readily give 

&, = 0B0.0.5/ Bs, ds = 60; (hOB): 3 eee) 

where 

By = J(a)SH(ha) — Sola) Seka), aa Ce) 

ee K,! (tha) Sa(a) — 7-3. (a) K(oha), . (78) 

and (6,°, 8;) are corresponding functions for the second wire. 
The potential 

H = eK,(chp) +2, esKs(chp) cos sh 

leaves the second wire. But,if the argument of the functions 
K be che in all cases, 

K, (chp) cos 6 = KyJ,(hr) + B._,(—0)*{ Kea + Ks_1} J( hr) coss6, 

K,(ihp) cos26= KJ (hr) +3._,(—4)"{ Ks42 + Kyo} d(hr) cos 58, 

and so on, 
Thus the potential becomes 

H = AgJo(hr) +3, AcJs(hr)coss6, . . (79) 
where 

Ao = Cy Ko + CK, + C.K,+ scape 

Ay — —Cy Fs 2K,—10,(K, + Ky) —wC.(K3+ K,) shiei-< 

Ap 0, am, OH) 010K, K,). 4 Ao) 
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The first term alone contributes to the current crossi ing any y 
section of the first wire. It causes an internal potential = 

nS eet er) . oe (81). " 
thaa Sie 

.* | Ay | . 

in accordance with previous calculation, and a reflected wave 

_ Addi A.B 
a as 

oo ae 3) 
H = Ko (thr) +0d,_, K,(thr) coss@. (82) 

We now introduce the fact that the squares of ha, hb, he may 
be ignored. Thus i 

Ky = — log (he), 

K,=— a {Y,.(he) +urJd n( he) } 

1 a te | =5-% 11(3,) n#0, 

J(ha) = (Sy : : n!? 

K,/ (tha) =— 27—1n !/(tha)"*?. 

If 
SJs(ka)\ //, , ps ds(ka) 

w= (1- Hay 4 a Ga) 
and mw; be the corresponding quantity for the second wire, it 
appears on reduction that 

BO. s(hb)s0 

22-1 sls—1! 
C= 

= “s! Q8-les © . . ° et . (84) 

‘The coefficients of type c; therefore rapidly become small, 
especially if ¢/b is large. If he is large and hb small the 
convergence is still more rapid, but the first form of ¢, is to 
be used. @, itself decreases rapidly as he increases. 

Accordingly, when ¢ is so large that the approximate 
values above cannot be used for the functions K,(chc), the 
result will be correct to the extent of an error of order h?a?, 
and this case needs no further consideration. 
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When he is small, on reduction 
co 2s 

eg elem FG) 3 

Ay=— 52+ em (2), fs ++ (85) 
bis, a\ 
= We, ae Me = ag > (s+ 1)aa(- -) 

and so on, very convergent series being obtained if 2 is small. 

The reflected wave of (82) becomes, near the second wire, 

H = B,Jo(hp) +3, BJ.(hp)cossp, . - (86) 
where 

ae eo 2.K,. eet EK 

The ratios a/c, b/c, wil be retained to the second power 
only. To this order, 

10, Ko i 2 2 
By = { CiKo— Bu } +Cp- =) ig. WE ) 

B, will only subsequently be required to the first order, 
and becomes 

By =~2K,.CoKy. - Sur Bee 

We note that the change in By due to taking account of 
€, Cg.... 1s of order a?/c? as stated in the previous section. 

So far as the current is concerned, the internal potential 
produced in the second wire 

H=— tg oC) Reet ca Nak GS) 
and a potential 

H = CgJo(hr) +2, CJs(hr)coss8 . . . (90) 

is incident again on the first ae phe 

= ; Bak, -~ i, B, & B: Pic 

7 * ie 2 =F Bake a B, to order _ 
b? k az b? 

= Pip2 (Cok, = Buy =) == X1p2Uo ea — £p;Co a (91) 
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where 

a 

and 

C= = — 20K 1p3p2Co. e ° e e e (93) 

If the pe wave meets the second wire in the form 

H = DoJo(hp) + SF DJ s(hp) cossp,-  . yee 

then in a similar manner, 
2 

Do =—piGo— Ay 3 Pip2(— Co) 

4 ate b2 : Oe A b? 
= P1 P2 (Cok. —Bys 2) i 201p1p2Co a ey HCo> 

D, = 20K 1p;"p2Co. ° - = = “ 4 5 4 ° - (95) 

The leading coefficient in the potential next meeting the 
first wire is 

b? b? 

Ky = pips (CoKo —Buy a ) + 21p1p27Co — 2 py popCo oe? (96) 

and so on, the mode of formation being now obvious. 
The potentials containing the coefficients Ay, Co, Eo, Go. - 

contribute to the current in the first wir e, and those with ee 
Bo, Do, ... to that in the second. 
Now > 

jaltahlanadde tc Nes Bur) (1+ pipo+pi’p2?+ ---) 

cL (po eluiliiciales =z) Co (1+ 2pip2+ 3pi'p2’ + -- +) 

b2 

a (p2BKy—By 2) /a — Pip2) 

| | a a : +} + poB Apo TRAP! /(Q—prps) ? - (97) 

since 

C = ‘BO. = p2B, 

and 
rab on b? ; 2 

dy +By+D 5+ Fyot+ cee (BKo-pBa 3 +A = BK») /1—pyps 

ae pb? 

+ Bpips (dips —mpr2)/ (1—pip2)? + (98) 

on summation. 

» 

C—O 
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Similarly, due to B’/K,(thp) originally leaving the second 
wire, we have in the first an addition to Ao +C; ig Big OE 
magnitude 

2 b? 

(BK, — BMS + ft 2 BK,)/( —P1p2) 

! b* a” 2 
+ Blo:p2( juris —ipe ae —pip2)". ~ (99) 

But 

ome, clip, Be Ké, ee 

oe pth BB 
Adding the potential H = AJ,(kr) obtained in a previous 

section, and reducing, the total potential in the first wire, 
which contributes to the current, becomes 

—EH, 
= ~ phaz * J(kr), sar Sma or A De (100) 

(es by (54). 

where 

=1+ (p:Ko— 2) a [=e p2) ce) K, lls 

p a b 
+ x (ups alee / (1—pip2)? 

EK, oak) yey, KA FP il 1) + py 03) (1 —p;pz) 

pa b° a | 
+ (mips; “2 —Ajpe2 = )/ =p.’ AOR (101) 

and the current is . 
EK, 
2pa 

A similar expression may be written down at once for the 
current in the second wire, and a formula for the self- 
induction obtained. When the wires are similar in all 
respects, 

2 a ‘ H=1+(piK)—45) 2 | —p:’) 

a,= (102) 

Pi a a? 
+R (Ko o— Pins + Ko) / (1—Pp,") 

fig bae ey igs Me a eae fi pi 
th Spe oe xe 2 AL pe 
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If L be the self-induction of the system, cLp is t 
imaginary part of 

ei Pi a® Pi 
Ge eS . 1—p, si c? ; 1—p; 

or of 

Ana | Aya? ee py 
4 . (i Pi) - oa A Ma . Lie, 

to the same order. 
The first term of this expression leads to the results ~_d _ 

given. ‘The second term, writing 

a ies ee lS K, | (log ha kad 9! > 

1+ p; = 2 practically, 

becomes oe 
a ped . - 

a® log a kad 7 pei 
4up e Ay eon, a. . ; 

laa (ha)— 2 
8 kad AG 

If R be the real part of ey 
a po Poon iy 

Sena hy kad Di: 2 iy ta ‘- (104) : 

logha ras | 

where ° oe 

_ wt ( w dy nee 
m=(1 ka ea) as ka 2 a oe (105) i ui 

and the argument of the Bessel functions is in all cases 

ka = wv? = 2a Ll . 7 as before. . (106) 

Then the self-induction is 

4u bere ber’ «+ beiz bei! x 

(ber’ a)? + (bei! a)? +R. (107) 
L=4 log— a ies 

This formula may be used even when ¢ = 3a, to obtain a 
result not in error by more than one per cent. For the 
application of this result, the functions analogous to ber a, 
and beiz derived from the Bessel function of order 1 , require 
tabulation. 
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When the resistivity of the wires is not very great, and 
the frequency is large, the Bessel functions in these results 
may usually te replaced by their ordinary asymptotic ex- 
pansions for large argument, and tables cease to be necessary. 
The solutions then approximate to that for an infinite 
frequency, which is well known*. The formula (72), appli- 
cable when the wires are very far apart in comparison with 
their radii, is chiefly useful in determining a differential 
effect, for the ends of the wires will have a oreat influence in 
most cases to which the formula might be applied if the 
wires were really infinite. 

Trinity College, Cambridge. 

XX. The Treatment of Electrodynanuces. 
By R. A. LEBFELD?, D.Se.f 

[ has long been customary in English books to treat 
magnetism before current electricity, and ‘ explain ” 

the laiter by analogy with the action of magnetic shells. 
This mode of presentation has always seemed to the writer 
unsatisfactory, putting the more obscure phenomenon as an 
explanation of the simpler ; and now that the electron theory 
has shown itself capable of application to all branches of 
electricity, it is most inappropriate, since magnetism is 
looked upon as an effect of molecular electric currents. An 
attempt has therefore been made to put the treatment of 
electrodynamics, including magnetism, on a more logical 
basis. 

The experimental starting-point is the brilliant investi- 
gation of Ampére on the forces between conductors carrying 
currents. ‘The electrostatic forces, although out of all pro- 
portion greater in amount, produce no effect, on account of 
the eqnal quantities of positive and negative electricity in 
each wire. Again, a charge in motion produces no effect, 
so far as is known, on a charge at rest. There remain, 
therefore, only the purely electrody namie forces—the action 
of one moving charge on another moving charge. These 
forces can be explaine | by means of the concept ‘of a mag- 
netic field, but itis better to begin with the forces themselve. es, 
although their spatial relations are somewhat complicated. 
Let us suppose, then, a charge e, located at the origin and 

moving with the vector velocity V, whose components are 
(u;, v;, 0), 2. e. the axis of z is chosen perpendicularly to the 

* Russell, 1. c. ante. 
t Communicated by the Author. From the Transactions of the South 

African Association for the Advancement of Science, Grahamstown, 1908, 
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motion. Another charge e, is located at the point (r, 0, 0), 
and has the velocity V, with components (wz, v2, we). Then 
the first charge exerts on the second a force F’, which has 
components in the 2 and y directions, but not in z, and its 
components are 

PN, C1 VyCoVe ae €1V 109qUg 

See gs +a 
RY bs cr 

where the charges are expressed in electrostatic units and ¢ is 
the velocity of light. The reaction exerted by eg on eis not 
equal and opposite to this, because the momentum of the field 
must be taken intoaccount if we wish to apply Newton’s laws 
of motion. Thatis of no consequence for the present purpose, 
however, as the laws just stated enable one to calculate the 
forces and hence the motions, whether of the conductors as a 
whole or of the electrical charges within them. 
Now it is of assistance to regard this action as taking place 

in two stages, and say that the movement of the first charge 
produces a magnetic field, and that this field acts on the 
second charge, causing a mechanical force. 

Calling the magnetic field H, we may define it as a vector 
of the value 

H,=— 2% 
5 cr” 

in the direction of z and without components in the other 
directions, and can then say that the field H acts on the 
charge e, moving with velocity (wv: v2 w,) with the force 
components 

F.=+ = and F,=— ao 

2. é€. with a resultant force perpendicular to the He/ us? + ve 

¢ 
plane containing the field and the velocity, and proportional 
to their vector product. . | 

The signs occurring in the above equations may be deter- 
mined by the well-known “ right-hand screw” and “ three- 
finger ” rules. 
It is, of course, open to dispute whether the above state- 

ments form a complete account of the action of one moving 
electron on another, since that action is not directly accessible 
to experiments; it might be proposed to employ the “ ration- 
alized current element,” consisting of the system of lines of 
force produced by a moving electric charge, in addition to 
the charge itself. But again this is unnecessary here, as we 
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are only concerned to find the simplest means of calculating 
observed effects of electric currents and magnets. We will 
therefore take the above rules and ey them to certain 
cases. 
A conduction current consists in a Bon inte succession 

of moving charges. Let there be a short element of 
wire, of length di, in which there are on the average 
n’ electrons per unit length, each of charge e, and travelling 
with the average velocity V. Then neV is the total 
charge conveyed per second across a section of the wire, 
2. e. the current, in electrostatic measure. In electrodynamic 

; ONT IN 
units the current is —— =12. 

C 
In the short length considered, however, there will be 

ndl electrons, so that the total ‘electrodynamic effect of 

= =idl. We may 

accordingly write the former eee in a form suitable 
for conduction currents as :— 

that length will be proportional to 

|i + Hi. dl, sin Go Py = ya Hi, aie COs Gx 

where @, is the angle whose tangent 1s v2+12. 
The resultant force is therefore F = Hz, dlp. 
The equations may, of course, be transformed, without 

difficulty, into the usual polar coordinates, or into the language 
of vector algebra. 

It is now convenient to deal with the magnetic action of 
a rectangular elementary circuit. Two principal cases arise 
according as the field is required at a point lying in the axis 
of the small circuit or in its plane. In the first case, let dy dz 
be the area of the circuit, and the point considered be at a 
distance r along the axis of « Then one of the sides, of 
‘ie Ae ‘a situated 4dz from the axis of y, will produce a 

field “ 2 ! of which the component in the axial direction 

tidy az BN 
is “= X ope The transverse components of the opposite sides 

Bs hl leaving an axial resultant amounting to four 
times the above, or 

9 

eaters 27 i 

Piitwitag, Serb. Volt, No. 98. feb. 1909. U 
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In the same way it may be shown that for a point in the 
1dA 
”? 

plane of the elementary circuit the field dH= 

The product 7dA may then be defined as the magnetic 
moment of the elementary circuit. 

It is easy to show that, for a point in any direction, the 
area—or magnetic moment—of the elementary circuit may 
be resolved into axial and equatorial components, and the 
effect of the two parts calculated according to the preceding 
rules. We have, thus, a complete picture of the magnetic 
field round an element of a circuit. 

The next step is to show that the field can be derived from 
a potential. The necessary integration is given in all treatises 
on electricity, and shows that the magnetic potential in the 
axial direction has the value 

fi aaa - 

while in the equatorial direction it vanishes; and at any 
point making an angle y with the axis of the elementary 

circuit the magnetic potential is d= 6 008 x. Now the 

solid angle subtended by the circuit at the point is 
dA 
—-cosy=dw. HencedQ=idw. If, however, this relation 
4h 

is integrated, bearing in mind the way in which a circuit 
may be supposed built up of small plane elements, the sides 
of which cancel in their magnetic effects (as demonstrated by 
Ampére) we conclude that 

Oa: 

that is, the magnetic potential produced by a current is 
equal to the strength of the current multiplied by the solid 
angle subtended by the circuit in which it flows. 

It then follows, by considering the changes of magnetic 
potential along any closed path, that 

Ogaic =47 > 

the first circuital relation of electrodynamics. 
At this point it is convenient—still considering non- 

magnetic media—to calculate the field in the interior of a 
solenoid, either infinitely long or finite, and, if desired, to 
calculate the forces and couples exerted on circuits—plain or 
solenoidal—when placed in a magnetic field. 

It may then be pointed out that, on the view that magnets 
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are acollection of molecular circuits, the same formule are 
applicable to them, and the usual deductious as to magnetic 
moments, the Gauss positions, &c., can be made. 

This, however, leads to the question of the field in the 
interior of a magnet. ‘The total field there varies from point 
to point, very rapidly and irregularly; but the average is 
constant, and is called the magnetic induction ; while the 
term “ field ” is usually restricted to that part of the total 
effect which is not due to currents in the immediate neigh- 
bourhood of the point considered. The usual procedure is 
to elucidate(?) this distinction by considerations about a 
tube or crevasse in the interior of the iron; an argument in 
the highest degree artificial, and very commonly unintelligible 
to students. It is also quite unnecessary, as may be seen 
from the following :— 

To determine the magnetic induction in the interior of a 
magnet. Let the magnet be of 1 square cm. cross-section, and 
infinitely long. Letthere be m circuits per cubic centimetre, 
each of a small area A with current 2 circulating in it; and 
let y~ be the angle between the axis of one of these circuits 
and the axis of the magnet. Then the moment of this circuit, 
resolved in the length of the magnet, is 1 A cos y (which may 
be positive or negative), and the intensity of magnetization of 
the bar (or magnetic moment per c. c.) is miA cosy =I. 

Now consider a straight line drawn at random down the 
length of the magnet. This will cut through some of the 
molecular circuits, and the number of those cut will bear to 

the total the ratio of the projected area of a circuit A cosy to 
the area of the bar, or unity. The number cut is therefore 
mA cos x. Hence, by the first circuital relation the average 
change of magnetic potential per unit length is 

AvimAcos y=471. 

This is in addition to any rate of change of magnetic 
potential due to outside causes, say H. Hence we have, for 
the magnetic induction (per square cm.) as defined above— 

B=H+4I. 

The same argument, applied to a bar of finite length, gives, 
in the simplest possible manner, the relation between field 
and induction, in that case, z. e. the “‘ demagnetizing effect of 
the ends.” 

To deal with the induction of currents, we will take, first, 
an element of a circuit moved at right angles to itself, in a 
magnetic field. Let the wire—of length di—lie in the 

U 2 
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direction of «, and the field, of intensity H, be in the positive 
direction of z ; and the wire be moved, with velocity V, in the 
positive direction of y. Then any electron in the wire, being 
carried with the velocity V, will constitute a current in that 
direction, and will consequently suffer a mechanical force, 
perpendicular to its velocity and to the magnetic field, 2. e. in 
the direction of x, and as the three-finger rule shows, in the 
positive sense. It will accordingly be driven along the wire, 
and there will be an “induced” current in the wire. The 
mechanical force on each electron amounts to 

evH 
Tal. 3 c 

which is the same as if it were placed in an electric field 
: vH ; Noa ; 

amounting to a As every electron in the wire is subjected 

to a similar force, it is as if there were an electric field of 
this intensity prevailing in the wire, so that between the ends 

vHdl 
of it there was a difference of potential 
magnetic units, v H dl. 

Since, however, we shall need to deal with induction in 
cases In which the magnetic metals are present, it would be 
well to write B instead of H, the latter symbol having been 
applied above toa part only of the magnetic induction. But 
vBdlis the rate at which the element of circuit cuts the total 
magnetic induction. We may then say that the * electromotive 
force *” generated in the element is the rate at which it crosses 
magnetic induction. By integrating this result over a whole 
circuit we arrive at the second circuital relation 

pa — 2 
at 

or, in electro- 

N being the total magnetic induction through the circuit, the 
negative sign follows from the above case because a positive 
motion (in y) intoa field decreases N and causes a current in 
the positive direction of «. 

The above treatment has the advantage of deriving the two 
integral relations of electrodynamics from one, more easily 
comprehended, differential relation, and puts magnetism in 
its place as a special case of currents. 

Transvaal University College, 
Johannesburg, 1908. 

——- 
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XXI. The Nature of the a Particle from Radioactive Sub- 
stances. By Professor H. Ruruerrorp, L.A.S., and 
T. Royps, 1/.Se., 1851 Exhibition Science Scholar™. 

| gars experimental evidence collected during the last 
few years has strongly supported the view that the 

« particle is a charged helium atom, but it has been found 
exceedingly difficult to give a decisive proof of the relation. 
In recent papers, Rutherford and Geiger f have supplied still 
further evidence of the correctness of this point of view, 
The number of « particles from one gram of radium have 
been counted, and the charge carried by each determined. 
The values of several radioactive quantities, calculated on the 
assumption that the « particle is a helium atom carrying two 
unit charges, have been shown to be in good agreement with 
the experimental numbers. In particular, the good agree- 
ment between the calculated rate of production of helium by 
radium and the rate experimentally determined by Sir James 
Dewar ft, is strong evidence in favour of the identity of the 
a particle with the helium atom. 

The methods of attack on this problem have been largely 
indirect, involving considerations of the charge carried by 
the helium atom and the value of e/m of the « particle. 
The proof of the identity of the « particle with the helium 
atom is incomplete until it can be shown that the « particles, 
accumulated quite independently of the matter from which 
they are expelled, consist of helium. For example, it might be 
argued that the appearance of helium in the radium emana- 
tion was a result of the expulsion of the « particle, in the 
same way that the appearance of radium A is a consequence 
of the expulsion of an @ particle from the emanation. If 
one atom of helium appeared for each a@ particle expelled, 
calculation and experiment might still agree, and yet the 
a particle itself might be an atom of hydrogen or of some 
other substance. 
We have recently made experiments to test whether helium 

appears in a vessel into which the @ particles have been fired, 
the active matter itself being enclosed in a vessel sufficiently 
thin to allow the « particles to escape, but impervious to the 
passage of helium or other radioactive products. 

* Communicated by the Authors. 
t Proc. Roy. Soc, A. 1xxxi. pp. 141-173 (1908). 
t Proc. Roy. Soc. A. Ixxxi. p. 280 (1908). 
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The experimental arrangement is clearly seen in 

The equilibrium quantity of emanation from about 
grams of radium was purified and compressed by mea 
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mercury-column into a fine glass tube A about 1°5 ems. long. 
This fine tube, which was sealed on a larger capillary tube B, 
was sufficiently thin to allow the « particles from the emana- 
tion and its products to escape, but sufficiently strong to 
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withstand atmospheric pressure. After some trials, Mr. 
Baumbach succeeded in blowing such fine tubes very uniform 
in thickness. The thickness of the wall of the tube employed 
in most of the experiments was less than ;)}5 mm., and was 
equivalent in stopping power of the «a particle to about 
2 cms. of air. Since the ranges of the « particles from the 
emanation and its products radium A and radium © are 4:3, 
A-8, and 7 cms. respectively, it is seen that the great 
majority* of the « particles expelled by the active matter 
escape through the walls of the tube. The ranges of the 
a particles after passing through the glass were determined 
with the aid of a zinc-sulphide screen. Immediately after 
the introduction of the emanation the phosphorescence showed 
brilliantly when the screen was close to the tube, but practi- 
eally disappeared at a distance of 3 cms. After an hour, 
bright phosphorescence was observable at a distance of 
5ems. Sucharesultis to be expected. The phosphorescence 
initially observed was due mainly to the « particles of the 
emanation and its product radium A (period 3 mins.). In 
the course of time the amount of radium Q, initiaily zero, 
gradually increased, and the a radiations from it of range 
7 cms. were able to cause phosphorescence at a greater 
distance. 

The glass tube A was surrounded by a cylindrical glass 
tube T, 7°5 cms. long and 1°5 cms. diameter, by means of a 
ground-glass joint C. A small vacuum-tube V was attached 
to the upper endof T. The outer glass tube T was exhausted 
by a pump through the stopcock D, and the exhaustion 
completed with the aid of the charcoal tube F cooled by 
liquid air. By means of a mercury column H attached to a 
reservoir, mercury was forced into the tube T until it reached 
the bottom of the tube A. 

Part of the « particles which escaped through the walls of 
the fine tube were stopped by the outer glass tube and part 
by the mercury surface. If the « particle is a helium atom, 
helium should gradually diffuse from the glass and mercury 
into the exhausted space, and its presence could then be 
detected spectroscopically by raising the mercury and com- 
pressing the gases into the vacuum-tube. 

In order to avoid any possible contamination of the 
apparatus with helium, freshly distilled mercury and entirely 
new glass apparatus were used. Before introducing the 
emanation into A, the absence of helium was confirmed 

* The a particles fired at a very oblique angle to the tube would be 
stopped in the glass. The fraction stopped in this way would be small 
under the experimental conditions. 
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experimentally. At intervals after the introduction of the 
emanation the mercury was raised, and the gases in the outer 
tube spectroscopically examined. After 24 hours no trace 
of the helium yellow line was seen ; after 2 days the helium 
yellow was faintly visible; after 4 days the helium yellow 
and green lines were bright ; and after 6 days all the stronger 
lines of the helium spectrum were observed. The absence 
of the neon spectrum shows that the helium present was not 
due to a leakage of air into the apparatus. 

There is, however, one possible source of error in this 
experiment. The helium may not be due to the @ particles 
themselves, but may have diffused from the emanation 
through the thin walls of the glass tube. In order to test 
this point the emanation was completely pumped out of A, 
and after some hours a quantity of helium, about 10 times 
the previous volume of the emanation, was compressed into: 
the same tube A. 

The outer tube T and the vacuum-tube were removed and 
a fresh apparatus substituted. Observations to detect helium 
in the tube T were made at intervals, in the same way as 
before, but no trace of the helium spectrum was observed 
over a period of eight days. 

The helium in the tube A was then pumped out and a 
fresh supply of emanation substituted. Results similar to 
the first experiment were observed. The helium yellow 
and green lines showed brightly after four cays. 

These experiments thus show conclusively that the helium 
could not have diffused through the glass walls, but must 
have been derived from the @ particles which were fired 
through them. In other words, the experiments give a 
decisive proof that the & particle after losing its charge is an 
atom of helium. 

Other Experiments. 

We have seen that in the experiments above described 
helium was not observed in the outer tube in sufficient © 
quantity to show the characteristic yellow line until two days 
had elapsed. Now the equilibrium amount of emanation 
from 100 milligrams of radium should produce helium at the 
rate of about 03 c.mm. per day. The amount produced in 
one day, if present in the outer tube, should produce a bright 
spectrum of helium under the experimental conditions. It 
thus appeared probable that the helium fired into the glass 
must escape very slowly into the exhausted space, for if the 
helium escaped at once, the presence of helium should have 
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been detected a few hours after the introduction of the 
emanation. 

In order to examine this point more closely the experiments 
were repeated, with the addition that a cylinder of thin sheet 
lead of sufficient thickness to stop the @ particles was placed 
over the fine emanation tube. Preliminary experiments, in 
the manner described later, showed that the Jead-foil did not 
initially contain a detectable amount of helium. Twenty-four 
hours after the introduction into the tube A of about the 
same amount of emanation as before, the yellow and green 
lines of helium showed brightly in the vacuum-tube, and 
after two days the whole helium spectrum was observed. The 
spectrum of helium in this case after one day was of about 
the same intensity as that after the fourth day in the experi- 
ments without the lead screen. It was thus clear that the 
lead-foil gave up the helium fired into it far more readily 
than the glass. 

In order to form an idea of the rapidity of escape. of the 
helium from the lead some further experiments were made. 
The outer cylinder T was removed and a small cylinder of 
lead-foil placed round the thin emanation-tube surrounded 
the air at atmospheric pressure. After exposure fora definite 
time to the emanation, the lead screen was removed and 
gested for helium as follows. The lead-foil was placed ina 
glass tube between two stopcocks. In order to avoid a 
possible release of the helium present in the lead by pumping 
out the air, the air was displaced by a current of pure elec- 
trolytic oxygen*. The stopcocks were closed and the tube 
attached to a subsidiary apparatus similar to that employed 
for testing for the presence of neon and helium in the gases 
produced by the action of the radium emanation on water 
(Phil. Mag. Noy. 1908). The oxygen was absorbed by 
charcoal and the tube then heated beyond the melting-point 
of lead to allow the helium to escape. ‘The presence of 
helium was then spectroscopically looked for in the usual 
way. Using this method, it was found possible to detect 
the presence of helium in the Jead which had been exposed 
for only four hours to the a rays from the emanation. After 
an exposure of 24 hours the helium yellow and green lines 
came out brightly. These experiments were repeated several 
times with similar results. 

A number of blank experiments were made, using samples 
of the lead-foil which had not heen exposed to the e rays, 
but in no case was any helium detected. In a similar way, 

* That the air was completely displaced was shown by the absence of 
neon in the final spectrum. 
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the presence of helium was detected in a cylinder of tinfoil 
exposed for a few hours over the emanation-tube. 

These experiments show that the helium does not escape 
at once from the lead, but there is on the average a period 
of retardation of several hours and possibly longer. 

The detection of helium in the lead and tin foil, as well as 
in the glass, removes a possible objection that the helium 
might have been in some way present in the glass initially, 
and was liberated as a consequence of its bombardment by 
the « particles. 

The use of such thin glass tubes containing emanation 
affords a simple and convenient method of examining the 
effect on substances of an intense « radiation quite inde- 
pendently of the radioactive material contained in the tube. 
We can conclude with certainty from these experiments 

that the @ particle after losing its charge is a helium atom. 
Other evidence indicates that the charge is twice the unit 
charge carried by the hydrogen atom set free in the electrolysis 
of water. 

University of Manchester, 
Nov. 13, 1908. 

XXII. A Note on the Photoelectric Properties of Potassium- 
Sodium Alloy. By J. A. Fiemine, IA., D.Se., PRS., 
Professor of Electrical Engineering in University College, 
London * 

N connexion with further researches on my oscillation 
valve or glow-lamp radiotelegraphic wave-detector, I 

was led to examine instances of electronic emission other 
than that due to the incandescence of metals or carbon im 
vacuo, to ascertain how far rectifying effects with high 
frequency currents could be obtained by themy. It is well 
known that under the action of ordinary and_ ultra- 
violet light the electropositive metals lose a negative charge 
of electricity, and it was shown by Elster and Geitel that: 
this photoelectric effect is most pronounced in the case 
of rubidium, potassium, and the liquid alloy of potassium and 
sodium. 

With the object of examining this effect, experiments were 

* Communicated by the Physical Society : read November 18th, 1908. 
+ See J. A. Fleming, ‘* On the Conversion of Electric Oscillations into 

Continuous Currents by means of a Vacuum Valve,” Proc. Roy. Soc. Lond. 
vol. xxiv. p. 476 (1905). Also “ The Construction and Use of Oscillation 
Valves for rectifying High Frequency Currents,” Phil. Mag. May 1906, 
p- 659. 

ee eee 
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made with various forms of apparatus, and, as the outcome of 

these, it was found that a convenient mode of preparing a 

suitable specimen of highly photoelectric metal was as 

follows :-— 
A tube of lead glass about 50 ems. long, and 1°5 to 2 ems. 

internal diameter has a constriction made at one place, and on 

one side of this a couple of platinum wires are sealed through 

the glass which are welded to a slip of platinum foil a, ?, 

about 5 ems. long and 1 cm. wide (see fig. 1). This foil is 

Fig. 1. 

fixed close io the inside surface of the tube and opposite to it 
two other platinum wires ¢d are sealed through the tube. 
The end of this part of the tube is then drawn off and sealed 
to a length of smaller tube with a constriction in it by which 
the tube can ultimately be closed. A quantity of metallic 
potassium and sodium is then cut up into small cubes under 
naphtha, so as to give a number of clean morsels of the 
metal. 

The operation of filling the glass tube is then as follows :— 
The fine quill tube at one end is first bent over at an angle of 
about 75° (see fig. 2), and by means of an indiarubber tube, 
coal-gas, which has heen dried by bubbling through strong 
sulphuric acid, is led into it. The glass tube as a whole must 
have previously been well cleansed and carefully dried. 
When all the air is expelled, the fragments of sodium and 
potassium are dropped in at the wide open end of the tube, 
and about equal volumes of the two metals introduced. The 
open end is then loosely stopped with a plug of asbestos, and 
the glass tube heated in the blowpipe, and the open end so 
plugged is melted and sealed. If this is done skilfully, the 
iube can ke sealed off with a rounded end by utilizing the 
gas-pressure to blow out the softened glass. 

When cool, the lumps of metallic potassium and sodium 
are tilted over and should fill up about 10 to 15 ems. of the 
length of the so sealed off tube (see fig. 2). The tube is 
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then attached to a mercury pump for the purpose of making 
a high vacuum in it, and should be supported in a slanting 
position on a sheet of asbestos cardboard and covered by an 
iron trough. The tube should then be exhausted, and at the 
same time the metallic potassium and sodium heated so as to 
melt the lumps into a mass of liquid alloy which, however, 
will be covered with crusts of oxide. 
When a good vacuum has been produced, the whole tube 

being hot and dry, the constriction in the quill tube may be 
melted with the blowpipe and the glass tube sealed off from 
the pump. If this is properly done, the part of the tube 
having in it the platinum plate will remain quite clean, and 
the molten metal or liquid alloy will be contained in the other 
portion of the tube. It is then easy to tilt the tube and 
transfer the clean mercury-like alloy of K and Na into 
the part of the tube containing the platinum plate, so as 
to make a pool of liquid alloy on the bottom of the tube 
having an electrical connexion with the outside by means 
of the platinum wires sealed through the tube, and having 
over it, and not far from its surface, a platinum plate also in 
connexion with the outside by sealed-in wires. In so doing, 
care should be taken that the liquid alloy is not splashed upon 
the platinum plate, but that the latter is kept quite clean and 
free from adherent drops of potassium-sodium. 

It is better not to attempt to seal off that part of the tube 
in which the alloy is melted from that part to which it is 
decanted over, because the glass nearly always cracks and 
spoils the apparatus in so doing if there is the slightest 
particle of alloy smeared on it at the part heated in the 
tlame. 

A tube so prepared should be carefully handled, as if it is 
broken the liquid K and Na allov is spontaneousiy inflam- 
mable and deflagrates violently on coming in contact with 
moisture. It is convenient to mount it on a wooden stand, 

which should be placed in an iron tray in case of an 
accidental breakage. By the aid of such a specimen of. 
photoelectric alloy we can show many interesting experiments. 
If the tube is supported in a horizontal position, an electric 
arc contained in a projection lantern, equipped with the 
ordinary condenser-lens, can be so placed and tlted down- 
wards as to converge on to the brilliant mercury-like surface 
of the pool of alloy a very concentrated beam of light. If, 
then, we connect the platinum plate and the alloy by 
means of wires with a sensitive mirror galvanometer, we 
find that the impact of the light upon the surface of the alloy 
not merely facilitates the escape of negative electricity from 
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it, but actually creates an electromotive force and current 
in the galvanometer circuit, which is in such a direction as to 
indicate that negative electricity is caused to move, by the 
action of the light. through the vacuum from the surface 
of the alloy to the platinum plate *. 

It has been pointed out by Professor Sir J. J. Thomson in 
his book ‘The Discharge of Electricity through Gases’ (see 
p- 73) that air traversed by ultra-violet light behaves like 
an electrolyte ; and it is also stated that Stoletow has shown 
by direct experiment that two different metals immersed in 
such illuminated air are brought down to the same potential 
just as when they are immersed in a liquid electrolyte. 
Again, it is said that when plates of two different metals are 
opposed to each other and ultra-violet light allowed to fall 
on one of them, whilst the terminals of a battery of electro- 
motive force Ei are connected to them so as to force a current 
across the space between them, the total E.M.F’. in the 
circuit is not E but is H+M/M’, where M/M’ is the contact 
difference of potential between the metals. There is, 
however, here an unexplained discrepancy. If metallic 
potassium or sodium were placed with a platinum plate ina 
liquid aqueous electrolyte, and the two metals connected by a 
wire outside so as to construct a voltaic cell, the current 
through the cell, that is the movement of positive electricity, 
would be from the potassium or sodium to the platinum 
through the electrolyte, and therefore the movements of 
negative electricity would be in the opposite direction. In 
the case of the photoelectric cell, the movement of negative 
electricity in the cell is from the K-Na alloy to the platinum. 
Hence the physical operation of the photoelectric cell is not 
identical with that of an ordinary voltaic cell. Stoletow has 
described (Physikalische Revue, i. p. 765, 1892) experiments in 
which two plates of different metals, one perforated with holes, 
were placed parallel and ata little distance from each other, and 
ultra-violet light allowed to fall through the openings of the 
perforated plate on to the other plate. The plates, when con- 
nected together, were found to produce a current of elec- 
tricity in the connecting cireuit. Prof. Sir J. J. Thomson, 
however, remarks (loc. cit. p. 73) that for this to happen in 
accordance with voltaic principles, the perforated plate must 
be made of the more electropositive metal, for then only 

* In the case of one tube of alloy prepared as above, my assistant, 
Mr. G. B. Dyke, noticed that the galvanometer deflexion was largely 
increased for a time by tilting the tube so as to make momentary contact 
between the alloy and the platinum, but the increased effect is not 
permanent. 
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would the negative electricity move towards it across the 
interspace between the plates. As a matter of fact, the best 
photoelectric metals are the most electropositive metals. 
Accordingly, if we imagine a sheet of potassium opposed to a 
sheet of zinc, then to make the photoelectric current agree in 
direction with the volta-electric current, we should have to 
illuminate the zine plate with ultraviolet light, bat keep the 
potassium platein the dark. In the present case, the photo- 
electric current is in the opposite direction to the volta- 
electric current, assuming the ionized gas replaced by an 
aqueous electrolyte. 

It seems therefore that in the case considered there are 
two separate sources of electromotive force, viz.: the volta 
contact-difference of potential of the metals in the cell and 
a photoelectromotive force due to the illumination ; and to 
these may be added an external electromotive force due 
to any battery inserted in the circuit. In two tubes, made. 
as above, I found that the electromotive force produced by 
the incident light was equal to 0°45 volt in one, and in the 
other tube to 0°6 volt. This E.M.F. was measured by the 
counter E.M.F. (produced by a shunted cell) which had to be 
introduced into the photoelectric cell circuit to reduce the 
galvanometer deflexion to zero. ‘These differences are no 
doubt due to small differences in composition of the alloy in 
the two cases, to differences in the intensity of the light used 
at the time of making the measurements, or to differences in 
the pressure of the residual gas in the tube. The current 
produced by the tube of H.M.F. equal to 0-6 volt through a 
galvanometer of resistance 180 ohms, was found to be 5-4 
microamperes. This indicates that the equivalent resistance 
of the tube is 74,000 ohms on the assumption that the effective 
E.M.F. is the same when the circuit is openand closed. The 
current increases very rapidly at first with the intensity of 
the incident light, but the author has not yet been able to 
find time to make measurements of the relation between the 
illumination per square cm. of the surface and the H.M.F. - 
created in the circuit. 

By the use of two such cells placed in series, I have found 
that the separate photoelectromotive forces are additive, and 
that if such photoelectric cells are joined in series like voltaic 
cells and separately illuminated, the individual E.M.F.’s are 
added together in an external circuit connecting the first and 
last plate. In the case of the two tubes mentioned above, 
giving separately 0-45 and 0°6 volt E.M.F., the E.M.F. 
when in series was found to be 1:0 volt. 

At one time I contemplated constructing a photoelectric 
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battery of such cells which should give a high H.M.I’. by the 
mere impact of light upon its most electropositive elements. 

With the above described cells we can also verify easily a 
number of interesting observations made by previous experi- 
mentalists. 

As regards the nature of the radiation which is chiefly 
effective, we find that for potassium alone, or for the 
potassium-sodium alloy, the effective rays are the most 
refrangible ones of the visible spectrum. The ultra-violet 
light in the are is considerably filtered out, if not altogether 
stopped, by the thick glass condenser-lens, and by the glass 
walls of the tube. We can, however, effect a further 
separation of visible rays by.screens of coloured glass, or 
solutions or stained gelatine films. 

If we interpose in the path of the incident light a very 
thin film of gelatine stained with a yellow dye or a sheet of 
ordinary yellow glass, the deflexion of the galvanometer 
drops almost to zero. The same reduction is effected by a 
sheet of ruby glass or gelatine film stained red. A green 
glass cuts off a good deal of the deflexion, but a sheet of 
cobalt glass reduced it only to about two-thirds, showing that 
the blue glass is fairly transparent to those rays which can 
produce this electromotive force. 

The galvanometer deflexions increase very rapidly with 
the intensity of the incident light, and unless an extremely 
sensitive galvanometer is used it 1s necessary to throw a very 
intense beam of light upon the surface of the metal to obtain 
any marked evidence of the production of electromotive force 
by the mere action of light upon the surface of the alloy. 
It the energy required to produce this photoelectric current 
comes from the incident light, then the latter must in some 
degree be absorbed, and the active rays must therefore be 
those which are absorbed by the photoelectric metal or con- 
versely emitted by it when it is heated. We know well that 
the light due to the violet line in the fiame spectrum of 
potassium salts passes easily through cobalt glass. Hence the 
fact that light which has passed through cobalt glass is still 
exceedingly active in producing the photoelectric effect with 
potassium, may indicate that it is this ray which is absorbed 
in its production. In the case of rubidium, Elster and Geitel 
showed that the yellow and orange rays were relatively 
more active in the production of the photoelectric effect, and 
a glance at the flame spectrum of rubidium salts shows that 
the lines are most numerous in the red, yellow, and green 
region. 

Also, we can confirm easily another observation of the 
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effect of the plane of polarization of the incident light. If 
we polarize the incident light by a Nicol’s prism, and con- 
nect the metals of the photoelectric celi with a galvanometer 
either with or without a battery of 1 or 2 secondary cells 
inserted in the circuit, then we tind at once that the galva- 
nometer deflexion is much greater when the plane of polari- 
zation is at right angles to the plane of incidence, than when 
these planes coincide. 

On the electromagnetic theory of light, this may be stated 
by saying that the “effect is a maximum when the electric 
vector of the plane-polarized light is normal to the surface 
of the photoelectric metal, and a minimum when it is parallel 
to it. The theory that firs in best with the above facts, is 
that the light facilitates or causes an escape of negative 
corpuscles or electrons from the surface of the photoelectric 
metal, and to do this it must of course impart to them energy 
sufficient to give them a velocity enough to carry them 
beyond the range of attraction of the positive charge which 
remains behind on the metal. 

Since the electropositive metals are those which most 
easily lose electrons from their atoms, this is in accordance 
with the observed fact that the most electropositive metals 
are the most highly photoelectric substances. Again, if 
there is an emission under the action of light of electrons 
from the surface, we have an explanation of another fact 
easily proved with these tubes, viz. that the formation of a 
magnetic field parallel to the surface of the alloy greatly 
reduces the photoelectric current. We can show this easily 
by the great reduction which occurs in the galvanometer 
deflexion when even an ordinary horseshoe magnet is placed 
with its poles across the tube. Again, we can explain on 
this hypothesis the unilateral conductivity of the vaeuous 
space over the illuminated alloy surface. If we connect the 
negative pole of a secondary cell to the external terminal of 
the alloy and the positive to the platinum plate, and insert a 
galvanometer as usual in the circuit, we greatly increase the 
galvanometer deflexion, which occurs w hen no cell is inserted. 
On the other hand, if the cell is reversed, then, provided the 
platinum is quite free from splashes of alloy, we cannot 
reverse the deflexion of the galvanometer. 

It is obvious that if a magnetic field is created parallel to 
the surface of the alloy, a force will: be exerted on the nega- 
tive ion as it moves normally away from the surtace, deflecting 
it from its path, and this will reduce the nines of ions 
which in any time reach the platinum plate, and therefore 
will diminish the current. Again, the negative electrification 
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of the photoelectric metal will increase the force of pro- 
pulsion on the ion, and hence increase the emission per unit 
of time, and therefore increase the observed current. 

lt is obvious, then, that the ionized gas over the illumi- 
nated alloy has a unilateral conductivity, and will conduct 
the current from a voltaic cell in one direction, but not in 
the opposite. Negative electricity can be conveyed from the 
alloy to the platinum across the rarefied air-space, but not 
in the opposite direction. Hence, an alternating current 
whether of low or of high frequency, can be rectified, and by 
interposing such a light-cell in the circuit of a galvanometer, 
in which circuit high-frequency oscillations are also created 
by the inductive action of a discharging condenser, I have 
been able to rectify these oscillations. The action, however, 
proved to be much more feeble and irregular than the similar 
rectifying effect which can be produced by a glow-lamp, 
and as at that time I had succeeded in finding a far more 
efficient glow-lamp rectifier or oscillation detector, the ex- 
periment with the rectifying effects of potassium-sodium 
alloy were not continued. 

The interesting question, however, still remains as to the 
source and nature of this photoelectromotive force which is 
produced by the absorption of light by the surface of highly 
electropositive metals. 

It is much affected by temperature, being increased by 
heating the alloy and by exposing it to powerful radiation 
for some time. If a galvanometer is used as described to 
detect the photoelectric effect, the current is found to be 
dependent upon the pressure and nature of the residual gas 
in the tube. 

This was confirmed as follows :—A tube was prepared as 
above described with potassium-sodiumalloy. Before sealing 
it off the pump, dry hydrogen gas was admitted and pumped 
out and then admitted again, and the tube exhausted to a 
pressure of about 0°01 mm. This tube was compared with 
others, in which the residual gas was air, but the exhaustion 
carried below 0:001 mm. The former tube exhibited only 
the very smallest evidence of photoelectric effect as measured 
by the galvanometer current, whereas the highly vacuous 
tube with residual air under very small pressure exhibited 
the effects well. The case of other tubes made as described, 
in which water vapour was accidentally present, which in a 
short time liberated hydrogen under the action of the metal ; 
these after an interval ceased to give any current, even 
under the action of the strongest illumination, when the 
platinum plate was connected with the potassium-sodium 

Phil. Mag. 8. 6. Vol. 17. No. 98. Feb. 1909. x 
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alloy through a galvanometer. These experiments and others 
show that to obtain the effect well a very high vacuum is 
necessary. In the process of preparing the tube the potassium 
and sodium should be melted, and the alloy and tube well 
heated for some time whilst the pump is going to drive off 
all traces of water vapour, also of hydrocarbon derived from 
the naphtha in which the metallic potassium is commonly 
preserved, and especially to drive off the hydrogen which 
seems to be occluded in considerable quantity by the alka- 
line metals, no doubt derived from the decomposition of 
water vapour. 

The effect of variation of pressure of the gas upon the 
photoelectric effect was first investigated by Stoletow, and an 
account of his researches is given in Prof. Sir J. J. Thomson’s 
treatise on the “ Conduction of Electricity through Gases” 
(p. 224). He found that the current increased rapidly as 
the pressure diminished, which continued until the current 
reached a maximum value, after which it began to decline. 
but had a finite value at the lowest attainable pressures. 

_ Stoletow’s experiments appear to have been made with 
zinc plates and ultra-violet light. Owing to the greater 
manipulative difficulty when dealing with the more oxidi- 
sable and electropositive metals no attempt has been made to 
push these investigations with potassium-sodium alloy very 
far. The primary object in view in conducting them was to 
ascertain if the photoelectric effects could be utilized as an 
oscillation detector in radiotelegraphy; but as a type of glow- 
lamp detector has now been found by the writer far more 
efficient than that originally proposed by him, involving the 
employment of a carbon filament, these photoelectric experi- 
ments have not been pursued. They are put on record here 
merely for the sake of aiding any who may wish to show 
them as interesting lecture or class experiments, or pursue 
the purely physical investigation of the effect itself still 
further. 

The question of photoelectric effects is not without interest 
in connexion with long distance radiotelegraphy. It has 
been shown that perfectly dust-free air is not ionized by 
ultra-violet light. if, therefore, the absorption of long radio- 
telegraphic electric waves which is found to exist when they 
pass through considerable distances of sunlit air is due to the 
presence of free ions in the air, these may arise from the 
photoelectric action of the light upon the dust particles. 
This suggests the question whether these particles may not be 
the same that create the blue colour of the sky. We know 
that whenever photoelectric effects take place, light must be 
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absorhed, and light of the same kind as that emitted by the 
photoelectric substance if it radiates. Thus zinc is rendered 
photoelectric under the action of ultra-violet light, but zinc 
when heated, whether by being used as spark-balls for an 
electric spark or as arc terminals for an electric arc, radiates 
much ultra-violet light. 

In the same manner, the photoelectric effect of potassium 
appears to be due to the absorption of that violet ray which 
potassium itself emits if heated. If, then, these atmospheric 
particles absorb ultra-violet light, that would account for the 
relatively small percentage of ultra-violet light found in 
sunlight at the earth’s surface, and also for the ionization 
found to exist in the atmosphere. This suggests the need for 
further observation on the number of ions present in the 
terrestrial atmosphere at various heights above the sea-level. 

In conclusion, I have pleasure in mentioning the aid ren- 
dered in these experiments by my assistant, Mr. G. B. Dyke. 

XXILL. On Variations in the Conductivity of Air enclosed in 
Metallic Recewers. By C. 8. Wricut, B.A., Exhibition 
Scholar, University of Toronto, and Wollaston Student, 

— Gonville and Caius College, Cambridge ™. 

[Plates IV. & V.] 

1. INTRODUCTION. 

| a paper in the Phil. Mag. of December 1907, Professor 
McLennan records some observations made on the 

ionization of air enclosed in cylindrical receivers of lead, 
zinc, and aluminium. For “gq,” the number of ions gene- 
rated per c.c. per sec. in these receivers he obtained the 
value 15, when they were made of zinc and aluminium; while 
with lead, values were found ranging all the way from 23 to 
160 ions per c.c. per sec., depending on the sample of lead 
from which the cylinder was made. From these results 
Prof. McLennan drew the conclusion that ordinary com- 
mercial lead contained in general varying amounts of some 
active impurity. 

From these and other experiments he pointed out also, 
that four possible causes must be considered as contributing 
to the ionization in the cylinders, viz. :—(1) penetrating 
radiation from the earth; (2) secondary rays excited by this 

* Communicated by Prof. J. C. McLennan, and read before the Royal 
Society of Canada, May 28, 1908. 

>. -_ 
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type of radiation in the metal of the receivers; (3) radio- 
active impurities present in the metals; and (4) a possible 
intrinsic radiation from the metals themselves. | 

In view of the theoretical importance of. ascertaining 
whether metals generally possessed any specific activity, it 
was thought highly desirable to eudeavour to obtain metals 
as free as possible from active impurities, and also to take 
observations on the conductivity of air enclosed in vessels 
made from them, in localities and under conditions, in which 
the penetrating radiation from the earth, and the correspond- 
ing radiation excited by it in the receiver, was very largely 
cut off or at least reduced to a minimum. 

Several attempts have been made during the last few years 
to find some efficient screen for the earth’s radiation. Cooke™*, 
while making some measurements on the conductivity of the 
air enclosed in a brass cylinder, found a decrease of about 
30 per cent. when the cylinder was completely surrounded 
by large masses of lead. Shortly afterwards Elster and 
Geitel+ observed a fall of 28 per cent. in the conductivity 
of air enclosed in an aluminium receiver, when the apparatus 
was set up in a rock-salt mine. Later still Cooke{ was able 
to reduce the ionization 12 per cent. by immersing his 
cylinder in a reservoir of water to a depth of several feet. 
The greatest decrease, however, was that observed by 
McLennan and Burton§, who cut off 37 per cent. of the 
conductivity of the air enclosed in a galvanized iron cylinder, 
by surrounding it with a layer of water drawn from Lake 
Ontario, 60 ems. thick. This last result, taken in conjunction 
with an observation by Prof. McLennan that Lake Ontario 
water contains no appreciable radioactive impurities, gave 
rise to the idea that possibly a large body of water such 
as the lake itself might furnish an efficient screen for the 
earth’s radiation. 

The object of the present investigation, therefore, was to 
observe the conductivity of the air confined in metallic vessels 
possessing little if any radioactive impurity, and from the 
results to determine, if possible, what portion of the ioniza- 
tion was due to an intrinsic activity in the metal. 

In carrying out the investigation, the conductivity of air 
confined in vessels of lead, zinc, and aluminium was measured 

* H. L. Cooke, Phil. Mag. |6] vi. p. 403 (1903). 
+ Elster and Geitel, Phys. Zeit. Nov. (1) 1905, p. 733. 
t H. L. Cooke, Phil. Mag. 1908, 2. ¢. 
§ McLennan and Burton, Phys. Rev. 3. 1903; Burton, Phys. Rey. 3. 

1904. 



Conductivity of Air enclosed in Metallic Receivers. 297. 

at a number of points in the neighbourhood of Toronto, both 
on land and over the water of Lake Ontario; and it was found 
that while a uniformly low and steady value was obtained 
for the conductivity over the water at all depths beyond a 
few metres, values varying over a wide range were obtained 
for the ionization, in measurements made on land at different. 
places and on different soils. 

The lowest values for “g,” the number of ions generated 
per ¢.c. per sec. in air confined in the metallic cylinders, were 
obtained in measurements on the surface of the lake and on 
the top of large masses of sand on the lake-shore. With a 
lead receiver under these circumstances the value 8°6 ions 
per ¢.c. per sec. was obtained for “g,” and with zinc and 
aluminium cylinders under the same conditions the values 
6°00 and 6°35 respectively. These values, it will be seen 
from Table I., are considerably below those hitherto recorded 
for the conductivity, obtained under any circumstances, of 
air contained in closed metallic receivers. 

TABLE. 

: | | 

Receiver. Observer. qd: Conditions. 

Le er Aa Evel. i’ 96 |? Observations in Physical 
oi has Vin 24 Lab., McGill, Mon- 
Aluminium eee [2A '- treal—Unscreeened. 

iS ee | H. L. Cooke2. | 136 Unscreened. 
_. ie 9-1 Screened by large masses 

/ | of lead. 
Observations taken in | 

| basement of Univer- 
| sity Library. McGill. 

| 
LT ACEC eee | McLennan 2 Unscreened. 
MAE okies 52 4 eae 5 Measurements made in 
Aluminium ... _ Ya old Physics department, 

Toronto University. 

EHO, ewes sss. Wright 86 |) Measurements made over — 
EE ae yo cte cided Se | a 6:0 the surface of Lake | 
Aluminium ... * NG:bD Ontario. — Receivers | 

_} otherwise unscreened. | 
| 

1 Eve, Phil. Mag. Sept. 1906. 
* H. L. Cooke, Phil. Mag. vi. p. 403 (1908), 
3 McLennan, Phil. Mag. Dec. 1907. 
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2. APPARATUS. 

Measurements such as were contemplated on the ionization 
in metal receivers over the surface of the lake required the 
use of some instrument which would be portable, and at the 
same time not easily put out of adjustment. The electro- 
scope recently devised by ©. T. R. Wilson was found to 
fulfil all the requirements. 

The instrument, fig. 1 and fig. 1a (P1.IV.), consisted essen- 
tialiy of a golf-leaf system G, insulated from the outer case by 
a quartz ring and suspended inside a similarly insulated inner 
case connected with a quartz leyden-jar of about 100 cms. 
capacity charged to a potential of +50 volts. 

Fig; i. 

In making a measurement on the conductivity of the air 
with this instrument, the metal receiver was placed on top 
of the electroscope as shown in fig. 1, and supported on 
ebonite blocks so as not to be in electrical connexion with 
the instrument proper. The receiver was then charged to 
any desired voltage, and the current through the air observed 
by the charge which was communicated in a given time to 
the electrode carried by the gold-leaf system. 

The function of the compensator C, which consisted of a 
sliding tube-condenser, was to annul by its motion any charge 
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the system acquired through the conductivity of the air in 
the receiver; this motion being so regulated as to keep the 
potential of the gold-leaf always at zero, and thus minimise 
any tendency to promote a leak across the quartz insulation. 

Thus for a determination of “gq” it was necessary only to 
know the charge annulled in the time during which the 
compensator moved a standard distance. 

Fig. 2. 

ce 
For a determination of the charge corresponding to this 

standard distance the parallel plate condenser shown in fig. 2 
was added in place of the electrode. The compensator tube 
was then charged to a known potential giving for the total 
motion a certain deflexion of the gold-leaf; and the voltage 
on the upper condenser plate was then so adjusted as to 
bring the gold-leaf back to its zero position. The charge 
could then be readily calculated from the dimensions of the 
parallel plate condenser and the voltage applied to it. 

The corresponding values of voltage on compensator tube 
and charge annulled are given in Table II., and are illustrated 
by the curve in fig. 3 (PI. V.). 

These values were determined experimentally, and they 
showed that the capacity of the tube-condenser was, as its 
construction demanded, practically independent of the voltage 
applied to it. 

TABLE II. 

| Voltage on Charge E/V. 
_ Compensator = V. | Annulled = E. 

| Electrostatic Charge (E.8.U.) 
| Units. per volt. 

28-4 1449 00512 
| 36-7 1858 00506 
| 42-9 2146 00500 
/ 51-1 2577 “00504 
| 57-2 2853 00499 
| 65'4 324] 00495 
| 71-4 3528 00494 

78:3 3882 00496 

Mean =:‘00501 
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- From the following calculations it will be seen how the: 
different constants of the instrument were used in making a 
determination of the value of ‘“‘q” for the air contained in a 
certain lead receiver. 

Reading of 
Compensator distance. Time. Remarks. 

Scaie Divisions (cms.).| min. ‘sec. 

“254 1 02 | Date of Experiment, Mar. 
508 dT eomnekrs 19th, 3 p.m. 

‘762 2 29 | Locality. — Basement of 
1-016 ras Physics Laboratory. 

1-270 4 05 | Potential applied to Cylin- 
1524 4. 48 der= +85 volts, 

1-778 5 33 | Potential applied to Com- 
9-032 ey pensator= +13-0 volts. 

2286 7 05 | Vol. of Cylinder=26700 ces. 

8 09 3°302 

From Table II. the charge annulled per volt on the com- 
pensator tube =:00501. 

Therefore total charge annulled in 489 sec. was 

06513 e.s. units. 

Thus 06513 =3°4 x 10- x gq x 489 x 26700, 

or g=14°67, assuming the charge on an ion to be 

oa x 10> E.S.UVS. 

As a check on the values for ‘ g” obtained for the ioni- 
zation in the metallic receivers with this instrument, deter- 
minations were alternately made in the laboratory with the 
Wilson electroscope and with a sensitive Dolazelek electro- 
meter. The method of using the latter is shown in fig. 4. 
With this arrangement it was possible, by simply removing 
the receiver, unscrewing the electrode, and slipping a metal 
cap over the earthed tube H, to allow for any charge acquired 
by the electrodes and the free quadrants through possible 
defective insulation of supports or by conduction through 
the air in any part of the apparatus, other than through that 
in the metal receiver. 

The capacity of the instrument was found by measuring 
in each determination of the conductivity, the rate of motion 
of the needle both with an auxiliary condenser of known 
capacity attached to the electrode, and without. 



Conductivity of Air enclosed in Metallic Receivers. 301. 

_To show how the determination of “gq” with this instrument 
was arrived at, and to give an estimation of the magnitudes 

Fig. 4, 
a 

Jo Electrometer needie 

(y> 
E 

= ¥ = as 

ina 

T nfo 

hil 
involved, a measurement taken with the same cylinder and 
under the same conditions as obtained in the case of the 
determination with the Wilson instrument, is given in 
Table III. These values for “g,’ as obtained with the two 
instruments, are seen to be practically the same, and so afford 
a conclusive test of the accuracy of the measurements. 

IVA eee 

(1) Date March 19, 4.00 p.x. 

(2) Lead Cylinder No. 1. 

- (8) Loeality.—Basement of Physics Laboratory. 

(4) Potential applied to needle +250 voits. 

(5) Rate of motion of needle without condenser=13-0 mm. per min. 
(6) Rate of motion of needle with condenser=+7°4 mm. 

(7) Rate of motion of needle due to defective insulation cylinder 
being removed and electrode capped = +1°0 mm. 

.. Rate due to conduction in air in cylinder alone 

=+12:0 mm. 

(8) Sensitiveness=832'2 mm. per volt. 

(9) Capacity of auxiliary condenser=128°04 ems. 

(10) Temp. 10° C., voltage on cylinder+85 volts. 

(11) Volume of cylinder=26700 c.cs. 

From this we obtain 

Capacity of electrometer 169°1 cms. 

The calculation to determine ‘“‘ g” is then 

aan = ¢X3'4x 10-10 x 60 x 26700. 

Whence g =14°93. 
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Before making the final measurements in these comparisons 
preliminary observations were made to ascertain what voltage 
it was necessary to apply to a receiver in order to obtain 
saturation currents. A set of the different voltages applied 
and the corresponding values of the currents obtained with a 
lead cylinder of comparatively high activity, but having 
dimensions the same as cylinder No. 1 mentioned above, are 
given in Table IV., and a curve to represent them in fig. 5 
(Pl. V.). From the iatter it may be seen that a potential of 
60 volts gave a reading well over the knee of the curve, and 
as the voltage applied in all the determinations lay between 
80 and 250 volts, it is clear that saturation currents were 
always obtained. 

TaBeE LV. 

Voltage on receiver ““¢”=No. of ions | 
(positive). per c.c. per sec. 

2 13:6 
+ 21:3 
6 26:2 
8 29°3 

11:2 33°3 
befor 37°8 
340 40°8 
47°0 41°6 
63°3 42°9 
816 42°9 

163-2 43°3 
| 251-2 44-2 

3. Some SPECIAL OBSERVATIONS WITH LEAD CYLINDERS. 

Tt will be remembered that Prof. McLennan, in his inves- 
tigation of last year, drew the conclusion that ordinary 
commercial lead, in so far as he investigated it, contained in 
general an active impurity. Such being the case, one should 
expect a certain falling off in the course of time of the 
ionization in a lead receiver, due to the decay of the activity. 
It was decided then to determine again the conductivity of 
air in certain lead receivers used by him in June last in his 
investigation, to see whether any decrease trom the former 
values could be noted. Lead cylinders described as numbers 
1, 2, and 3 in Prof. McLennan’s paper were used for this 
purpose, and the values of the ionization for each cylinder 
determined with both the electroscope and the electrometer. 
These numbers, which are given in Table V., show a con- 
siderable decrease in the value of “g’’ from the values for 
each receiver obtained by Prof. McLennan. 
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, TABLE V. 
March 6th, 

% = Number of ions per ¢.c. per sec. reduced to Zero centigrade. 

Values obtained 
Lead By By 

Cylinder. | Electroscope. | Electrometer. | por yy een iey 

“Go.” Qo.” “9.” 

1 i 15°14 15°42 23 

> Se 135°8 159°6 160 

PE gars <= 28°55 29°21 37 

This result seemed somewhat surprising in view of the 
fact that Prof. McLennan had obtained the same numbers 
repeatedly during a period of over six months. As the ex- 
periments made by the writer with the three lead cylinders 
were carried out in a room in the new physical laboratory, 
and those by him in the older building, it was thought well to 
make a redetermination in the latter. On doing this, however, 
it was found that a slightly lower value even was obtained for 
the ionization in the measurements taken in this room, than 
in those in the new laboratory. 

Although the experiments were made in a room supposed 
to be free or far removed from any active substances, it seems 
probable that there was in the old department, or in the 
rooms adjacent, some unobserved source of radiation present 
during Prof. McLennan’s investigation which was absent 
during the measurements made by the writer, and this 
impurity was very probably removed when the old laboratory 
was vacated by the department of Physics and adapted to 
other purposes. 

It might be pointed out that the lowest value for “gq” 
hitherto recorded for the ionization in a lead cylinder, even 
with this possible additional influence, is that of 23 ions 
per c.c. per sec. given by Professor McLennan. The present 
value of 15 obtained with this cylinder is still lower, and 
would seem to indicate that we possessed in this lead receiver, 
one which contained little if any active impurity. It was 
therefore especially suitable, if proper screens could be found, 
for the investigation of any intrinsic activity associated with 
the metal lead itself. 
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4, PRELIMINARY OBSERVATIONS ON CONDUCTIVITY. 

(a) General Conditions of the Different Experiments. 

It has been noted by Prof. McLennan and other obseryers 
that when a metallic receiver has been thoroughly scoured 
with emery- or glass-paper, in order to remove any active 
coating which may have been deposited on its surface by 
exposure to the atmosphere, and after being washed with 
hydrochloric acid, ammonia, alcohol, and distilled water, 
then filled with freshly filtered air and allowed to stand, the 
ionization of the enclosed air gradually increases for some days, 
and ultimately reaches a steady value. Owing to this effect 
it was found necessary, in comparisons of the ionizing power 
of radiations existing in any two localities or under any two con- 
ditions, to make the observations with the ionization chamber 
under precisely the same conditions in both circumstances. 

The different comparisons were made, therefore, either 
with a receiver freshly cleaned and freshly filled with filtered 
air immediately before taking the observations, or else with 
a receiver containing air which had been allowed to remain: 
in it till the steady state had been reached. 

Further, as it was impossible always to obtain observations 
at different times with the atmospheric conditions the same 
as to pressure and temperature, it was assumed that the 
ionization obtained in all localities would vary directly with 
the density of the air in the receiver, and in making any 
reductions which were necessary in order to reach values 
which were comparable, this assumption, which is amply 
warranted by the measurements of McLennan and Burton *, : 
on the ionization of air at different pressures, has been. 
adopted. 

In this connexion it may be well to emphasize the extreme 
importance of taking every precaution, in making observa-. 
tions such as are described in the present paper, to secure 
absolute uniformity in the conditions of the measuring 
receivers. With the different receivers used in the present 
investigation, it was found that when the cylinders were 
thoroughly scoured and washed in the manner described 
above, the conductivity of freshly filtered air admitted into- 
the chamber was always the same at any particular observing | 
station, and thus by always working under these definite 
conditions it was possible to obtain very definite results. 

Numerous investigators in this field of research have ex-, 
perienced considersble difficulty in arriving at concordant 

* McLennan and Burton, Phys. Rey. 3. 1903. 
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results, but if the precautions mentioned are taken, it is 
‘possible to obtain a thoroughly reliable value for the con- 
ductivity of air enclosed in any metal receiver. 

(b) Daily Variation in the Conductivity of Atmospheric Air. 
Among other investigators, Wood and Campbell”, 

McKeon7, and Strongt have observed daily variations in 
the conductivity of air confined in metallic vessels; and in- 
asmuch as it was not practicable to take observations in 
different localities at the same time of day in the present 
investigation, a preliminary set of observations was made 
throughout different days in a room in the Physics building, 
on the conductivity of the air confined in a lead receiver, 
in order to obtain evidence of the daily variation, and also, if 
such existed, to obtain an estimate of its magnitude. 

TaBLE VI. 

Lead Cylinder 1, in steady state——Voltage on Cylinder + 83. 

Y= number of ions 
Time. . per ee per dec. ("| 

reduced to O° C. | 

Dec. 24th. | | 
10.23 a.m. | 22°48 
10.43 : 22°51 
$10: | 22°54 
11°32 : 22°45 
11.55 | 24 
12.15 p.m. 22°73 
12.40 21-96 
1.00 22-94 

Dec. 26th. 
9.35 a.M. 22°44 
9.58 / 21°86 

10.20 | 21°87 
10.45 22°25 

| 11.05 22-96 
11.28 22°79 

| 11.50 . 22°53 
3.55 P.M. 22°69 
4.15 : 22:54 
4.40 : 22°94 

| _ Mean 22-45 | 

| 

Two sets of continuous readings taken in this way with 
the air in a lead cylinder in the steady state mentioned 
above, are given in Table VI., and from the values quoted it 

* Wood and Campbell, Phil. Mag. Feb. 1907. 
+ McKeon, Phys. Rev. Nov. 1907. 
[= Strong, Phys, Zeit. Feb. 15th, 1908. 
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will be seen that there is no evidence of any appreciable 
regular variation in the conductivity. It is to be noted, too, 
that the extreme values obtained did not differ from the mean 
conductivity by more than 3 per cent. of the latter. 

In the results which will be given later, it will be seen 
that variations amounting to as much as 50 per cent. were 
obtained in the conductivity, by a change in the observing 
station; and from the results obtained and given in Tables IX., 
X.,and XI, itwill be seen that any variation in conductivity 
due to daily changes in the value of the penetrating radiation 
from the earth which might have existed, were negligible in 
comparison with the variation in the conductivity due to a 
change in the point of observation. 

(c) Secondary Radiation from the Walls of a Room. 

In view of the existence of a penetrating radiation at the 
surface of the earth, having its origin either in the atmosphere 
or in the soil, and in view of the production by such radia- 
tions of secondary rays at the surface of substances traversed 
by them, it was thought advisable, before going on with the 
main part of the investigation, to see how far the influence 
of a secondary radiation excited in the walls of a room could 
be detected from those walls. 

To obtain some information on this point, two plans 
suggested themselves : (1) to place the conductivity chamber 
at a selected distance from a wall, and to study the secondary 
rays excited at that wall by a quantity of radium placed at 
points on a circle with the chamber at its centre. (2) To 
study the variation in the ionization in a metal receiver with 
the radium at a fixed distance from the wall, and the chamber 
placed at points on a circle with the radium as centre. A 
set of measurements was made by following the first plan, 
but time has not permitted the carrying out of a series of 
observations with the second arrangement. 

The electroscope provided with a zinc receiver in these 
measurements was placed at a distance of about one metre 
from the wall of a large room, and the radium enclosed in a 
lead box with walls 2 ems. in thickness was moved around 
the circumference of a circle, having as centre the cylinder 
and as radius the distance of the same from the wall. 

The values for “n,’ the number of ions per c.c. per sec., 
due to the primary radiations from the radium as well as the 
radiation emitted by the brick wall, together with the cor- 
responding secondary rays excited in the metallic cylinder, 
are given in Table VII., and show a regular decrease in the 
ionization as the distance of the radium from the wall was 
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increased, with indications of a possihle smaller maximum 
for a definite angle subtended at the wall by the line joining 
the radium with the electroscope. A curve representing the 
variation of “n” with the distance of the radium from the 
wall is given in fig.6(Pl. V.). From these results it is clear 
that for all positions of the radium a secondary radiation of 
considerable intensity was emitted by the brick wall under 
the excitation of the rays from the radium. 

TaBLE VII. 

Cylinder of zinc. 
Potential of cylinder =250 volts, positive. 
Radius of circle on which radium was placed about 1 metre. 

Ionization 
(arbitrary scale). 

Distance of radium 
from wall (cms.). 

| 

poe 72-93 
10:0 71-74 
16-2 69-16 
23-4 69:83 
286 69°16 
636 67-94 
98-0 66-31 

146-0 65°70 
55 72-93 

In order to obtain further information regarding this 
secondary radiation the instrument, provided with an 
aluminium cylinder, was moved to one of the corners of the 
room, and a similar set of observations made, the values 
obtained for “n” in this case being given in Table VIII. 
(p. 308) and illustrated by the curve in fig. 7 (PI. V.). 

Here again it is seen that the effect of the secondary 
radiation was quite marked. As the results show, the ioniza- 
tion steadily decreased to a minimum value, which corre- 
sponded approximately to the position in which the radium 
was on the line joining the electroscope to the corner of the 
room. After passing through this minimum value the ioni- 
zation then steadily increased, and reached a maximum when 
the radium was slightly beyond a line drawn from the cylinder 
perpendicular to the far wall. After this the ionization fell 
away again as the distance of the radium from both walls 
was increased. 

The maximum variation in the values of “n” for these 
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| TABLE VITI. | 

Distance of aluminium receiver from far wall =3800 ems. 
Distance of aluminium receiver from near wall =105°5 ems, 
Potential of receiver =250 volts positive. , 
Radium placed on circle 100 cms. radius with receiver at centre. 

Distance of radium Tonization 
from near wali, (arbitrary scale). 

5°5 cms, Kia 51°86 Bs 

1 C0: er 50°89 

20 _ 60°68 

41:4 . 49°95 

55°1 49°13 

76°4 . 49°80 

110°9 . 50°63 

153°7 50-00 

197 48:08 

experiments, it will be seen from Tables VII. and VIIL., 
amounted to as much as 10 per cent. It seemed reasonable, 
therefore, to suppose that the presence of some such object 
as a brick wall might, when the penetrating rays from the 
earth impinged upon it, in the same way affect the natural 
ionization in any metallic cylinder; and care was therefore 
taken in the measurements made when determining the 
screening effect of the lake and of different soils, to place 
the electroscope and receiver as far away as possible from 
any building which might modify in some such way as that 
indicated, the ionization of the enclosed air. 

5. SCREENING EXPERIMENTS. 

Being assured from the foregoing experiments that changes 
in the ionization, due to daily variations, were inconsiderable 
in comparison with variations due to a change in position, 
three series of measurements were then undertaken with the 
object of investigating the screening effect of Lake Ontario, 
care being taken to choose positions of observation as far as 
possible from any artificial surroundings. The first and 
second series were made with lead cylinders after the ioniza- 
tion had reached the steady state, and the third with well- 
cleaned cylinders of lead, zinc, and aluminium containing 
freshly filtered air. A considerable decrease in the ionization 
when measured over the water was noticeable in every case; 
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a reduction of as high as 60 per cent. being recorded in the 
ease of the freshly cleaned lead cylinder in the third series of 
measurements referred to above. 

(1) Measurements on board steamer *Corona.’ 

In the first set of measurements a series of observations 
was made in the laboratory on the conductivity of the air 
enclosed in a lead receiver which had not been recently 
cleaned, and the mean of these readings was found to give 
a value of 41-7 ions per c.c. per sec. for the conductivity. 
Measurements were then made on the same day, on board the 
s.s. ‘Corona ’ during one of her voyages, and also ata number 
of points on land on the south side of Lake Ontario between 
Queenston Heights and Niagara Falls. These results are 
recorded in Table IX. 

TABLE IX. 

Comparison of Conductivity Experiments made on 
steamer ‘ Corona’ with those made on Land. 

7 | 

generated perc.c. Locality. 
per sec. at 0° C. | 

t 
—_—_—_ 

“@.° =Numter of ions | 

41-7 (mean value) Physical Laboratory. | 

| 3t9 } | 
<i CE an ae ase On board * Corona.’ 

aha Outward trip. 
. 35:2 | 

. LS | Queenston Heights. | 

ps 8. 2255. | Pavilion, Niagara Falls Park. 

| a) cae | Tunnel of Ontario Power Co. 
| 42 metres underground.. 

359 

2 2 | (A ae ' On board ‘ Corona.’ | 
a _ Homeward trip. | 

| 365 . | 

Mean of results of land experiments =42°3 ions per c.c. per sec. 
Mean of results of steamer experiments =%5'6 ions per c.c. per sec. 

ifference =—6°7 ions per c.c. per sec. 

From the table it will be seen that the ionization at 
different points on the limestone soil of the Niagara District 
was practically constant. It will be seen, too, that the 
ionization obtained about 42 metres underground at the Falls 
was practically the same as that obtained at the surface on 
the limestone ridge. We see also from the figures, that the 

Phil. Mog. 8. 6. Vol. 17. No. 98. Feb. 1909. ¥ 
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screening action of the lake, minus any effect due to an 
intrinsic radiation from the boat itself, is represented by the 
value of 6°7 ions per c.c. per sec. with the particular lead 
cylinder used. From the figures which are given later in 
Table X., it will be seen that the screening effect of the lake 
in a cylinder of lead in the condition of that used in the 
above experiment, is represented by 9 ions per c.c. per sec., 
which shows that approximately 2°3 ions per c.c. per sec. 
must have been due to a radiation emitted by the steamer or 
by its contents. 

(2) Measurements made along the Water front of Toronto Bay. 

A second series of measurements was made with the lead 
cylinder referred to in the first portion of the paper as 
No. 1, after it had reached what has been referred to above 
as the steady condition, observations on the ionization being 
token at different points along the water front of Toronto 
Bay. 

The results given in Table X. show a total decrease of 
9 ions per ¢.c. per sec. from the value of “gq” obtained in 
the laboratory due to the screening action of the water, and 
they seem to indicate in addition that the ionization over 
sandbanks washed up by the waves was but little greater 
than that over water, even of a considerable depth. 

TABLE X. 
Dec. 28th.—Lead Cylinder 1, in steady state. 

‘“¢g.’ =Number of ions 
per ¢.c. per sec. Loeality. 
(mean value). | 

} 

22°5 Laboratory of new Physics 
Building. | 

19°3 Under York St. bridge— 
“made land,” 30 m. from | 
water, | 

14:1 South end of west side of | 
Eastern Gap, 3°40 m. from | 
shore. Water 4’6 m. deep. | 

14:2 | Sand-spit of Ward’s Island, 
' 110 mm. from shore, 
| ) 
| : 

13°5 | Toronto Canoe Clubhouse. | 
Light pine structure on | 

| piles. Water 5°6 m. deep. 

_ 
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This result is probably due to the fact that any radioactive 
substances originally present in the sand have been washed 
away by the action of water. 

In this connexion it is important to note that in making 
these determinations of the conductivity of air enclosed in 
lead receivers, it was frequently observed that in the measure- 
ments on the surface of the lake, with newly cleaned lead 
cylinders filled with freshly filtered air, the drop in conduc- 
tivity observed was invariably about 90 per cent. less than 
the drop obtained with lead cylinders, which, after being 
well cleaned and filled with clean air, had been allowed to 
stand long enough to reach the steady state. 

This difference in the drop in conductivity is well illus- 
trated by the results obtained with the lead cylinder No. 1. 
With this cylinder in the steady state, as the numbers in 
Table X. show, the conductivity when measured in the 
laboratory corresponded to the generation of 22°5 ions per 
¢.c. per second. With the same cylinder freshly cleaned and 
filled with well-filtered air the conductivity, as measured in 
the same room in the laboratory, always corresponded to the 
generation of approximately 15°3 ions per c.c. per second. 
In the measurements on the surface of the lake-water, 
however, the conductivity corresponded to the generation of 
13°9 ions per c.c. per second when the cylinder was in the 
steady state; while, as will be seen from the results recorded 
in the next section, it corresponded to the generation of only 
8°6 ions per c.c. per second when the cylinder had been 
freshly cleaned and filled with filtered air. 

This difference in the values obtained for the drop in con- 
ductivity with the lead cylinder in the two conditions, can no 
doubt be traced to differences in the secondary radiation 
excited in the walls of the vessels by the penetrating radiation 
from the earth. 

It is clear that the surface of the lead after being freshly 
cleaned must have gradually become covered with a deposit 
through oxidation and other causes, and it is reasonable to 
conclude that the presence of this deposit would produce such 
a modification in the intensity of the secondary radiation as 
to bring about the results described. 

(3) Measurements made in different localities and with 
different receivers freshly cleaned. 

The preliminary measurements just described made it 
abundantly evident that the lake water acted as a very 
efficient screen for the earth’s radiation, a maximum decrease 
in the value of “q” of as much as 9 ions being recorded in 

ad 
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the last series of observations. A careful set of measurements 
was therefore undertaken, having for its object a determination 
of the relative decrease in the values of “gq” over water, from 
those obtained in the laboratory, when freshly cleaned re- 
ceivers of lead, zinc, and aluminium were used in turn as the 
containing vessels. In the case of the lead cylinder the con- 
ductivity was measured at a larger number of points, to 
determine if possible in what way the ionization was influenced 
by external conditions such as a change of soil. 

The results, which are in many cases the mean of a number 
of observed values obtained on different occasions and differing 
but slightly from one another, are given in Table XI. 

From the observations with the lead cylinder it will be 
seen that the ionization obtained over water of different 
depths was practically constant, the value for “q” being as 
before but slightly less than that obtained above a sandy soil. 
It is important to note also that the ionization on top of the 
University tower was the same as that found below on the 
campus, indicating that the atmosphere could not be the source 
of the penetrating radiation which gave the variations noted 
in the values of “gq” for air confined in a closed metallic 
receiver. 

From the values of “‘g” given in Table XI. for the three 
receivers, we obtain for the difference between the ionization 
in the laboratory and over the water the numbers 6°7, 7:4, 
and 6:0 for the receivers of lead, zinc, and aluminium respec- 
tively. These values then may be taken as giving a measure 
of the relative ionization in the three receivers due to that. 
portion of the radiation from the earth which was cut off by 
the water, together with the secondary rays induced by this 
radiation in the different cylinders. That the actual numbers 
obtained for ‘‘q” at any observing station were not in the 
same ratio as these decreases, is a conclusive proof that the 
ionization measured at these stations was not due entirely to 
the radiation from the earth. 

It might be well to call attention again to the fact that 
these decreases in the receivers of lead, zinc, and aluminium, 
of 6°7, 7-4, and 6:0, which are in the ratio of 1:1 to 1:23 to 
1:00, must give a true measure of the total ionization in the 
three receivers which is due to a portion at least, if not the 
whole of the penetrating radiation from the earth. If, then, 
we could obtain cylinders of lead, zinc, and aluminium free 
from active impurities and possessing no intrinsic activity, 
we should expect the values for “‘q” at every point on the 
surface of the earth to be in this ratio. 

Emphasis might also be laid upon the extremely low values 
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TABLE XI. 

| Value of “‘¢,” the no. 

| | of ions generated 

) Observation Station. R ‘e | per ¢.c. per sec. 

Number of Location emarks. 

Station. 

1. The ice on Toronto Bay, “Water 10 metres| 9 
100 metres from the! deep. | 
R. C. Yacht Club Wharf. | Ice, 30 ems. thick. ) 

Lo) _ The ice near Canoe Club| Water 56 metres| 8&6 | 60 | 6°55 
Wharf, Toronto Bay. deep. 

Ice 30 ems. thick. 

38. The ice on Grenadier! Water 2°5 metres} 9:2 
Pond, an inlet of Lake deep. 
Ontario. Station “a.” | Ice 30 ems. thick. 

| 

. 
; 

| 
| 

| 

' 

| 4. The ice on Grenadier Water 3°5 metres} 9:0 
Pond. Station “0b.” | deep. 

| 

| 

| 
| 

Ice 30 ems. thick. 

. At the shore of Grenadier = eae BRS Oe 9:1 
Pond. Station “cc.” 

Or 

6. On a sand hill over- | Height ofhillabout! 9°3 
looking Grenadier Pond. 50 metres. Dis- 

tance trom shore 
100 metres. | 

7. University Lawn ......... Clay soil, sodded, | 11-2 | 
| frozen and co- | / 

vered with iceand 
; snow 20cms.deep. | 

| 8. University Tower ......... 26 metres high. 11-4! | 
| 

| 
9. In the open on the Frozen clay, recent- |. 13:2 Pik =, |e O4: 
) ground in the rear of | ly overturned, 
. the new Physical Labo- covered with 10 
. ratory. ems. of ice & snow. | 

“10. A room in the basement As the building is| 15:3 | 134 125 
of the new Physical| new it was sup- 
Laboratory. | posed to be free | 

| from an; relics | 
| _ active contami- 
| | nation. | 

ee ee ee a 

found for the ionization over the water when the cylinders 
were freshly cleaned and freshly filled with filtered air. 
These values of 8°6, 6, and 6°5 obtained for the receivers of 
lead, zine, and aluminium are very much lower than those 
obtained by any other observer under any conditions, and 

/ Lead. | Zinc. Aluminium. 

| 
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afford a conclusive proof of the efficacy of Lake Ontario water 
as a screen for the earth’s penetrating radiation. 

The experiments made at stations 5 and 6 are of special 
interest, as the conductivity obtained at these points was- 
practically the same as that obtained in the experiments on 
the surface of the Lake which shows that the sand was 
entirely free from the radioactive substances which were: 
probably present in the clays and rocks at other points of 
observation. 

6. SECONDARY Rays INDUCED BY THE y Rays From RaADIUM.. 

To determine if this ratio of 1*l to 1:23 to 1-0 for the 
three receivers of Pb, Zn, and Al would be found to hold also- 
in the case of ionization due to the y rays from radium, a 
series of measurements was undertaken with the electrometer 
used before. 

A quantity of radium bromide encased in a lead box with 
walls 2 ems. thick, was used as the source of the penetrating 
rays, and the ionization measured in each receiver for different. 
distances between it and the radium. The difference between 
the ionization before and after the radium was placed in 
position, was recorded as due to the primary rays from the 
radium together with the secondary rays excited by them in 
the receiver. From Table XII. it will be seen that “ n,” the: 
value of the ionization in each receiver due to the presence: 
of the radium, varied inversely as the square of the distance 
d from the cylinder, the same variation heing shown graphi- 
cally in fig. 8 (Pl. V.). In this connexion it may be noted, — 
however, that for distances less than 3 metres a much larger 
value for “‘n” was obtained than was demanded by the law 
of the inverse square. 

TABLE XII. 

Voltage on Cylinder: +250. 

d = distance of| Lead. i | Zine. il Aluminium. 
Radium from ie 

Cylinder | / 
(anetres). 2. nd. N. nd*, | 2. | oo 

GU she: 2933 6847 | 154:7 5569 | 1854 | 4874 
HO! Vee 262°6 6933 | 181°9 586607)" 7B ee | eae 
i, eee 3146 7022 229 6 5740 195°3 4882 
hy oe ae 381°9 7047 | 279'8 5665 | 2463 4987 
4D 054.1 478°3 6899 359°7 5765 | 317-1 5074 
Sit | ew oael ey eee ok 7371 462:°0 5668 421-7 5166 
Sr) shasta he eee Bb ae foment | saree 842°5 5266 

|  Mean|=6976 | Mean |=5711 Mean =4996 
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This variation from the law appeared at first sight some- 
what difficult of explanation. On consideration, however, 
of the results obtained in the previous section, it at once 
seemed evident that the variation of “n” from the value for 
it demanded by the law of the inverse square was but another 
manifestation of the same secondary radiation excited by the 
presence of the radium in the neighbourhood of the brick 
wall, against which the electrometer was set up. 

In Table XII. the value of the constant “nd?” has been 
calculated, giving for the receivers of Pb, Zn, and Al 
respectively the numbers 6976, 5711, and 4996, which are 
thus a measure of the ionization in the different cylinders cue 
to the y rays from radium plus the secondary rays induced 
by them in the enclosing metals. These numbers we see are 
in the ratio of 1°4 to 1°14 to 1:0 for the three metals Pb, 
Zn, and Al; whereas the ratios arrived at from the figures 
of Table XI. for the corresponding effects due to the earth’s 
radiation were 1°1 to 1:23 to 1:00. The considerable differ- 
ence between these ratios would thus seem to indicate a 
difference in penetrability between the y rays from radium 
and the penetrating radiation from the earth. It is possible, 
however, that the discrepancy may have had an entirely 
different origin, and further measurements should be made to 
ascertain the cause of it before a satisfactory explanation can 
be offered. 

7. EXPERIMENTS ON ABSORBING POWER OF WATER. 

From the foregoing experiments with radium in con- 
junction with the effect noticed in 4 (c), we see thatithere 
was in each case some additional effect inside the cylinder 
which must be considered as due to the presence of thie wall. 
From tiese experiments the idea presented itself that possibly 
the earth’s penetrating radiation was the same at all points 
on its surface, and that the differences observed in the values 
for “q” for the land and water experiments were due not so 
much to differences in the absorbing power of the different 
soils, as to differences in a secondary radiation induced in the 
crust of the earth by this penetrating radiation. 

To determine if any effect of this kind could be noted in 
the case of water for the penetrating rays from radium, the 
sample used in the investigation described in Section 4 
was lowered under the ice on Grenadier Pond, and the 
‘ionization noted in a lead cylinder placed above it for different 
depths of the radium. In making these measurements the 
radium was hermetically sealed in a glass tube, which was 
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then enclosed in a tube of brass whose walls were ‘1 em. in 
thickness. | 

The results (Table XIII.) showed that 2 metres of water 
completely cut off all effect from the radium, both primary 
and secondary, the same being illustrated by the curve in 
fig. 9.(P1.V.)s 

TABLE XIII. 

Lead Cylinder 1: 113 ems. above ice. 

| 

_ Depth of water over | Number of ions due 
radium=d. | to radium=“ 2.” 

| 

; 
O metres. 4485 

1/2 | 447-2 

1 | 16-11 
: | : 
3°65 at bottom. *62 

This result, surprising as it at first sight appeared, is exactly 
what one would expect from a consideration of the values of 
Table XI., which show that practically the same value for 
the ionization was obtained over water of depths ranging 
from 2°5 to 10 metres. Owing also to this fact that complete 
absorption of the y rays from radium took place, it is clear 
that over the water of Lake Ontario at least there is no 
appreciable secondary effect due to the earth’s penetrating 
rays such as has been shown to be emitted by a brick wall 
under bombardment by the y rays from radium. 

Since in addition we know from an observation made by 
Prof. McLennan that the waters of Lake Ontario contain no 
appreciable radioactive emanation, the conclusion is forced 
upon us that in the case of the experiments described above ~ 
with the cylinders of lead, zinc, and aluminium, the water of 
the lake acted as a perfect screen for the earth’s penetrating 
radiation, and the values of “q” recorded in Table XI. for 
Observation Station No. 2 may be taken to represent the 
conductivities impressed upon the air, either by intrinsic 
radiations arising from the metals of the receivers themselves, 
or else by radiations from active impurities still remaining 
in them. 
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Taking in the case of the lead cylinder the value of 8°6 
jons per ¢.c. per sec. as due to intrinsic activity, we have a 
means then of calculating the ionization in this cylinder due 
to the soil alone in any position on the surface of the earth. 

From the value of 11:1 ions obtained with the lead cylinder 
over clay (given in Table XI.), a calculation shows that 

 2°6 ions per c.c. per sec. in such a cylinder is due to the soil 
alone. If now we assume, as seems justifiable from the 
experiments of Professor McLennan, loc. cit., on the con- 
ductivity of air enclosed in lead receivers, that the ratio of 
the ionization due to secondary rays in a lead cylinder of the 
dimensions of those used in this investigation, is twice that 
due to the primary, it follows that approximately 0°9 ions 
would be generated in free air over a clay soil by the earth’s 
penetrating radiation in the locality referred to above. 

On the basis of Strutt’s determination of the radium 
content of the rocks and soils, Strong * has recently deduced 
a value of 0°8 ions as an upper limit for the ionization in free 
air due to the penetrating rays from radioactive substances 
in the soil ; and this number it will be seen is in good agree- 
ment with the experimental result obtained in this investi- 
gation. 

In passing it might be noted that this calculation throws 
some light on the results obtained (Table VI.) for the regular 
daily variation, which it will be remembered was found to be 
inappreciable and which is exactly what should be expected 
if only some two or three of the ions generated in the 
cylinder per c.c. per sec. were due to a penetrating radiation 
from the earth. 

8. SUMMARY OF RESULTS. 

The results obtained in the preceding investigation may be 
summed up as follows :— 7 

(1) No evidence of a regular daily variation was noted. 
(2) It has been shown that there is a penetrating secondary 

radiation set up by penetrating rays such as those from radium, 
in the brick wall of a room. 

(3) Proofs have been adduced to show that the water of 
Lake Ontario acts as a perfect screen both for the earth’s 
radiation and, if a sufficient depth be taken, for the y rays 
from radium. On this account and owing to the fact that 
the water of Lake Ontario contains no active impurity, it has 
been possible to determine what portion of the ionization in 

* Strong, Phys. Zeit. ix. pp. 117-119 (Feb. 15, 1908). 
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the receivers used in this investigation was due to residual 
active impurities and to intrinsic activity in the metals of the 
receivers. 

(4) Based on this fact, a determination has been made 
of the ionization in free air due to radioactive impurities in a 
clay soil, and this value 0°9 ions per c.c. per sec. has been 
found to be in close agreement with a value deduced by 
Strong from Strutt’s determination of the radium content of 
the earth. ) 

(5) The ratio of the ionization in cylinders of lead, zinc, 
and aluminium due to the radiations from the earth has been 
determined, and has been found different from the ratio for 
the ionization due to the gamma rays from radium; a result. 
which needs confirmation but which points to a difference in 
the penetrability of the two radiations. 

(6) The values obtained.in the open for the ionization in ~ 
well cleaned receivers of lead, zinc, and aluminium are lower 
than any hitherto recorded, the numbers 8°6, 6°0, and 6°5 
respectively being obtained over the water of Lake Ontario. 

Considered as a whole, the experiments described above are 
interesting from the light which they throw on the question 
of the radioactivity of metals and substances generally. The 
values obtained for “q’’ for the three cylinders at Station 2, 
Table XI., differ from each other but little. They are more- 
over of the order of magnitude of effects which might easily 
be accounted for by active impurities in the metals, since 
differences as large as these values of “gq” may easily be 
obtained with cylinders made from different samples of 
almost any metal selected at random. Considering also the 
difference in the atomic weights of the three substances, 
aluminium, zinc, and lead, and having in mind that radio- 
activity is a property associated with atomic structure, it 
would seem that, if these metals could be obtained entirely 
free from active impurities, and the conductivity of air con- 
tained in vessels made from them studied, it would be found, 
if the observations were carried out under conditions or in~ 
places where no ionization was possible from penetrating 
radiations arising from external sources, to drop to a very 
low value if it did not entirely vanish. 

In conclusion, I desire to thank Professor McLennan, both 
for his valuable suggestions and for his assistance at all times. 
throughout the investigation. 
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XXIV. Note on the Theory of the Greenhouse. 
By Professor R. W. Woop*. 

—_—— appears to be a widespread belief that the com- 
paratively high temperature produced within a closed 

space covered with glass, and exposed to solar radiation, 
results from a transformation of wave-length, that is, that 
the heat waves from the sun, which are able to penetrate the 
glass, fall upon the walls of the enclosure and raise its 
temperature: the heat energy is re-emitted by the walls in 
the form of much longer waves, which are unable to pene- 
trate the glass, the greenhouse acting as a radiation trap. 

I have always felt some doubt as to whether this action 
played any very large part in the elevation of temperature. 
It appeared much more probable that the part played by the 
glass was the prevention of the escape of the warm air 
heated by the ground within the enclosure. If we open the 
doors of a greenhouse on a cold and windy day, the trapping 
of radiation appears to lose much of its efficacy. As a 
matter of fact | am of the opinion that a greenhouse made 
of a glass transparent to waves of every possible length would 
show a temperature nearly, if not quite, as high as that. 
observed in a glass house. The transparent screen allows the 
solar radiation to warm the ground, and the ground in turn 
warms the air, but only the limited amount within the 
enclosure. In the “open,” the ground is continually brought 
into contact with cold air by convection currents. 

To test the matter I constructed two enclosures of dead 
black cardboard, one covered with a glass plate, the other 
with a plate of rock-salt of equal thickness. The bulb of a 
thermometer was inserted in each enclosure and the whole 
packed in cotton, with the exception of the transparent plates 
which were exposed. When exposed to sunlight the 
temperature rose gradually to 65° C., the enclosure covered 
with the salt plate keeping a little ahead of the other, owing 
to the fact that it transmitted the longer waves from the sun, 
which were stopped by the glass. In order to eliminate this 
action the sunlight was first passed through a glass plate. 

There was now scarcely a difference of one degree between 
the temperatures of the two enclosures. The maximum 
temperature reached was about 55° C. From what we know 
about the distribution of energy in the spectrum of the 
radiation emitted by a body at 55°, it is clear that the rock- 
salt plate is capable of transmitting practically all of it, 
while the glass plate stops it entirely. This shows us that 

* Communicated by the Author. 
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the loss of temperature of the ground by radiation is very 
small in comparison to the loss by convection, in other words 
that we gain very little from the circumstance that the 
radiation is trapped. 

Is it therefore necessary to pay much attention to trapped 
radiation in deducing the temperature of a planet as affected 
by its atmosphere? The solar rays penetrate the atmosphere, 
warm the ground which in turn warms the atmosphere by 
contact and by convection currents. The heat received is . 

thus stored up in the atmosphere, remaining there on account 
of the very low radiating power of a gas. It seems to me 
very doubtful if the atmosphere is warmed to any great 
extent by absorbing the radiation from the ground, even 
under the most favourable conditions. 

I do not pretend to have gone very deeply into the matter, 
and publish this note merely to draw attention to the fact that 
trapped radiation appears to play but a very small part in 
the actual cases with which we are familiar. 

XXV. Molecular Diameters. By WitLiAM SUTHERLAND *. 

REATER absolute precision and better mutual con- 
sistency were introduced into the measurement of 

molecular diameters by the kinetic theory of gases, when 
Jeans applied electrical data to give the number of molecules 
of a gas in a cm.* under normal conditions (Phil. Mag. [6] 
vill. 1904, p. 692). But in his calculations he tuok no 
account of the effect of cohesional forces in the viscosities, 
conductivities, diffusivities, and collisional virials of gases 
which he used in the calculation of molecular diameters. 
Now in “The Viscosity of Gases and Molecular Force” 
(Phil. Mag. [5] xxxvi. 1893, p. 507) it was shown that if 
2a is the diameter of a molecule, and C a parameter pro- 
portional to the mutual potential energy of two molecules in 
contact, T denoting absolute temperature, the molecules 
behave as if devoid of attractive force, but enlarged so that 
(2a)* is replaced by (2a*)?(1+C/T). Thus the temperature 
law of the viscosity of a natural gas is y « T?/(1+ C/T), instead 
of the law 7 « T? which holds for the ideal perfect gas. On 
this account the quantities given by Jeans as the diameters 
of molecules 2a, are in reality 2a(1+C/T):. By means of 
the values of C and with T=273 it is easy to obtain the true 
values of 2a. In the Landolt-Bornstein-Meyerhoffer Tabellen 
values of C for many.of the gases in the list of Jeans are 

* Communicated by the Author. 



Radio-active Products present in the Atmosphere. 321 

given, and also values of viscosity in other cases, enabling C 
to be calculated. In the table below I have given the mean 
value of C for each gas from the Tabellen, and in brackets 
those values calculated from data given in the Tabellen. 
Strictly the same sort of correction ought to be applied 
separately to each of the four methods used by Jeans for 
finding 2a, but it is practically as useful at the present stage 
to apply the correction to his mean values obtained from the 
results of the four methods. These are given in the 
second column of the following table under the heading 
2a(1+ C/T)? x 10°, the last column giving 2¢ x 16°. Water 

Gas. 2a(1+C/T)s x 10°. C. Ze lo? 

| cms. } cms. | 
| iydroven ............ | 2°03 . fa. e | eee el 
Pee 00552620... 1°81 ) OMe bLuE GOY. 2B) 
Carbon monoxide...) 2°86 bs H(LEG) nce hae 28 
Mibylene ............ . 3°81 | ZAG | 2D | 

Nitrogen ............ ) 2-O1 ior F246 
| 2 ob / 2°84 15 | 238 
Nitric oxide ..... ... | 2°82 LeeGloe) “| pe2elo 
BORVECD, owas sc acsce.. 2°73 | 128 2°25 
BPAEMOM - ....5.-c000-+-: 2°79 160 2°22 
| Carbon dioxide...... 3°36 258 | 241 
| Nitrous oxide ...... 352 ) ys QEGDy taly Deak 
WO MIGPING.<:..5.-<o.0--- | 4-11 (199) | 3138 
| Water-vapour ...... | 3°39 
| Ethyl chioride ...... 4-68 

vapour and ethyl chloride ut ordinary temperatures are too 
far from the condition of a typical gas as regards the con- 
ditions of collision to permit of a satisfactory estimation of C 
without special experiments and discussion.’ 

Melbourne, September 1, 1908. Be 

XXVI. On the Radio-active Products present in the Atmo- 
sphere. By W. Wutson, I/.Sc., Graduate and Hatfield 
Scholar of the University of Manchester *. 

ae the experiments of Elster and Geitelt in 1901, 
various experimenters working at different parts of the 

earth’s surface have found that a wire suspended in the air 
and maintained at a high negative potential becomes radio- 
active. Bumstead { showed that the activity thus obtained 

* Communicated by Prof E. Rutherford, F.R.8. 
+ Elster & Geitel, Phys. Zeit. 11. (1901). 
Tt Bumstead, Am. Jour. Sci. 1904. 
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decays as if the disintegration products, both of the emanations 
of radium and of thorium, were present. He found that for 
a twelve hours’ exposure the activity due to the thorium was 
about 15 per cent. of the whole. Blane *, working in Rome, 
made a series of experiments to determine the ratio of the 
activities due to the two deposits, and found that for a long 
exposure (3 days) the activity due to the thorium deposit was 
60 per cent. to 70 per cent. of the whole activity obtained. 

Since it is of some importance to know the relative amounts 
of these substances at different parts of the earth’s surface, 
the following experiments have been made at Manchester 
during the past year. 

' A copper wire 36 feet long, maintained at a negative 
potential of from 8000-12,000 volts by means of a Wimshurst 
machine, was suspended from an insulated support ont of an 
upper window of the University Physical Laboratory. The 
potential was measured by means of a Kelvin Static Volt- 
meter. After the wire had been exposed to the atmosphere 
for a sufficient time (3 to 8 hours) it was removed and 
coiled round a square brass cage, which was then placed in 
an electroscope by means of which the activity could be 
measured from time to time. The natural leak of the instru- 
ment was determined before and after the experiment by 
taking a number of readings with a “clean” wire coiled — 
round the cage. The wire when drawn in was always covered 
with soot particles. 

It was tound that the activity of the wire fell off with the 
time as if products of radium and thorium were present. 
The readings were continued for about 48 hours. 

The whoie decay curve of the thorium deposit could be 
deduced from the later readings, since the activity due to the 
radium deposit has practically disappeared after four hours. 
The decay curve of the radium deposit could then be obtained 
by subtraction. 

The ratio which the activity of the thorium deposit would 
bear to that due to the radium, if the wire were exposed till 
equilibrium was obtained, was calculated tor each experi- 
ment, and the mean value found was 1°64, or 62 per cent. of 
the initial activity is due to the deposit from thorium. The 
extreme values obtained were 59 per cent. and 69 per cent., 
but most were within 2 or 3 per cent. of the mean. 

In a recent paper Dadourian f has calculated the relative 
amounts of radium and thorium present in the atmosphere 
near the earth’s surface, on the assumption that the active 

* Blanc, Phil. Mag. May 1907; Phys. Zeit. May 1908. 
{ Dadourian, Le Radium, April 1908. 
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deposits obtained are due to the direct disintegration of the 
emanations in the vicinity of the wire. He finds that there 
is 30,000 to 50,000 as much radium as thorium emanation in 
the air of New Haven, Conn., U.S.A., and from Blanc’s results 
20,000 to 30,000 at Rome. 
We can calculate this ratio from our results as follows :-— 
When the emanation and active deposit are in equilibrium, 

an equal number of atoms of each product break up per 
second. Now the initial activity of the thorium deposit is 
due to « particles from ThB and ThC. The number of 
each breaking up per second is AN, where N is the number 
of atoms of emanation necessary to keep ThB and C on the 
wire in equilibrium, and 2 its radioactive constant. 

The initial ionization is then given by AN(R,+R,)n, 
where R, and R, are the ranges of the a particles from ThB 
and ThC, and x is the number of ions produced by an « 
particle per cm. of its path (supposed to be the same for all). 
Sumilarly, if X’, N’, R,’, R,’ are the corresponding values for 
the radium products, the ionization due to the radium 
deposit is A/N’(R,' + R,’)n. 

The ratio NCR eR has been shown to have the 

J / 

value 1°64, which gives - = 3700 on substituting the known 

eee — 50. R.—86, Rk, =4:8, R'= 70, A= a 
al 1 Of 

~ 463,000" 

In the same manner we find from the results given by 
Blane and Dadourian the ratios 2600 to 4000 at Rome, and 
9000 to 18,000 at New Haven. We see, then, that the 
radium and thorium emanations exist in the atmosphere in 
about the same proportion in this country as in Rome, while 
in America there is relatively less thorium. 

The discrepancy between these results and those of 
Dadourian may be explained as follows :-— 

In equation (9) p. 105 of his paper he makes use of the 
formula i —oheM. 

where v is the number of ions produced by an « particle per 
em. of its path, R; the range of the « particle, and M; the 
number of atoms of aC present. 

This equation should read [=A,vR3Ms, that is the ionization 
is proportional to \3M; the number of atoms breaking up 
per second. If we substitute this in Dadourian’s equation 
we obtain values corresponding to these given above. ‘The 
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number obtained, however, is only the virtual ratio, the 
actual number being somewhat larger, since, as Blanc has 
shown, the active deposit present, especially at some distance 
from the ground, is not produced in situ but is carried away 
from the surface and remains suspended in the air for a 
considerable time before it is removed. . 

We can, however, form some idea of the amount of thorium 
present in the earth’s crust from the foregoing results. 

Since radium is a disintegration product of uranium the 
number of atoms of the radium emanation breaking up per 
second is equal to the number of atoms of uranium breaking 
up per second, the two being in equilibrium. 

Similarly, the numbers of atoms of thorium and the 
corresponding emanation breaking up per second are equal. 

Now, we have seen that there is per c.c. of the atmosphere 
near the earth’s surface, 3700 times as much radium emanation 
as thorium emanation. On account of its longer life the 
radium emanation extends upwards into the atmosphere to a 
much greater extent than does that of thorium; and thus 
there is present in the whole of the atmosphere 3700 K 
times as much radium as thorium emanation, where K can 
be deduced from the coefficients of diffusion and the periods 
of the two emanations. 

For the same reason, however, it can penetrate into the 
atmosphere from a depth in the ground equal to K times 
that from which the thorium emanation can emerge, and so 
comes from a volume K times as great. 

The ratio then of the amounts of the emanations of radium 
and thorium which are in equilibrium with the uranium and 

thorium per c.c. of the earth’s crust is i =3700. - 

We see from this that, taking the radioactive constants of 
| 1 1 
the thorium and radium emanations as 87 and 763,000 

respectively, there must be per c.c. of the earth’s crust 1-42 
times as many thorium as radium atoms breaking up per 
second. 

Now, Bragg* has shown that the uranium atoms break 
down five times as quickly as the thorium atoms, which 
points to there being about 7 times as much thorium as 
uranium present per c.c. of the earth’s crust. Uranium and 
thorium then exist in the earth in amounts of the same order 
of magnitude; and in calculations bearing on the heat of the 

* Brage, Phil. Mag. June 1906, 
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earth the action of the thorium family as well as that of 
the uranium family should be taken into consideration. 

Strutt found that the average amount of radium present 
in the surface rocks was 5x10-” gram pere.c. Taking 
the life of thorium as 10° years and that of radium as 2 x 10° 
years, we see from our previous values that there must be 
about 7x10° as much thorium as radium, 2. e. there must 
be about 10-® gram perc.c. This amount is of course still 
very small, only amounting to about 10-° per cent. of the 
whole mass. 

S. J. Allen, working in Pittsburg, Conn., has lately 
published a paper on “ Radioactivity in a Smoke-laden 
Atmosphere” *. He finds the same type of results for 
negatively charged wires and obtains no activity on positively 
charged ones. With wires, however, suspended in the 
atmosphere without charge, he obtains about 25 per cent. of 
the activity found on a negatively charged one. 

Similar experiments were made in the present case during 
smoky fogs, and although the wires when drawn in were 
always covered by a thick layer of dirt, no activity was 
observed either on a positively charged wire, or on one 
which had been suspended in the atmosphere for six weeks 
without charge. 

IT wish to thank Prof. Rutherford for suggesting the 
experiments and for his valuable help and encouragement 
from time to time. 

Physical Laboratory, 
The University, Manchester. 

Sept. 1908. \ 
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XXVIII. The Transverse Oscillations of a Canal of Circular 
Section. By Ropert A. Houstoun, M.A., Ph.D., D.Sc. f 

Sgn problem of the transverse oscillations of water con- 
tained in a canal of circular section has not yet been 

solved, though Lord Rayleigh has made an approximate 
determination of the frequency of the slowest mode by a 
general method for the case, where the surface is at the 
level of the axis{. The object of this note is to show how 
the same case may be solved by the substitution of a series. 

Take the origin at the centre of the circle. Let the axis 
of x be horizontal and the axis of y be measured positively 

* Phys. Rev. Dec. 1907. 
J Communicated by Prof. A. Gray, F.R.S. 
t Lamb’s Hydrodynamies, 3rd edition, § 256. 

Phil. Mag. 8. 6. Vol. 17. No. 98. Feb. 1909. Z 
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upwards. Leta be the radius of the section. Then q 
velocity potential, must satisfy the equation i 

The problem cannot be solved by transforming conform a ‘ee i 
ally the case of triangular section solved by Kirchhoff *, 
because when the triangle is transformed into the semicircle, - 
the surface condition no longer holds. 4 

Suppose that the time-factor is e”’. Then the Be ” 
condition becomes ' . Ps 

o¢ gee Be ay a 

Let w be the stream function. Then, omitting the time 
factor, we may assume = 

btipp=Ayt+Ai(e+iy) +Ap(x +ty)? 2... 

If we write the constants A, in the form P,+7Q,, we an 

obtain 
i 

=P, +5, 7(Pacos nO —Q, sin 08), 

w=Q,+ = "(Qn cos n@+P, sin n@). 

This satisfies (1). 
Expressing the surface condition in polars we obtain 

and p= — 298 for 0=7. 

Substituting the expression for ¢, we find that the surface 
condition is s satisfied, provided that 

n= — e.g: 2 
# Ibid. § 255, 
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if 5 Using (4) we find that 
eS ; 

| p=Qot+ 2, 7"(Pa sin nd — . Pa cos 2). 
n 

In order to satisfy (2), y must be constant for r=a and 
aw<@<2a. We may, without loss of generality, assume 
that y~—Q =1. Then writing a"P,=S8, and o’a/g=2, we 
have 

Psa +, sin 2G...... 

— (So cos 0+ et c03 20+ P2003 os Jee Yo. Roa 

If the constants x, So, S,, S:, &c. be chosen so that this 
equation holds for all values of 6 between w and 27, then 
¢ satisfies all the prescribed conditions. 

Since the series on the right of equation (5) must be 
symmetrical about. OY, Sp=S.=8,...... =(0. The eéal- 
culation of the other constants is extremely laborious, and 
we shall retain only the first three. To solve for v, Sj, S:, 

_ and §$3, we require four equations. Since the series is 
symmetrical about OY, it is necessary to equate it to unity 

only for the range 7<0< an Hence, putting 0=7, 
hay: 

7+ a 7+ = and a in succession, we obtain from (5) 

ke my 8s | 8s 

1 _S:_ 9g _ 3s (2 Ss =) 
ba Ey eS eS 

ae 8S. V3 Ss/2 Sy Ss 1 =) 

Bae ae 8 eo): 
S Ss 

1=—$8,+8;-8,—2(- : +3 %) = h€G) 

Eliminating §,, 83, S;, 

aes ase 

a 

I hiattemgenemehs a 1-% (7) 
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The roots of this equation should give the frequencies of 
different modes. It has one real root, e=1'345, and two 
complex ones. From «=1'345 we obtain o= Vg/a 1160. 
Lord Rayleigh finds for the gravest mode, c= / gla 1°1644. 

If we substitute e=1°345 in equations (6) we find | 

Si= = 1°764, 

Seas 5895, 

5; = — 0538. 

Hence 

3 5 4 

v= (2) S, sin 0+ (*) S, sin 36+ (,) S; sin 50—«2 ((") Stes 20 

r\*8, r\6 8. ) 
+ (*) eet (") 73 cos 60 

vp ad rye ant Bis (*) 1-762 Bee (*) 1:187 cos 20+ (*) 5895 sin 36 

4 5 6 

—(") 1982c0s 40 — (*) 0538 sin 50-4 (7) 0121 cos 60. 
a a a 

The accompanying figure represents the stream-lines 
calculated by the above formula. Since they are sym- 
metrical about OY only one quadrant is given. Hence we 
see that with three constants we obtain a satisfactory repre- 
sentation of the slowest mode. 

If we take more constants we obtain an equation of higher — 
degree for wv, and it seems that its other real roots may give 
the higher modes. I have, however, not been able to discover 
any way of discussing the general equation for 2, and to 
calculate particular cases would be exceedingly laborious. 
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XXVIII. On the Coefficients in certain Series of 
Bessel’s Functions. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

N your December number, pp. 947-948, Mr. P. W. 
Bridgman refers to “an apparent oversight in the 

usual method of determining the coefficients in certain series 
of Bessel’s functions,” which he illustrates by reference to a 
paper by me read to the Cambridge Philosophical Society in 
1887 and printed in their Transactions, vol. xiv. Owing 
probably to lack of familiarity with recent pure mathematical 
terminology, I am uncertain whether I fully understand 
Mr. Bridgman’s conclusion. 

He seems to admit the accuracy of the differential equation 

en ol duis... &s 

dr? dr aa i he 

and of the solution I gave—novel I think at the time— 
v=DE sinh kzJ,(kr) in my notation. What I understand him 
to question is the applicability of this solution to the torsional 
problem I supposed it to apply to, viz. the case where the 

shearing stress 20 =ndv/dz is given over the end z=1 of a 
right circular cylinder of radius a (the end z=0 being fixed) 
as an arbitrary function f(r) of the axial distance. By 

taking J.(ka)=0 I was able to satisfy the condition 70 =0 
over r=a, and “ following the usual methods ”’—+. e. making 

use of the fact that { rd (kr) J (kr) dr vanishes if k and Kk! 
0 

are two different roots of J,(ka)=O—I supposed the ex- 
pansion of /(7) in Jy’s possible over the end z=l, thus 
determining the constants E, In this I believed myself to 
follow the example of the ordinary text-books. 

Mr. Bridgman says my solution is clearly in error, for 
when applied to the ordinary case f/(r)=r the determining 
equation makes the constants H all zero, and “ gives the 
absurd result that a cylinder experiences no torsion under a 
torsional force varying as the distance from the axis.” If, 
however, the H’s all vanish, then the stresses vanish as well 
as the strains; thus the result on the physical side is simply 
that a cylinder under no stress is under no strain, a result 
which to me presents no absurdity. The real fact is that it 
never occurred to me that my new solution should include 
the simple ordinary case of the text-books v=rz. For this 
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d’v/dz?= 0, and so the equation in ris not of the Bessel’s 
type at all. This case I supposed a distinct one by itself and 
always treated it as such (cf. Phil. Mag. Feb. 1886, p. 86, 
a paper which, though published earlier, was written sub- 
sequently to the one under discussion). It will I think be 
more satisfactory to take the example which I actually applied 

bg a to, viz. f(r)=Tr*, with T constant. For this 
oun 

v=8(T/n)=[ {Jy (kr) sinh kz} /{k*I (ka) cosh kl}], 

the corresponding stresses being 

rd = —8TS[{Jo(kr) sinh k2}/{123 (ka) cosh k1}], 

26= 8TS[{JI,(kr) cosh kz} /h3Jy (ka) cosh kl], 
. the former vanishing over =a in virtue of J.(ka) =0. 

If I follow Mr. Bridgman, his point is that Tr® by itself 
cannot be expanded in a Bessel series, but that Tr?+Br, 
B being a constant determined bya simple integration which 
Mr. Bridgman gives, is expressible in terms of the exact 
Bessel’s series which I supposed to represent Tr’ alone. If 
this should prove to be the case, then all that would be 
necessary to make my solution complete would be to add to 
the value for v the single term —Prz/n, answering to a 
torsional force of the simplest type. The same would be 
irue for the most general form of /(r), the value of B 
varying with the function. If I rightly follow Mr. Bridgman, 
the theorem he quotes is due to Dini, and amounts to accepting 
y as a debased but necessary form of J,(k7)—or in the general 
case 7 as a form of J;(kr).—There is, Mr. Bridgman says, a 
misprint in Dini’s work and a misrepresentation of it in the 
only text-book it appears in, thus some more definite con- 
firmation appears desirable before finally accepting it. 

Dec. 19.—Since writing the above I have been able to 
consult my friend Mr. Arthur Berry, and through him 
Dr. E. W. Hobson, F.R.S.—who is a recognized authority 
on Bessel Functions—on the point in pure mathematics 
raised by Mr. Bridgman. These gentlemen substantiate the 
accuracy of Mr. Bridgman’s interpretation of Dini’s result. 
This means that in the problem treated by me in expanding 
any function f(7) representing torsional forces, in addition to 
a series of what are ordinarily recognized as Bessel functions 
with arbitrary constants, there must be a term Agr, of which 
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the constant is determined exactly as if the term represented 
a true Bessel function through the relation 

Me \ “9? ede =p4y'=(" rf(r\rdr. 
0 0 

For instance, using my original notation, in the case of a 
torsional force Tr over z=/, the term additional to ordinary 
Bessel terms is 

v=4(t+3)reTat-'/n. 

With this addition and mode of interpretation, the solution 
of 1887 includes the ordinary text-book case for which 7=1, 
and so possesses a greater generality than I originally 
supposed. The additional term, as explained above, is 
always of the ordinary text-book type, but it is important 
unless 2 is large. J am thus much indebted to Mr. Bridgman 
for raising the point, and to Mr. Berry and Dr. Hobson for 
their assistance. Considering the date of the solution it seems 
curious that the point has not been raised before. 

C. CHREE. 

XXIX. Notices respecting New Books. 

A Study of Splashes. By Professor A. M. Worruinerton, F.R.S. 
With 197 Illustrations from Instantaneous Photographs. 
Longmans, Green & Co. 1908. Price 6s. 6d. net. 

THs enticing volume is the outcome of an experimental study 
lasting over fourteen years. Yet even so, its publication was 

at the last delayed in order to be able to include additional and 
unexpected information relating to cases in which the height of 
fall is increased above a certain critical value. It is impossible in 
a short note to do more than call attention to the extreme beauty 
of many of the phctographs reproduced here; and to express 
delight at the very lucid and ingenious explanations which ac- 
company the reproductions. What is to be desired greatly (and 
what we believe Professor Worthington himself desires greatly) 
is that some hydrodynamician may see his way to tackle the 
problems presented and express them in mathematical language. 
The present publication will do much to spread a knowledge of the 
phenomena themselves. 
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GEOLOGICAL SOCIETY. 

(Continued from p. 228.} 

December 2nd, 1908.—Prof. W. J. Sollas, Sc.D., LL.D., F.R.S., 
President, in the Chair. 

{Es following communication was read :— 

‘The Geological Interpretation of the Earth-Movements asso- 
ciated with the Californian Earthquake of April 18th, 1906.’ By 
Richard Dixon Oldham, F.G.S. 

At the time of the San Francisco earthquake movement took 
place along a fault, known as the San Andreas Fault, which can be 
traced for a distance of about 200 miles.. A remeasurement of the 
primary triangulation in the region shaken by the earthquake 
revealed considerable displacements, increasing in amount as the 
fault is neared, and of such nature that places to the east of the fault 
were shifted southwards while those to the west of it were shifted 
northwards. The author points out that the extent and peculiar 
distribution of these displacements negative the supposition that 
the fault was the cause—it must rather be regarded as a con- 
sequence of, or an incident in, the earthquake, this word being used 
to denote the disturbance in its entirety. 

He also considers that the displacements cannot be explained in a 
satisfactory manner on the supposition that they are the result of 
strains affecting the crust of the earth as a whole, but may be 
explained by the difference in character and behaviour of the 
materials composing the greater part of it, where pressures are 
great enough to produce the phenomena of solid flow, and of those 
in the outer skin, where the pressures are not great enough to 
produce any. material: difference in the behaviour of rocks from that 
which we associate with solidity, as experienced at the surface of 
the earth. The surface-displacements constituting the earthquake, 
as ordinarily understood, arise from disturbances in the outer skin; 
but in great earthquakes, like the one dealt with in the paper, 
these may be the result of more deep-seated disturbances affecting 
the whole crust ofthe earth. A distinction is drawn between these 
two forms of disturbance, and the term bathyseism is proposed 
for the deep-seated disturbance: the wave-motion which impresses 
itself on distant selsmographs and constitutes the teleseism or 
world-shaking earthquake being the product of the bathyseism. 

The deep-seated cause, or bathyseism, of the San Francisco 
earthquake is regarded as the result of a widespread strain, of the 
nature of a shear, such as might have been produced by displace- 
ments approximately parallel to the general direction of the coast- 
line, and by forces which must have been very different from those 
concerned in the formation of the San Andreas Fault. This fault 
cannot, consequently, be regarded as the cause of the earthquake, 
nor the earthquake as an incident in the growth of the fault, 

j 
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XXXI. On the Theory of Surface Forces.—IV. On very thin 
Liquid Films and very small Liquid Drops. By G. BAKKER*. 

$1. At a fixed temperature the structure of a plane capillary 
layer in contact with its vapour is fully determined. 

N the supposition that the capillary layer is not under 
the influence of an external force, such as that of 

gravitation, magnetism, electricity, or the adhesion of the 
walls of the vessel, we can demonstrate in the foilowi ing way, 
that at a fixed temperature the plane capillary layer of a given 
fluid in contact with its vapour is always the same thing. 
That is to say, the plane capillary layer which limits a larg ge 
bulk of liquid has exactly the same structure as the capillary 
ayer which limits for instance a black spot in a very thin 
liquid film of the same body. 

For a point of the plane capillary layer the hydrostatic 
pressure in a direction perpendicular to the surface is, as I 
have demonstrated t, equal to the vapour-pressure (p;). If | 
we thus consider with Young { the hydrostatic pressure as 
the difference of the thermic pressure @ (repulsive force of 
Young) and the cohesion (force of cohesion of Young) and, 
if we ‘denote the cohesion in the mentioned direction by S.. 
we have 

OSs0 = Sera area iL) 

* Communicated by the Author. 
tT “On the Theory oi Surface Forces, LI.,”” Phil. Mag. October 1907, 
515, 
ft Thomas Young, ‘‘ On the Cohesion of Fluids,’”’ Phil. Trans. 1805. 

Phil. Mag. 8. 6. Vol. 17. No. 99. March 1909. 2A 
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If we consider further, for a point of the capillary layer, 
the thermic pressure as independent of the direction (Stefan, 
Fuchs, Rayleigh, van der Waals), and only as a function of 
the density, the cohesion 8; must be in consequence of the 
equation (1) also a function of the density, because p, is a 
constant. By this I mean the following :— 

If one considers at a fixed temperature, firstly, a plane 
capillary layer which limits a large bulk of liquid, and, 
secondly, a set of capillary layers which limit very thin 
liquid films (black spots), the cohesions 8, have the same 
value in the corresponding points of all the considered 
capillary layers. (T'wo points are called corresponding 
points when, in these points, the value of the density is the 
same.) 

The same property can also be demonstrated for the 
cohesion in the direction parallel to the surface of the capil- 
lary layer. 

When, namely, V denotes the potential of the forces of 
cohesion and p the density in a point of the capillary layer, 
we have 

dd>=—pdV. . . si 

According to Rayleigh *, we have further : 

C9 d*p yh Cy ior dip 

iow | 6 2 Oe oe > eee V=—2ap—- 

and for the cohesion 8, parallel to the surface of the capillary 
layer I have given f : 

Be ee Le be d'p 

Pa OP eg 1.9.3.4 ae —— See 

Therefore 
3 Ve= —S,. °- 6 «ee (3) 

If we thus consider @ as a function of the density, the 
relation (2) gives likewise this property for the potential V, 
and the relation (3) demands the same for S.. Hence it 
follows that 8S, must have the same value in the corresponding 
points of the considered capillary layers, when only for the 
vapour, which touches these capillary layers, 6, p, and V have 
the same values. 

If pz denotes the pressure for a point of the capillary 

* Phil. Mag. Feb. 1892, v. 210. 
+ Zeittschr. f. phys. Chem. xlviil. p. 12, and Koninkl. Akad. van Weten- 

schappen Amsterdam, Proceedings, Dec. 20, 1899, pp. 260 & 261. 
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layer in a direction parallel to their surface, we have, further, 

P2=O9—-Sz, 

and we = thus that in the corresponding points of the 
capillary layers, which are touched by the same vapour, 
Pi» Pa, and V have the same values. Now, we consider the 
capillary layer as a continuous series of states between two 
fixed densities. Each state (phase) is determined by its 
density p and the hydrostatic pressures p; and py. This 
density p and the hydrostatic pressures p, and py having the 
same values in the corresponding points of the considered 
capillary layers, we see that a set of films touched by the 
saturated vapour must be limited hy congruent capillary 
layers or parts of congruent capillary layers. The capil- 
lary layer which limits a large bulk of liquid is, of course, 
complete. For the two capillary layers, howev er, which 
limit a black spot, we must examine the question further, 
and we shall find that the capillary layers in this case must 
be also complete. Indeed, if we could have a black spot, 
which could consist of two incomplete capillary layers, which 
touch each other in their plane of maximum density, this 
plane should divide the black spot in two congruent layers of 
smaller thickness, and because this plane should bea plane 
of symmetry the intensity of the force of cohesion must be 
null in this plane. In my theory, the departure from the law 
of Pascal being proportional to the square of the intensity 
of the force of cohesion * , we must have for each point of the 
plane of symmetry : 

and, further, 

Now, for every plane capillary layer (complete or incom- 
plete) the hydrostatic pressure in a direction perpendicular 
to its surface must be a constant t, and therefore the pres- 
sure f must have in the considered plane the same value as 
the yapour-pressure. In fig. 1 the curve HFK gives for a 
complete plane capillary layer, for each point, ihe relation 
between the pressure » and ‘the reciprocal value of the 
density. Now, if we could have a black spot, which might 
consist of two ‘incomplete ¢ capillary layers, which touch each 
other in their plane of maximum density, the relation between 

1 ie 
and — for each of the two symmetric incomplete layers, out 

oe Py, py] 

* Phil. Mag. Oct. 1907, p. 523, Formula (22). t Le. p: ale. 

2 A? 
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of which the film (black spot) would consist, would be given 
by a part of the curve HFK (fig. 1). The pressure p in the 
plane of symmetry having the same value as the vapour- 

Fig. 1. 

pressure, the relation between P and : for the whole film 

would be given by a curve such as in fe 2 (p. 339), where 
p and C, have the same ordinate. (By this consideration the 
letter C, of fig. 2 must be changed into K.) Because, how- 
ever, the values of the ordinates of the curve HFK between 
the points H and K are always smaller than the vapour- 
pressure, the curves between p and K (C,) cannot be incom- 
plete. Hence we conclude : 

A set of films touched by the saturated vapour must be limited 
by capillary layers, which are complete and congruent with the 
capillary layer that limits a great bulk of liquid. 

The minimum value of the thickness of a film must there- 
fore be greater than twice that of the capillary layer. In- 
deed, if we consider a film as consisting of two complete 
capillary layers which touch each other in their plane of 
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maximum density, the potential V in this plane could not 
have the same value as the potential in the corresponding 
points of the capillary layer which limits a large bulk of 
liquid. Hence follows: he film must always consist of a 
layer of liquid, limited by two complete capillary layers, and 
the layer of liquid must have a minimum thickness, which 
has the same value as the radius of the sphere of action. 
The thickness of the capillary layer and the sphere of action 
being of the same order of greatness, one can take for the 
thickness of the complete capillary layer approximately the third 
part of the minimum value of a liquid film. : 

Hitherto we have supposed that the capillary layer was in 
contact with saturated vapour. Let us now consider the 
possibility of the existence of a plane capillary layer in con- 
tact with vapour which has not the ordinary tension. 

Using the potential function 

pas 
ik 

le 

for the forces between the elements of volume, the cohesion 
S, in a direction normal to the lines of force is* : 

aaa e 8= o((4,) to} speed ban 

and the cohesion 8, in the direction of the lines of force : 

1 [avy s=-2A(Z) whe. Beate te 

oi bind de Aly Sy 3: Sig i ue 

2 2 Aa 

Differentiating this equation we find 

Ce NS 
dv dv 2a dv 

Hence 

We have, further, u, denoting the thermodynamical poten- 
tial of the homogeneous phase of the vapour : 

V +2ap=p,—p IT. at ayy «ala tyes arpa aia 

Hence 

dp dé w,—p | Fee ae (os pw ea 

* Phil. Mag. Dec. 1906, p 560. 
+ Phil. Mag. Oct. 1907, p. 516, equation 4. 
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Whereas the equations (4) and (5) are true likewise for a 
curved capillary layer, the equation (6) may be used equally 
well for a curved as for a plane capillary layer. That means: 
if a plane capillary layer could exist in stable equilibrium 
with vapour not having the ordinary pressure, the relation 
between p and p would be the same as for a curved capillary 
layer in contact with the same vapour *. 

If, for instance, in fig. 1, C; denotes the pressure and the 
1 ’ 

value of — for the vapour, which touches a concave surface 
p 

of liquid (consider a spherical bubble of vapour in the inte- 
rior of a liquid), I have found for the relation between p and 

; : a 
= a curve such as C,B;A;. Likewise the relation p=/ (;) 
p 

is presented for instance by the curve C,B,A,, when the state 
of vapour, which touches now a spherical drop of liquid, is 
given by the point C, Xe. 

If a plane complete capillary layer exists in contaet 
with the vapour, the state of which is given by the point C,, 

; eat p | 
the relation between p and - is, likewise as for a curved 

Pp 

capillary layer, given by the curve A,B,C,. Now, for the 
homogeneous phases which limit a complete capillary layer, 
the potential of the forces of cohesion is given by the 
formula of Gauss-van der Waals: 

=_=_— 2up. 

The equation (5) gives, therefore, 14, —y=0; that means: 
the thermodynamical potentials in the two homogeneous 
phases which limit the complete capillary layer must have 
the same value. The states of these two homogeneous phases 
are thus given by the points C, and Ay. We have, however, 
still a second condition for the stability of our plane capillary 
layer: the pressure in the points A,and C, must have the 
same value. The latter condition being contrary to the first, 
we see that the plane capillary layer might not be complete. 

If we consider the possibility of an incomplete plane capil- 
i! 5 ieee 

lary layer, the relation between p and — would be given by oye p s 

a part of the curve C,B,A,; and for a film which could 
exist of two incomplete capulary layers which touch each 

* The supposition is of course that the thermic pressure @, being a 
pure function of the density, has the same value for the two correspond- 
ing points in the two considered capillary layers. 
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other in their plane of maximum density the relation between 

p and : would be given by the curve of fig. 2. 

Fig. 2. 

In this manner we should have for the point P two differ- 
d gta : 

ent values of a and because this is impossible we conclude 
aU 

that our incomplete plane capillary layer could not exist. 
If we do not wish to use the potential function 

a 
ex 

a4 

for the forces between the elements of volume, we may use 
for our consideration the equations 

po=9—Sz 

and S,=—3Vp. (See above.) 

In the same manner as above, we can now demonstrate ? 

that the curve 

cil =) x 
Po=f ( a) 

is fully determined by the state of the vapour, from which 
again follows the impossibility of a film consisting of two 
incomplete capillary layers. 

In a general manner we jind thus that, for a fixed tempera- 
ture, the plane capillary layer is fully determined and must be 
limited on one side by the saturated vapour (of ordinary pres- 
sure) and on the other side by the * ordinary” homogeneous 
liquid phase. 

§2. Thickness of the plane capillary layer and surface- 
tension of very thin liquid jilms. 

A case wherein a set of liquid films of different thickness 
in the same space is in equilibrium with the vapour and with 
each other, we have in the experiment of E. 8. Johonnott, 
Jun. Ina first research about thin liquid films, Jobonnott 
has found+ that the black spots in thin liquid films may 

* Pp» is the pressure in a direction pa? allel to the surfaces of the capillary 
layer. 

Tt Phil. Mag. xlvii. (1899) p. 501. 
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consist of different parts. For a first set of films he has found, 
according to the experiments of Reinold and Riicker, a 
thickness between 40 and 12 py. If the atmosphere of 
the space wherein the liquid films were formed was not 
saturated, he obtained a film of about 6 py. 

In a second investigation * Johonnott has continued his 
research by the aid of a Michelson’s interferometer. In 
order to obtain a thickness which could be measured with 
sufficient exactness, he produced, in a long box of brass, 
221 films of soap-water parallel behind each other. The 
relation between the temperature and the average thickness 
of the films may be represented by fig. 3. 

S 
R 
AY 
~ 
> 
x. 
a 

a 
x 
> 

aaS,) 
wm 

~ 
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By careful examination with the microscope, Johonnott 
could often distinguish in the black spots five parts of differ- 
ent thickness. The minimum value of the thickness of the 
films was circa 6 py. Although the vapour in the bow of 
Johonnott was mived with ar, I believe that we may thus 
safely adopt also in the case wherein the films are only in con- 
tact with saturated vapour, 6 pp as the order of magnitude of 
the minimum thickness of the plane capillary layer. Now I 
have demonstrated above that the two capillary layers which 
limit a liquid film cannot touch one another, and that the 
thickness of the plane capillary layer is circa the third part 
of the minimum value of a liquid film. We find thus for the 
thickness of the plane capillary layer circa 2 wu. The fact 
that the two capillary layers which limit a liquid film cannot 
touch one another, and that therefore each liquid film 
must consist of a layer of liquid limited by two complete 

* ZL. c. xi. (1906) pp. 746-753. 
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capillary layers, may be also expressed in the following 
mauner :— 

The metastabile phases of the thecretical isotherm of Thomson- 
van der Waals cannot be in equilibrium unless this set of phases 
of different densities is limited on both their sides by a homo- 
geneous phase. j 

Johonnott has also measured the surface-tensions of the 
films and he has found that the surface-tension was independent 
of the thickness of the films. This fact follows immedistely 
from my considerations above. Indeed, when the films 
always consist of a liquid film limited by two complete capil- 
lary layers, the tension of the film must be always twice that 
of the capillary tension of Laplace, and for a fixed tempera- 
ture the surface-tension in the film must be independent of 
their thickness. 

In this periodical* I have endeavoured to explain the 
apparition of the black spots in very thin liquid films as the 
vanishing of the phases of the theoretical isotherms of James 
Thomson, which would be unstable if they were isolated. 
From my considerations above, however, it follows that the 
capillary layer must be always complete, and the apparition 
of the black spots cannot be explained otherwise than as the 
consequence of a temporary and local diminution of the 
surface-tension in the considered points, in consequence of the 
temporary and local increase ef the evaporation in these points. 

If H denotes the surface-tension of Laplace, p; and py re- 
spectively the densities of the liquid and saturated vapour, 
the ascending of a liquid in a capillary tube which is wetted 
by the liquid is proportional to the expression 

H 

P1—P2 

Now, this expression being proportional to T, —T Tf, where 

T, denotes the critical temperature, while T denotes the 

(absolute) temperature of observation, we have 

H rT 

pi— ps =«(1-1) 
Mea 

or, putting 7; = 
ie 

ee aE =«(1—S). : . ° . . ° (7) 

* Phil. Mag. Oct. 1907, p. 511. ; ‘ 
+ J. E. Verschaffelt, Comm. from the Lab. of Phys. Leiden, Nr. 28, 

p. 15, and E. C. de Vries, Inaugural-dissertation and Arch. Néerl. Scienee, 

xxviii. (1894) pp. 210-219. 



342 Dr. G. Bakker on the 

Jt is very probable that this relation exists up to the 
critical temperature. Indeed, the theory of capillarity of 
van der Waals gives in the immediate neighbourhood of the 
critical temperature 

H=H,(1—$)? 

and = pj—po=28p,(1—S)?2, 

where Hy and f are constants. Hence 

ae. - =x(1—S9). 
plore 

Generally I put, therefore, 

H=x«(1—S)(p,—p.), . . . . . (8) 

« being a constant. 
In his paper, ‘‘Remarques sur le Théoréme des états 

correspondants ” (Annales de Toulouse, v.), Mathias gives 
empirical formule for the densities of the liquid and the 
saturated vapour. For the density of the vapour he gives : 

po= A(1—S$— 17124 /1—3$ + 0°579?), 

where A is a constant. 

For COQ,, for instance, 

po=1°295(1—S—1-13 V/1—5 + 0°5797). 

For CQ, in the liquid state, he gives, further, 

pi = 1-064(5—0°569 4 1°655 1—S). 

The difference of the two densities is therefore given by 

the formula 

pi—p2o=25+8 /1—S—y. 

where «, 8, and y are positive constants. 
For CO, we have: 

p20 and y=2°32, 

but in reality a and y must have the same value, p; and pz 
having the same value at the critical temperature. 

I put, theretore, 

Substituting this expression in the formula (8), we find 

H=—Mi—s){6— /1—5), oa 
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In the immediate neighbourhood of the critical temperature 

V1—S may be neglected with respect to @ and we get the 
formula of van der Waals : 

H=«(1—S) 2 

which is only true in the neighbourhood of the critical 
temperature, while my formula is general. 

For ether I have found : 

H=145(1—$)?— 119(1—9)?. 

For ¢=20°. POS. 190°. 

Mormula .:....... 16749 312 0:15 
Observed:........ H=16°49 2°98 0:16 

Observation.—Mathias has found for p;— ps: 

pit p2—2p.=a(1—%), 
where a denotes a constant. 
We have thus: 

H=«(p,—p2)(pitpe—2p,). + + + + (10) 
In the neighbourhood of the melting-point the density of 

the vapour may be neglected with respect to the density of 
the liquid,and for many substances the density p, at the 
melting-point is about three times the critical density. 
For instance, Mathias has calculated * :— 

| 

Substance. p>. | eRe ae Se Se 

St 03038 0:3000 Pinay 2 
PeeBe. f oc... 03543 03491 Pi 02 5 
PAE OT eco)... | 03665 0°3635 eet 
csr) 04860 0-4836 Meee 
EEN se. 05843 05808 yh 8788 
| EPO... 02775 | 0-274 ae 08 
1202 ae | 02786 0-269 is a 
POW y............. 0:2777 | 0:2738 0° 
ee Os... Goa: I 02453 0° 
PeEreCOOH ........,... 0°3516 | 0°3510 ba tO 
on ee | 05557 0:5440 9° 
oe | OTs” | | 07465 | 1499 |) | 
be PRC ROPER! 05043. |) 80°) 5 

| | 

* E. Mathias, Le Point Critique des Corps Purs, p. 10. 
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H, being the value of H at the melting-point, for- 
mula (10) gives : 

Hy =3xp,’, 

Hence we find for the constant of Laplace : 

Bape ape an 2 P\—Pf» 

H, 3 Pi. 3 Ph 

In this periodical* I have given for the difference of 
the hydrostatic pressure p,, perpendicular to the surface of 
the capillary layer, and the average value p of the pres- 
sure p». parallel to the surface of the capillary layer: 

. 2af { H A 
ges ae Bic ios > «+ ae (11) 

where / denotes the constant of the used potential function 
: 

—f< A, 

while a is the coefficient of the expression ap? of Laplace 
for the so-called molecular pressure or the function a in the 
equation of state of van der Waals. Although a is a fune- 
tion of the temperature, I have, as a first approximation, con- — 
sidered a and / as constants; « being a new constant, wezhad 

—p=n{ = Vt 
ae Pi—P2J ” 

H 
being proportional to 1—4, or, the expression 

2 
(i—p=Ki—sy. . . . 

If the pressure is expressed in atmospheres, I have found for 
ether, «=238. When h denotes the thickness of the plane 
capillary layer, we have, further f, 

H 

pi—p 
Substituting respectively the formula (9) for H and the 

formula (12) for p,—Pp in (13), we find : 

ie (13) 

a 

h Se Se B, 

/1—S 
where « and £ are constants. 

* Phil, Mag. Oct. 1907, p. 521. 
J dbid. p. 522. 
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For ether I find : 

oe ia 1-93 | oii MN ATE) 

At the temperature ie a or = Lon 00 7d 
Celsius, we find thus for the thickness of the plane capillary 
layer of ether : 

heat ana ie 

If water was “conformable” with ether in the sense of 
yan der Waals, the proportion between the thickness of the 
capillary layers of water and ether at corresponding tem- 
peratures would be equa] to the expression : 

f 

, a/ te 

PR’ 
and we should have 

Nether eas 236 

yates pares i 
= cirea 1°). 

For water at the temperature T= iT, or 46° Celsius, we 
should therefore calculate : 

The thickness of the capillary layer, calculated by the aid 
of the formula (14), increases with the temperature. For a 
temperature of 15° Celsius, we must therefore take a value 
which is a little smaller than 2°74. Such a value would be 
therefore in perfect accordance with the researches of Johonnott, 
which give (see above) a value of the order of greatness of 2mp. 

§ 3. The surface-tension and the radius of small drops. 

In the same manner as I have demonstrated above for a 
plane capillary layer, we can show that a spherical drop 
is also fully determined by the pressure of the vapour 
which surrounds it. Now, we have seen further that the 
metastabile phases of the Thomson-van der Waals Isotherm 
might not be in equilibrium in the plane capillary layer if 
the capillary layer was not limited at both sides by a homo- 
geneous phase (of liquid and vapour), so that every plane 
liquid film always consists of a liquid layer limited by two 
complete capillary layers. In the same manner as we have 
observed that the interior liquid layer of a plane liquid film 
of which the thickness has its minimum value has a thickness 
of the order of the radius of the sphere of action, and in the 
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same manner as we have found for the order of greatness of 
the thickness of a liquid film of minimal thickness cirea three 
times the thickness of a complete plane capillary layer, 
we conclude : 
when at a fixed temperature the size of a spherical drop of liquid 
has its minimal value, the radius of its spherical capillary layer 
has a value of the order of greatness of the thickness of a 
capillary layer. 

For the value of the “radius”* of a spherical capillary 
layer Kelvin has given the formula: 

2 

a 
Pliq. — Prap. 

where H denotes the departure from the law of Pascal for 
the spheri-capillary layer, and pyig. and pray. respectively the 
pressures in the corresponding liquid and vapour phases 
which surround the capillary layer. For the case when the 
drop has its minimal size I have calculated by the aid of the 
formula (15) the value of R, and | have found in the following 
manner a value, which really is of the order of the thickness of 
the capillary layer. The state of the liquid phase in the 
interior of the “liquid” drop (that is to say, the homogeneous 
part) when the drop has its minimal size and the state of the 
homogeneous phase of the vapour which surrounds the drop, 
are respectively given by the points A, and Cy, of the fig. 1 
above. This figure has the following meaning Tf :— 

Every pair of points of the isotherm, for which the thermo- 
dynamical potential has the same value (as Ag and Cy, A; and 
C,, &e.), corresponds above the rectilinear part HK of the 
empiri¢ zsotherm to a spherical drop of liquid, such, that the 
state in the interior of the drop and the state of the vapour 
which surrounds it, are determined ina singular manner by the 
situation of this pair of points. In the same manner, every 
pair of points below the rectilinear part HK of the empiric 
isotherm (Az; and C;, A, and C,, &c.), for which the thermo- 
dynamical potential has the same value, corresponds to a 
spherical bubble of vapour. If we now construct the curves, 
such as AgBgC5, A3B3C3, Ke., which present the relation between 

pitpe 

2 
half the sum p= of the maximum and minimum 

* By this radius I mean a value between the values of the radii of the 
spheres which limit the spherical capillary layer internally and externally. 
The effective radius would be therefore about 2 times the thickness of 
the capillary layer. 

t Phil. Mag. April 1908, p. 430. 
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pressure and the reciprocal value of the density for every point 
of the capillary layers which envelop the spherical drops and 
the sphericat vapour-bubbles, the minima of these curves present 
exactly the unstable part A, FE B,C, of the theoretical isotherm 
of James Thomson. 

In the case that the liquid drop has its minimal size the 
pressures Prig. and Pyap, have their maximum value, and are 
thus given by the ordinates of the points Ag and Os, while. 
the abscissas of these points denote respectively the reciprocal 
values of the densities of the liquid and the vapour which 
surround the spherical capillary layer. Since we do not seek 
an exact value but only the order of greatness of R, we may 
use for the homogeneous phase the equation of state of 
van der Waals. The equality of the thermodynamical 
potentials in the points Ag and Cg gives approximately : 

2(Piig. — Pi) 01 = (Pray. —P1) (totUmax.) + + (16): 

Priq. ANd Pray, have the known significations, vy and x, are 
respectively the abscissas of K and H, and denote therefore 
respectively the ordinary vapour-and liquid-volume. Further, 
Vmax, 18 the abscissa of Cy. while the abscissas of Ag and H are. 
considered to be equal. 
We shall at first make the calculation for ether at the 

temperature for which the isotherm touches the axis of 
volume ; that is for the temperature T= 0° 8411, *. This 
temperature is for ether, 121°-5 Celsius. The cones of 
state of van der Waals gives for the sum of the three 
densities which correspond to a definite pressure: 

For the ordinary vapour-pressure p, we have : 

a. s Cn = iy = it =(2/°o, and vy, == 3°98 cm? 
P1 P2 

Hence, v =" = 6-12. The ordinary vapour-pressure p, 

of ether at 121° 5 Celsius is 7896-2 mm. = 10°528 x 10® 

dyne per cm.” . 
The rule of Maxwell-Clausius gives further as a first 

approximation, pmin, being null : 

Pilt3— 1) = (Dian —/ 1) (v2 pe Vs) Te 

* J.D. van der Waals, Kontinwitit, p. 105 (1899). 
+ We seek only the order of oreatness of R and make no pretence to: 

give an exact value. 
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Substituting the values of p,, 7, 72, and v3, we find: 

Pvap. = 12°725 x 10° dyne per em.? 

To find a value for Umax, in the equation (16), we use the 
equation (17) for the case that the pressure is denoted by the 
ordinate of the point Cy. That gives : 

1 2 3 
= > = 

Uy Umax. Uk 

Hence 
ee em.” 

The equation (16) gives therefore : 

2( priqg. — 10°328 x 10®%) x 1-7 = 2°197 x 10°27 ae 

and we find 

Piig. = 34°63 x 10° dyne per cm.? ; 

and further, 

Pig. = Pup. = oP b3—12°772)10° = 21-91 Kaa 

The equation of Kelvin, 

2H 

Pig. — Pvap. 

gives thus: 

R=. x10-*cm. , » 5 See 

The H in this equation is the departure from the law of 
Pascal in a spherical capillary layer and is different from the 
constant of Laplace, which corresponds to a plane capillary 
layer. I shall, however, demonstrate that the value of H in 
the equation (18) is of the same order of greatness as the 
constant of Laplace. Indeed I have already observed that a 
spherical drop has a liquid nucleus, which has a diameter of 
the order of greatness of the thickness of a plane capillary 
layer. The parts of the spherical capillary layer, which are 
situated on opposite sides of the liquid nucleus, can also not 
very much influence each other. That is to say, as a first 
approximation we might consider our spherical capillary 
layer as a part of a plane film of minimal thickness that is 
rolled up. 

Also in the following way we see that the departure from 
the law of Pascal ina spherical capillary layer, which limits a 
drop of ménimal size, has a value of the same order of greatness 
as for a plane capillary layer. We have namely for the 
capillary constant of Laplace and likewise more generally for 
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the departure from the law of Pascal in a curved capillary 
layer * : 

rn “Ly / (40 1 done y bide SS ey ere ean ean 
A ms : : ms a Ve Pat ea 8 p dp p 

where AX and a are constants, while @ denotes the thermic 
pressure in the considered point of the capillary layer. For 
a plane capillary layer p, and , are respectively the reciprocal 
values of the abscissze of the points H and K in fig. 1, and 
therefore the ordinary densities of the liquid- and vapour- 
phases. In our case, however, where the capillary layer is 
curved, the limits of the integral in the formula (19) are the 
densities of the points Ag and Cg instead of those of the points 
Hand K. Now the thermic pressure, which is considered in 
the capillary layer as a pure function of the density (Stefan, 
Fuchs, Rayleigh, van der Waals), increases with the density. 
The contribution to the terms of the considered integral is 
therefore the most important in the neighbourhood of the 
points H and Ag, while the contribution corresponding to the 
points between Cs and K is much less important. 

The difference of the abscissze of the points Ag and H being 
very small, we see thus that the order of greatness of H given 
by the expression (19) is the same for a curved capillary 
Jayer as for a plane capillary layer. For the considered 
temperature T = 0°844T; or 121°°5 Celsius the capillary 
constant of Laplace is for ether: 5°17 dynes per cm. The 
equation (18) gives thus: 

alt 105 = ap0un 6X 10 em, — ong. 

R being a mean value between the two spheres which limit 
the spherical capillary layer, we find for the radius of the 
sphere which limits the drops a value between 5 and about 
8 wp, while my formula (14) for the thickness of the plane 
capillary layer of ether gives at 121°5 Celsius, h=about 10 wy. 
We find thus actually for the radius of a liquid drop of ether 
which has its minimal size a value of the same order of great- 
ness as for the thickness of a plane capillary layer at the 
same temperature. 

Secondly, we make the corresponding calculation for a 
liquid drop of ether at the temperature of 0° Celsius or 

See - =,0°D89. 

* Phil. Mag. Dec. 1906, p. 566. The demonstration of the formula 
for curved capillary layer is quite the same as that at the locus citatus. 

Phil. Mag. 8. 6. Vol. 17. No. 99. March 1909. 2B 

(19) 
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The equation, which gives the equality of the thermo- 
dynamical potentials respectively in the interior of the drop 
and in the vapour which surrounds the drop, was : 

(11-40) (Pi, —Ps) = (Peay.— pr) (2+ max)» + (20) 
Now we have: v, = 1°36 cm? and »v, = 12734. The 

value of vmax, can be calculated by 

1 2 D ai 
rg 9 

vy Umax. Uk 

where v1; = 3°6. . That gives tn, = 37 cm.® 
Further, we have for the ordinary vapour-pressure of ether 

at O° Celsius : 

184°4 

1 = 760 
The equation (20) gives therefore : 

2 x 1°3( prig. — 2°458 x 10°) = (pray. —2°458 x 10°) 13104 

or 

x 1:0133 x 10° = 2°458 x 10° dyne per em.? 

1310°4p yap, —2°6 pig. = 3217°768X 10°, . , (20a) 

The rule of Maxwell-Clausius gives again : 

(pi — Pmin.) (v3 loa V1) == (a5 —);) (v. —v3), . (21) 

where Pin, denotes the ordinate of the point A, in fig. 1. This 
point lies in our case far below the axis of volume. To find 
the absolute value of the ordinate of the point A,, I consider 
the part of the figure between the axis of volume and the 
part of the isotherm below this axis, firstly as the sum of two 
parabolic segments, with a common tangent, and secondly 
as the value of the integral : 

\p dv. 

Using the equation of state of van der Waals, the segments, 
cut from the axis of volume by the isotherm, are given by the 
equation 

a 
v—b ov? 

For T = 0°585T;, I have calculated for these segments : 

1:49x, and 03262. 

Tn this way we find for the absolute value of pmin. : 

Poin. = 44D DE 
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For ether we have: 

Pe = 39°6 atm. (S. Young) = £5092 x 10° dyne per cm? 

The equation (21) gives by the substitutions of the 
ealeulated values : 

| Prap. = 3°178 x 10° dyne per em.? 

Further, the equation (20a) gives: 

Plig. = 36°411 x 10° dyne per cm.? 

By the aid of the formula of Kelvin, we calculate thus 
finally : 

| 2% 19:3 H ee Ges Se ndda* aes ee ee 

We find therefore again a value of the order of greatness of 
the thickness of the plane capillary layer at the same tempera- 
ture. If water was conformable in the sense of van der 
Waals with ether, 0° Celsius for ether would correspond to 
100° Celsius for water, and the thickness of their capillary 
layers at the considered temperatures would be proportional 
to the values of the expression : 

3 /T, 

Pre 
‘That is about 1°5. At 100° Celsius the value of the radius R 
in the formula of Kelvin for a drop of water of minimal size 
would be thus about 6 or 7 millicrons. R being a mean value 
between the radii of the two spheres which envelop the 
‘spherical capillary layer of the drop, I put for the effective 
radius of a water-drop of minimal size at 100° Celsius : 

R10 pp: 

In the same manner as we have determined the order of 
greatness of the radius of a liquid drop, which has its minimal 
size, we can treat a spherical bubble of minimal size in the 
interior of a mass of liquid. We shall make the calculation 
again for ether at the temperature T = 0°844T; or ¢ = 121°°5 
Celsius. The pressures jig. and pyap. are in this case given 
by the ordinates of the points A, and Q, of fig. 1. The 
equality of the thermodynamical potentials gives here in the 
same manner as above: 

(%+1')(Pi—Pria.) = (vet ve!) (Pi—Prap.), + (20) 
where v, and v, have the same meaning as aboye, while 1,’ 
and v,/ are respectively the abscissee of the points A, and C, 

2B2 
= a 
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of fig. 1. For our case the axis of volume is a tangent to 
the isotherm, and therefore 

lig. 0. 

Further, I put approximately, 

PCa Piap. «Vo. 

and v;' = 2b = 2v; (van der Waals). 

The equation (20) gives therefore 

Pr Prap. = bt 2K + 20; 

Pyap. P1 ee, ae 

Hence, : 
Hl = 1-048. 
Prap. 

Now p, = 7896-2 mm. 10°528 x 10° dyne per om.? 

The equation of Kelvin gives therefore for the order of 
greatness of the radius of the bubble of vapour of minimal 
size’: 

ZA | Mev 2x 17 
=S SS = = 

: Pvyap. — Plia. Pyap. 10°528 esas 

= about 10—§ cm. = 10 ae 

We find thus a value of the order of greatness of the. 
thickness of the plane capillary layer at the considered 
temperature. 

OBSERVATION I. 

If we calculate the energy required to convert a film of mea- 
surable thickness at a constant temperature in a film of mznimal 
thickness in the manner, given by Kelvin in his popular 
lecture “ The Size of Atoms,” we shall find for a water-film of 
1 gramme, which has a minimal thickness of 6 py (J ohonnott) 
an A of work which is equivalent to almost 9 minor 
cal. When we go on to stretch the film, the state of the film 
becomes labile, and, if our considerationsand calculations above 
are exact, the most complete crumbling would be attained 
when ely film was converted into spherical drops with a 
diaineter of about 6 py. 

For the surface of a film of 6 wu (per gramme) we find 

further 
2 10° 

6 x 10-7 3 

* Because I calculate the order of greatness and not the exact yalue- 

of the surface, I have taken for the mean density of the film unity. 
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The thickness of the capillary layer, which limits the 
spherical drop, being of the order of greatness of 2 wy, and 
its homogeneous part having a radius of about 1 pp, we 
take for the radius of the sphere, about which we distribute 
the surface energy, a value of 2 wu. The collective surface 
of the spherical drops of minimal size becomes therefore : 

Ag 2.104% 3 
2 2 

or 4:5 times the value which we find for the surface of the 
plane film. The order of greatness of the value of the depar- 
ture from the law of Pascal of the spherical capillary layer, 
which limits a drop of minimal size, as we have demonstrated 
above, being the same as the capillary tension in a plane 
eapillary layer (constant of Laplace), we find thus for the 
energy required to crumble most completely a mass of water 
of 1 gramme a value which has the order of greatness of 
4°35 x 9 = about 40 minor cal. 

The jinest haze of water at ordinary temperature is therefore 
still far remote from the vapour state. 

In his caiculation of the smallest limit of the thickness of 
water-films, Kelvin firstly supposes that the contractile force 
of a thin plane film is independent of its thickness. We have 
seen that the theory as well as the experiment of Johonnott 
gives really the same result. Supposing secondly that the 
Jjilm remains stabile, Kelvin finds for its minimal thickness a 
value of about 0°1 yy, and this would give for the thickness 
of the capillary layer a value of about 0°03 wy. If, however, 
my considerations above are exact. the minimum of the thick- 
ness of the plane capillary iayer of water at ordinary 
temperatures would be about 2 wy and the second supposition 
of Kelvin may not be admitted. 

OBSERVATION II. 

By the aid of the numbers given by Loschmidt, we find at 100° 
Celsius for the number of the molecules in a cubic millicron 
of water: 32. Now I have found above for the order of 
greatness of the radius of a drop of water, which has its 
minimal size at 100° Celsius: 10 wu. Hence follows easily 
by calculation that the order of greatness of the number of 
molecules in the considered water-drop of minimal size is about 
80,000. Accumulations of 100 or 200 molecules for instance 
cannot therefore form a stabile water-drop in the vapour of 
water at 100° Celsius. Only when a kernel of sufficient size 
as formed, is its field of force strong enough to prevent 
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“crumbling into molecules.” If the temperature is higher the 
considered kernel must be larger, the velocity of the molecules. 
being greater. This consideration is also in accord with my 
theory. Indeed, I have found that for a fixed temperature 
the radius of a liquid drop of minimal size is of the same 
order of greatness as that of the thickness of the plane 
capillary layer at the same temperature. Now my formula 
for the thickness h of the plane capillary layer becomes for 
instance for ether 

where 3 = and gives for T= 0°585T; or 0° Celsius : 
ik 

Ti, 
h=4:5 pp, while we have found for the Rin the formula of 
Kelvin, R=10 wy. At the temperature T=0-99T;, we shall 
find: h=&5 pu. RK being of the same order of greatness. 
as h, we shall find about 100 uy for the order of greatness of 
R at the temperature: T=0-99T;. The minimal size of a 
liquid drop of ether at T=0-99T; is therefore about the 
thousandfold of the value at O° Celsius. Further, the 
critical density being about a third of the liquid density 
at 0° Celsius, a liquid drop of ether, which has its minimal 
size at T=0°99T;, must contain a number of molecules which 
is the 300-fold of this at 0° Celsius. If therefore in the 
immediate neighbourhood of the critical temperature con- 
densation takes place, it begins with relatively large“ drops” *. 
In fig. 1 the points A, and C, give for a drop of minimal size 
respectively the state in the interior of the drop, and in the 
vapour which surrounds it. In the immediate neighbourhood 
of the critical temperature, the parts CsK and A,H of the 
curve in fig. 1 being small, the state (As, Cs) for a drop on 
one side and the state given by (H, K) on the other side are 
not very different. Hence follows that a small variation of 
the temperature f or of the pressure converts the state (H, K) 
into the state such as (Ag, Cg). ; 

In connexion with my observation on the relatively large 
size of the drops which have their minimal size in the imme- 
diate neighbourhood of the critical temperature, we have 
therefore two conditions for the formation of mist. When 
we make a corresponding observation for the pair of points. 
A,C, in fig. 1, which gives the state of a bubble of minzmal 

* These “drops ” are, however, ultramicroscopic, and form therefore 
firstly an znzvisible haze, which nevertheless by accumulations of several 

“ drops’ quickly passes into mist. 
t In this case we must consider the complete set of isotherms, 
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size of vapour in the liquid, we see that we may expect in the 
immediate neighbourhood of the critical temperature in the 
proot-tube for critical researches, formation of mist and rain 
in the vapour and small vapour bubbles in the liquid. As 
every one knows, these phenomena are observed. Teichner for 
instance observes: “It is remarkable that this rain breaks 
out in both phases: in the vapour phase small drops of fiuid 
fall down, and in the liquid small bubbles of gas ascend” *. 

XYXIU. The Kinetic Energy of the Positive Ions emitted by 
Hot Platinum. By F. C. Brown, Experimental Science 
Fellow, Princeton University +. 

: object of the present paper is to set forth an investi- 
gation into the magnitude and the mode of distribution 

of the kinetic energy of the positive ions emitted by hot 
platinum. 

The method of investigation was the same as that used by 
Richardson and Brown { for the negative ions. It consists 
in measuring the rate of charging up of a plate opposite a 
parallel plate containing a strip of the hot metal, both plates 
being initially at zero potential. The ions from the hot 
metal cause the opposite plate to acquire a positive potential 
tending to stop further charging up. From the rate at 
which the current varies with the potential, both the mean 
value of the kinetic energy and the way in which it is dis- 
tributed among the different particles can be determined. 
For a detailed description of both the theory and the practice 
of the method, reference must be made to the previous paper. 
As is there pointed out, the method only yields information 
about that portion of the kinetic energy of the ions which 
depends on their velocity components normal to the emitting 
surface. 

It was shown (loc. cit.) that whatever the law of distribu- 
tion of energy may be, the current between the plates 
(supposed infinite) will be given by 

wags V e <a 
= za =ne \ __ Fug)dug \ T(vo)d vf Flr) dw, (1) 

x ay Bey we —-o 7-2 

where ¢ is the capacity of the upper plate and its connexions, 

To 

= G. Teichner, Ann. d. Phys. xiii. p. 597 (1904). Compare also: 
H. Kamerlingh Onnes and G. H. Fabius, Repetition of de Heen’s and 
Teichner’s experiments on the critical state: Communications from the 
Physical Laboratory at the University of Leiden, Nr. 98, 1907. 
+ Communicated by Professor Richardson. 
¢ Phil. Mag. Sept. 1908, pp. 355-366. 
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V is the potential at time t, n is the number of ions emitted 
by the lower plate per second, : and uo, vo, and wy, are the velocity 
components at the time of emission. 

In the particular case where the distribution of velocity 
among the ions fellows Maxwell’s laws, this equation re- 
duces to 

Mr. F. C. Brown on the Kinetic Energy of 

2 
c=—yaV - - » ite 

where 7 is the current against a potential V, % is the current 
at zero potential, ve is the quantity of electricity required to 
liberate half a cubic centimetre of hydrogen in a water 
voltameter at zero degrees centigrade and 760 millimetres 
pressure, @ is the absolute temper atur e, and Ris the constant 
in the equation pv=R@ taken for unit volume of gas under 
standard conditions. 
We shall now describe the results of experiments which 

show that this relation is fulfilled within the limits of 
experimental error. 

log, 

Eaperimental Results. 

As the determination of the kinetic energy was based upon 
the rate of charging up of an insulated plate by the positive 
ions, it was quite necessary that there should be no negative 
ions emitted to the upper plate. The positive ionization 
appears greatest in platinum when it is first heated. After 
a few hours’ heating in a high vacuum it disappears almost 
completely. or one platinum strip the magnitude of the 
positive ionization decayed with the time of ‘heating about 
as shown in the accompanying table. 

TABLE I. 
| | ) 

Positive Temperature- Preenre Negative / 
Date. Hours} current, resistance, | ainee potential on | 

heated.| amperes. scale. ) MD}. | Upper plate. | 
| 

- ee 

Der.2 ee 0 5x 107° 7800 ‘Ol 

Dee 14,223 42 | 13x107° 7800 006 

MeN A 45 Gx10 7890 006 

Dee, 18°... 9 8x10°" | —- 7800 030 |) & | 
| | =m | 

Dec. 26 ...... we aig = 7500 09 || 34 
= 712° | = pis ae 

Dee, 28 ...... 18 tier 7400 760-000 | ES 

Dee 29 | 2] 8x10" | 7500 760600 |) = 
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A part of the irregularity in the decay of the positive 
ionization may have been due to oxygen leaking into the 
vacuum system. It may also have ‘been due to negative 
mixed with the positive ionization. As Professor Richardson 
has already pointed out, the negative ionization increases 
enormously with the temperature, and also does not begin to 
appear in new platinum until a higher temperature is reached 
than is necessary to obtain positive ions. Therefore the 
observations for determining the kinetic energy of the posi- 
tive ions were taken before the platinum strip had been 
heated as much as two hours; in fact, the observations were 
taken just as soon as the hot platinum could be adjusted to 
zero potential and to a temperature satisfactorily constant ; 
also the ten:perature was kept considerably lower than the 
corresponding temperatures in connexion with the negative 
ions. The temperature of the platinum strip ranged between 
1067 and 1293 degrees on the absolute scale, whereas the 
corresponding temperatures used in obtaining the negative 
ions were between 1473 and 1840 degrees absolute. 

The highest potential to which the upper plate was charged 
by the positive ions was about 0°5 volt. For some time there 
was some question as to whether there was not at that 
potential an equilibrium point between the positive and the 
negative ionization. As is well known *, the negative 
ionization increases very rapidly with an increase in the 
potential until the saturation-current is approached. In the 
above case, there would be few or no negative ions reaching 
the upper plate at zero potential; but as the plate charged 
up, the number of negative ions would increase and the 
number of positive ions would fall away, until the number of 
negative ions became equal to the number of positive ; there 
would then be no further change in the potential ‘of the 
upper plate. Obviously the theory that has been deduced 

. could not apply to the experimental results if such conditions 
prevailed. That such conditions did not prevail was settled 
conclusively by the following method :—Before and after 
taking the observations, a positive potential of 2 volts was 
placed on the upper plate, the hot platinum remaining at 
zero potential, when it was found that there was no negative 
leak. Clearly, then, there could be no negative ionization 
when the upper plate was charged to 0°5 volt or less. The 
fact that the pressure in the vacuum was frequently high, 
tended to keep the negative ionization small. 

Otherwise than has just been stated, the procedure in the 
manipulation was like that followed by Richardson and 

* Cf. O. W. Richardson, Phil. Trans. Series A, vol. xx. p. 520. 
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Brown as described in the paper already referred to. 

Mr. F. C. Brown on the Kinetic Energy of 

platinum. 

middle, where it was hottest. 
One of the series of observations may be seen in Table IJ. 

microfarads. 

Capacity, 

001 

Pressure, 

‘0085 

millim. 

The width of the platinum strip was least at the 

Time. 

OO see. 

10 sec. 

20 sec. 

30 sec. 

i min. 

2? min. 

3 min. 

4 min. 

10 see. 

20 see. 

1 min. 

2 min. 

3 min. 
} 

4 min. 
| 

30 sec. | 

1:5 min. 

10 sec. | 

20 sec. | 
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Direct. Re- 
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261 | 27 
Si-lahe2 

3h 36 

tape Li. 

Electrometer Read- 
ings (millims ). 

Heating current : 

Mean. 

| 
| 

| 
| 

348 

2) 

©. ~~ ae 

Dm ow Oo OH 

Gr cr OO bk 

- 

iw) 

@ ko 

wt. Ft OS Gs 

Resistance 6790 ; 

Interval of time, 
tential, scale- 

Increment of po- 
divisions. seconds. 

10 

10 

60 

temperature 1293° absolute scale. 

Current, amperes 
< 10", 

Three 
series of observations were taken with different strips of 

Mean Potential, 
volts. 
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The data for the curves shown in fig. 1 were obtained from 
this table. The agreement with equation (2) is at least as 
good as the expected error warrants. The curve showing 

Fig. 1. 

2 -3 A + 

Potential—volts. 

the relation between the logarithm of the current and the 
potential is almost a perfect straight line, and the experi- 
mental value of the gas constant comes to be 

R=3°5 x 10°. 
A summary of the results of these three series of observa- 

tions may be seen in Table IIT. 

TABLE iT. 

ee Pressure, | Absolute Largest R 
Bes millim. Temperature.| current. ’ 

Ly uo ARE Ape 28:0 1193 2x10 40x 10° 

2 eee Gea eie7, 17410," |i. 85x ie 

: eos 0-009 1293 5107) Sox 

Meesin \ ise 3°6 x 10? 

Seale of log,, ¢, 
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The value of the gas constant calculated for the same 
number of particles as those for which R is given in the 
table is 3-7 x 10°. The agreement is quite satistactory. The 
table also seems to show that the mean kinetic energy is 
independent, or almost independent, of the air-pressure sur- 
rounding the hot platinum. The fact that the temperatures 
were so low and so near the chief calibration temperature, 
that of the melting-point of potassium sulphate, may account 
for the close agreement in the value of R. The temperature 
should be accurate to within 0°5 per cent. The range of 
temperature is about twice as great as is the range of R 
when expressed as percentage variation. This would lead us 
to expect that the theoretical formula (2) would hold not only 
for the temperatures given but also for any temperatures 
obtainable. To test this experimentally is quite impossible, 
because of the appearance of the negative electrons at higher 
temperatures than those given in Table LII. 

The value of the mean energy of the ions in terms of the gas 
constant R may also be calculated from the data in Table IT. 
by the use of equation (13) in the paper by Richardson 

_and Brown (loc. cit.). That equation reduces to 

Ry 

where ¢ is the time elapsed since the upper plate began 
charging up, % is the current at zero potential and z the 
current after time ¢, ¢ is the capacity of the upper plate, and 
@ is the absolute temperature. 

Two determinations from one of the sets of data gave 
A-3 x 10? and 4°8 x 10? as the value of R. We should expect to 
get the most accurate and. consistent calculated values of R 
from equation (2). By drawing curves through the points 
representing the value of the current, and also through 
those representing the logarithm of the current for different 
potentials, the errors of single observations are largely 
eliminated. In addition, equation (3) requires an accurate 
knowledge of the magnitude of 7, which it is not necessary 
to know in the use of equation (2). 

Discussion of Lesults. 

The close agreement between the value of the kinetic 
energy and that required for thermal equilibrium, would 
appear to militate against the somewhat prevalent idea that 
the positive ions arise from chemical action. In that case, we 
should expect the kinetic energy of the emitted ions to be 
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increased by the heat of reaction. The small value of ¢/m 
recently obtained for the positive ions (384 for platinum) by 
Professor Richardson, indicates that they are not positive 
electrons. The balance of evidence appears to be in favour of 
the view that they are atoms or molecules of some foreign 
‘substance emitted from the metal by a process similar to: 
evaporation and involving small thermal changes. The 
matter can hardly be regarded as definitely settled. 

The author takes great pleasure in acknowledging his 
indebtedness to Professor Richardson for his interest and 
advice throughout the course of the investigation. 

By J. A. Pottocr, Professor of Physies in the University 
of Sudney *. 

1. JNTRODUCTION.—A general description of the 
phenomena of the carbon arc, from the point of view 

of the electron theory, is given by Professor J. J. Thomson 
in his book on the Conduction of Electricity through 
Gases +; here it is proposed to discuss merely the questions. 
arising from a consideration of the results of a research 
on the Resistance and Electromotive Forces of the Electric 
Are by Mr. Duddell =. This investigation, carried out with 
characteristic ingenuity and skill, yielded the important 
discovery of both a back and forward electromotive force in 
the are, and the measurements obtained finally solve the 
old problem of the nature of the distribution of the potential 
between the carbons. 

2. Experimental Results.—In the case of a direct current,. 
9-91 ampere arc, 6 millimetres long, between solid Conradty 
Norris carbons, 11 millimetres in diameter, Mr. Duddell 
gives the following figures for the are potential-difference :— 
At the surface of the anode a back electromotive force of 
16°7 volts, followed by a fall of potential of 16 volts within 
an extremely small distance from the anode surface, then a 
fall of 25 volts through the vapour column, a fall of 11°7 
volts within a small distance from the cathode, and a forward 
electromotive force of 671 volts at the cathode surface. 

3. The Electromotive Forces in the Arc.—When an ion of 
mass m moves freely between two points differing in potential 

* Communicated by the Author. Read before the Electrical Asso-. 
ciation of New South Wales. 
+ See also Stark, Ann. der Physik, xii. p. 673 (1905). 
} Duddell. Phil. Trans. A. 205, p. 305 (1904). 

XXXII. A Note on the Electron Theory of the Carbon Arc. 
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by V units, it acquires a velocity which may be found from 
the expression for the work done, viz. :— 

Lmv’? = Ve, D> 
= 

where v is the final velocity, and e the ionic charge, If then 
at any section of a circuit, energy is communicated to the 
ions so that they are projected from that section with a 
velocity v, there is at the section what is electrically equi- 
valent to an electromotive force which is given by the 
expression 

ah. 
V =F? “ v- ° ° ° ° . . (1) 

v being now the velocity of projection. 
Considering that electrons and positive ions are projected 

from the surface of glowing carbon, with velocities depending 
on the temperature, we should therefore expect to find in a 
circuit containing a junction of heated carbon and a gas, 
what may be called a surface potential-difference at the outer 
layer of the carbon. This surface electromotive force is, in 
any instance, the difference between that due to the pro- 
jection of electrons, and that arising from the emission of 
positive ions. As it is likely that the value of mv?/2e is far 
greater in the case of electrons than in that of positive ions, 
it is only necessary, for purposes of general description, to 
consider the electromotive force due to the projection of the 
former. 

If the hot carbon is the negative electrode, so that the 
electrons are projected in the direction in which negative ions 
are being carried by the field, the surface potential-difference 
is a forward electromotive force helping the flow of the 
current, as discovered by Mr. Duddell at the cathode of the 
are. If, on the other hand, the hot carbon is the positive 
electrode, so that the electrons are projected in a direction 
opposite to that in which negative ions are being carried by 
the field, the surface potential-difference is a back electro- 
motive force, opposing the flow of the current, as at the are 
anode. 

The theory thus accounts in a simple way for the existence 
and direction of the electromotive forces as found by experi- 
ment. With the values of the forces, previously given in 
section 2, knowing that e/m for electrons is equal to 1°86 x 107 
electromagnetic units, by sebstitution in equation 1, we arrive 
at the result that at the anode of the are, electrons are pro- 

jected with a velocity of 2°5 x 10°, and at the cathode with a 
velocity of 1:5 x 10°, centimetres per second. 



Electron Theory of the Carbon Are. 363 

4, The Anode Fall of Potential—lWLet A’B’, in figure 1, 
represent the trace of the anode surface ; from this surface 

electrons are projected in great numbers, owing to the high 
temperature of the crater, and with a considerable initial 
velocity. These electrons collide with molecules of the gas at 
somewhat various distances from the anode surface; the 
average range may be represented by a length §8, and the 
collisions may be considered, for the purposes of general 
description, to take place about a plaue parallel to the anode 
surface at a distance S from it, whose trace is given by the 
line AB in the figure. The electrons travel through the 
distance § with negatively accelerated motion, as they are 
moving in opposition to the force in the field, and the out- 
come of their collisions with molecules is the production, at 
AB, of molecular negative ions. As all the ions so made 
travel to the anode, but, on account of their greater mass, 
with a movement so much slower than that of the electrons 
which created them, negative ions accumulate between A!B! 
and AB. Further, as the projected electrons move with 
negatively accelerated motion towards AB, while the 
‘molecular ions travel with a positive acceleration from it, the 
accumulation will be at a maximum about that section. 

The number of positive ions emitted from the anode surface 
is small compared with the number of electrons projected, the 
electrification to the right of AB is therefore negative, and 
its density far greater than that in the vapour column to the 
left of that plane. 

By Poisson’s equation it is known that this accumulation 
of negative ions near the anode surface is associated with a 
steep potential gradient, so that the well-known anode fall of 
potential is thus accounted for. 

The negative ions accumulate until the anode fall of 
potential is sufficient to bring the projected ions to rest at 
the end of their average range 8. The fall cannot be greater 
than this, otherwise some of the electrons would be brought 
to rest before collision with molecules, in which case few 
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molecular ions would be formed, and the fall of potential 
would decrease as the density of the electrification diminished. 
From this point of view one would expect the anode fall of 
potential to be equal to the surface difference of potential 
responsible for the velocity of projection. 

In the case considered, the back electromotive force at the 
anode is 16°7 volts. This is the value of the discontinuity of 
the potential due to any heat effects which have an influence 
on the passage of the electrons through the surface layer, 
including the part represented by the energy with which the 
electrons emerge into the gas. According to the above 
argument the latter is equal to the anode fall of potential, 
which in this case is 16 volts. The difference between this 
value and that of the back electromotive force being but 0-7 
volt, seems to justify the assumption underlying the whole 
discussion, that in the expression for the surface discontinuity 
of potential the term representing the translational energy of 
the projected electrons is predominant. 

5. The Cathode Fall of Potential.—Iset figure 1 now 
represent the negative carbon; from the surface A!B! 
electrons are projected with a velocity of 15x 10° centi- 
metres per second, due to a surface difference of potential of 
6°1 volts. The velocity of the electrons increases after pro- 
jection, owing to the electric force in the field, and assuming 
that the cathode fall of potential of 11-7 volts occurs in the 
distance S, corresponding to their average range, the electrons 
collide with the molecules of the gas at AB, with a velocity 
of 2:6 x 10° centimetres per second, equal to that acquired by 
the free fall through 17°8 volts. 

In the hot gas collisions under such circumstances result 
in ionization, so that both positive and negative ions are 
produced at the section AB, the negatives moving to the 
left in the figure, while the positives travel slowly to the 
cathode. 

Those electrons which collide with molecules, after a flight 
less than the average range, may not have sufficient energy 
to ionize, in which case some negative molecular ions are 
produced between AB and the cathode surface, to be lost, 
perhaps, by recombination with incoming positives. As 
ionization certainly takes place about AB, there is between 
this plane and the cathode a maximum density of positive 
electrification; this, by Poisson’s equation, means a steep 
potential gradient which corresponds to the well-known 
cathode fall of potential. 

It may be considered that in the development of the are 

a i 
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the magnitude of the cathode fall of potential reaches a limit 
when ionization by collision, at the end of the average range 
of projection from the cathode, is fully established. In this 
ease the value found by Mr. Duddell may be taken as a 
constant, characteristic of the carbon are. 

6. The Vapour Column.—From the ease with which the 
are is displaced, by even small magnetic forces, one is led to 
consider that a large proportion ot the current through the 
vapour column is due to electrons moving with high velocity. 
As the electric force in the column, about 4 volts per milli- 
metre in the case under consideration, is utterly inadequate to 
guide unaltered a swarm of electrons thr ough molecules and 
positive ions, the mode of conduction in the vapour column 
would seem to be different from that usually considered in 
the case of gases. 

Possibly, “with a critical value of the catbode fall, the 
collision of the projected corpuscles with molecules of the 
highly heated gas, may start a progressive exchange of 
electrons among the oriented atoms, throughout the vapour 
column, somewhat like that suggested by Professor J. J. 
Thomson * for the case of conduction through metals. 

Tm such a case it may be considered that the electrons 
would be handed on, as it were, from atom to atom with 
unimpaired energy, and would thus reach the anode surface 
with the critical velocity of the corpuscles starting the 
exchange, together with that acquired during the flight 
through the anode fall of potential, or with a speed of 
3°6 x 10° centimetres per second. 

In view of Professor Townsend’s f discovery of the expulsion 
of two electrons from an atom in ionization by collision, the 
above suggestion, as to the mode of conduction through the 
vapour column, would lead to the consideration of an ever 
increasing volume of ionization towards the anode, thus 
accounting for the shape of the arc, and an area of crater 
proportional to the are length. Without modification the 
idea would, however, be inconsistent with the fact of a zero 
density of electrification throughout the vapour column, as 
the positive ions made near the anode in moving towards 
the negative electrode would not meet an equally dense 
negative stream. 

7. Summary.—The application, to the case of the are, of 
the idea of the projection of electrons from the surface of 

* Thomson, “The Corpuscular Theory of Matter” (1907). 
+ Townsend, Proc. R. 8., A. 80, March 1908. 

Phil. Mag. 8. 6. Vol. 17. No. 99. Alarch 1909. 2).€ ” 
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incandescent carbon, leads to the following general description — 
of the distribution of the potential between the carbons :-— 

1. A forward electromotive force at the cathode surface. 
2. A kack electromotive force at the surface of the anode 

depending on the temperature of the crater. 
3. An anode fall of potential equal to the back electro- 

motive force at the anode. 
4. A cathode fall of potential, such that the result of its. 

addition to 1 is a critical value. 

The description agrees with the facts as discovered by 
Mr. Duddell. 

As the magnitudes of the above quantities are independent 
of the current and are length, the sum of 2, 3, and 4, 
minus 1, represents what has been called the back electro- 
motive force cf the arc, in the case considered 38°3 volts. 

With the figures given, the velocities of the electrons are 
as follows :— 

At projection from anode, 2°5 x 10° centimetres per second. 
At projection from cathode, 1°5x10* centimetres per 

second. 
At collision at end of cathode fall of potonunl 2°6 x 10° 

centimetres per second. 
At collision with anode surface, possibly 3°6 X 10° centi- 

metres per second. 

The Physical Laboratory, 
The University of Sydney, July 3rd, 1908. 

XXXIV. The Discharge of Electricity from Glowing Carbon. 
By J. A. Powtock, D.Se., Professor of Physics in the 
University of Sydney, and A. B. B. Ranciaup, B.Sc.* 

[Plate VL] 

1. Introduction. 

HE experiments, of which a description is here given, 
were bine oe In connexion with an inv estigation of 

the phenomens associated with the relighting of the carbon 
arc. For the object in view, an arrangement was required 
in which carbon rods should be situated somewhat as they 
are in an are-lamp, and in which the temperature of one of 
the rods could be readily controlled. The plan adopted was 
as follows :—A cy rlinder of carbon, 4°5 centimetres long and 
0-5 centimetre in diameter, was electrically heated, and a 

* Communicated by the Authors. Read before the Royal Society of 
New South Wales. 
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circuit arranged to include an air-gap, of a few millimetres, 
between the middle point of the heated cylinder and the end 
of a comparatively cool carbon rod. The currents in the 
circuit have been measured for different temperatures of the 
carbon cylinder, and for various voltages across the air-gap 
up to the point at which an arc forms, with a view to finding 
the conditions under which the change from the non-luminous 
to the luminous discharge occurs in the case of hot carbon in 
air at natural pressure. The conditions for the similar change 
in connexion with a hot lime cathode in air at low pressure 
have been investigated by Professor J. J. Thomson”. 

2. Hxperimental Detail. 

The apparatus is shown in plan and elevation in fig. 1 
(Pl. VI.), C, the hot carbon cylinder, is held by large blocks 
of carbon A & B (not shown in elevation), through which the 
heating current passes. The cool carbon rod D is fixed ina 
holder H which can be moved in the direction of its length by 
turning the nut I’, the latter being prevented from longi- 
tudinal movement by the stop G. The holder E is attached 
to a cross piece provided with an adjustable stop H, the 
cross piece working on pivots so that the cool carbon rod D 
can be very quickly placed in position before the heated cylinder 
C or readily removed. | 
A scheme of the connexions is shown in fig. 2, where A 

and B are storage-cell batteries, Ga galvanometer, and P a 
potentiometer; by this arrangement any difference of potential 
desired could be set up between H and C, allowance being 
made, of course, for the potential gradient in the hot rod 
due to the heating current. A fine wire fuse was used to 
protect the galvanometer from excessive currents. 
When the cold carbon is close to the hot one its tempera- 

ture rises, and the current varies with time. To secure 
uniformity measures have been taken in the following way:— 
with the cool carbon removed, the hot cylinder was brought 
to its full temperature; then by tilting the holder H, fig. 1, 
the cool carbon was put quickly into position at the required 
distance from the cylinder; in 6 to 10 seconds after this the 
galvanometer deflexion became fairly steady, and all obser- 
vations have been taken within those limits of time. 

The heated carbon cylinder was a piece of the carbon rods 
supplied by Messrs. Siemens Brothers for use with their 
Lilliput arc-lamps, while the cooler carbon was a portion of 

* Thomson, ‘ The Conduction of Electricity through Gases,’ 2nd ed. 
p- 477 (1906) ; see also Horton, Phil. Trans. A. 207. p. 149 (1907), 
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Conradty are-lamp carbon, turned down at. the end as shown 
in the figure. 

The temperature of the heated carbon was found with the 
aid of a Holborn-Kurlbaum optical pyrometer, calibrated at 
the Reichsanstalt. The temperatures are given as observed, 
they are therefore in all cases the equivalent black body 
values. 

To get an estimate of the temperature of the cool carbon 
when currents were measured, the junction of a thermo- 
electric thermometer of platinum and platinum-iridium wires, 
0-5 millimetre in diameter, was placed in the position of the 
end of the carbon rod, the rod being temporarily removed. 
The temperature given by the thermometer, under any cir- 
cumstances as to distance of the junction from the heated 
cylinder and length of time in position close to it, is 
considered to be that of the end of the carbon under similar 
conditions. 

3. Flow of Negative Electricity from the Hot Carbon. 

The general form of the relation, without reference to 
exact scale, between potential-difference and current for 
temperatures of the hot rod in the neighbourhood of 1800° C., 
is shown in fig. 3, where ordinates represent currents, and 
abscissee potentials of the hot relatively to that of the cool 
carbon. 

For the flow of positive electricity from the hot carbon it 
is sufficient to say that any increase, above the value for zero 
current, in the potential of the hot carbon, gives a much 
smaller current than a decrease of the same amount. This 
smaller current, however, under the circumstances of our 
experiments, is not the definite measure of the stream of 
positive ions from the hot carbon; it is the resultant of 
such a stream and one of negative ions from the cooler 
electrode. 

The current of negative electricity from the hot carbon 
depends on the temperature of the carbon, on the potential- 
difference between the electrodes, and on the distance sepa- 
rating them. At low voltages the current is of the order of 
a milliampere and is not accompanied by any luminosity. 
As the potential-difference increases a critical value, depend- 
ing on the temperature and on the distance between the 
carbons, is reached at which an are forms, and the current 
jumps instantly from milliamperes to amperes; the critical 
points are shown at X in the figures. 

To exhibit the form of the connexion between potential- 
difference and current, for the non-luminous régime when 
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the hot carbon is negative with respect to the cool one, the 
relations between them, for distances separating the carbons 
of 1, 2, and 3 millimetres, are shown in figs. 4, 5, and 6. 
The final portions have been drawn vertical, the abscissee of 
the vertical parts being the values of the voltages at which 
arcing occurred. The numbers attached to the curves are 
the values of the temperatures of the hot and cool carbons 
respectively. 

4, Critical Values. 

The phenomenon of an abrupt change from a non-luminous 
to a luminous discharge is described by Professor Thomson * 
for the case of a gas at low pressure. A similar sudden 
change takes place in air at normal pressure, and under the 
circumstances of our experiments, the alteration, from the one 
régime of current flow to the other, can be brought about by 
a change in the potential-difference between the carbons of 
about a volt. 

The currents just before arcing occurs can be deduced by 
graphical extrapolation, as shown in the above diagrams; 
the approximate values so found are collected in Table I. 

AW ee 

Distance Temperature. Critical Current 
between | | Voltage | just before 
Carbons. | | for arcing. arcing. 

Hot Carbon. Cool Carbon. 

i | volts. milliamperes. 
1mm. 1800° C. 1360° C. 43°5 oT : 

S 1680 1240 55:0 2°50 

ty 1550 1100 68°5 2°66 
. 1415 920 83-0 282 | 

| 2mm. 1800 1120 53:0 1°85 | 
| a 1680 980 66-0 1:95 

de 1550_ 860 §1°0 ANF, 
| ae 1415 650 97°0 2°20 

| 3mm. | 2060 1070 39°5 0:97 
., 1800 880 70:0 11F.eh 
a 1680 750 85:0 1:20 

The relation, as given by our observations, between the 
temperature of the hot carbon and the critical value of the 
potential-difference between the electrodes necessary to start 
arcing, is shown in fig. 7 for distances of 1, 2,and 3 millimetres 
between the carbons. 

* Thomson, loc, cit. 



370 Prof.. Pollock and Mr. Ranclaud on the 

All the observations given in this paper, with the exception 
of those in the following table, refer to the case where the hot 
and cool carbons are in the same horizontal plane. The 
potential-difference necessary to start arcing, however, depends 
very considerably on the position of the hot relatively to the 
cool carbon, and we give in Table IJ. measurements of this 
quantity with the hot carbon vertically below, and with it 
vertically above, the cool positive; in the lower part of the 
table are given the values of the critical voltage with the hot 

. carbon vertically below the cool one, and with it in the same 
horizontal plane as the other electrode. 

TABLE II, 

Temperature, | Critical voltage for arcing. 
Distance 
between ie Difference. 

See Hot carbon.) Cool carbon. po) pee ee 
below. | above. 

| | volts. | volts. | volts 
3 mm) 1980°%C, | 1420° ©: 56°0 | 180 

i : «846 Rs 74:0 

ef eo | 1510 39°5 : 
te Laas 650 Fe BAS cs 
3 4 2280 1550 26°5 | : 
a Nabe Os 860 ins 390 125 
, | 2460 1620 tae 
om. Fee: 2.) oe 20°5 oy 

1 mm.} 1930 1580 36:0 8:0 
i i 1280 is | 440 | 

2mm.| ,, 1530 a | 
Rete eae a 

3 mm. 55 | 1420 56:0 . 

? ” +3846 see 740 ae 
| 

| ) | Carbons in 
| | | | same hori- 

/ zontal plane. 
1 mm.| 1930 1580 36:0 : 60 
a he 1500 |) |) iors | 
2mm.|_,, _ 1530 420 | Pe . 

i Ke 1200 os 46:0 . 
3mm.|_,, 1420 | 56:0 a5 | 

:, ~ . 1000 a 59°5 = 

| 2280 OO aso 26°5 ae 
hata 4 1240 | ie 995 °*)) (eee 

; j 

It is seen from the table that the potential-difference 
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required for arcing is less when the hot carbon is vertically 
below the cool one than when it is vertically above, or than 
when the two carbons are in the same horizontal plane. 

). Distribution of Potential between the Carbons. 

It is well known that from the surface of hot carbon, 
electrons and positive ions are projected. The rate of emis- 
sion of the latter is small, and its consideration may be 
neglected in the discussion of the present experiments when 
the hot carbon is negatively electrified. The electrons collide 
with molecules of the surrounding gas, at somewhat varicus 
distances from the hot carbon surface, the average of which 
may be called the average range of projection. ‘The collisions 
result in the creation of molecular negative ions, which, if 
they are not removed, accumulate near the surface of the 
carbon, thus establishing a potential gradient through the 
average range of projection and a consequent movement of 
the ions towards the hot surface. Such a distribution of 
potential can be realized with the apparatus previously 
described by applying between the carbons the potential- 
difference requisite, at any temperature, to make the 
‘current in the circuit zero, the hot carbon, in this case, 
being positive relatively to the cool one. This distribution 
may be represented, from a merely illustrative point of view, 
by the curve 1 in fig. 8, where V is the potential and the 
distance from the cool carbon, the hot carbon rise of potential 
ab being supposed to take place through a distance comparable 
with the average range of projection of the electrons. 

If the hot carbon is made slightly less positive than the 
value required for zero current, ac in curve 1 will slope a 
little upwards; those few molecular negative ions formed near 
the surface of the hot carbon beyond the point a will be drawn 
by the field to the cool rod, though the great majority will 
sill go to the hot carbon. A further stage, with the hot 
carbon negative with respect to the cool one, is illustrated by 
curve 2. As the potential-difference between the carbons 
increases, the hot carbon rise of potential ab becomes less 
and less, ane the proportion of the negative ions carried to 
the cool carbon becomes greater. If the potential-difference 
rose to such a value that the hot carbon potential rise dis- 
appeared, the current would be saturated ; in our experiments 
an are forms long before this stage is even approached. 

The deduction of an analytical expression for the relation 
between potential-difference and current, in the case under 
consideration, presents difficulties ; it involves a statement 
of the circumstances of the appearance of the molecular 
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negative ions near the hot carbon, and requires a knowledge 
of the relation between the mobility of the ions and distance: 
from the hot surface, which depends on the temperature 
gradient existing between the carbons. 

6. Change from the Non-luminous to the Are Discharge. 

In the carbon are there is a very characteristic cathode 
fall of potential which indicates an accumulation of positive 
ions near the cathode surface. In view of the fact that, in 
the experiments under discussion, the are forms long before 
the current is saturated, while there is yet a potential 72se at 
the cathode, and therefore no possibility of ionization by 
collision near the hot surface, one must look to the anode 
for the origin of the change from the non-luminous to the 
are discharge. As a confirmation of this view we have 
noticed that the change to the luminous régime of current 
flow is always heralded by the appearance of a small white- 
hot spot somewhere on the face of the positive carbon. After 
the advent of the spot, the development to the full are takes 
place too rapidly for its phases to be followed by the eye, 
although if the circuit is immediately opened, the formation 
of the luminous discharge may be prevented. 
If L is the current of negative ions, E the potential gradient 
at the anode surface, and A the length of the last free run of 
the ions, at the end of which they collide with the anode, the 
energy reaching the anode surface per second is IE); it is 
here” sug gested that for the are to form, the potential-dif- 
ference between the carbons must reach a value necessary to 
make the magnitude of IEA sufficient to raise a portion of 
the anode surface to such a temperature that positive ions 
are somewhat freely emitted. These ions, in travelling to 
the cathode, first annul the hot carbon rise of potential, and 
then by accumulating near the cathode surface create a 
cathode fall of potential. With a cathode fall the positive 
ions bombard the cathode surface with considerable energy, 
thereby raising its temperature. As a result the electrons are 
projected in oreatly augmented numbers, and with enhanced 
velocity. their speed being still further increased during the 
free flight in the now reversed field, When the ve locity of 
the electrons, at the end of their average range, reaches the 
value of 2°6 x 10° centimetres per second, “it may be considered, 
as suggested by one of us*, that the are discharge is fully 
established. 

In our experiments, the currents when arcing commences. 

* Pollock, supra, p. 561. 
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have been estimated, but we have been unable to deduce the 
magnitude of the potential gradient at the anode surface. 
The value of this latter factor will include a part due to the 
projection of electrons from the surface of the anode, which 
will be greater the higher the anode temperature. 

In the above description it is considered that the develop- 
ment of the are from the non-luminous discharge takes place 
in two stages. The first one commences with the somewhat 
copious emission of positive ions from the anode surface, 
when the energy of its bombardment by negative ions reaches 
a critical value; the second one begins when the velocity, at 
collision with gaseous molecules, of electrons projected from 
the cathode, commences to increase on account of the presence 
of positive ions near the cathode surface; it is completed 
when this velocity is such as to start a mode of conduction 
through the vapour column, characteristic of the fully 
developed are, in which, perhaps, electrons are handed on 
from atom to atom through the column, as suggested in the 
paper just mentioned. 

The view we have taken of the origin of the change from 
the non-luminous to the arc discharge receives some support, 
we think, from the observations of the differences in the 
voltages required for arcing given in Table II. When the 
hot carbon is vertically below the cool one, the flow of mole- 
cular ions is helped by the convection current of hot gas, 
whereas in the reverse position the flow is opposed by the 
current: the value of [HA may thus, for the same potential- 
difference, be different in the two cases. In addition, the 
temperature of the cool carbon when below the hot one is 
much lower than when above it; the critical value of [Ex 
may, therefore, have to be higher for arcing to start in the 
former case than in the latter. If the change to the luminous 
discharge is considered to originate near the cathode surface, 
the observed differences in the arcing voltages, due to altera- 
tion in the relative positions of the hot and cool carbons, 
would be difficult to explain. 

7. Summary. 

The flow of negative electricity from hot carbon, in a 
circuit containing an air-gap, up to three millimetres in length, 
between a hot and a cool carbon rod, has been investigated 
for temperatures of the hot rod from 1100° C. te 1800° C., 
and for various voltages up to the point at which an are 
forms between the carbons, the experiments being made in 
air at natural pressure. 

If I is the current of negative ions, E the potential gradient 
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at the anode surface, and A the length of the last free run of 
the ions at the end of which they reach the anode surface, 
it is suggested that arcing commences when IEA attains a 
value sufficient to raise a part of the anode surface to such a 
temperature that positive ions are somewhat freely emitted. 

The Physical Laboratory, 
The University of Sydney. 

Aug. 26th, 1908. 

XXXV. The Absorption of the Radioactive Emanations by 
: Charcoal. By R..W. Boyir, W.Se.* 

[Plate VII.] 

eae experiments of Sir James Dewar in 1903 drew 
attention.to the property possessed by the charcoal 

of coconut of absorbing gases in a remarkable degree. 
Since then this property has been investigated by several 
experimenters f, and has been applied by Sir William Ramsay 
in separating the inert gases helium and neon from the air, 
and measuring the quantities in which they exist in the 
atmosphere. ‘The results in the papers mentioned below may 
be summarized as follows :— 
(1) The absorption of gases by coconut charcoal is 

greatly increased by lowering the temperature of 
the charcoal. 

(2) The charcoal has a greater “affinity ” for some gases 
than for others, there being something of the nature 
of a selective absorption. In consequence of this 
property, it is possible to separate from one another, 
in some degree, the constituents of a mixed gas. 

(3) Of the inert gases of the argon family, argon is 
absorbed about in the same degree as ordinary gases, 
but helium and neon in a much less degree, and 
helium less than neon. 

(4) The absorption is also influenced by the pressure of the 
gas in contact with the charcoal, the pressure-con- 
centration-curves varying in a regular manner with 
the temperature. 

* Communicated by Prof. E. Rutherford. 
+ “The Absorption and Thermal Evolution of Gases occluded in 

‘Chercoal of Low Temperature.’’ Dewar, Proc. Roy. Soc. vol. Ixxiv. p. 122. 
“The Separation of the most volatile Gases from Air without Lique- 

faction.” Dewar, Proc. Roy. Soe. vol. lxxiv. p. 122. 
““The Determination of the Amount of Neon and Helium in Atmo- 

spheric Air.” Ramsay, Proc. Roy. Soc. May 24th, 1905. 
‘The Law of Distribution in the Case in which one of the Phases 

possesses Mechanical Rigidity.” ‘ Absorption and Occlusion.” Travers, 
Proc. Roy. Soc. July 21st, 1905. 
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It was pointed out by Professor Rutherford, in a letter to 
‘Nature,’ October 6th, 1906, that this property of coconut 
Piaxcoal. also holds oe the eee emanations ; and in 
his letter are accounts of experiments demonstrating the 
fact. Professor Rutherford found that a slow current of 
air charged with the emanations of radium, thorium, or 
actinium is deprived of some or all of its emanation in the 
passage through a tube filled with coconut charcoal, and 
for this purpose the charcoal need only be at ordinary 
temperature. The complete withdrawal of the emanation 
only takes place when the air is passed very slowly 
through the charcoal ; if the speed is increased, the amount 
of emanation emerging is increased also. In another 
experiment, Rutherford found that if a tube containing 
less than a gramme of the charcoal is open to a vessel 
containing the emanation from several milligrammes of 
radium bromide, in the course of time the emanation is 
absorbed by the charcoal. If some powdered willemite 
is mixed with the charcoal, the gradual absorption is shown 
by the increasing brillianey of phosphorescence of the 
willemite. It is not necessary to heat or exhaust the char- 
coal previously, but when either is done the emanation is 
more rapidly absorbed. The charcoal retains the emanation 
at ordinary temperature, but the greater part of it is expelled 
by heating to a low red heat. 

The phenomenon of the absorption of emanation is not only 
of much interest in itself, but also in the fact that it may be 
of use in determining directly the amount of emanation 
existing in any particular ¢ gas. Mr. Eve, of this laboratory, 
is now utilizing the method to determine the amount of 
radium emanation existing in the free atmosphere. 

It may be noted that, since the emanation must be mixed 
with some gas, there is special interest in studying the 
information contained in the papers of Dewar and Ramsay 
concerning the absorption of the inert gases of the argon 
family which exist in the atmosphere. The cases are 
analogous in that the emanations are believed to be che- 
mically inert gases, and are mixed with the containing gas 
in extremely small ‘proportions ; ; but there is the distinctive 
difference that the emanations decrease in amount with time, 
while the gases of the argon family do not. 

It is important to determine the laws which govern the 
absorption of the radioactive emanations, to know “how far it 
depends on the speed of the containing gas through the 
absorbent, the temperature of the absorbent, and other con- 
ditions. An investigation of these points is the main object 
of this paper. 



O76 Mr. R. W. Boyle on the Absorption of 

In consequence of the delicacy of electrical tests for 
determining the presence of minute quantities of emanations 
from radioactive substances, it is possible to carry out 
experiments with quantities of emanation far too small 
for examination by chemical or other known physical 
methods, yet the measurements are capable of a high degree 
of accuracy. 

Radium Emanation. 

A short account may be given of a few preliminary expe- 
riments on the diffusion cf radium emanation from vessels 
containing the emanation mixed with air to vessels con- 
taining coconut charcoal. The apparatus used (fig. 1) 
was an emanution electroscope, 
which consists of two chambers, 
one above the other. The lower 
chamber is an air-tight cylin- 
drical vessel of brass, of about 
1 litre cubical capacity, serving 
as an emanation reservoir, while 
the upper is a vessel covering 
the gold-leaf system which can 
he observed through a mica 
window by a microscope with 
a scale in the eyepiece. ,The 
gold leaf is at the upper end of 
a brass rod which extends down 
into the lower chamber and 
is well insulated. The lower 
chamber is fitted with tubes and stopcocks, through which air 
charged with emanation can be admitted or withdrawn at will 
by means of apump. Connected with the emanation reservoir 
by a short tube of large cross-sectional area was a glass bulb. 
containing a few grammes of coconut charcoal in granulated 
form. The outside of the electroscope was earthed, and the 
ionization currents measured by the rate of movement of the 
gold leaf. The ionization current, or activity, at any time is 
proportional to the amount of emanation present in the 
emanation reservoir. 
When radium emanation was admitted into and retained 

in the electroscope, it was found that the decay of activity 
did not follow an exponential law, for while at the first the 
activity fell to half-value in 1°0 days, in the course of five or 
six days the rate was half-value in 1°6 or 1°7 days. 
When the emanation reservoir was refilled with emanation 

and the charcoal vessel removed, so that the emanation could 
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diffuse to the open air, the decay of activity did follow an 
exponential law, the time for diminution to half-value being 
1-0 day. This result may be expected, for it means that the 
amount of emanation diffusing to the open air per second is 
proportional to the amount of emanation in the reservoir. 
P. Curie and Danne* performed experiments of this kind 
with capillary tubes as the communication from the emanation 
reservoir to the outside air, and found that the loss of emana- 
tion from the reservoir was exponential. 

It shouid be noticed that, in these experiments, if the 
emanation reservoir were sealed, so that there could be no 
diffusion to charcoal or to open air, the activity would fall 
to half-value in 3°75 days. 

From the figures above, the rate of diffusion of the 
emanation from the reservoir to the charcoal was at first 
the same as the rate of diffusion to the open air, viz., half- 
value in 1:0 day ; but as time went on, this rate gradually 
became less. A probable explanation of this fact is that the 
layer of charcoal first reached by the emanation acts as a good 
absorbent until it becomes saturated, very little emanation 
passing to the under layers until the top layer reaches this con- 
dition. In consequence, it will take time for the emanation 
to diffuse from the upper to the lower layers of charcoal, with 
the result of a gradual lessening of the amount of emanation 
absorbed from the reservoir. 

Another experiment was made with the emanation diffusing 
to a very thin layer of charcoal, and the results obtained 
support this explanation. In this case the activity diminished 
at first at the rate of half-value in 1°3 day, but kept gradually 
changing until, after twenty-four hours, the rate was half- 
value in 3°2 days. At this stage there could be very little 
absorption, since the natural decay of the emanation itself is 
half-value in 3°7 days. We may say, then, that it took about 
a day to saturate the thin layer of charcoal. 

In the experiments just described, the charcoal has been 
contained in a vessel outside the emanation reservoir ; when 
the charcoal is in the reservoir itself, the absorption takes place 
more rapidly, as the time for the emanation to diffuse through 
the connecting tubes is eliminated. In an experiment where 
a tray containing charcoal was placed in the bottom of 
the emanation reservoir, on admitting some emanation the 
absorption took place so quickly that there was not the usual 
rise of activity due to the active deposit, but, on the contrary, 
an immediate, rapid fall. With only a thin layer of charcoal 
—a sprinkling covering the bottom of the tray—there is a 

* Curie & Danne, Comptes Rendus, cxxxvi. p. 1314 (1903). 
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slight rise of activity due to the active deposit, but not nearly 
in the same degree as if the charcoal had been absent. 

The above experiments were all performed in a constant- 
temperature room, so that all effects on the diffusion by 
changes of temperature and draughts of air were avoided. 

More experiments, along the same lines as the above, are 
being carried on. 

Thorium Emanation. 

In the case of thorium emanation, owing to its short period 
of decay—to half-value in 54 seconds,—it is necessary to use 
a flow method of experiment. In other words, the emanation 
must be mixed with some gas, and conducted through tubes 
containing absorbing, or non-absorbivg, material into a testing 
vessel, where it ionizes the air, and the ionization currents 
can be measured by means of an electrometer. The apparatus 
used for the experiments is represented by the accompanying 
diagram (fig. 2). 

<— from Pump 

3 

CHARCOAL 

TEST VESSEL 
MANOMETER 

Alr DOME | —________—_ 

BRANCH CIRCUIT FOR SPEED ADJUSTMENT 

LLECTROMETER 

WLLL 

An air-pump supplies a current of air through a tube of 
thorium hydroxide, where the emanation mixes with the air 
and thence passes through tubes containing absorbing or 
non-absorbing material, as the case may be, into a testing- 
vessel of the ordinary cylindrical type. An accurately 
calibrated manometer in the circuit measures the velocity of 
the air-current. The testing vessel is connected to one pole 
of a battery of E.M.F. sufficient for complete saturation, the 
other pole of the battery being earthed. The central rod of 
the testing vessel is connected with a suitable electrometer, 
and a condenser of adjustable capacity is placed in parallel 
with it. It should be noticed that, with this arrangement, 
absorption of the emanation takes place when the charcoal 
has absorbed its full amount of the atmospheric gases. 

The weight of thorium hydroxide used was 37 grms. 

= 
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Using this apparatus when there is no absorbing material 
between the thorium hydroxide and the testing-vessel, and 
taking observations of the ionization current with varying 
speed of the air-current, we get a curve such as is shown in 
fig. 3 (Table I.), which has ionization (2) for ordinates, and 
speeds of the air-current in c.c. per sec. (q) for abscissze. 
We shall hereafter call this the i-g curve. 

Tasha tl. (Hig. 3.) 
Emanation directly into testing vessel. 

| Flow in ce.,;see. ee ee yous 
| in arbitrary units. 

| 0:30 eal 

| 0:37 174 
| 0-76 380 | 

| 112 441 
| 1°86 464 

| 2°52 433 

| 3°80 291 

| 5-18 238 

| 6:60 224 
8-40 192 

| 107 | 169 
| 12-6 | 49 

400 | 

IONIZATION CURRENT. 

No fe) (o) 

° 2 = 6 8 70 /2 ‘F 

FLOW IN CC PER SEC 

The shape of this curve can be deduced from theoretical 
considerations by the following :— 

The thorium hydroxide, in radioactive equilibrium, gives 
off free atoms of emanation at a constant rate, and these are 
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all removed by the air-current. In consequence, there will 
be the same number of emanation atoms leaving the thorium- 
tube per second for any speed of the air-current. 

The ionization current in the testing vessel is proportional 
to the number of emanation atoms breaking up per second in 
the testing-vessel ; and this number is ’ times the number 
of emanation atoms present, X being the coefficient of decay 
of the emanation. 

Let N=the number of free emanation atoms given off by 
the thorium hydroxide per sec., 

q=the flow of the air-current in ¢.c. per sec., 
T'=the time for the air to pass from the thorium 

hydroxide to the testing-vessel. 
Then, with ¢ ¢.c. of air entering the testing-vessel are 

associated Ne~** atoms of emanation. If we denote the 
number of emanation atoms per c.c. of air at the entrance 
of the testing-vessel by 2, then 

Ne-*t 

qY 
Let V be the total free volume of the conducting tubes 

between the thorium hydroxide tube and the testing-vessel ; 

No = 

then Vv 

a = Za) 

q 
AV 

Ne’? ~~ Neos 
SU 0 ca 

q g 

To obtain the total number of emanation atoms, P, present 
in the testing-vessel, consider an element of volume dw, with 
a volume w between the entrance and the element, as shown 

w. ; 
by fig. 4. — is the time for the air to traverse the volume w, 

and therefore, if n=the number of emanation atoms per €.¢; 
of air within the element, 

Aw 

n= Mme 7. 

The total number of emanation atoms in the element dw 

= ndw 

Ee 
= me dw; 

W Aw 

ta P= | Noe 9g aw, 
“0 

where W is the whole volume of the testing-vessel. 
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Integrating, we get 
ie it Aw 

i = iF [1—e q a; 

and substituting for 7, 
Ng ae wa 

P Sey etl ew | 

Fig. 4. 

a 

Ley dur 

The ionization current is proportional to the number of 
emanation-atoms breaking up per second, which is A times 
the number present, 7.e. AP. Hence, if 7 is the ionization 
current, j-3 KXP, 

where K is a constant ; and therefore 
WAY, AW 

gp NOwer ee sae sd) 

If we plot a curve with ionization currents as ordinates 
and flow of air in c.c. per second as abscissee, we can see 
from (1) what the shape of the curve should be. 

Denoting —AV as a, and —)AW as 3, we have 

ee te, 
from which we can at once see that 2=0 when g=0 or ~. 
Differentiating, we get 

- = KNed ie BN e —a|, 

from which it follows that 7 is maximum when 

a 

hs 
co) ai 22 

9 i a a 
aa 

The ionization, then, must rise from zero to a maximum, 
and fall off to nothing as the speed of the air-current increases 
to infinity. 

Phal. Mag. 8. 6. Vol. 17. No.-99. March 1909. 2D 
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It can be seen that the curve of fig. 3 conforms to these 
conditions. 

The relation deduced in (1) shows us that the ionization- 
current depends not only on g, the speed of the air-current, 
and on W, the volume of the testing-vessel, but also on V, 
the free volume of the space through which the emanation 
has to pass before it reaches the testing-vessel. When V is 
increased, 7 is decreased ; and, following from the condition 
fora maximum (2), g must be increased to give the maximum 
ionization-current. Hence it follows, that in experimenting 
to compare the absorption by different substances, or by 
different quantities of the same substance, the free volume 
between the thorium hydroxide and the testing-vessel should 
be constant. In the experiments described later, where it 
was desired to compare the absorption, care was taken to have 
this condition fulfilled. 

When an absorbing material is inserted between the 
thorium hydroxide and the testing-vessel, there is less 
emanation available for ionization and the i-g curve is much 
altered *. In the case of charcoal, in granulated form, it has 
been found that the amount of absorption depends on 

(a) The nature of the charcoal, 
(b) The speed of the air-current through the absorbent, 
(c) The amount of charcoal surface exposed to the 

emanation, 
(dq) The temperature of the charcoal. 

In the experiments on these pcints, the results of which 
are given later, the z-q curves in the cases of non-absorption 
were obtained by substituting for the tube containing the 
cnarcoal a similar tube containing a non-absorbing sand of 
the same volume and of the same size grain as the charcoal 
used. This precaution was necessary in order to have the 
same volume between the thorium hydroxide and the testing- 
vessel in the case of non-absorption as in the case of absorption. 
In all experiments with a given sample of sand or charcoal, an 
attempt was made to have the grains of uniform size by sifting 
through a set of sieves and collecting separately the residues 
caught in the meshes of each sieve. 

(a) Nature of the absorbent. 
Fig. 5 (Table II.) shows the i-g¢ curves, taken under the 

same experimental conditions, for the cases of absorption by 
ordinary wood, animal, and coconut charcoal, all of the 

* The Effect of Temperature and of Velocity of Gas-Current on the 
Absorption of Radioactive Emanations by Charcoal.” R. W. Boyle, 
Trans. Royal Soc. Canada, May 1907. 
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same volume and same size grain. The wood charcoal 
weighed 0°77 gm., animal 2°25 gms., and coconut 2°17 gms. 

The curves show that coconut charcoal absorbs the most, 
and ordinary wood charcoal the least of the three, and that 
the variation in absorptive power is very marked. In fact, 
two different samples of the same kind of charcoal can show 
appreciably different absorbent powers. I have had samples 
of coconut charcoal differing considerably in this respect, 
the better absorbers being softer, less gritty, and less dense 
than the others. 

(b) Speed of the air-current. 

An inspection of the curves mentioned above, or of any of 
those following, will show that the amount of absorption 
depends on the speed of the air-current which conducts the 
emanation through the absorbent material. 

The absorbent must have time to absorb, and at quick 
speeds it does not get as good a chance. 

The following facts, taken from fig. 5 and tabulated, 
illustrate very well (a) and (6). Here the percentage 
absorption for any given speed is represented by 

Difference between non-absorption and absorption ordinates 
100 x N a0 : . 

on-absorption ordinate 

The table shows that the percentage absorption is increased 
as the speed of the air-current is decreased. 

ance 111. 

ae Ionization 

Speed of Slag Current, Per cent. 
Absorbent. Air-Current. s Non- Absorption. Absorption. a : 

sorption, 

0-7 5d 93 40°9 
ea 10 94 138 31°9 

C ee 15 139 164 14:8 
TARCOAL. 4 5 86 92 6 5 

8:0 63 665 53 

0:5 im 5D 80:0 
ANIMAL 0-7 31-5 93 66 2 

CHARCOAL. 1:0 62 138 55:0 
2:0 98°5 164 39°9 

1°5 16 164 90°3 
Coconut 2:0 28'5 164 82-6 

CHARCOAL. 4°5 43 92 52'S 
8:0 40 66°5 39°8 
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(c) The surface exposed to the emanation. 
It is natural to suppose that the amount of absorption will 

in some way depend on the amount of the charcoal absorbing 
surface—that, in fact, the absorption will be increased if the 
surface be increased. 

To prove the point experiments were performed, the results 
of which are shown graphically in fig. 6. To save space, the 
tables showing the actual numbers are omitted. Hach division 
of the ordinates corresponds to 6:17 x 10—* ampere. 

For a particle of any material the ratio of its surface to its 
mass becomes greater when the size of the particle is reduced ; 
hence one lot of charcoal, equal in mass to a second lot, will 
have a greater or less surface than the second according as 
the size of its grains is smaller or larger than the size of the 
grains of the second. 

In this particular experiment three equal masses (2°17 gms.) 
of the same sample of coconut charcoal were used; but the size 
of the grain was different in each case. The 7i-g curves (fig. 6) 
were taken for all three. I.is the curve for the grains which 
were just caught in a sieve of ten meshes to the inch, II. for 
twenty meshes to the inch, and ILI. for thirty. It can be 
seen that the larger the grain the less is the absorption, or, in 
other words, the smaller the surface the less the absorption. 

The experiment shows that it is not the mass of the 
absorbent on which the amount of absorption depends, but 
rather the amount of surface which the mass exposes to the 
emanation. 

By increasing the quantity of charcoal of a given size grain 
the amount of absorbing surface is also increased, and conse- 
quently there is increased absorption. ‘This is shown by the 
curves in fig. 7, which show the experimental 7-g curves for 
1-18, 2°17, and 3°35 gms. of the same sample of coconut 
charcoal of the same size grain (just caught in a sieve 
thirty meshes to the inch). 

It must be noticed that the greater the quantity of char- 
coal—or, for that matter, the greater the power of absorbing 
by any condition—the greater must be the speed of the air- 
current to get any effect at all in the testing-vessel. Thus, 
there is practically complete absorption for 1:18 gms. oi 
charcoal up toa speed of 0:5 c.c. per second, up to (8 c.c. per 
second for 2°17 oms., and up to 1c.c. per second for 3°35 gms. 

(d) The temperature of the charcoal. 

The experiments of Dewar showed that when coconut 
charcoal is used as an absorbent of gases, the absorption is 
greatly increased by lowering the temperature of the 
charcoal. 
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The same law holds for the radioactive emanations when 
absorbed by any kind of charcoal. ‘To examine this point, 
experiments were carried out at different temperatures with 
samples of wood, animal, and coconut charcoal. The weight 
of the coconut charcoal used was about 1:8 om. 

Temperatures were measured by a Callendar platinum 
resistance thermometer, the bulb of which was surrounded 
by the charcoal. The stem cf the thermometer was sealed 
into the tube containing the charcoal by an ashestos and 
plaster-of-paris packing, so that the joint was perfectly air-- 

. . <2 

tight. The diagram shows the arrangement. 

Fig. 8. 

PLATINUM COMPENSAT/ON 

RESISTANCE LEADS LEAOS. 

GU, 

TASBESTOS AND 

PLASTER OF PARIS 

PACKING 

RD) GLASS VVOOL 

CHARCOAL 

GLASS WOOL 

The lowest temperatures mentioned were obtained from a 
mixture of solid carbon dioxide and ether ; those next above 
were the temperatures of the room. The remaining were 
obtained by heating in a specially constructed oven, so that 
the temperature variation was not any more than three or 
four degrees. 

The air-current, after passing through the charcoal, was 
circulated through a short coil of copper tubing immersed in 
water, in order to ensure that it should not be above ordinary 
temperature in the testing-vessel. 

For coconut, charcoal curves were taken at five tempe- 
ratures, viz. 185, 124, 69°5, 17°6, and —75°5 degrees centi- 
grade. (See fig. 9, Table IV.) o 

cao) 
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For wood charcoal three curves were taken, corresponding 
to 170, 16:1, and —74:2 degrees centigrade. (See tig. 10.) 
The non-absorption curve is pr actically the same as that 
for 170°. 
The curves show at once that the above law holds. Wood 

charcoal, under ordinary conditions, is not a good absorber, 
yet it is found to be affected by temperature according to the 
law. The absorption by animal charcoal is affected in a 
similar manner, but the experimental curves are omitted. 

In a special experiment it was determined that the cocoanut 
charcoal begins to give off carbon dioxide at 211°C., yet at 
even higher temperatures than this it showed some power of 
absorbing the emanation. By using a large quantity of charcoal, 
and keeping the speedof the air-current constant at 1°65c.c. per 
second, it was found that the ionization-current in the testing- 
vessel kept decreasing, showing a slight and gradually de- 
creasing absorption up to about 300° C., when the ionization 
current began to increase. ‘This increase was no doubt due 
to the loss of absorbing charcoal by oxidization, and to the 
increased conductivity of the gas in the testing-vessel owing 
to the presence of carbon dioxide. (For a-ray ionization the 
conductivity of carbon dioxide is 1°5 times that of air.) 

In connexion with the above experiments, it should be 
noticed that it is hardly probable that the charcoal becomes. 
“ saturated ” with thorium emanation—that is, that it reaches 
a state when it cannot occlude any more emanation—as it 
would in the case of ordinary gases. It must be rememberéd 
that the emanation which has ‘been occluded by the charcoal - 
is itself decaying at the rate of half-value in 54 seconds. — 

In the observations of ionization currents given above, the 
numbers represent the current when it has reed a stetite ly 
state. At slow speeds the current keeps increasing for a few 
minutes until it becomes steady, but at high speeds it reaches 
a steady value almost immediately. 

In conclusion, it may be stated that the percentage 
absorption of fot ium emanation by means of charcoal 

(1) depends on the nature of the charcoal used, being 
greatest for coconut, intermediate for animal, and 
least for wood eal: 

(2) is decreased by inereasing the velocity of the gas- 
current which conducts the emanation through the. 
charcoal : 
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(3) is increased by increasing the charcoal absorbing 
surface ; and 

(4) is dependent on the temperature, following the law 
for ordinary gases, viz., that a lowering of the 
temperature of the charcoal causes an increase, and 
a raising of the temperature a decrease in the 
amount of absorption. 

I desire to express my thanks to Professor Rutherford for 
suggesting this investigation and for his interest and kindness 
while it was in progress. 

McGill University, Montreal. 

XXXVI. An Investigation of the Resistance to the Flow of 
Air through a Pipe, with the Deduction and Verification of 
a Rational Formula. By A. H. Gipson, MW.Sc., Lecturer 
in Hydraulics in the Manchester University*. 

(1) Introduction. 
(2) Rational Formula for Pipe-flow. 
(5) Experimental Data. 
(4) Conclusions. 
(5) Effect of Temperature Variations. 

(1) Introduction. 

4% an experimental investigation recently completed by 
Dr. J. H. Grindley and the author}, the resistance to 

the flow of air through the pipes used, at velocities below 
the critical, was used to determine the coefficient of viscosity 
of the air. In a few of these experiments the velocity was 
allowed to exceed the critical, and in these cases the results 
obtained were so widely at variance with the commonly 
accepted laws of pipe resistance that the author was led to a 
further investigation of the phenomenon, and to a comparison 
of the results obtained by himself and by other experimenters. 

This investigation showed conclusively that any formula 
of the usual form 

2 
Sp= flv 

2gm 

(where 6p is the difference of pressure at the two ends of a 
pipe of hydraulic mean depth m(m=diam. +4) and of length 
1, due to a flow of air through the pipe with mean velocity v) 
only applies if the coefficient f is varied not only with the 
physical condition of the interior surface of the pipe, but 

* Communicated by the Author. 
+ Proceedings Royal Soc., A. vol. Ixxx. p. 114 (1908). 
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also with its diameter, with the mean velocity of flow, with 
the mean pressure, and with the temperature of the air. 
The fact that this coefficient depends on five factors, of which 
three may vary in the same pipe, renders this, and any more 
elaborate formula involving the same law of frictional re- 
sistance, useless as a means “of determining the probable fall 
in pressure along a given pipe line, with any degree of 
accuracy. 

Realizing this, the author attempted to determine some 
formula which should truly represent the state of affairs in 
such cases of resisted flow; and the following paper is devoted 
to a deduction of such a rational formula and to a determi- 
nation of the constants involved in this, from the results of 
experiments by himself and by other experimenters. 

(2) Rational Formula for Pipe-flow. 

This is deduced on the assumptions that the resistance to 
flow along any small element of the pipe depends on the 
diameter, lenoth, and surface condition of the element; on 
the viscosity “and density of the fluid; and on the mean 
velocity of flow through the element ; and also that it depends 
on some power of each of these factors. 

This being so we may write 

Opt . ji ys iy (one bie (1) 

Ale: o6p=pressure difference in lbs. per sq.ft. at two points 
él ft. apart along the pipe. 

», &@=pipe diameter in feet. 
., p=coefficient of viscosity of the fluid under the tem- 

perature conditions obtaining in the pipe. 
, Ol=length of element of pipe in feet. 

p=density of the fluid, at the mean pressure p, and 
mean temperature (7° abs.) obtaining in the 
element. 

5 vz=mean velocity of flow in this element in ft. per sec. 
i: is a numerical coefficient. 

) 

) ) 

29) 

Alihough this expression contains no term directly marking 
the effect of the roughness of the pipe surface, this effect is 
included in the terms p? and v”. This will be seen if it be 
granted that the effect of ee roughness in increasing the 
resistance.to flow is due to loss of available ener ey in eddy 
production, the eddies being formed by the sudden deflexion 
of particles of fluid in close proximity to the walls. 

The mass of fluid thus affected will be greater as the 
roughness increases and as the velocity of flow increases, and 
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will also depend directly on its density, while the loss of 
energy per unit mass will depend on the velocity. If this 
be granted, it follows that the effect of a variation in the 
roughness will be felt in the factors involving both p and v, 
and that the values of the indices z and n of these expressions 
as determined for equation (1) will implicitly involve the 
etfect of the roughness. 

If [M], [L], and [T] be the fundamental units of mass, 
length, and time, (1) may be expressed dimensionally as 

Now experiment shows that the resistance to flow is, other 
things being equal, directly proportional to the length, so 
that a=1. 

Inserting this value the equation becomes 

[M] c 7 we : P26 7 eae ‘ Ae ats athe ee u rT] —(ytn). 

Hquating indices of like dimensional quantities we get 

U—Yy—Iz= —2—nN 

if Ueno = 

w y=2—nN, 

and on solving this we have 

=n—3; y=2—n; z=n—l1. 

Substituting these values in (1), this becomes 

Cp ar ie Late? om Tey LOE U Ih CD) 

Where p and therefore v is constant, the fluid being in- 
compressible, on integrating over the whole length of pipe 
this gives the Reynolds’s formula* for the flow of water 
through a uniform pipe:— 

ODL OE GU ae raed en aie) 

mass 
volume 

unit mass is given by the relation pV =cr, so that p= 

@ 
CT 

Ina compressible fluid p= , where the volume of 

Mpt 
igre 

Substituting (where ¢ has the value corresponding to 

* Scientific Papers, Osborne Reynolds, vol. ii. p. 97. 
+ In the case of air, if the mass of gas is unity (32:2 lb. wt. units), 

and if p be measured in lbs. wt. per sq. ft., the value of ¢ is 53:18 x 32-2 
=1710, while if» be measured in lbs. per sq. ins. ¢ becomes 11:9. 
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unit mass) for p in equation (2), this becomes: 
n—--1 

Spak.de-3 pe”, Be v3. | 
Writing a ae the form 

ee ee ag. (cr)! ee 

and Hey, “op “ for v, where v,2and p,» represent the mean 
7 

velocity and pressure in the pipe, we get, on integrating, 

Ba eae pe”. (cT)'—” vee 

On putting 

pie Pi pares Sp= hi P Tae 

this gives for the whole pipe 

Sp=k. de. pe”, i ie oe ee (4) 

as the equation for the resistance to the steady isothermal 
flow of a compressible fluid. 

With stream-line motion, 7. ¢. at all velocities below the 
critical, n=1, and equation (4) becomes 

kvm Sp= ZO l. 

This indicates that under these conditions the pressure 
drop is independent of the mean pressure in the pipe, and, 
except for the effect of the varying viscosity, also of the 
temperature, both of which conclusions received verification 
by the viscosity experiments of Dr. Grindley and the author. 

In the majority of the experimental results available to 
the author, the temperature t was not given and could be 
enly estimated approximately from a consideration of the 
climatic conditions presumably obtaining at the time of the 
experiments. In only one series of experiments (by the 
author on a lead pipe of small bore) was the variation of 
temperature known, and of sufficient magnitude to enable 
the above formula to he fully checked. As, however, if the 
formula is correct, the variation in resistance is small for a 
temperature variation not exceeding 20° I’. (not above 3 per 
cent. in any case), it was thought well in the first case to 
combine the factors involving temperature (either directly or 
in its effect on viscosity), a take the factors thus obtained 
as being sensibly constant duri ing the experiments to be first 
considered, and afterwards to verify the law of variation 
with temperature by a separate series of experiments on the 
author’s lead pipe of 1/8 inch bore. 

; 
. 

| 
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On doing this, formula (4), which may be written as 

Pen a. ue | Si 
= ———_ urine | PUR NYT o 

Gane di ) 
becomes 

A Pea , Un 
ép= B: Aisa < id - “ . - = (6) 

Writing this as 
op > Pm - ad? A Din» Um - =) 

PA (Roa ‘ 

we get, on taking logarithms, 
S 3 

ie [-eoFee | A) der east in mea bar gait ey. eG) 

(3) Heperimental Data. 

The experiments examined are tabulated below :— 
(1) Experiments by Messrs. Riedler and Gutermuth on 

the Paris air-mains. These resalts are taken from values 
given by Professor Unwin (Proce. Inst. C. E. vol. ev. p. 190). 
The pipes were of cast iron, 112 ins. (‘98 ft.) diameter. 
Owing to allowance having to be made for the effect of 
numerous draining tanks, traps, and stop-valves on the pipe- 
line, the values of 6p quoted in this table are only approximate. 
The length of pipes ranges from 10982 ft. to 54270 ft., the 
mean pressure from 92 to 118 lbs. per sq. in. abs., and the 
mean velocity from 8°5, to 28°6 ft. per second. The tempe- 
rature of the air is unknown, but was probably about 65° F. 

TABLE I. 

| Pipe. | Pressure — lbs. per sq. in. (abs.). | | 

| | Um, | 

| Expt. | ft. per sec. 
Length | Diam. | Re eer / 

| ft. ft. Pi: | Po. | Pm Op. 

eee | 54270 98 || 1066| 80:15 91:9 2045 | 28°62 
os acs » «| 1144) 97-25| 966) 27-15 |) © 27-35 
peer sew bee E 119°4/105-4 | 1100' 14:04 | 19°35 
hana Byrigh: » || 1161 109-4 | 1116 6-66 13°89 
Fpaee phe » || 1144/1100 | 1116) 3-98 8-51 

| | 

Filia | 14460 » || 116111126 | 1144] 3:45 16°80 
eerily, > || 1194/1173 | 1182! 208 |} 10-94 

6 a | oie: , || 114:4|107-2 | 1099| 7-17 24-06 
| Dv poe igi 1143 | 1163) 506 18:30 

| 
| 10 ......|) 10982 » | 1029 1005 | 101-7| 240 || 20:95 
| 11 ad 28776 » || 1125 pore | ee 263 || 13:97 

| ! 
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(2) Experiments by M. Stockalper on the pipe-line for 
supplying compressed air to the working face of the St. 
Gothard tunnel. These results are taken from the Proce. 
Inst. C. E. vol. lxiii. p. 348. The pipe-line consisted of two 
parts, the first being partly of cast and partly of wrought 
iron, while the second was of wrought iron, the whole having 
flanged joints and rubber joint-rings. The first portion of 
the pipe was 15092 ft. long and 7:87 inches (‘656 ft.) in 
diameter, the mean velocity ranging from 15°6 to 19:3 ft. 
per sec. The second portion was 1713 ft. long and 5:9 inches. 
(492 ft.) in diameter, the mean velocity ranging from 29 
to 37 ft. per sec. The mean pressure in the pipes ranged 
from 53 to 80 lbs. abs. per sq. ins., while the mean tem- 
peratures were 70° F. in the large and 79° F. in the small 
pipe. 

: TaBLeE II. 

| ; 
| | Pipe. | lbs. per sq. inch. 

| ) . Um - 
| Expt. | (ae | | ) "ft. per sec. 
| Length Diam. | 
| ees: | Pe | Pm op | 

} | | 

acca | are ) || a =e 
(La... /15092) | 656 | 823 77-0 | 796 | 5:29 19°32 
}10......| 1713s | 492 || 770 | 736 | 755 | 352 3714 
oa 2 | 15092 | 656 | 640 | 608 | 62-4 | 3-24 | 16:30 
| BH oe 15092) | 656 || 56-4 | 53:6 |-550 | 2°79 | 15°58 
| 30......| 1713s} -492 |) 536 | 520 | 528 | 156 | 29°34 
| | | 

(3) Experiments by Dr. Brix (Proce. Inst. C. E. vol. xliii. 
p- 184) on wrought-iron pipes 103 ft. long, and having 
diameters of 3°25, 5°2, and 6°75 ins. (-271, 433, and "5625 ft.). 
The mean pressure was appr oximately atmospheri ic throughout, 
the mean velocity ranging from 22°3 to 42 ft. per sec. _ In 
these experiments the temperature is unknown, but is probably 
about 65° F. 

Owing to the comparatively small length of the pipes, the 
head equivalent of the kinetic ener gy at a and of the loss 
at entrance forms a large proportion of the total pressure 
drop. The sum of these losses has been taken as approxi- 

Um 
2 

mately 1:°5>~, and allowance has been made for this in 
29 

calculating 5p. 
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Tasie IIT. 

| Pipe. j Ibs. per sq. in. 

Expt. . ae eos ea ae . baler eens Oe 

| Pee Diam. || | | | pte ers 
Pe || Ps, a We Dans. 0h OP: 

See 103 5625 || 14-74 147 °| 14-72 ‘0439 | 42:0 
7 ae ue 6433 || 14°75 Cee Sy eZ oy CLD 363 
i ee 4; ‘B271 =|| 14°75 ea 14-72 | -0526 26°9 
4a...... a 625 || 14°73 14-7 14°72 | -0340 39'S 
Wi... .« | Greer 0433 | 14-74 US Bar (a 32 a bo 
OG. ..... ele ‘a271 || :14°74 EET ig) 14729) 0440 23°3 | | . 

(4) Experiments by Dr. Brix (Proc. Tnst: C. E. vol. xliii. 
p- 184) ona lead pipe 0:25 in. (02083 ft.) diameter and 
3B58°5 ft. rong. The mean pressure ranged from atmospheric 
to 17-4 Ibs. absolute per sq. in., and the mean velocity from 
12°3 to 28-7 ft. per sec. In these experiments the tempe- 
rature is unknown, but was probably about 65° F. 

Exapen LV. 

| — 14 || ! 

| fa Pipe. | Ibs. per sq. in. | 
| | um, 

Expt. | at | 
: be Siam. ||. | > de eats 

| | ft. | ft. | P}- | Pr»: pm. Op. | 

tine | 3585 | 02083 || 17-79 | 1470 | 16-25 [OO Ni a0 
| Son ae ieisis-)) . a) W644 | 348 || 99-9 
Sane . ae | 15a... 2) tees | FSi | 1235 
4 he eee, |) 1896 | ,, o) 1688 | 426 | 250 

| 5 Goes eee |) 19:34) | | ae02 | 4:64 ||| 263 
GUS ae NOok at . Reet be 50s) | 5275 
(ge) ae 20 ey ae ei) 4 |) O87 
Soace Mee 1535 | 1405.) 1470) 1:30 | 123 
eee, | io67 | 13-73 ee een tGS 
10 bas ee aes | 5:86. | “13°54 Pe OB 18-4 
1b a ee | teen isslanie +. | 3:10 | 223 

| . 

(5) Experiments by Dr. Grindley and the author on a 
lead pipe *12761 in. (‘01063 ft.) diameter and 108°8 ft. long, 
and by the author onaseries of lead pipes 1248 in. (‘0104 ft. i 
diameter and of lengths ranging from 37:2 to 108°8 ft. 

In these experiments the mean pressure varied from 14:0 
to 17:4 lbs. per sq. inch absolute, the mean velocity from 6°0 
to 43°0 ft. per second, and the temperature was varied as 
required between 32° F. and 212° F. 
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TABLE V. 

Pipe. | lbs. per sq. in. (abs.). | 

zi Mean vm Expt. Es | ——S ; 
Length, | Diam. temp. F | . ft. per sec. 

ft. ff Pr | Po) ae P: 

1... 1088 | -o1068 | 66° | 15-3 | 147 | 150] -591 | 609 
cal oe ee 156 | 148 | 152] -893 | 8-43 
Be, . ee 180 | 16-7 | 174 | 1:28 | 10-92 
beep ial > oa 172 | 15:5 | 1631167 | 135 
aie ape ar, 173 | 146 | 160} 2:66 | 1994 
ie » a 163 | 139 | 152) 268 | 199 

| 

“ise we 01089 | ,, | 156 | 14:8 | 15:2 | -757 | 7°48 

85.) 744 ee 87 | 14-7 | 16-7 | 403 | 346 
Ne a ‘. Leah Gs |186 | ,, | 166) S87 see 

10... | iss | , | 1671409 | 33-4 
i. i 71 Aes 86 | ;, | 166| 389 | 322 
12: 4 eel bane, 175 | , | 160276 see 

13°. 37-2 5 ee | 14-7 | 137 | 142/102 | 22-7 
iC < e 4 | 147 | 136 | 141 | 1:07 | 26°4 
15s ; nee | 17-0 147 | 158 | 226 | 382 
16 .. i eee (173 | ~Ci«w«s:S | ed 
vay aoe ‘ si (1s0 | 3 | 968) 255 aamee 

| H : 

18 ...| 1088 | 01063 | 32° |......| ...... | 155} 111 | 104 
ik tee ae a 3 12) | aes 15;5 | 1:22 | 101 

) | 

20 108°8 : a ae 151 | 520) 55 
21 : ‘ (22) i ae 153| 597) 55 

22 : ie Le | 156 | -889! 843 
93 os : 2 ia ee | 155 | -978| 8-48 
2 ¢ oe... 15:2 | -893) 842 

24 me). Ee | ...... aed 152) -732| 7-23 
25 : ps ee is eae | 154 | -828) 7-23 

26 ' : |... | 155.] 1-22 eae 
27 é . Disa... ya 155 | 122 | 1010 

98 z be a ae ieee 152] 810) 7-91 
29 ” ’ Li” (Sa 15:4 810 7:23 

30 7 a Bes 150 | -595! 6-10 
Swe a 7 2 ae be fcce 153 | 595) 5°56 
(oes é 66° rose 2. | 150 58 6:09 

| 

In these experiments the pipe was in one continuous 
length, coiled on a drum 14 inches diameter. The pressures 
‘at points in the pipe at measured distances apart were 
measured by means of water piezometers, great care being 
taken to ensure these giving true pressure readings. The 
volume of air passing through the pipe was readily determined, 
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since this air was displaced by water under pressure from an 
air reservoir fitted with a calibrated gauge-glass. 

After leaving the coil it entered a second measuring 
reservoir. The pressure in each reservoir was measured by 
a mercury piezometer, and the mean volume passing the pipe 
at the mean pressure p,, calculated from the volumes leaving 
the first and entering the second and from their respective 
pressures. A sketch and description of the complete appa- 
ratus used may be seen in the Proc. Roy. Soc. A. vol. Ixxx. 
1908, p. 115. 

Conclusions. 

We have then, available for comparison, the results of the 
whole of the foregoing experiments which, with the exception 
of these numbered from 18 to 31 of Table V., may be taken 
as carried out at substantially the same temperature, viz. 66° F. 
For each of these the values of 

leg coe and of log [Pm-Um-@] 

have been calculated and plotted, the logarithmic homologues 
for the whole series of pipes being shown in fig. 1. 

Poo Pee eet eee aeaees 7 eeeeeee Peete td eet 
72S Sees 

0809 090 DSSS eee Poo oH 
str teseestenstestestesttertesttstastentest’ gett 

seesasssaeuansaneatiataitiset CECOC Coe ee 

P aneee 

ue? /4Gm0SGRRnG00RRnGSRGGE 
Nee ee eee Hee 

SESGG8” 450008 8008 SS Se Se es eee 
20058 OSS 00S 8 O87, 40000 eee a 

EECEE Eee Pee eee 

rt Privy ty ty 
Pee SUBRBERSSREE ASDODR EERE RE EERE SRS 

HSSHRRRRR RE SEE". 4n58 y pis Pi yittint 
Pt tt | tt 
BESED ESSERE SERRE RREE Ree a7 een | : —-— + 
cosas Hasna inaaiieeo72 Hes Hiaaatittoaaat i 
———_— ecnen Pitre Suns cRRRE000RuuEuGEEUSUEEGESEESEESRESUSIEEE 

wee SERSEREERER ERED SR ESR ee if 
a por BRIKS | RESULTS roms LEAD AME 02087 DIN “T* —- 

BOSSSSeReeee . ane 5] CN Pe 
seipsanpisstastesccaits GIBSONS  - = [sean PIPES eae lot ho 

SESSSSGG0E5527 2205E55uEGnE BEE EEE eee i can Po 
SS0R0Rs eens Peet tet Ppabebahate popeentatepaba bey 

Sussesue ce DAH seususnatsnatasaeusranesstsests Peer 
oune Susy saaueuue CRIPDLEY ano GIBSON S RESULTS 2 sroma h€lAd LUE: OBS" DIA ——— 

se : to REOBSGRSSES 
70 co GaSenGe0 on CGaeeeeneaooes BEES RESSS ; Thi Wan | ; 

chit itt ttt i cl Pritt ttt tee 

fousmee BEC rt poe a = Prep hrettti ti ttett i 
SSG000000 SScaneaSddeacaeeedaeeraunee cose 

0 “5 1:0 as 2-0 25 

L0G _'m%m @ 

If the assumptions made in deducing formula (6) are 
Phil. Mag. 8. 6. Vol. 17. No. 99. March 1909. 2E 
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- justified, the logarithmic homologue for each pipe will be a 
straight line; and these straight lines will all pass through 
the same point, the abscissa of which represents log B while 
its ordinate represents log A. The plotted results afford 
ample justification of the assumptions ; for certainly within 
a limit commensurate in magnitude with the limit of accuracy 
in the experiments, the plotted lines lie ona series of straight 
lines all of which pass through the point (antilog 6°097, 
antilog *8200). 
« This makes A=125 x 10-8, B=6°60; so that equation (6) 
becomes 

| yn—l n 

$p=-000001254 *"m'! Ths, per sq.in. . . (7) 
ior. a>” 

The followin gare the values of ‘n’ as deduced from these 
experiments. 

( Lead pipe (125 in. diam. Very smooth inner surface. n 
| Author?=7o ae 1-28 
< 5, 5, °250 in. diam. Surface condition unknown, 

probably moderately rough. 
L Drix_4e- eee 1-49 

Cast Iron pipe 7'87 in. diam. ...... Stockalper’ .. si: 
7. OM GiamM, ...... Brik/. se % a eee be 

( Wroucht Ironpipee25 in. diam... Brix 2.9. see 1825 
J 9 ioe in, diam... Brix esac 1:81 

” oy, oe) m.diam... Stockalper Jee 
ees ieee coin. diam... Brix tye eae 172 

As might be expected, with fairly large diameters the 
condition of the pipe surtace only appears to affect the 
value of ‘n’ slightly, this value appearing (as might 
also be expected) to diminish slightly with an increasing 
diameter. 

It would appear from these results, that for either cast- 
iron or wrought-iron pipes laid under normal conditions as 
to jointing, &c., n may be taken as having the following 
mean values. 

| he | 1:83 1°81 | 179.) Sais 1:77 

while for all cases of flow through such pipes, where the 
air is at atmospheric temperature (about 66° F.) the drop in 
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pressure is given with sufficient accuracy by the tormula 
pr ~—1 | gy al) é 

2 "m*" Ibs, per sq. in. 
ze d3- “N 

where d and / are in feet # Pm in \bs. per sq. inch. 
If 5p be measured in inches of water, the other units being 

‘unaltered, this becomes 

dp = 00000125 

dp ='0000346 ae : Pm +n ae ins. of water. 
fag Pe 

Tf 6p and p,, be measured in ke. per sq. emm., and if the } L = ) 
metre be taken as the unit of length, we get 

A=-00260; B=1010. 
In the case of the lead pipes examined, the uncertainty 

as to the condition of the interior surface of the pipe used 
by Dr. Brix prevents any accurate deductions being drawn. 
‘The effect of a variation in the physical condition of the 
surface in a pipe of such small diameter is very marked in 
the variation of n from 1:28 in the pipes used by the author 
(the interior surfaces of which were exactly as left by the die) 
to 1°49 in the pipe of Dr. Brix. Probably to be on the safe 
side in practice, and to allow tor irregularities in laying and 
jointing, it would be advisable to take n=1°50 for all lead 
pipes of small diameter. 

V. Lifect of Temperature Variation. 

An increase in temperature tends to affect the resistance to 
flow along a pipe with a given mean velocity and at a given 
mean pressure, In two ways. 

(1) By reducing the density of the fluid it tends to reduce 
the resistance. 

(2) By increasing the viscosity it tends to increase the 
resistance. 

Now if formula (4) is correct for all temperatures, in any 
two experiments (1 and 2) carried out at the same mean 
velocity and with the same mean pressures, but with different 
temperatures, we shall have :— 

o=1(2) (2) } 
while if the mean pressures are equal and if op1= 62, we shall 
-hayve te 

‘ nr 2 nm—l 

(")'= 1(4) ) } ; 

bo l 
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To test this, the series of experiments (16 to 31, Table V.) 
were carried out by the author, the essential results being as 
follows :— 

fee || i 
No. | 7° F. | 7° abs. | emfis. | dp. OPs CPs 

| | (observed ). (calculated). 

| Seiten to | leo | | at 
sc) eowiueon digas | in | «120 109 

| 27 2) ayn 673 | 55 ‘597 ye 
9) ..| 32 493 ae 5290 | Ile 1-09 

2h Ae A aaa 8-43 | -893 
23 | 212 | 673 | ges 1-78) |e oe 
a2 | ea esp eil =. G43 | ~-980 8 

5...) 212 | 673 | 7:23 | -828 ; 
24...) 60 | Ba | 728) 732 113 | 107 

In this series of experiments the mean difference between 
the caleulated and experimental results is 3°4 per cent. 

| / | / 1:28 
/ | (2h 72 +28 

No. Teal Ll Kes pa abs. Um ss Op. Um? (“) ‘e. 

| (observed). |\4i Ts 
_—_—— pa ee | eee | eel 

196...) 32 | 493 | 1095 | 1-22 
7 Avie aon | 122 FY ahs 

28 32 493 791° | 810 Ee 
20 2 ers er eee 810 | Ae ik 
30...) 66 | 527 610 | 595 uD 
31 ...| 212 | 673 556.| 595 | Le 1-06 beat td ee 89 94 | 527 6:09 “591 

In this series the mean difference between calculated and 
experimental results is 3°6 per cent. 

Since in every case the proportional difference diminishes 
as 6p increases, and hence as the probable proportional error 

* As indicated by the experiments of Dr. Grindley and the author, the 
viscosity of dry air between 32° F. and 212° F. is given very approxi- 
mately by the formula ‘ 

U=(341+:518¢)10® ft. lb. wt. units, 
this giving results within 1 per cent. 

The following are a few values of pz :— 

pe sesee | BBO | 919° 
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of measurement diminishes, and since if 7 be taken as 1°26 
instead of 1°28 the calculated and experimental results are 
almost in exact coincidence, the results afford a substantial 
confirmation of the validity of the formula, 

Presumably, too, this formula is equally true for the 
resistance to the flow of any other gas, if the values of ¢ and 
» for the required gas be used. This still requires experi- 
mental Eanfirmation. 

Modified Form of Equation. 
Formula (4) is, however, very cumbrous, and a preferable 

formula for practical use would consist of (7') together with 
a numerical coefficient, the latter taking into account the 
whole effect of temperature variations. 

Fig. 2. 

Values of K, 

- 30 6O 9n° 120° iso° aaae 210 
Temperature ° F. 

This formula thus becomes 

ep= 00000125K Pata! Ibs. per sq. in., 
a n 

where, in the case of air, - a the values shown graphically 
in figs. 2 and 3. 

One rather peculiar circumstance becomes evident from 
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p< Tn. & 
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these figures. It will be noted that where the value of 
less than about 1°38, K increases with an increase in t 
rature, while for greater values of x, K decreases ; 
temperature increases. A 
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Values of a. 

. The variation of K with temperature becomes greater as n 
increases or diminishes from 1°38. 

Thus when n=1°80. (its mean value for a wrought-iron 
pipe), the mean variation in K is approximately 1 per cent. 
per 10° F. temperature variation. This rate of variation of 
K with temperature decreases as the temperature increases. 

The University, Manchester. 

XXXVII. The Use of the Potentiometer on Alternate Current 
Circuits. By Cuartes V. Dryspae, D.Se.* 

¢y"" of the greatest inconveniences in connexion with 
alternate current measurements has always been the 

question of range. Owing to the fact that all instruments 
employed for direct indication of alternate currents or P.Ds. 
have a square law, their range is small and they become 
impracticably delicate when low voltages are concerned. 
There is therefore a very great need for some instrument 
which, like the direct-current potentiometer, should be 

* Communicated by the Physical Society: read January 22, 1909. 
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capable of measuring P.Ds. and currents of any range with 
accuracy. It would also be a great convenience if this 
instrument were capable of indicating the phase as well as 
the magnitude of the P.D. or current tested. 

In attempting to apply the potentiometer principle to 
alternate current measurements, two processes seem to be 
possible—(a) the balancing of the alternate current P.D. 
against an equal direct current P.D. by the employment of 
some differential balancing device preferably of an electro- 
static character, or (>) the balancing of two alternate current 
P.Ds. against one another. Such propositions as have 
hitherto been made for an alternate-current potentiometer 
have, the writer believes, always been based on the former 
idea, owing to the fact that the latter principle would involve 
equality of phase as well as of P.D. in the two voltages 
compared. He understands that some time ago Mr. Swin- 
burne suggested the use of a differential electrometer in 

ie. 

1 1 Www 

POTENTIOMETER. 

VV” 

Mm 

STANDARD CELL. FEG> EBs = nVire 

connexion with a potentiometer, but has not seen any 
details. An obvious device wouid be that shown in fig. 1, 
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in which the P.D. to be measured is applied between the 
needle and one pair of quadrants, while that derived from 
the potentiometer is connected between the needle and the 
other pair of quadrants, in each case through a considerable 
resistance, say one megohm. By connecting a key to the 
opposite pairs of quadrants, which normally short-circuits 
them, but disconnects them when depressed, a deflexion 
should be obtained to right or left proportional to V,’—V,? 
or 2VdV when balance is nearly obtained. Any want of 
symmetry in the electrometer should be eliminated by con- 
necting the standard cell as shown, so as to obtain a double 
weighing method. 

The procedure in this case is very simple, and exactly 
resembles ordinary direct-current potentiometry. The scle 
difficulty lies in the electrometer. It should be possible by 
multicellular devices, er otherwise, to obtain a fair amount 
of sensitiveness with 1 or 14 volts, the P.D. of the standard 
cell, as has been done by Mr. Addenbrooke, but when we 
come to a tenth of a volt or less, as is so often necessary in 
current measurement, electrostatic devices seem hopeless. 
All other magnetic or thermal devices are incorrect in 
principle as requiring an appreciable current to operate 
them, which militates against the accuracy of the potentio- 
meter ; but by employing a low-resistance potentiometer, 
and a differential thermal device, such as could be made 
from the Duddell thermo-galvanometer employing two 
junctions and two heaters, or two crossed thermo-junctions 
in series, a sufficiently sensitive and accurate potentiometer 
could perhaps be made. 

In view of the difficulty of making such devices, however, 
the writer has turned his attention to the second method, 7. e. 
of balancing the alternate current P.D. to be measured 
against a known alternate current P.D., by the interposition 
of a sensitive alternate-current detector, such as a telephone 
or vibration galvanometer. This of course implies that the 
two voltages under comparison must have the same magnitude, 
frequency, and phase, and, approximately, the same wave- 
form*. 

The equality of frequency is of course secured by deriving 
the test and comparison voltages from the same source of 
supply, but some special device is needed for bringing the 
phases into coincidence. In some experiments recentiy 

* Since this was written the writer has been informed that Dr. Sumpner 
has somewhere suggested that an alternating-current potentiometer could 
be made, if any means were ayailable for bringing the phase of the current 
in the slide-wire into coincidence with that of the P.D. to be measured. 
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made with the writer’s phase-shifting transformer, however *, 
the accuracy of the phase-variation was found to be so good 
that it was thought worth while to introduce it into potentio- 
meter work; and fig. 2 shows the diagram of the connexions 

Fig. 2. 
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VOLT -BOX. 

as 800080000 

LOW RESISTANCE, LOAD. 

which have been employed. The phase-shifter is here shown 
supplied with single phase current through a phase-splitting 
device, which can be built up with it so that it merely 
requires connecting straight on to the mains. The current 
derived from the secondary of this transformer traverses the 
rheostat coils, and slide-wire of an ordinary potentiometer, 
such as the Crompton form; and also some form of dyna- 
mometer-current measuring device. The writer has found 
a Weston A.C. voltmeter excellent for this purpose, as it 
gives a very good reading with the current (‘05 ampere) 
employed with the Crompton potentiometer. The remainder 
of the potentiometer is connected up precisely as for ordinary 

* ¢ Electrician,’ Dec. 11, 1908. 
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direct current working, except that a vibration galvanometer 
is substituted for the ordinary form. By having an auxiliary 
battery B and throw-over switch S, the arrangement is 
always ready for either direct-current or alternate-current 
comparisons. 

The procedure is then as follows :—The throw-over switch 
is first arranged to supply direct current from the battery B, 
and the rheostat altered until the standard cell is balanced at 
its nominal value, as in ordinary direct-current working. 
The dynamometer reading is then carefully noted, or a 
fiducial mark is made, which always represents the exact 
‘05 ampere. On now throwing over to alternate current, the 
rheostat is altered to reproduce the same R.M.S. current as 
indicated by the dynamometer D ; and the position of the 
potentiometer contact is shifted and the phase-shifter turned, 
until the vibration galvanometer shows no vibration. The 
adjustment is very similar to that of the two resistances in an 
Anderson’s bridge, and presents no difficulties. The voltage 
and phase are then read off on the potentiometer and phase- 
shifter respectively. In the illustration a low resistance is 
connected in series with the load, and a volt-box in parallel 
with it, and the current and P.J). can be determined directly 
in the ordinary way. Of course the phase-shifting trans- 
former must always be connected to the same source of 
supply as the load. 

Instead of the vibration galvanometer, a dynamometer or 
electrometer in which one pair of terminals is connected to 
the supply so as to be “separately excited,” and the other 
to the ordinary galvanometer terminals, has been employed 
with good results. The deflexions are then to left or to 
right as in an ordinary galvanometer. But it must not be 
forgotten in this case that balance will be obtained not only 
when the vectors of the two P.Ds. compared are coincident, 
but also when their vector difference is in quadrature with 
the P.D. of the supply. For this purpose, if such an instru- 
ment is used it must have its “exciting terminals” changed 
over from one phase to the other, and balance secured in > 
both cases. 

Before giving examples of readings obtained in this 
manner, we must consider what is rea!ly measured. It is 
obvious that this device does not indicate the effective or 
R.M.S. value of the P.D., except when the supply and tested 
wave-forms are both sinusoidal or of identical form. When 
a vibration galvanometer is employed, its sensitiveness to the 
fundamental wave is so great in comparison with that to 
the harmonics, that we shall be practically correct in assuming 



Potentiometer on Alternate Current Circuits. AOT 

that it is the fundamental wave only which is measured, and 
the comparison is really between the mean and not the 
R.M.S. values. On the other hand, if there is any serious 
difference of wave-form, the peer aeniegs to the tipper 
harmonies should be sufficient to prevent an exact balance 
being secured, and this warns us when great accuracy is not 
to be expected. 

The effective value of an irregular periodic voltage is 

V = J SV,2 

where V,, is the effective value of the harmonic of order n. 
If the sum of the squares of the higher harmonics is small 
in comparison with the square of the fundamental, we may 
take the approximate square root, and 

or 

where 2V,7 in the last two expressions implies the sum of 
the squares of the effective values of all the harmonics, 
excluding the fundamental. 

In the case of a single harmonic this becomes 

== — V, 4 (Tees ie 

and the expression in brackets only differs 1 per cent. from 

unity when V,, is 14 per cent. of V,. Such a difference 
should be fairly easily recognizable, ad would probabiy be 
sufficient to prevent the obtaining of a perfect balance on the 
vibration galvanometer ; and, moreover, if the distortion of 
wave-shape is great, there is little object, as a rule, in great 
accuracy of measur ement. If accuracy is required in such 
cases, it can of course be secured by tracing the wave-shape 
and making the above correction, but if care is taken to have 
a supply of fairly sinusoidal wave-form, the measurements 
may be considered sufficiently accurate for the majority of 
purposes. It should be observed that this difficulty, or a 
similar one, is inseparable from any method which can be 
devised, in which the detector is employed to indicate the 
difference between the test and potentiometer P.Ds. as is 
done with direct currents. 
Measurements.—Two illustrations will be sufficient to show 



_, a rar Vs 

i) 
i 

fe 1-2 hd 7 4 - 
2 @ ty, 4 _- 

ie eo 
tira. SO) i 

ws 

> + 7 =o Bias 

408 Dr. @. V. Drysdale on the Use of the 
the possibilities of the method. An ordinary Cre 
potentiometer was used with a Weston dynamometer 
meter in series with it, and the connexions were made a: 
fig. 3. A Rubens vibration galvanometer was at first 1 

Fig. 3. 

VUSOOOT 

‘VIBRATION 

CRCMPTON FOTENTIOMETER 

but was replaced by a Campbell bifilar instrument, which 
was found much more sensitive and convenient. A check 
with direct current and a Cadmium cell showed that the © 
normal current was obtained when the dynamometer indicated 
82 “volts,” and this reading was reproduced in all the 
alternate-current measurements. 

The first test was a comparison of the readings of a 
Kelvin Deka-ampere-balance, with the current as given by 
the P.D. across a Crompton -04@ manganin resistance. 
The following results were obtained :— 

Current by P.D.by | Currentby | 
Kelvin. Potentiometer. | Potentiometer. | 

a) Eee =. : 

) 25 1-002 25-05 ) 

| 20 ) ‘S018 20-045 
. ‘ 

15 6022 15-055 ] 
‘ } 

Frequency of supply 72~ 
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The readings were obtained with great ease and definiteness, 
half a division on the slide-wire, or 0005 volt, being easily 
detected, in spite of the fact that trouble was found from 
mechanical vibration, as the alternator was in the same room. 
There seems no reason to doubt that :0002 volt could be 
easily detected, or that a drop of *1 volt could be measured 
to an accuracy of ‘2 per cent. or closer. The readings of 
the phase angle repeated themselves constantly to within 
"1 degree. 

To give some idea of the accuracy of phase measurements, 
a resistance and ironless choking-coil were connected in 
series with the ‘04 @ resistance, and an alternating current 
of 15 amps. at 60 ~ passed through the combination. 
Readings were then taken of the P.D. across the -04@ 
resistance, across the choking-coil, totai resistance, and the 
whole circuit, the last three being taken by the aid of a 
10x 1 volt box. The following are the results :— 

First Test. | Second Test. | 

Circuit. = | i | | 
PD. noe Poy Phase- 

egrees. | | angle. 

04 resistance .... °5960 46°5 eg Wek Noe 

Total resistance . 3°117 ATL Wars) iP 49-3 

Choking-coil ....../ 4-880 125-9 | 4928 | 125 

Maine sts. +! 6-185 953 || 6218 | 949 

The difference between the first and second readings is due 
to the fact that a carbon resistance was employed which 
became heated. | 

Fig. 4 (p. 410) is a graphical representation of the result in 
the last ease, the horizontal line representing the resistance 
drop, and the other two lines the drop across the choking-coil 
and whole circuit respectively. Although the triangle does 
not quite close, the result may be taken as satisfactory in con- 
sideration of the fact that single phase supply was used in 
this case, and the phase was split by condensers. It should 
be noted also that errors in the phase angle do not in any 
way affect the accuracy of the magnitudes of the P.Ds. 

The writer has designed a potentiometer in which a small 
phase-shifting transformer and dynamometer are included in 
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the case, with a throw-over switch, permitting the instrument 
tobe used as either a direct or alternate current potentio- 
meter. . 

Fig. 4, fo) 

RESISTANCE. 

Fig. 5 shows the connexions, which need little explanation. 
The main circuit of the potentiomeier, consisting of the 
rheostats R, and R., the two dials D, and D,, the slide-wire 
W, and the dynamometer D, is connected to two of the blocks 
of the change-over switch C, which is similar in form to the 
well-known selector switch used in the Crompton Potentio- 
meter. The derived P.D. from the dial D, and slide-wire 
contact is led by the key K and the selector switch S to tno 
more of the contacts on C. The remaining eight contacts on 
C are connected in pairs to the phase-shifting transformer P, 
the battery terminals D.C., the ordinary galvanometer 
terminals G, and the vibration galvanometer terminals V.G. 
The phase-shifter primary is excited from the terminals A.C., 
which are here shown four in number, for two-phase or split- 
phase. A single motion of the switch C to right or left 
connects the main circuit of the potentiometer on to the 
battery or secondary of the transformer, and simultaneously 
connects the sliding contacts through the selector switch to 
the appropriate galvanometer. The key K being provided 
with a holding-down cam, leaves the hands free to move the 
potentiometer contacts and reotate the phase-shifter simul- 
taneously. A frequency meter F of the vibrating reed type 
may be fixed on the base if desired, in which case the instru- 
ment is available for inductance and capacity measurements. 
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The dynamometer D is not provided with a scale, but with 
a fiducial mark which can be slightly adjusted to suit the 
standard cell-check. Jt will also be made astatic to avoid 
risk of error from stray fields. 

cad 

This apparatus should be capable of giving very good 
results. In the meantime the results already obtained appear 
to justify the belief that this method is capable of being used 
with considerable accuracy and convenience for all P.D., 
current, and phase measurements. 

The numerous applications of such an instrument are 
obvious, and include P.D., current, phase, and power mea- 
surement over almost any range; inductance and capacity 
tests, and determination of dielectric losses, kc. One of the 
most valuable applications, however, is to search-coil work 
with alternate currents, whereby the distribution of main 
and leakage fluxes in cores, and the propagation of magnetic 
impulses can be studied. The variation of current and P.D. 
along a cable fed with alternate currents could also be 
obtained. 

The writer’s thanks are heartily tendered to Mr. A. C. 
Jolley for setting up the ajparatus and great assistance in 
the experiments. 

_ 
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XXXVI. The Diffusion of Actinium and Thorium Ema- 
nations. By Sipney Russ, B.Sc., Demonstrator in Physics, 
Manchester University”. 

Introduction. 

N°? direct determinations of the molecular weights of the 
radioactive emanations have yet been made. Owing 

to the very small quantities of these substances available, 
experimental work on this subject has been almost com- 
pletely restricted to a study of the way in which the emana- 
tions diffuse, and by a comparison of the diffusion coefficients 
so obtained with those of gases of known molecular 
weights, values of the molecular weights for the emanations 
themselves may be inferred by means of Graham’s law. 

The work of Curie and Danne +, Rutherfordt, Rutherford 
and Miss Brooks§, and Makower || on these lines has indi- 
cated, for the emanations of radium and thorium, a molecular 
weight of the order one hundred. Bumstead and Wheeler 4, 
however, give a rather higher value in the case of radium, 
while for the emanation of actinium, Debierne** obtained a 
molecular weight of seventy. | 

On the disintegration theory radium and thorium emana- 
tions should have very approximately the samz molecular 
weight, namely, 222. There is thus a very large disere- 
pancy between the theoretical and experimental numbers. 

In order to account for this it has been suggested that the 
ordinary laws of diffusion do not perhaps hold when very 
minute quantities of the substances in question are being 
dealt with. There being no obvious remedy in this direction, 
it was thought that by a study of the diffusion of the emana- 
tions in gases differing considerably in molecular weight, 
uny existing discrepancies would be brought to light. With 
this object in view, the diffusion coefficients of actinium 
emanation in air, hydrogen, carbon dioxide, and sulphur 
dioxide were determined. While the work was in progress 
there appeared in the American Journal of Science, June 
1908, a paper by P. B. Perkins, in which the diffusion 
of radium emanation was compared directly with that of 
mercury vapour, the experiments giving a molecular weight 

* Communicated by the Physical Society: read November 27, 1908, 
+ Comptes Rendus, 1903, p. 114. 
t ‘ Radioactivity,’ p. 276. 
§ Trans. Roy. Soc. of Canada, 1901-2. 
|| Phil. Mag. 1905, p. 56. 
4 Le Radium, June 1907. 
** American Journal of Science, Feb. 1904. 
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of 235 for the emanation, a number approximating closely to 
that predicted by theory. The results of these experiments 
suggested that it might be advisable to determine the co- 
efficient of diffusion of actinium emanation, itself presumably 
monatomic, intoa monatomic gas. For this purpose a quantity 
of argon was prepared, and the coefficient obtained by two 
methods. 

Whatever the nature of the supposed deviations from the 
ordinary laws of diffusion referred to above, it might reason- 
ably be expected that they would be exhibited to an equal 
extent by the different emanations. A direct comparison 
was therefore carried out over a fairly wide range of pressure 
between the diffusion of actinium and thorium emanations, a 
comparison of their coefficients leading directly to the ratio 
of their molecular weights. 

Method of Experiment. | 

The theory of the method here adopted for obtaining the 
diffusion coefficient has been given by Rutherford*. If a 
layer of radioactive material be placed at the bottom of a 
cylindrical vessel a gradient of the emanation is set up, the 
partial pressure at any layer distant « from the base being 

= A 

given by p=poe Dt **, where X is the radioactive constant 
of the emanation and K its diffusion coefficient. It is not 
convenient in practice to measure the partial pressure of the 
emanation, but if a metal rod be placed along the axis of 
the cylinder in question and kept at a high negative potential, 
the active deposit produced by the emanation is directed 
to the rod soon after formation. We have thus a layer 
of active matter on the rod, the gradient of which is that of 
the emanation within the cylinder. ‘The distribution of active 
matter along the rod can be found by measuring the ioniza- 
tion produced by the « rays emitted by successive small 
segments of the rod. This gives us the variation of p with 
x in the above equation, and knowing the value of 2, that of 
K is determined. 

Debierne+ has shown that the above theory is also appli- 
cable when the emanation is allowed to diffuse up into the 
space between two parallel plates. In an exactly analogous 
way a deposit of active matter is obtained on the plates, the 
gradient of which is that of the emanation itself. 

Both of these experimental arrangements have been used 
in the course of this work. 

* ‘ Radioactivity,’ p. 275. 
+ Le Radium, June 1907. 

Phil. Mag. S. 6. Vol. 17. No. 99. March 1909. 2 F 
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Actinium in Different Gases. 

For determining the coefficient of diffusion of the emanation 
in different gases the following experimental arrangement 
was used. A cylindrical vessel 12°5 cms. long and 7°5 ems. 
diameter was fitted with a base on which was placed a tray 
containing a preparation of actinium ; about 1 cm. above the 
surface of the tray which was covered with tissue paper, 
were suspended vertically two glass plates 10 ems. long, 
2°2 cms. broad, and *2 cm. thick, which were kept separated 
"2 cm. from one another. The plates were silvered and 
metallic connexions supplied, so that an electric field might 
be applied between the two plates if necessary. It may be 

’ stated here that the gradients obtained on the plates with, 
and without, an electric field were identical, the only difference 
being that nearly all of the activity was concentrated on the 
negative plate when the field was applied, while it was shared 
equally between the two plates with no field. 

The gases before entering the diffusion vessel were passed 
through calcium chloride and cotton-wool tubes to render 
them dry and dust free. The vessel was placed inside a 
large tank of water, which prevented any appreciable change 
of temperature occurring during an experiment. During 
the whole course of the work the temperature varied between 
10° and 162.0; 

The glass plates were usually exposed for about twenty- 
four hours, and then they were removed in order to measure 

TABLE I.— Diffusion of Actinium Emanation.: 

dir. Hydragen,, Slaw Sea 
Distance in cms. al : 

Log. of Log. of Log. of Log. of 
Activity. | Activity. | Activity. | Activity. 

*Dy) & Advts Sanaa Reet. 2°341 2°194 2°581 2709 
TTD), ugh ee 2°182 2415 2°416 2°526 

LO: iss caeneeeeeeee ss: 2:036 1-997 2233 2°358 
Db) Sse eacaeeeaen 3 1901 L919 2°026 2173 

les ARB rst cite 1768 1837 1846 1°992 
17 Dne eee eae - 1-648 1761 1710 1°798 
20) Sica siete ate 1-494 1-668 1:531 1616 
DOs hs cee ea meen ss it Se 1:391 1°439 
DD. sik See ee 1:224 1496 1:212 1°281 
DTD) ds ea ee aes nates ose aoe 1112 1°068 

30 > cota eree| “964 1°351 #) 912 

PN : Mean of | Meanof | Mean of | Mean of 
Diffusion coefficient. tec, | two eae | Hea 

K Experimental... ‘096 "330 Dis 4 ‘062 
K Calculated ......| a 363 ‘078 | ‘064 
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the gradient of active deposit on their surfaces, One of the 
plates was placed on a small platform which could be moved 
along so that small portions (-4 em. lengths) of it came beneath 
a slit in a lead sheet, just above which was an ionization 
vessel. The saturation current produced in this vessel by 
the a rays emitted from the active deposit on the plate was 
measured by means of an electrometer, and readings were 
usually taken for about 4 cms. length of the plate. Cor- 
rections were applied for the decay of the active deposit with 
time, for change in sensitiveness of the electrometer during 
the measurements, and for the natural leak of the ionization 
vessel. 

3O 

ae) Q 

Logarethm of Lelivity 

ie 9 

O / rd Ps. 

A selection of the results for the different gases .will be 
found in Table I. and seen graphically in fig. 1, where the 
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abscissee represent distances along the plate and the ordinates 
the logarithm of the corresponding activity. For convenience 
in representing the results the initial ordinate has always 
been taken through the same point. The mean of three 
values of the coefficient for air was ‘096, which is somewhat 
lower than -112, the value found by Debierne. In the light 
of subsequent work with different diffusion vessels, which 
gave higher values, it is thought that the rather low value 
obtained is due to the fact that the preparation of actinium 
did not completely cover the base of the diffusion vessel, this 
would cause some of the emanation to diffuse to the sides of 
the vessel, and consequently make the vertical gradient too 
steep. This, however, does not interfere with a comparison 
being made in the different gases. 

According to Graham’s law the diffusion coefficient of a 
gas is inversely proportional to the square root of the mole- 
cular weight of the gas into which it is diffusing. Hence, 
taking the value obtained for the diffusion coefficient of the 
emanation into air, we may calculate its coefficient when 
diffusing into the other gases which have been worked with. 
This has been done and the calculated values given at the 
bottom of Table I. (p. 414). , 

It will be seen that the differences between the experi- 
mental and calculated values get larger as we go froma 
heavy gas to a light one; but that even for hydrogen there 
is agreement to within about 10 per cent., so that one may 
say that if discrepancies do exist in the diffusion processes, 
they are exhibited fairly equally by these different gases. 

Actinium Emanation in Argon. 

As already stated, it was thought advisable to observe the 
behaviour of the emanation when diffusing into a monatomic 
gas; for this purpose argon was chosen. With the kind 
assistance of Mr. J. N. Pring about 400 cubic centimetres of 
the gas were prepared, by passing air, first over red hot 
copper to remove the oxygen, and then over calcium, heated 
strongly in an iron tube, to absorb the nitrogen. After 
passing the gas repeatedly over the calcium a density deter- 
mination gave the value 19°7, which indicated a purity 
sufficient for the purposes of the experiment. (Density of 
argon= 20.) 

Owing to the small quantity of gas available smaller 
cylindrical diffusion vessels were made; one with two parallel 
glass plates suspended above some actinium, spread so as to 
completely cover the base of the vessel, and the other fitted 
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with an ebonite plug 3 ems. long resting on the base of the 
vessel. A uniform layer of actinium was spread over the 
plug, a hole through the centre of which served to keep a 
metal rod along the axis of the cylinder, which was made of 
brass. The metal rod consisted of small segments of brass 
sliding on a central steel rod. On applying a an electric field 
between the rod and containing vessel, the active deposit was 
directed to the rod and the oradient ‘determined by placing 
each of the small brass segments successively into an @ ray 
electroscope and measuring the ionization thereby produced. 
The gradient on the plates was determined in the manner 
already described. The results of the two methods a measure- 
ment are given in Table II. and seen in fig. 2 (p. 418), 
where the gradients obtained with the segmented rod are 
drawn above those measured from the glass ‘plates. 

TABLE I]. 

Diffusion of Actinium Emanation in :-— 

|. Agr. | Argon. Air. | Argon. 

| Parallel Plates. | Segmented Rod. 
| | / 

Distance | Log.of | Log.of | Distance | Log. of | Log. of 
in ems. Activity. | Activity. in cms. Activity. | Activity. 

sj Seen ee 2-550 2-574 
of A yearn en e 2454 | 2-438 | 

15) panes roots oh: 2297 joo 7 Matinee a |} 2609 | 2472 
Lek See 2-178 2145 Baa ae | 2330 | 2-260 
MB wigs 2 eee tee | «1-983 | ae ee wise oP) 897 
_y CS ere pee tat |) 1-841 9 BY ae ae | 1-885 | 1686 
eS: foetran, | 1-713 SG eee ae Lee azo 
25 onlay te Pees wt 1-582 SRE Rt aw | 1438 | 1-239 
2G eRe are 1489 | 1-455 ET ite. 1163 | “990 
eet S82. 4) 1305 Peas HS 2. | 1-014 
= ° | See Lees eS ie Bs 
2 ee ees at 2. | ae “956 
23.) See 896 612 | | 

j 

: 
Diff. coeff. K Mean of three | Mean of two 
Experimental |...... "118 -106 | “122 "109 
“alenlated ...|...... --. "100 104 

The coefficients obtained by the two different methods 
agree well with one another, also with the numbers calcu- 
ted from Graham’s law, making use of the numerical values 
obtained for air. 

| 

ee sss 
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Fig. 2. 

Variation of the Coefficient with Pressure. 

According to the kinetic theory of gases the coefficient 
of diffusion is inversely proportional to the total pressure of 
the two diffusing gases; the product of the coefficient and 
the pressure should therefore remain constant. 

The variation of the coefficient has been determined for 
pressures between 76°4 cms. and 1°4 cm.; the small vessel 
containing the segmented rod was used. The results are 
recorded in Table III. & fig. 3. It will be seen that 
over this range of pressure, with the exception of 1:4 em. 
pressure, the product P x K is approximately constant, 
its mean value being 9°34. It is difficult to say whether 
the high value 10°9 at the lowest pressure indicates a devia- 
tion from the above law as the gradient obtained is a 
very small one, and relatively large errors may be made in 
estimating it. 
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TaBLE I{J.—Actinium Emanation in Air. 
Variation of Diffusion Coethicient with Pressure. 

| | 

| 1-4 cms.Hg. 4:1 cms. | 8-0 cms, 15-5 ems.| 37"1 ems.| 55'Sems. 76:4ems.| 

| Distance Log. of | Log.of | Log.of | Log.of | Log. of | Log.of Log. of 
in cms. Activity. Activity. Activity. Activity.) Activity. Activity. Activity. 
— bee bah acd steed oS Gehl 
Sie: gene 1618 1797 | 1850 | 1:254 | F518 | 2246 | 2-609 
| ee ee ee | 1601 1-744 | 1759 | 1:157 1367 | 2057 2380 
i <a 1564 1689 | 1°704 | 1:074 1-230 | 1860 | 2:153 
2 1548 1646 | 1-625: | -946 1044 1650 1:885 
“Ris Pou} 1596 | 1548 | “829 909 | 1484 1°682 
eee 1-485 1523 | 1469 | 712 745 | 1:286.) 1-438 
| See ee Rett ai ttre |) Lael, | GL 539.) O2E |  T1GS. | 
A er 1-425 1-421 1313 "028 428 |. "829 4, EOI4 
Berl veo. Eaoo | 1380 | 1-232 "374 20£ | -78 “784 
See £375 | 1316 | 1147 | = -298 020 | 
AL Sees a | 1268, 1071 | | 
) | ; | rh | 

Nl { | | 

Diff. coef K) 781 | 237 | 116 | -582| 248 | 167 | “125 
| PressurexK 10:9 | 97 93 | 90 9-2 9°3 95 
] | | | 
| 

3) Mean value Px K = 9:34 

Bio, 3. 

— §&-O m6 

—/ 5-5 omns 

man hh 

Cenl, LITLE Cres 
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Diffusion of Thorium Emanation in Air and Argon. 

Since the time-periods of thorium and actinium emanations 
are of the same order of magnitude, and previous work 
(Joc. cit.) has shown their diffusion coefficients to be similar, 
the opportunity presented itself of comparing these two 
emanations under precisely the same conditions of diffusion. 

The small diffusion vessels which had been used for actinium 
were emptied of their preparations and thoria substituted. 
The measurements were conducted in a similar way, except 
that the « ray electroscope could not now be used, as the 
thoria being considerably weaker in emanating power than 
the actinium, the amount of active deposit collected was 
smaller. The gradient along the metal rod was consequently 
measured by means of a rather sensitive electrometer in the 
manner already described for glass plates. 

Observations were made in air between 76 cms. and 
8°25 cms. pressure, and in argon at 76 cms. 

The results are placed together in Table IV. and may be 
seen in fig. 4, where the abscisse represent the distances 

TABLE LV. 

Diffusion of Thorium Emanation. 

| 

| AIR. / ARGON, 

| ee i | 
Pressure ...| 8°25 ems.| 17°5 ems.| 37°52 cms.| 76°12 ems. 76 cms. 

Distance | Log.of | Log.of | Log. of | Log. of || Distance , Leg. of 
in ems. | Activity.| Activity.| Activity. | Activity. | in ems. | Activity. 

ete 2-401 | 2-472 | 2373 | 2:568 0......| 1875 
Fike eee 2°375 2-406 2-282 2°453 S8  .xaee 1813 
al See ee 2-397 | 2354 | 2192 | 2-399 T6cc 1:741 
A ea ah cee 2'289 2°285 2°134 2°203 ch rs ca | Lee 
Cede edi ceneee 2:255 2°239 2028 2082 P52 cteene 1°608 
2 eee a 2°206 2176 | 1°947 1:962 1302 1563 
ANS ahensie 2°169 2116 | 1°858 1833 DOB soe 1-490 
HO ackcn ae 2131 2-058 1775 71s 260... 2% 1°434 
Go Been 2-094 1-989 1°685 SOL. i 1-369 
Pe cle 2°053 1:937 1602 Sage 1327 
S:0 Sac 2-014 eve LbLT Bye, | ees 5 1:254 
be Bo Bee ay 1-969 

| | 

| Diff. coeff. K | -966 ‘436 ‘211 ‘103 || K experimental -084 
Pressure X 

diff. coeff. 797 7°63 794 7°88 K caleulated ... *087 
| (PxK).. | 

Mean value Px K = 7835 
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along the rod and the ordinates the logarithm of the corre- 
sponding activity. 

Fig. 4. 

ckogarcthm of Cchinty 

i) 

Ourance 1m Centimebres 

It will be seen from the last row of Table IV. that the 
product pressure X diffusion coefficient (Px K) remains 
sensibly constant, the mean value being 7°85. 

As in the case of actinium emanation no large deviation 
from ordinary gas laws is observable when thorium emana- 
tion diffuses into a monatomic gas of comparatively low 
molecular weight like argon; the experimental value obtained 
for the diffusion coefficient in this case being very nearly 
that calculated by means of Graham’s law. 

Comparison of Actinium and Thorium Emanation. 

A direct comparison may now be made between the 

diffusion coefficients of these two emanations, which leads to 
a ratio of their molecular w eights. 

Taking the mean value of Px K for actinium emanation 

in air as 9°34, and for thorium as 7°85, and dividing each by 
76 to reduce to atmospheric pressure, we have:— 

Diffusion coefficient of actiniumemanrationinair +123 

Diffusion coefficient of thorium emanation inair”~ ‘103 

which gives the ratio:— 

Molecular weight of thorium emanation 
Bees : —- = (1°19)?=1°42. 
Molecular weight of actinium emanation ( ) 

It is interesting to compare this ratio with that which is 
obtained by taking the values of the diffusion coefficients of 
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thorium and actinium emanations which have been determined 
by other observers under different experimental conditions. 

For thorium emanation we have two sets of experiments ; 
those of Rutherford * giving a diffusion coefticient *09 and 
those of Makower+ giving +109. In the case of actinium 
emanation there has, up till now (as far as the author is aware), 
been only one determination of its diffusion coefficient, namely, 
that of Debierne t, who obtained the value °112. Taking the 

mean of the two values quoted for thorium as ‘99 we obtain 
oT LOA 

for the ratio of the molecular weights (55) = a 

It will be seen, on reference to Tables [I]. and IV., that 
the mean value of P x K does not show as much as 5 per cent. 
variation from any one of the values themselves, this would 
indicate that the number given for the ratio of the molecular 
weights, namely, 1:42 is not subject to as much as a 10 per 
cent. error. 

The conclusion arrived at that actinium emanation is of 
considerably lower molecular weight than thorium (and 
therefore also than radium) emanation, is quite in agreement 
with much of the recent work which has been done, showing’ 
that actinium is not one of the products in the direct line of 
descent from uranium to radium §. 

Summary. 

1. The diffusion of actintum emanation in gases such as 
air, hydrogen, carbon dioxide, sulphur dioxide, and argon 
shows no considerable deviations from the ordinary laws of 
diffusion. 

2. The variation with pressure of the coefficients of dif- 
fusion of the actinium and thorium emanations appears to be 
quite regular down to pressures of a few centimetres. 

3. A comparison of the diffusion coefficients of the actinium 
and thorium emanations in air under similar experimental 
conditions gives the ratio of their molecular weights as 1°42, 
that of thorium being the heavier. 

In conclusion I have much pleasure in thanking Professor 
Rutherford for several suggestions during the course of the 
work, and Mr. J. N. Pring for assistance in preparing the 
argon. 

* ‘Radioactivity,’ p. 276. 
+ Makower, Phil. Mag. 1905, p. 56. 
{t Debierne, Ze Radium, 1907, p. 212. 
§ Rutherford, Phil. Mag. 1907, vol. xiv. p. 733; Boltwood, ‘ Nature,” 

1907, p. 544. 
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XXXIX. aes y Radiation. By J. P. V. Mavsen, 
D.Sc, (Adel.), Bi. (Syd.), btiiees in Electrical En- 
pee Ing, Bhai ersity of Adelaide * 

\ 

LOADS [Plate VIII.] 

INTRODUCTION. 

A” a result of the passage of y rays through matter, 
secondary rays of two types make their appearance. 

As it will be necessary to distinguish between the secondary 
rays which proceed from the sides at which the original v 
rays enter and emerge from the plate which they penetrate, 
we shall refer to these as the “incidence” and “emergence”’ 
rays respectively. 

The secondary radiation consists of 8 and of y rays. 
The former ee both sides of the plate ; the “* inci- 

dence” @8 rays have been recently investigated in some 
detail by Be nan (Phil. Mag., Nov. 1907) and by Eve 
(Phil. Mag. , June 1908). 

In papers by Professor Bragg and myself (Phil. Mag., 
May 1908 ; Trans. Roy. Soe. S. Aus. vol. xxxii. 1908) it is 
shown that most of the experimental results so far obtained 
with these rays can be very simply explained on the ‘* mate- 
rial”’ theory, if we suppose that the @ radiation is produced 
directly from the y particle and at the outset moves in the 
direction of the original y radiation, subsequently under- 
going scattering in the ordinary manner of 6 rays. 

The second type of secondary radiation resulting from 
the primary y rays, viz., the secondary y rays, has been 
investigated on the incidence side of plates of different 
material by Kleeman (Phil. Mag., May 1908), and later by 
Hve (Phil. Mag., Aug. 1908). 

It was a deduction made by Professor Bragg (Trans. Roy. 
Soc. 8. Aus. Jan. 1908) from the theory cf the material 
nature of X and of ¥ rays previously propounded by him, 
that “the existence of modified or softened y rays might be 
suspected, since there is an analogous effect in the case of 
X-rays; and probably they would be found more at the 
back of the penetrated plate than in front of it.” The back 
and front sides spoken of here refer of course to the sides of 
emergence and incidence respectively. 

* Communicated by the Author. From ‘Transactions of the Royal 
Society of South Australia, vol. xxxii. 1908. Preliminary account 
read July 17, 1908. 
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It will be shown in the present paper that this prediction 
is Fulfilled very exactly ; that the want of symmetry in the 
amount of radiation from the two sides of the plate is very 
marked, that a softening of the original rays is effected, and 
that in addition there is in some cases a lack of symmetry in 
the quality of the emergence and incidence y radiation. 

Kleeman, from a study of the incidence radiation, has 
advanced a theory of selective absorption, not only for the 
secondary but also for the primary y rays. In the light of 
the more comprehensive information which can be obtained 
from a study of both the emergence and the incidence radia- 
tion, an attempt will be made in the present paper to show 
that most of the secondary ray effects can be explained, 
if we suppose that from the radium there are originally 
emitted two sets of homogeneous y rays, which each 
subsequently suffer modification by the process of scat- 
tering, becoming softened and in some cases broken up, . 
giving rise to B rays. 

The present paper is intended to give a preliminary outline 
of the experimental work and general theory. 

The measurements are in many cases small and difficult 
to make with any very great accuracy, but the effects to be 
described seem well marked. It will be necessary to extend 
with greater care many of the details of the work before it 
ean be considered as at all complete. 

S.4. 

The arrangement of apparatus employed in the first experi- 
ments is shown in fig. 1 (Pl. VIII.). The radium is placed near 
the apex of aconical hole made ina block of lead. By means 
of a powerful magnet, the poles of which are shown, most 
of the 8 rays could be prevented from passing out of the 
conical hole. The magnet and lead block containing the Ra 
were surrounded by an iron case, to prevent the magnetic 
field from producing any effect in the ionization-chamber. 
Resting upon the iron case and suitably insulated from it is 
placed a lead plate one inch thick, with a circular portion 
removed from the centre. The ionization-chamber standing 
upon this lead plate is made of lead 1:25 mm. thick, and 
contains an insulated electrode in the form of a circular 
wire ring, suitably protected by sulphur, and connecting to 
the electrometer or to earth by suitable keys. 

In the path of the y radiation which proceeds from the 
conical hole, plates of material which are used as radiators 
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can be placed horizontally as at e. When increasing the 
thickness of radiator the top plate is always kept in the 
position e, and additional thicknesses are placed immediately 
below and in contact with it. When large thicknesses are 
required, plugs of the material may be inserted in the 
conical hole. 

The ionization-chamber was filled with ethyl chloride ; 
this increased the effect considerably and worked very satis- 
factorily. 

It was necessary ‘to balance the leak due to natural ioniza- 
tion in the chamber, and to y radiation which was not 
completely absorbed by the lead block and plates. For this 
purpose a balance chamber of about the same size as the 
lonization-chamber was placed against one of the sides of 
the iron case insulated from it. 

This was connected up in the usual manner, and was 
found to give quite sufficient balance with the ionization 
produced by the y radiation which came through the sides. 
of the lead block containing the Ra. The electrometer was. 
a sensitive instrument of the Dolezalek pattern, giving a 
scale reading of about 4000 divisions per volt ; each division. 
could easily be subdivided to tenths. ‘The charge was allowed 
to pass into the electrometer for 30 sec., and the mean of the 
first and second swings was taken as the deflexion. 

In fig. 2, curve A shows the effect of increasing the- 
thickness of a Pb radiator. In an experiment, the zero leak 
was first obtained as a mean of several determinations, and 
this was subtracted trom the measurement obtained with the 
radiator in position. It will be seen from the curve that 
the effect increases until a thickness of between 5 and 6 mm. 
of Pb is reached, after which it decreases gradually. 

If, now, a hemispherical dome of Pb 4 mm. thick, with 
its central portion removed so as not to intercept the original 
stream of y rays, be placed in the position shown by /,jh, 
fig. 1, and a set of observations be taken as before, sub- 
tracting the reading with the radiator in from that with it 
not in position, the curve B is obtained. Again, a maximum 
is reached for about the same thickness of radiation as before, 
but the effect is for the different thickness of radiator about 
60 per cent. of its previous value. We may conclude that 
it is y radiation which is being intercepted by the dome, as 
in neither case can any but a very small amount of 6 radia- 
tion pass obliquely through the thickness of 1°25 mm. of lead 
forming the sides of the ee erecbamher ; and that from 5. 
the radiator are proceeding secondary emergence y rays 
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which produce ionization in the testing chamber, as shown 
in previous papers by means of— 

(a) “tertiary emergence” 8 rays as at / ; 
(>) tertiary incidence 8 rays as at k ; 
(c) 8 radiation produced in the gas of the chamber from 

the y rays as they pass through it ; . 
(d) possibly some ions produced directly in the gas by 

the y rays ; and 
(e) subsequent 8 and y ray effects of a higher order. 

The results of a similar set of experiments without a 
Pb dome and with Zn as radiator are shown in fig. 3, 
curve A. The maximuin value of the effect measured is 
considerably greater than in the case of Pb and occurs at 
a thickness of about 2 cm. of the radiator; for increased 
thicknesses the curve falls as in the case of Pb. It will be 
noticed that with sufficient thickness of radiator in this case 
the curve falls below zero. This was found to be due to the 
fact that a considerable amount of secondary y radiation, 
proceeding from the sides of the conical hole in the Pb block 
containing the Ra, could enter the ionization-chamber as 
shown by the line ¢, f (fig. 1). As any radiator is increased 
in thickness, it not only sends out its own secondary but 
absorbs that coming from the sides of the conical hole. 
It will be shown later how proper correction can be made 
for this effect. 

A third set of experiments was carried out with Al as 
yadiator ; the effects were of a similar nature to those from 
Zn, the maximum value being about the same in amount as 
for Zn, and was obtained with a thickness of about 4°5 em. ; 
but it was found that an appreciable difference was made 
when a plug of Al was placed at 6 in place of d as shown 
in fig. 1, even though the total thickness of Al was kept the 
same in both cases. It will thus be seen that some secondary 
radiation can, after emerging obliquely from a depth of 
several cm. of Al, produce an effect in the ionization- 
chamber. The present form of apparatus was therefore not 
suitable for obtaining from Al all the results so far obtained 
for Pb and Zn; in these latter it was found that similar 
errors were very small. It may, however, safely be said 
for Al as for Zn that the effect produced is considerably 
greater than for Pb. 

We have so far neglected all consideration of the secon- 
dary radiation which comes from the sides of the conical 
hole; this it will now be shown is by no means small, but 
the correction which it introduced was found not to be 
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sufficient to interfere with the deduction just made. Conse- 
quently we may say that Zn and Al both give out more 
secondary emergence y radiation than does Pb, provided 
of course that the quality of the radiation in the two cases 
is not so different as to balance the effect. 

In order to find the amount and nature of the radiation 
which proceeds from the sides of the conical hole, Pb domes 
were placed as at h, h, or Pb cylinders as at 2,2, fig. 1. 
When the Jatter were used, their equivalent thickness was 
found in terms of corresponding domes. A cylinder was 
found to be approximately equivalent to a dome 1°5 times 
its thickness. 

The results of experiments upon the radiation from the 
sides of the cone are shown in fig. 4, curve A, in which 
thicknesses of dome are shown horizontally and the corre- 
sponding leaks per 30 secs. vertically. 

The curve A can be represented approximately by the 
expression 500+ 570e717%4. 

That the radiation comes from the sides of the cone can 
be shown by placing at e (fig. 1) Pb plates in which circular 
holes are cut sc as not to intercept the main stream of yv 
radiation coming from the Ra. 

The results now obtained for different dome thicknesses 
are shown by curve B, fig. 4, which it will be seen can 
again be represented approximately by the expression 500+ 
A30e-1254, 

Ji seems reasonable to suppose that besides the constant 
normal leak in the ionization-chamber, secondary y radiation 
from the sides of the conical hole can enter the chamber, 
and that this radiation may for the purposes of correction 
to which it is to be applied later on, be taken as equivalent 
to a homogeneous radiation for which X=1°25. 

If now a Pb plug, 4 cm. deep, be placed in the conicai 
hole in the position shown by a, fig. 1, so as to intercept 
the main stream of y radiation, but still leave the sides 
of the cone exposed to the ionizaticn-chamber, and a set of 
experiments similar to the above be performed, the results 
shown in curve C, fig. 4, are obtained. These again are 
approximately represented by 500+ 270e-1?54, 

It is not surprising that the constant normal leak has not 
been reduced to any appreciable extent, for it will be seen 
from fig. 1, that the plug would hardly intercept any y 
radiation passing directly from the Ra to the ionization- 
ehamber. On the other hand, we obtain a rather important 
result, for assuming, of course, that the interpretation put 
upon these experiments is correct, even when the Ra is 



428 Dr. J. P. V. Madsen on 

completely surrounded by a thickness of 4 em. of Pb, a 
secondary radiation escapes, which has a value of X approx. 
1:25. Now it has been shown by Wigger (Jahrbuch der 
Rad. Bd. 11. 1905) that practically all soft y rays coming 
from the Ra are stopped by a thickness of Pb considerably 
less than 4 cm., and that the hard y rays which can pene- 
trate such a thickness have a value of \="24. 

Again, the amount of the secondary radiation has only 
been reduced from 570 to 270 by the insertion of the 4 cm. 
plug of Pb, so that we must suppose most of the secondary 
radiation we are dealing with to be produced from the hard 
y rays and very little of it from the soft y rays. This result, 
it will be shown later, is supported by other experiments. 

It is now possible to apply the necessary correction to 
the curve A, fig. 2. The result is shown by the full line 
curve ©, the proper correction being obtained by adding a 
‘quantity 400(1—e-x!?5) to the original values. Part of 
the secondary radiation from the sides of the cone was in 
these experiments cut off by suitable Pb screens ; the factor 
1:5 is introduced to allow for the obliquity with which the 
rays coming from the sides of the cone cross the radiators. 

In order to investigate now the quality of the secondary 
radiation which comes from the Pb radiators, a Pb plate 
5 mm. thick was used as radiator, and the emergence 
radiation was absorbed by Pb domes. In each experiment 
the dome having been placed in position, two sets of 
measurements were taken, one with, the other without, the 
radiator, and the results of these subtracted. The mean of 
a number of experiments is shown in Table I., and in fig. 5, 
curve A, the value of the thickness of the dome multiplied 
by its density is shown horizontally, and the log. of the 
corresponding current vertically, the reading with no dome 
being reduced to 100. It will be seen that the emergence 
radiation from Pb, within the range of thickness of dome, 
over which it has been measured with sufficient accuracy, 
is approximately equivalent to a homogeneous radiation for 
which X=1°38. 
Now these results require correction on account of the 

absorption by the 5 mm. Pb radiator of the secondary 
radiation from the sides of the cone. As, however, this 
latter has been shown to have approximately the same value 
of 2, viz., 1°25, it is hardly necessary at the present stage 
to attempt to apply the correction. 

The quality of the radiation from Pb was now tested by 
Yn and by Al domes. The results are shown in the curves 
B and C, fig. 5. It will be seen that /A is of much the 
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same value when the radiation is tested by Zn or Al; but 
is considerably greater when tested by Pb. This is similar 
to the results which are obtained when the original y 
radiation coming from Ra, which apparently consists of a 
mixture of hard and soft rays, is tested by small thicknesses 
of absorbing screen. 

TaB_e I. 

Psa DomMEs. 

Radiation from Pb. 

Thickness of Dome, mm. ...... 0 1 4 6 10 
100 80 60 43 26'5 

Radiation from Zn. 

Thickness of Dome, mm. ...... 0 2 4 6 10 
100 64 46 33 21 

Radiation from Al. 

Thickness of Dome, mm. ...... 0 2 4 6 10 
100 63 45 32 20 

ZN DoMEs. | 

Radiation from Pb. 

Thickness of Dome, mm. ...... 0 Sates L17 

Radiation from Zn. 

Thickness of Dome, mm. ...... 0 ane © EG Qos 

Radiation from Al. 

Thickness of Dome, mm. ...... 0 wa ELT 255 
100 81 59 33 

At Domgss. 

Radiation from Pb. 

Thickness of Dome, mm. ...... 0 8 21 
100 88 75 

Radiation from Zn. 

Thickness of Dome, mm. ...... 0 21 
100 74. 

Radiation from Al. 

Thickness of Dome, mm. ...... 0 21 
100 fe 

It has already been shown that the radiation from the sides 
of the cone is approximately of the same quality as that 
Pm, Mag... 6. Vol. 17. No. 99. March 1909... 2G 
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rom a Pb radiator; we may therefore assume without 
much possibility of error that the value of \ by Zn for this 
radiation is *34. 

It is now possible to apply the necessary correction to the 
curve A, fig. 3. <A quantity 570(1—e-@%* 344) has been 
added to the previous readings; the result is shown in the 
full-line curve B. The last two readings require a slightly 
less correction on account of the Zn plug cutting off some of 
the original y radiation which produces the effect from the 
sides of the cone; the necessary correction in this case was 
determined by a separate experiment. 

The quantity of the emergence radiation from Zn and 
from Al was now tested by Zn and by Al domes. The 
results are given in Table I., proper correction being applied 
in each case for the absorption of the radiation from the 
sides of the cone. 

The Zn radiator was 12 mm. thick, the Al 17 mm. 
Measurements were also made with radiators of other thick- 
nesses, but the results were not sufficiently accurate to enable 
one to say whether the quality of the emergence radiation 
varied with the thickness of radiator. 

The results are plotted in fig. 5, from which it will be 
seen that the radiation from Zn and Alis far from homo- 
geneous when tested~by Pb domes. 

The emergence radiation from Zn and Al appears to 
‘consist of two sets of y rays—one of much the same quality 
as those which are produced from Pb, the other a very much 
softer bundle. A rough analysis of either the Zn or Al 
curve, if such is legitimate, would suggest that it may be 
derived from a hard and soft bundle of y rays, for which the 
values of X by Pb are 1°3 and 5 respectively, the effect of 
the hard bundle being initially almost twice that of the soft. 

It will be seen from the figure that mass for mass Al and 
Zn domes are not able to bring out so clearly as Pb domes 
the distinction between the quality of the secondary radia- 
tions from Zn and Al as compared with that from Pb. 

This, again, is much the same as is found when one 
attempts to sort out the original hard and soft y rays of Ra 
by such screens. 

However, the radiation from Pb always appears somewhat 
harder than that from Zn and Al, no matter what screen is used. 

This result has been checked on different occasions with 
care, and is of importance, as the results obtained by Klee- 
man from the secondary incidence y rays, and the theory of 
selective absorption founded thereon, and extended to the 
original y radiation, should apparently apply also to the 
secondary emergence rays. 
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§ Ii. 

To investigate the secondary incidence y rays the ioni- 
zation-chamber (tig. 1), was inverted, and the large plates 
which served as radiators were laid directly upon the ioniza- 
tion-chamber as at p, p. This enabled the secondary inci- 
dence rays from the radiator to enter the ionization-chamber, 
not only by the sides 7,2 but also through the top of the 
chamber, and should more than compensate for any decrease 
in effect due to the primary y rays falling upon a larger 
area than they did in the case where the emergence radiation 
was measured. ; 

The secondary incidence radiation increased in amount as 
the thickness of the radiator was increased. Im fig. 6 is 
shown the relation between the mass of the radiator and the 
amount of the secondary incidence vy radiation for C, Al, 
Zn, and Pb. 

C and Al gave maximum values of nearly the same 
amount, viz., 300; Zn not quite so much, viz., 270; while 
Pb gave only 100. Comparing these with the corrected 
values for the emergence radiation from Pb and Zn respect- 
ively, which were 680 and 1400 approximately, it is seen 
that the lack of symmetry between the effects on the two 
sides of a plate is very marked—the effect on the emergence 
side being from about 4°5 to 6°5 times that on the incidence 
side. The quantities on the incidence side are consequently 
so small that they become difficult to measure with any great 
accuracy, especially when an attempt is made to determine 
the quality of the radiation. 

To measure the quality of the incidence radiation the top 
of the ionization-chamber was covered with a lead sheet 
about 1 em. thick, from the centre of which was cut a cir- 
cular hole 17-5 cm. diameter. One of the larger domes was 
then inverted and placed so as to intercept the radiation from 

. the radiator, which was placed in the large circular hole just 
mentioned. A thickness of radiator sufficient to give the 
maximum effect was used in all cases. There appeared to 
be very little difference in the quality of the radiation 
returned from C, Al, and Zn. A Pb dome 4 mm. thick re- 
duced the effect to approximately 20 per cent., indicating a 
radiation for which the value of X is 4, if we can suppose it 
homogeneous. 

In the case of Zn and Al it will be seen from Table I. that 
a 4mm. Pb dome reduces the effect of the emergence radia- 
tion to about 45 per cent. There is thus a considerable 
difference in the quality of the emergence and the incidence 
y radiations from these substances. 

2G 2 
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That the incidence radiation from these substances is softer 
than the emergence, is also supported by the experiments of 
Kleeman and Eve already referred to, both these observers 
having found the value of 2X for the incidence rays from 
these or similar substances to be of the order 4, measured b 
Pb. In the case of the incidence radiation from Pb the 
measurements were not sufficiently accurate to decide whether 
the incidence radiation was softer than the emergence ; 
it appeared to be of much the same quality, 2 e., A=13 
approximately. 

§ IIL. 
As the apparatus described in fig. 1 was unsuitable for 

measuring the amount of secondary emergence radiation from 
substances such as Al and C, and as we do not know that 
the distribution of the emergence radiation is the same in 
all directions for all substances, an experiment was set up as 
shown in fig. 7. 

The lower portion of the diagram shows the arrangement 
of the Ra, magnet, and iron case which is the same as pre- 
viously described. Some distance above the Ra was supported 
—upon an insulated stand—a flat cylindrical ionization- 
chamber. The floor of this chamber was of sheet lead 1°25 
mm. thick, the sides were of Zn, and for a lid was useda 
thin Al plate. The conical chamber, shown by dotted lines, 
was used in experiments to be described later. The radiators 
were in the form of flat plates, the first of which in any 
experiment was placed in the position p, p. Additional 
thicknesses were added immediately below p, p and in contact 
with the top plate, while for very great thicknesses plugs of 
the material could be inserted in the conical hole in the Pb 
block, through which the y radiation streamed. 

In the first set of experiments the Pb plates L, L were 
used in the position shown. the large central hole in them 
allowing the y rays to pass without obstruction to the ioni- 
zation-chamber ; while a considerable amount of secondary ¥ 
radiation from the radiating plates p, p was prevented from 
reaching the chamber. A strong magnetic field was applied 
during the experiments. The floorof the ionization-chamber, 
consisting of Pb 1°25 mm. thick, was sufficient, as has heen 
shown in previous papers, to give the full amount of emer- 
gence 8 radiation. Several readings were taken with each 
thickness of radiator in position, and the readings were sufhi- 

ciently large with the chamber filled with air. From any 

readitig it 1s necessary to subtract an amount corresponding 
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to the leak produced by the natural ionization in the chamber, 
to the radiation which comes directly from the Ra and has 
not all been cut off by the interposed screens, such as L, L, 
and to secondary y radiation from surrounding bodies, which 

Fig. 7 
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The radiators shown by horizontal dotted lines below p, p intercept the 
radiation from the Ra. By means of Pb plates L, L an amount of 
the secondary radiation may be prevented from entering the ioniza- 
tion-chamber. The dotted conical chamber was used in a separate 
set of experiments. 

may be able to enter the chamber. This latter quantity was 
found to be by no means negligible, and so far as I know 
has not-been allowed for in many experiments by previous 
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observers. To obtain with great accuracy the zero reading 
necessary for subtraction, is a course exceedingly difficult. 

In the present experiment a close approximation to its 
value was found by inserting a large Pb plug in the conical 
hole and placing plates of Pb above this, so as to make in 
all a thickness of about 20 em. This, as shown by previous 
observers, should be sufficient to reduce even the hard vy 
radiation, which streamed through the conical hole, to almost 
a negligible amount, while it should not affect to any great 
extent the secondary radiation coming from surrounding 
bodies. 

The results of experiments with different materials used 
as radiators are given in Table II., and in fig. 8 are shown 
by full-line curves the thickness of radiator multiplied b 
its density, plotted horizontally against the logarithm of the 
corresponding currents vertically. The value of the current 
with no radiation in position at p, p has in each case been 
reduced. to the common value 100, and the zero for the 
ordinates has in some of the curves been altered so as to 
prevent overlapping. It will be seen that Pb, Bi, and Hg 
give results almost identical ; while Sn, Zn, Al, and C all 
give results very similar to each other, but differing from 
those of the first group in that a more sudden drop of the 
curve is shown for the initial thicknesses of radiator. From 
a value of dA=7 onwards the curves for all the substances 
become practically parallel. ) 

The Pb screens L, L, fig. 7, were now removed, and 
radiators were used in the form of large, flat plates, the 
first of which was placed horizontally just below the floor 
of the ionization-chamber, merely separated from it by a 
small thickness of ebonite for insulation. 

Successive thicknesses of radiator were added immediately 
below the first. By this means it was thought possible to 
allow a large proportion of all the emergent secondary vy 
radiation to add on its effect in the chamber. The results 
of these experiments, given in Table III. and shown by the 
dotted curves in fig. 8 (Pl. VIII.) show that this anticipation 
was realized. 

The dotted curves and | Zn’ )need not be considered 

at present ; they were obtained with a carbon floor intro- 

duced into the ionization-chamber, and show the effects which 

previous work would lead us to expect. 
Al, C, Zn, Fe, 8S, and Sn give results which are all very 

nearly identical, and the curves show a considerable difference 
in slope to what they did in the previous experiment. 
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Pb and Hg, however, are distinctly different from the 
other substances, of which we may hereafter take Zn as 
typical. 

The curve for Pb has not been aliered to such a large 
extent by the change of arrangement of the experiment as 
has that for Zn and such substances. 

The results for Zn are shown separately in fig. 9 (Pl. VIII.) 
by curves A and B, in which the values of thickness of absorb- 
ing screen multiplied by its density are shown horizontally 
and the corresponding currents vertically. The difference 
between the ordinates for any value of dA represents the 
amount of secondary radiation which it was possible to cut 
out by the Pb screens L, L in the first experiment. ‘This 
difference is shown by the dotted curve C. It will be seen 
that the amount of secondary vy radiation increases with the 
thickness of absorbing screen or radiator, until a value cor- 
responding to dA=18 has been reached, after which it 
gradually falls. For certain values of dA the effect produced 
by the secondary y rays may be almost as great as that 
which is being produced by the primary ‘y rays. 

It is thus seen that the effect produced in an ionization- 
chamber in an ordinary absorption experiment depends 
largely upon the position of the absorbing plate relatively 
to the ionization-chamber, and the shape of an absorption 
curve may consequently be made to vary between consider- 
able limits. The shape of the chamber, however, appears 
to make very little difference to the shape of the absorption 
curve, within of course certain limits. 

A conical ionization-chamber, as shown by the dotted 
diagram in fig. 7 (p. 483), gave results for the first few 
thicknesses of radiator almost the same as those shown by the 
dotted curves, fig. 8 (PJ. VIII.) ; while, again, with the plates 
placed at p, p results similar to those shown by full-line 
curves in the same figure were obtained, without of course the 
necessity of using Pb screen such as L, L. 

This is readily explained if we remember that probably 
most of the effect produced in the ionization-chamber 1s due 
to emergence and incidence @ rays coming from the floor 
and lid of the chamber ; these rays being the product of the 
original y rays and of the secondary y rays. The 6 rays as 
a result of the scattermg they undergo emerge in all direc- 
tions from the floor and lid of the chamber, and any altera- 
tion in the shape of the chamber will affect the ionization 
produced by the 8 rays which come from the secondary v 
rays to much the same extent as it will those which come 
from the original y rays. 
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Returning to fig. 8 it will be found that the ordinary 
absorption curve, corresponding to the dotted curve Pb 1, 
2. é., in which as much secondary radiation as possible is 
included, can be represented very accurately by the ex- 
pression : 30e—%4 + 70e—1294, 

Again, the full-line eurve Pb 2, from which as much as 
possible ‘of the secondary radiation has been excluded, is 
represented by the expression : 24e-"°44 76e-1°°¢_ The dif- 
ference between these two expressions, viz., 6(e~*?4¢— e-t%4) 
is a measure, therefore, of the total emergence secondary 
y radiation from Pb. Now it has been shown in previous 
experiments in this paper that the secondary y radiation 
from Pb can be approximately represented by a “homogeneous 
radiation, for which the value of X is 1°25 ; we are therefore 
able to account for the results which have just been obtained 
if we suppose that the original hard bundle of y rays, which 
proceed from the Ra, makes all, or at least very nearly all, 
the secondary radiation which comes from Pb; this is in 
agreement with the result obtained previously (p. 425). 
“In the case of substances of the nature of Zn the difference 

between the two absorption curves, as shown in fig. 9, cannot 
be explained so simply. The secondary radiation after 
reaching its maximum value falls off more rapidly than we 
should expect, had all the secondary been derived from the 
hard set of original y rays. We must suppose that in such 
substances the soft y rays from the Ra also produce a certain 
amount of secondary emergence radiation, or that even 
though such may be produced in all substances it is better 
able to escape from such substances as Zn than trom sub- 
stances of the nature of Pb. This of course is merely 
another way of saying that Pb absorbs the softened secon- 
dary radiation to a much greater extent than Zn. 

Again, it has been shown earlier in this paper that the 
emergence radiation from such substances as Zn appears, 
when tested by Pb, to be divisible into two quantities corre- 
sponding to a hard and soft bundle of y rays, the hard 
having about the same penetrating power as the secondary 
rays from Pb. As it will be shown presently that there is 
good reason to believe that two distinct bundles of y rays— 
a hard and a soft—are given out from the Ra, we may for 
the present look upon the two bundles of secondary rays 
which are produced from Zn and such substances as the 
products of the corresponding hard and soft bundles of the 
original radiation. 

Tt will be seen from fig. 8 that when as much secondary 
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radiation as possible is excluded the curves for all substances 
very nearly correspond. Let us suppose that had it been 
possible to exclude all the effects of secondary y radiation, 
the curves for all substances would have become identical. 
This supposition must apparently be very near the truth, for 
it can be seen from the geometry of the arrangement in 
fig. 7 that by no means can all the secondary radiation have 
been excluded in the first set of experiments. We arrive, 
then, at this result: that, excluding all secondary y radiation 
and its effects, we may consider the Ra to give out two 
distinct sets of y rays, one more penetrating than the other, 
each practically homogeneous, with values of A\/A=-028 and 
"12 respectively, these values being practically independent 
of the nature of the absorbing substance. 
When the secondary y radiation is allowed to produce its 

effect in addition to that produced directly by the original 
y rays, this law may be modified to a very considerable 
extent. In the usuai arrangement of apparatus used for 
determining the quality of a radiation the absorbing plates 
are as a rule placed close to the ionization-chamber, and the 
values of A deduced from the tangent to the absorption curve 
—that is to say, it is generally with the dotted-line curves 
of fig. 8 that we are dealing, and the effects of secondary 
radiation may, as has already been shown, be in some cases: 
very nearly as important as the effects produced directly 
from the original y radiation. 

This, is example, affords a ready explanation of the effect 
observed by Eve (Phil. Mag., Aug. ag who states :— 
“Tt is noteworthy that the Ra in 2-2 em. of nickel-steel 
gives an effect about 1:5 times as great as when the Ra is 
in 1 cm. of Pb. From the relative densities we should 
expect 2°2 em. of steel to be equivalent to 1°5 cm. of Pb, 
and therefore the Ra in the steel cylinder should give, by 
the density law, two-thirds of the effect of the Ra in Pb. 
It actually g gives one and a half times as much; thus the 
primary y rays traverse steel much more readily than Pb, 
but the rays passing through iron are subsequently absorbed 
more readily by Pb than if the Ra were in Pb.” 

From the results of the present paper we can say that 
in going through 2-2 cm. of steel or 1-5 cm. of Pb, the soft 
primary y rays will have suffered in each case the same 
number of collisions, but that the effect of a collision with 
an atom of Pb, or rather with the constituent of such an 
atom, is much more definite than in the case of substances 
of lower atomic weight ; that in the case of Pb the collision 
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has broken the original y ray up, immediately sending out a 
8 ray, or has so shattered the original y ray as to make it 
easy for Pb to subsequently complete the process. 

In the case of Zn, &e., the effect of the collision has not 
been so definite ; much scattered y radiation is produced, 
somewhat softened by the effects of collision, but still able 
to suffer further modification as a y ray before being even- 
tually broken up and sending out the 8 ray. 

It must be noticed that in “experiments upon the secondary 
incidence y rays, such as have been carried out by Kleeman 
and by Eve, the nature of the secondary effect may be 
modified to a very considerable extent if the Ra be covered 
directly by a considerable mass of a substance such as Zn. 
Where a similar screen of lead would appear to have 
hardened the primary beam which is being experimented 
with, the screen of Zn may very well appear in some cases 
to have softened the primary beain, more especially if the 
secondary effects produced by hard and by soft rays do not 
conform to the same law of distribution. 

It may be observed that the value of X/A obtained in the 
present investigation for the hard y rays from Ra is *028, 
whereas the mean value obtained by Wi igger was ‘021. The 
difference probably arises from the fact that Wig goer appears 

‘to have taken the natural ionization in the chamber as the 
amount to be subtracted irom all the readings. It seems 
quite possible that a considerable amount of secondary radia- 
tion from surrounding bodies may have been able to enter 
the chamber, in which case the correction should have been 
greater, and ‘this applied to all the readings would increase 
the value of A/A which he obtained. 

Again, since the hard y rays produce a consideaaaa 
amount of secondary radiation in Pb, it is not surprising 
that with a long, narrow chamber, such as Wigger used, 
the shape of the absorption curve for Pb differs from that 
obtained in the present experiments. 

We have now sufficient information to enable us to con- 
struct at least a working theory. The main points to be 
observed are, firstly, the lack of symmetry in the amounts, 
and secondly, a lack of symmetry in some cases in the 
quality of the secondary ¥ radiation. 

The asymmetry shown by the secondary emergence and 
incidence 8 rays, which are produced from the primary y¥ 
rays of Ra, has ‘already been put forward as an argument 
in'favour of the “material” theor y propounded by Professor 
Brage. 

The modification of the ether-pulse theory, recently 
advanced by Professor Sir J. J. Thomson, may possibly 
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furnish a partial explanation of the facts ; but there are many 
difficulties in the way of a pulse theory, even modified to 
this extent ; some of: these have been pointed out in a recent 
paper by Professor Bragg and myself (Trans. Roy. Soc. 
S. Aus. vol. xxxii. 1908). 
When one attempts to further explain by the pulse theory 

the lack of symmetry which exists in the case of the secon- 
dary y rays, the difficulties become much oreater. 

If we are to suppose that the incidence and emergence 
y rays are true secondary effects produced by vibrations of 
electrons in the absorbing material, the effect resembles very 
closely that of acheter, The corresponding optical 
problem, however, gives rise to no such lack of symmetry ; 
we find in its case no corresponding asymmetry of distribu- 
tion or of quality of the secondary effect. 

If, however, we attempt an explanation upon the “ material” 
theory, these difficulties at once disappear. 

Let us consider in the first place the effects produced by 
a homogeneous bundle of hard y rays. These in passing 
through matter suffer collision ; the effect of such collision 
is to change the direction of motion of the incident primary 
ray—in other words, to scatter it; at the same time the 
scattered ray loses a certain amount of energy—it has become 
softened ; this softening may be due either to a change in 
its speed or toa change in momert of the y pair, or it may 
be both. The distribution of the scattered radiation will 
probably depend upon the nature of collision, and may be 
influenced largely by the atomic structure of the matter 
with which the y particle has collided. We have seen for: 
instance that in the case of Pb, where the secondary radia- 
tion is produced mainly from the hard bundle of y rays 
proceeding from the Ra, that much more of the scattered 
y radiation moves on in the direction of the original rays. 
than returns in the opposite direction. 

Consider the case of a fine stream of homogeweous rays 
moving in the direction w, a plate of absorbing material of 
thickness L being placed in their path, at right ‘angles to the. 
direction of motion of the particles. Let 1, be the number 
of y particles which are sent out by the Ra per unit time. 
The number I which are able to proceed a distance w through 
the absorbing plate without suffering appreciable effect is 
such that [= =Tye-™, In a distance de, the number which 
have suffered serious collision is I,Ae-4* dx. Of these let a 
fraction, g, be merely scattered, at the same time softened 
or reduced to what we may call an intermediate stage, in 
which their coefficient of absorption (so called) is X’. 
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The remainder represented by the fraction (1—q) are 
turned into 8 rays at once. Let ij =gI,re-* dz. 

As a result of scattering in a direction inclined to the 
original at an angle 0, let ijF@ represent the number of 
particles per sec. which cross the unit area of a spherical 
surface of unit radius described with centre at the point 
where scattering occurs ; then the number of scattered rays 
which emerge per sec. from the flat plate of thickness L 

oe ud 

= | 2a sin O. FA. give >*e-'E-#) 808 dO dz. 
T 

0 = 
« 
Ww] 

In addition to these rays we have emerging per sec. a 
number Iye-AL which have suffered no scattering. 

Weare not at present able to evaluate the expression given 
above, from want of knowledge regarding F@. However, we 
may proceed to make an approximate calculation of the effect 
which might be expected in such a case as we have investi- 
gated in fig. 1. 

Considering as before a fine pencil of homogeneous y rays 
falling normally upon a plate of thickness I, we may express 
the emergence radiation as 

7 KI 
, —\tp-aX'(U-2) Jp 0” -)\L -a\'L bon Ate— an" da=s7 5 e~AL— e-an'l) 

where & is a constant, » the coefficient of absorption of the 
primary set of rays, 0’ a similar coefficient for the secondary 
rays, and @ a constant obliquity factor, which in the present 
case is taken as 2, a value obtained by considering the 
geometrical arrangement of the radiators in fig. 1 with 
regard to the ionization-chamber. 

Let us now apply this result to the case of a Pb radiator ; 
the values of X and 2’ are *32 and 1°3 respectively. The 
curve corresponding to e~“’4 —e-?S" is shown by the dotted 
line in fig. 2, the maximum having been adjusted to the 
same value as for the experimental curve. 

The agreement between the theoretical and the actual 
curve is very good. 

‘The maximum value is reached for about the same 
thickness of radiator, and for thicknesses of radiator greater 
than that required to give the maximum effect the curves 
slope away to about the same extent. his, taken in con- 
junction with previous experiments, seems to show that 
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practically all the secondary y radiation obtained in these 
experiments from Pb may be considered as derived from the 
original hard y rays of the Ra. 

It must, however, be remembered that the secondary 
emergence rays have to penetrate the Pb sides of the ioni- 
zation-chamber, and allowing for obliquity this corresponds 
to a thickness of about 2 mm., so that it is still quite possible 
that a fair amount of very soft secondary y radiation may 
have escaped detection, 

If we now proceed in a similar manner to construct the 
corresponding eurve for Zn, viz., 2~7!4—e-S4L, it is found 
that it by no means corresponds to the experimental curve. 
If, however, we assume that for a thickness of about 10 cm. 
of the Zn radiator the primary soft bundle is producing very 
little of the secondary emergence y¥ radiation, the curve as 
calculated above may be placed in the position shown by C, 
fig. 3. The curve Dis now drawn to represent the difference 
between the curves Band GC. We may now see how closely 
this remainder corresponds to what might be expected if 
the soft bundle of original y rays pr oduced a cor responding 
softer secondary. The maximum in the case of this re- 
mainder curve is further to the left than in the case of curve 
C, and after reaching its maximum value the curve falls 
away much more rapidly than does C. It corresponds, in 
fact, very well with what we might reasonably expect to be 
produced by the soft bundle of y rays coming from the Ra. 
Again, although for any given thickness of radiator the ratio 
of the ordinates to the curves C and D is by no means constant, 
it is of the order indicated in fig. 5 by the curve A”. 

If, now, the curves C and D represent the effects due 
respectively to the hard and soft y rays from the Ra, it 
should be possible to show experimentally that the quality 
of the radiation from a Za radiator depends to some extent 
upon the thickness of the radiator. No serious attempt has 
so far been made to carry out this investigation. However, 
we may check the result in another way. The quality of 
the radiation from Zn should show some change if we absorb 
some of the soft y rays coming from the Ra by means of a 
Pb screen or plug before allowing the radiation to fall upon 
the Zn radiator. As we have already seen, it is possible in 
this way to reduce the softer radiation without cutting down 
the hard to such an extent as would be necessary if a plug 
of material such as Zn were used. 

Using 17 mm. of Alas radiator, with no plug, the reading 
with no dome was to the reading with a 6 mm. dome as 

re 
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100:31. With a 9 mm. plug, however, inserted in the 
conical hole just over the Ra the reading with no dome was 
to the reading with a 6 mm. dome as 100:39. A similar 
effect was also obtained with a Zn radiator. 
We see, then, that hardening the primary radiation has 

the effect of har dening the secondary, and this is in agree- 
ment with the sug gestion put forward, viz., that in the case 
of Zn, Al, and such substances the secondary emergence 
radiation consists of two bundles corresponding to, in fact 
derived immediately from, the two corr responding” bundles 
constituting the original Y radiation. 

In fig. 9 ‘the dotted curve C has been plotted to a larger 
scale, and the curve D obtained previously in fig. 3, and 
shown in that fig. curve B, has been plotted with the same 
maximum value as ©’ for comparison with it. It will be 
noticed that the curve D reaches its maximum for a smaller 
thickness of radiator than does C’. This we might expect 
as the secondary rays will be able to emerge from a greater 
depth of the radiator, when some of them come out more 
normally, as happens in the case represented by curve C’. 

In the experiment from which the curve D is derived 
the rays emerge very obliquely, and their self-absorption 
by the radiator is much greater for a given thickness of 
radiator. 

Otherwise the curves are in very good agreement. It is 
to be noticed that in curve (" certain effects may show them- 
selves which are probably not present to such a large extent 
in the case represented by D. Soft radiation, for instance, 
has a much better opportunity of producing its effect in the 
former case. 

Returning now to a brief consideration of the secondary 
incidence y radiation. Although no attempt has as yet 
been made to determine whether the radiation from different 
substances is strictly homogeneous, it was thought advisable 
to find out how its amount varied for any substance as the 
Ra was covered with different screen thicknesses of Pb. 

In these experiments C, Zo, and Al showed much the 
same eftect. With no plug ,a5 mm. plug, and a 10 mm. 
plug over the Ra, the corresponding readings were as 
100 :60:35. Now, since the value of X for the soft y radia- 
tion from Ra is 1°35 for Pb, it should have required about 
8 mm. of Pb to reduce it to 35 per cent. of its original value, 
and had the incidence secondary radiation been due entir ely 
to the original soft y rays it should apparently have been 
reduced to much the same amount. It is shown above that 
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10 mm. of Pb, placed in the path of the primary, reduces 
the secondary effect to 35 per cent., so that it appears that 
very nearly all the secondary incidence y radiation from Zn 
and such substances is derived from the soft bundle of 
primary ¥ rays. 

In the case of the radiation from Pb the measurements 
could not be performed with ay great accuracy. However, 
it was found possible to place a 2 ems. Pb plug over the Ra 
without cutting off all the incidence radiation ; the reading 
was reduced to about 30 per cent. 

The experiment is accurate enough to enaine us to say 
that the secondary incidence radiation from Pb is derived 
to a large extent from the original hard bundle of y rays ; 
its quality, as tested by Pb domes, shows also that it is of 
much the same nature as the emergence radiation, which 
appears to be the product of the hard y rays. 

In all these experiments, and especially in those which 
deal with the incidence radiation, it must be borne in mind 
that the radiation has to penetrate a thickness of Pb, cor- 
responding to 2 mm. betore its effect is measured, and con- 
sequently the effect of very soft y radiation may have been 
missed. 

The lack of symmetry in quality of the emergence and 
incidence radiation from some materials may be explained 
if we suppose that the distribution of the scattered radiation 
which is produced from the hard y rays is not the same as-for 
that produced from the softer rays. The secondary radiation 
produced from the hard y rays appears to move on more in 
the direction of the original stream than do the seeondaries 
produced from the softer rays. 

The distribution of the secondaries may also to some extent 
depend upon the nature of the medium in which scattering 
has taken place, and it does not seem at all unlikely that the 
atomic structure of the radiator should determine to some 
extent the nature and result of a collision between the y 
particle and the constituent part of the atom. 

It has already been stated that these experiments give 
little or no support to the theory of selective absorption 
advanced by Kleeman ; the effects seem much simpler than 
we might be led to suppose from that theory. It seems 
possible, also, to suggest probable causes for the effects which 
Kleeman has observed. In some cases the absorbing screens 
used by Kleeman seem not to be of sutficient thickness to 
preclude the possibility of a certain amouni of § rays, given 
off by the radiatcr, penetrating the screen. Secondly, it has . 

Phil. Mag. 8.6. Vol. 17. No. 99. March 1909. 2H 
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been assumed that the incidence y radiation from all the 
substances experimented with is homogeneous. If, for ex- 
ample, the incidence radiation from Pb contained a very soft 
bundle in addition to the hard, many of the results obtained 
by Kleeman could be immediately explained. With the 
present form of apparatus I have not of course been able to 
test this point ; it does not, however, seem at all improbable 
that Pb should give out an exceedingly soft bundle of y rays, 
the product of the soft y rays in the original radiation ; 
indeed, if it is safe to make comparisons from the behaviour 
of such substances as Zn, it would be surprising if such a 
soft bundle did not exist, although of course its effect may 
be small. Thirdly, in dealing with the very soft y rays, 
which constitute the secondary incidence radiation, it seems 
necessary to take into account the effect of tertiary radiation. 

In conclusion it may not be out of place to discuss one or 
two points of some interest which have arisen during the 
progress of these experiments. ; 

In fig. 8 it will be observed that for a mass of absorbing 
screen 70 the result of cutting out a considerable amount of 
the secondary radiation has been to change the value of the 
effect produced with Zn svreens from 56 to 43. In the case 
of Pb the corresponding change is from 38 to 30. In other 
words, the ratio of the effect produced bya Zn screen to 
that produced by a Pb screen of the same mass is apparently 
much the same whether secondary radiation is included or 
not. It appears almost as if the effect produced in the ioni- 
zation chamber were due more to the secondaries produced 
from the hard y rays than to direct effects of these hard y 
rays. The hard y rays are not apparently broken up as the 
result of the first collision ; a few may be, but most of the 
rays seem capable of passing into what we may for conveni- 
ence speak of as an intermediate stage. A second collision 
when the ray is in this stage may be more effective in 
breaking up the y ray and causing the B particle to be sent 
out. In some cases the y ray may still retain the character- 
istics of the y ray even after many collisions. 

It would seem possible for a y ray to produce some ioni- 
zation ina gas asa result of its passage through that -gas, 
slow-speed delta rays being produced from the atoms of the 
gas. Where high-speed electrons appear they are to be 
considered as having been produced from the y¥ ray itself, 
being originally a part of it, as already suggested by Pro- 
fessor Bragg. 

It has been found by Eve (Phil. Mag. 1906) that the y 
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rays from thorium have an absorption curve, measured by 
Pb, very nearly the same as that for Ra. We should expect, 
then, that thorium gave out two homogeneous sets of y rays 
as does Ra, the values of X by Pb for these groups being *32 
and 1°35. It has also been found by Eve that the value of 
X for the y rays given out by Ur is 1°4, and that these rays 
appear nearly homogeneous. They rays of Ur appear, then, 
to correspond very closely with soft bundle of rays emitted 
by both Th and Ra. 

Again, it seems rather striking that the secondary rays 
produced by the hard y rays of Ra produce in Pb, and 
apparently in all substances, a secondary, for which the value 
of X is of the same order as for the Ur rays and the soft rays 
of Ra and Th. 

In the ease of the secondary rays produced from the hard 
ry rays of Ra it has been possible to treat them as practically 
homogeneous over the range of thickness of screens which 
have been used. It will, however, require much more 
careful research to determine the exact quality of this 
radiation. 

Again, the value of X/A for the soft primary bundle of 
rays has been shown to be nearly four times that of the 
hard. It seems possible that this may have some connexion 
with the result obtained previously by Professor Bragg and 
myself for the 8 rays which are produced from the y rays 
of Ra. It was found that the value of A for the hard and 
soft 8 rays was approximately as one to four. 

SUMMARY. 

1. The y rays of Ra and possibly of Th appear to consist 
of two distinct homogeneous bundles, the value of 4/A for 
the soft set being approximately four times that for the 
hard. 

2. For each set of rays the value of 2/A is constant and 
practically independent of the nature of the absorbing 
material with which A is measured, provided that in the case 
of the soft rays secondary effects be excluded. 

3. Secondary y radiation appears on both sides of a plate 
which is penetrated by a stream of y rays. There exists a 
marked lack of symmetry between the amount of secondary 
radiation which proceeds from the two sides. 

4. A lack of symmetry exists in the case of some sub- 
stances between the quality of the radiation on the two sides. 
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5. The last results seem very ditheult to reconcile with a 
pulse theory. On the “material” theory propounded by 
Professor Bragg no such difficulty arises. 

6. The secondary y radiation appears to be derived from 
the primary by a process of scattering. This process gener- 
ally involving a reduction in the subsequent penetrating 
geo of the ray affected. 

. There appears to be reason to believe that the distribu- 
Hon of the scattered radiation depends to some extent upon 
the hardness of the radiation which is scattered; also upon 
the nature of the material in which the scattering is produced. 
The softer radiation appears to be turned back toa somewhat 
greater extent than the hard. Materials of high atomic 
weight seem to be able to produce more complete scattering 
than those of lower atomic weight. 

8. The absorption of y radiation which has already passed 
through a thickness of one substance by screens of a different 
substance may not in all cases give a true measure of the 
absorption of the original radiation which has been effected 
by the first screens. 

In conclusion, it is a pleasant duty for me to acknowledge 
my indebtedness and sincere thanks to Professor Bragg for 
his keen interest and advice during the progress of these 
experiments. 

University, Adelaide, 
Sept. 1908. 

XL. Notices respecting New Books. 

Annuaire pour Tan 1909 publié par le Bureau des Longitudes. 
Paris: Gauthier-Villars. 1 fr. 50. 

N accordance with the new plan adopted by the Bureau, of 
selecting material from different branches of science in alternate 

years, the present issue contains data respecting Metrology, Money, 
Geography, Statistics, and Meteorology. The chemical and 
physical data which appeared in 1903 will be again inserted in 
1910. This year we may call attention to the very detailed 
notices of M. Bigourdan on Variable Stars, and of M. Lallemand 
on Movements and Deformations of the Earth’s Crust. 
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[Plates IX. & X.] 

1. Introductory. 

2 HEN the are between fixed carbons, in a hand-fed 
lamp, burns itself out, it may be restarted if too 

ereat an interval of time is not allowed to elapse, by lessening 
the distance between the carbon terminals, but without 
bringing them into contact. Again, if the circuit is broken 
and reclosed after a short time, the are may reestablish itself 
without the carbons being moved. 

In connexion with this latter point, Mr. Upson+ has given 
observations of the maximum times of interruption of the 
circuit within which the are will restart, for different arce- 
lengths and for various previous currents, with carbon- 
carbon, and with copper-carbon ares in air, and states that 
in the circumstances of his experiments copper-carbon ares 
in coal-gas and in hydrogen did not restart. 

The relighting of the are after a given time of interruption 
depends, however, not only on the previous current and on 
the arc-length, but also on the potential-difference established 
between the electrodes at the moment of reclosing the circuit, 

Re aare ntes by the Authors: read before the Royal Society of 

1 Upson, Phil. Mag. xiv. p. 126 (1907). 
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and the object of our experiments has been to find the re- 
lation between this latter factor and the time interval, for 
carbon-carbon arcs in air at natural pressure, under various 
conditions. 

The maximum time of interruption of the circuit, under 
given conditions, within which the are will reform on re- 
making the connexions, is astonishingly well-defined, and 
could in our observations be determined to ‘002 second. If 
the interval between the break and the make of the circuit 
exceeds what may be called the critical time for the given 
circumstances, after reclosing the circuit a small non- 
luminous current passes between the carbons; the heating 
effects associated with this current are not sufficient to 
maintain the electrodes at their high temperatures, and the 
current soon dies away as the temperatures diminish. From 
considerations advanced in a previous paper* with reference 
to the establishment of the cathode fall of potential which is 
such a characteristic feature of the developed are, one is led 
to think that, on reclosing the circuit, this smaller current 
always precedes the larger one of the fully formed discharge; 
the problem of critical relighting is then essentially that of 
the change froma non-luminous to a luminous current under 
the circumstances of the experiments. 

In the relighting of the are both carbons are at a high 
temperature, and the conditions are complicated by the pre- 
sence, at the moment of reclosing the circuit, of ions at the 
anode surface as well as near that of the cathode. Simpler 
conditions are associated with the change of current régime 
when only the negative carbon is incandescent; this case, 
involving, previous to the formation of the are, the flow of 
negative electricity from a hot to a cool carbon, has been 
investigated by two of usT, and an explanation reached which 
seems to account for the phenomena observed. 

In the present experiments, it will be seen that the flow of 
negative electricity at the moment of reclosing the circuit is 
not always from a hot toa cooler carbon; the conditions of | 
the change from the non-luminous to the luminous discharge 
are, therefore, in some instances, more complicated than 
those in the case previously considered, and the explanation 
of the development of the arc suggested in the paper just 
mentioned is not sufficient to account for all the features 
observed in this investigation. Further data are required 
before a complete description can be given. 

* Pollock & Ranclaud, Phil. Mag. March 1909. 
+ Pollock & Ranclaud, doe. eit, 
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The conditions associated with a change from the non- 
luminous to the luminous discharge, in the case of the 
ordinary carbon are, are seen in the wave-forms of current 
and potential-difference in connexion with alternating-current 
arc-lamps. 

Fig. 1 (Pl. [X.), showing curves of the volts at the brushes 
of the machine, of current in the circuit, and of the potential- 
difference between the carbons of the lamp, is copied from. 
fie. 14 of a paper by Mr. Duddell and Professor Marchant 
ou Hxperiments on Alternate Current Arcs by aid of 
Oscillographs*, in which many other illustrations will be 
found. 

The curves may be described by saying that the potential- 
difference between the carbons rises from zero, while the 
current keeps low and non-luminous, until the potential- 
difference reaches the value, p, necessary to change the state 
of the current to that of the arc-discharge. The current 
then rises very rapidly, while the potential-difference falls 
so that a greater elevtromotive force may be available along 
the rest of the circuit, a necessary condition if the increase 
in the current is to be maintained. On the falling side of 
the wave, the second maximum of the potential-difference 
seems to be connected with the gradually diminishing 
current, rather than with any abrupt change in the nature 
of the discharge. 

The current curve is unsymmetrically placed with re- 
ference to the zero points of the potential-difference curve, 
because on the rising side of the wave the change is from a 
non-luminous to a luminous discharge, when on account of 
the smallness of the previous current the temperatures are 
low, whereas on the falling side the change is in the opposite 
direction, when, owing to the previous larger current, the 
temperatures are higher. 

2. Experimental Detail. 

For all the experiments Conradty carbons, Marke C, were 
employed; both positive and negative were solid, each 13 
millimetres in diameter, the lamp being hand-fed. A heavy 
pendulum, operating two switches when allowed to swing, 
opened and again closed the circuit; the distance between 
the switch levers could be readily altered. The time interval 
between the opening and the reclosing of the circuit for 
different lengths between the levers was carefully determined 
by separate experiments carried out as follows:—The switches 

* Duddell & Marchant, Journ. Inst. Elect. Eng. xxviii. p. 1 (1899). 
212 
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were arranged to open and close the circuits of two electro- 
magnetic scribers which marked a smoked plate fixed to the 
pendulum; the records for various distances between the 
switch-levers were then compared with that on the same 
plates of a style attached to the prong of a standardized 
tuning-fork. A third key, also worked by the pendulum, 
enabled the battery connexions to be reversed in the interval 
between the break and the make of the circuit if desired. 
A scheme of the connexions is shown in fig. 2 (Pl. IX.), 

where A is an ammeter, V a voltmeter, R a variable resistance, 
B the are, and X and Y the two switches. 

An observation consisted in finding, for a given potential- 
difference between the carbons at the instant of the reclosing 
of the circuit, the greatest distance between the switch-levers 
for which the are would relight. This maximum distance 
could be determined to within two millimetres,, which cor- 
responds to a time interval of about ‘0U2 second. The time 
interval corresponding to the maximum distance may be 
called the critical time for relighting under the given con- 
ditions. This time, under otherwise fixed circumstances, 
varies considerably with the carbons used, and the results 
are only directly comparable when they refer to the one pair 
of carbons. 

The observations were made in all cases with “normal ” 
arcs*. The lengths of the are were measured, on images of 
the carbons, vertically from the point of the negative to a 
horizontal line passing through the edge of the crater, the 
values obtained being reduced according to the magnification 
of the image. 

3. Relighting with Carbons in Normal Position 
when Potentials Reversed, 

When the connexions from the battery are reversed during 
the interval between the opening and closing of the circuit, 
so that at the remake of the circuit the still existing crater 
becomes negative to the previous cathode, the crater being 
on the upper carbon, the phenomena are simpler than in 
other cases, and will therefore be the first described. 

In fig.3 (P1. 1X.) is shown the relation between the minimum 
potential-difference for relighting and the interval between 
the break and the make of the circuit, under the condition 
of the reversal of the potentials of the carbons, for a previous 
current of 10 amperes. Three curves are drawn, from ob- 
servations with the same pair of carbons, for arc-lengths of 

* Mrs, Ayrton, ‘The Electric Arc,’ p. 104, 
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1:3, 1:9, and 3°1 millimetres respectively, the upper electrode 
being the positive before the break of the circuit. 

In this instance, on reclosing the circuit, the hot is negative 
to the cooler carbon; the conditions under which the arc is 
formed are, therefore, nearly allied to those in the simple 
case previously investigated, see Section 1. The longer the 
interval between the break and make of the connexions, the 
lower are the temperatures of the carbons at the moment of 
reclosing the circuit; taking the fall of temperature of the 
carbons after the are is extinguished as nearly proportional 
to the time, the curves in fig. 3 may be considered as giving, 
approximately at least, the form of the relation between the 
critical potential for relighting and the temperature of the 
hot negative, the temperature of the other electrode being of 
less importance in this particlular case. From this point 
of view one would expect the curves in fig. 3 to be like those 
in fig. 7 of the previous paper*, which give the exact form 
of such a relation under somewhat the same conditions as 
those under consideration. A comparison shows that the 
two sets of curves are similar in shape. 

Under the conditions of the experiment, the first effect of 
reclosing the circuit is no doubt a small current of negative 
ions flowing from the hot to the cooler carbon, and from this 
non-luminous current the arc may be considered to develop. 
In the fully formed arc the cathode fall of potential indicates 
an accumulation of positive ions near the cathode surface. 
These positive ions, in the growth of the discharge from the 
non-luminous current, niust come in the first instance from 
the anode. If I is the current of negative ions, H the 
potential gradient at the anode surface, and »% the length of 
the last free run of the ions at the end of which they collide 
with the ancde, the energy reaching the anode surface per 
second is TEX; following the suggestion contained in the 
paper referred to, it is considered that for the arc to form, in 
the circumstances here contemplated, the potential-difference 
between the carbons, at the moment of reclosing the circuit, 
must have the value necessary to make the magnitude of 
IE) sufficient to raise a portion of the anode surface to such 
a temperature that positive ions are somewhat freely 
emitted. 

For this particular experiment the suggestion seems 
sufficient to account for the phenomena observed, but it will 
be seen that it is not of itself adequate to completely describe 
the features of the relation in other cases, even where, on 
reclosing the circuit, the hot is negative to the cooler carbon. 

* Pollock & Ranclaud, Joc. cit. 



454 Messrs. Pollock, Wellisch, and Ranclaud on 

4, Effect on the Relighting of Changes in the Relative 
Positions of the Carbons. 

The form of the relation between the minimum potential- 
difference for relighting and the time interval between 
the break and the make of the circuit is influenced by 
many conditions. With the carbons in a vertical plane 
they may be situated, before the circuit is broken, either in 
the normal way, with the crater above, or in the reverse 
position with the crater below the negative electrode; in 
addition, the connexions to the battery may be reversed 
during the interval between the break and the make of the 
circuit, or left unaltered, so that there are four cases to ke 
considered in connexion with the relative positions of the 
carbons and the direction of the potential-difference on the 
remake of the circuit. 

In figure 4 (Pl. [X.) are shown the relations between the 
minimum potential-difference for relighting and the time 
interval of interruption of the circuit for the four cases 
mentioned, the current having been 10 amperes when the 
connexions were broken and the arc-length 1°3 millimetres. 
The diagrams of the carbons drawn beside each curve 
indicate by their shape the relative positions of the electrodes 
before the circuit was opened, while the signs of the potentials, 
on the reclosing of the circuit, are shown by the usual symbols. 
Allthe observations were taken with the same pair of carbons, 
so the curves are strictly comparable. 

Case 4 is the one just discussed in section 3. It is seen 
that for small time intervals between the break and the make 
of the circuit, it requires greater potential-differences to 
restart the arc in the cases 1, 2, and 3 than in that of 4, 
and that cases 2 and 3 approximate to that of 4 for large 
intervals of time. Considering that the are develops from a 
small non-luminous current of negative ions, an idea which 
we think must form the basis of any explanation of the 
critical relighting, in searching for a description of the 
differences between the curves it has to be noticed that in 
some cases the negative electrode, on the remake of the 
circuit, is hotter than the positive, in others the reverse ; it is 
also essential to recognize that in some instances the negative 
stream of ions is opposed by the convection current of hot 
gas, while in others it is helped by it, as it has been shown 
in the previous paper that a change in the relative directions 
of the stream and current considerably affects the potential- 
difference necessary for arcing. 

The feature of the relations is the evidence, shown by the 
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curves for cases 2 and 3, of a critical change in the conditions 
for relighting occurring when the potential-difference attains 
the value of 90 volts. After reaching this value the mini- 
mum potential-difference requisite to start the arc remains 
for some time practically constant in spite of the fact that 
for increasing time intervals between the break and the 
make of the circuit the temperatures of the carbons are 
diminishing. 

_ The excess of the potential-differences for relighting 
required in case 1 over those in case 4, for the same time 
intervals, may be accounted for, perhaps, by the much lower 
temperature of the negative electrode on the reclosing of the 
circuit in the former instance, but we have been unable to 
find, with the data at hand, an explanation of the critical 
characteristic of the curves for the other cases. 

5. Critical characteristic as affected by Are Length 
and previous Current. 

With a view to finding the influence of arc-length and 
previous current on the critical characteristic of the curves 
just mentioned, further observations have been made in con- 
nexion with case 3, in which the carbons are in the normal 
position and the battery connexions remain unaltered 
during the interval between the break and the make of the 
circuit. The measurements are given in figures 5, 6, and 7 
(Pl. IX.), the currents previous to the break of the circuit 
being marked on the curves. The observations were 
thoroughly interlocked with reference to change of carbons, 
so the curves are comparable. 
A comparison of the relations given in figures 5, 6, and 7, 

shows that the characteristic bend in the curves is more pro- 
nounced the higher the previous current. Greater currents 
mean larger masses of heated carbon with consequent higher 
temperatures for equal intervals between the break and the 
make of the circuit. 

It is also seen that the greater the are length, the higher 
the potential-difference at which the characteristic bend 
occurs. 

6. Photographs of the Relighting. 

By arranging an additional lever, in connexion with the 
pendulum apparatus previously described, to open the shutter 
of a photographic camera at a short interval after the 
remaking of the connexions of the are circuit, photographs 
showing stages in the development of the arc have been 
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obtained. The growth of the arc takes place in such a short 
time that a definite adjustment of the lever was found to be 
impossible, and the photographs given are only a few of many 
that have been taken, the remainder showing either no are, 
or the are fully developed. 

Figures 1 to 7 in Plate X. show stages in the growth of 
the are when the circuit is opened and reclosed without 
alteration of the battery connexions, while figures 8 to 11 
refer to cases where, on the reclosing of the circuit, the still 
existing crater is negative to the previous cathode. In both 
instances the glow is seen to develop from the electrode which 
is positive on the remake of the connexions, a fact which 
seems to support the view taken in this and the previous 
paper as to the mode of growth of the arc from the non- 
luminous discharge. Figure 12 is an example of many of 
the photographs, showing that, in the case of the reversal of 
the connexions, the new crater commences on cool rather 

than on hot carbon. 

7. Summary. 

In connexion with the relighting of the carbon are, without 
movement of the electrodes, when the circuit is opened and 
reclosed, the relation between the potential - difference, 
established between the carbons at the moment of the 
remaking of the connexions, and the maximum time of inter- 
ruption of the circuit, within which the are will reform, has 
been investigated for cases differing as to the relative positions 
of the carbons before the opening of the circuit, and as to the 
direction of the potential-difference after the reclose of the 
connexions. The problem is that of the change from a non- 
luminous to a luminous discharge in air at normal pressure, 
of which an explanation, in the case where negative electricity 
flows from a hot toa cool carbon, has been given in a previous 
paper. In the present experiments both carbons are at a 
high temperature, and the conditions of the change are com- 
plicated by the presence, at the moment of reclosing the 
circuit, of ions at the anode surface as well as near that of 
the cathode. In some of the cases examined the relations 
show a.,critical characteristic, but sufficient data are not 
available to enable an explanation of this result to be given. 

We are indebted to Mr. H. L. Watkins, B.A., and Mr. L. A. 
Cotton, B.A., B.Sc., for help in connexion with the earlier 
part of the investigation. 

The Physical Laboratory, 
The University of Sydney, 

September 2nd, 1908. 
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XLII. On Frictional Electricity. By Morris Owen, B.Sc., 
Isaac Roberts Student of the University College of North 
Wales, Bangor™. 

N a celebrated memoir in the Annales de Chimie et de 
Physique for 1834+, Péclet describes a long series of 

experiments in which he measured the intensity of electri- 
fication produced by friction under various conditions as to 
the nature, pressure, and velocity of the rubbing surfaces. 
The results of the measurements are given as deflexions of a 
pendulum electrometer connected to a metallic comb placed 
near one of the rubbed surfaces : they indicate that in each 
ease the surface (if insulating) acquires, after a sufficient 
amount of friction, a constant surface-density which is 
independent of the pressure applied during the friction. 

Since Péclet’s experiments very little attention appears to 
have been directed to the measurement of the charge pro- 
duced by the friction of solid bodies, and as it seems desirable 
to obtain measurements in absolute units the following 
experiments were arranged with this object and, in particular, 
to study the electrical charges produced by small amounts of 
rubbing. 

(1) The Rubbing Apparatus. 

It was thought that the best way of stating the results 
of these experiments would be to obtain curves showing 
the charge produced by various amounts of work. The 
apparatus was therefore arranged so as to enabie simul- 
taneous meusurements to be made of the work done against 
friction and the total charge produced on one of the rubbed 
surfaces. 

The rubber consisted of a wheel, of considerable moment 
of inertia, whose axle turned in fixed bearings and to which 
a known amount of kinetic energy could be imparted by 
allowing a weight mg falling through a measured height h to 
set 1t into rotation. The weight was attached to a cord 
which passed over a fixed pulley in the ceiling of the room 
and was wound round a pulley on the same axle as the wheel. 
Neglecting the small amount of frictional work at the axles 
of the pulleys, the kinetic energy communicated to the 
wheel is then mgh—4mv* or mh (g—f), where f is the 
acceleration of the falling weight and v the velocity with 
which it reaches the floor. The acceleration 7 was small and 
was measured by observing the time taken by the weight in 

* Communicated by Prof. E. Taylor Jones. 
| Ann. de Chimie et de Physique, lvii. (1834) p. 337, 
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falling from the ceiling to the floor, a distance of 292 centi- 
metres. The mass of the falling weight was 1035 grammes, 
and 7 was 6°45 cms. per sec.” 

The rubbed specimens consisted of small disks of ebonite or 
glass mounted on pieces of sulphur attached firmly to ebonite 
rods about 5 centimetres long. ‘The ebonite rods were 
square in section and fitted tightly into a socket in an ebonite 
plate attached to the lower end of a bent lever. The lever 
was mounted near the wheel so that the specimen could be 
made to press horizontally against the rim of the latter, the 
pressure being produced by placing a known weight in a 
definite position near the end of the horizontal arm of the 
lever. 

The rub was effected by bringing the specimen evenly into 
contact with the rim of the wheel at the moment when the 
falling weight reached the floor. Just before the wheel 
came to rest the specimen was separated from it so that, 
neglecting the small quantity of frictional work at the axle 
of the wheel, the work done against the friction of the 
specimen was equal to the kinetic energy of the wheel as 
calculated above. 

(2) Measurement of the Charge on the specimen. 

Immediately after a rub, the ebonite rod supporting the 
specimen was quickly removed from the socket in the lever 
and suspended (by a long silk thread always attached to it 
and passing over a pulley) at a height of about a metre above 
a tall metal jar into which the specimen could be lowered. 
The jar was placed inside and insulated by sulphur supports 
from a larger earth-connected jar which served to shield it 
from outside influences. The inner jar was connected, by a 
thin wire passing through a sulphur plug in the wall of the 
outer jar, to the upper plate of a parallel plate condenser 
(whose lower plate was earthed) and to a Dolezalek electro- 
meter. The wires leading to the latter passed through 
cylindrical metal tubes connected to the earth, being supported 
in the tubes by sulphur plugs at their ends. One terminal 
of the electrometer was earthed, and by means of a mercury 
cup key in a block of paraffin wax the other terminal could 
also be earthed for the purpose of obtaining the zero on 
the scale. The parallel plate condenser was used for 
measuring the capacity of the system, but was generally left 
connected through a mercury key to the jar during the 
measurements. 

The electrometer-needle was suspended by a fine platinum 
wire of about ‘01 mm. diameter. It was charged by a small 
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battery of about 12 storage-cells in some of the experiments, 
in others by the 200-volt mains. The electrometer was cali- 
brated every day during the course of the experiments by 
connecting its terminals to various points in a volt box 
joined up to two storage-cells. The deflexions (observed by 
a telescope and illuminated scale) due to various fractions 
of a volt were thus determined. In some cases the electro- 
meter deflexion was proportional to the difference of potential 
of the quadrants. When this was not so, a calibration curve 
was drawn and the voltage corresponding to any deflexion 
read off from this. In measuring the charge on the rubbed 
specimen the zero of the electrometer was first observed, the 
earth connexion of the terminal connected to the jar then 
removed, and the specimen lowered into the jar. The 
deflexion produced depends on the charge on the specimen, and 
on the capacity of the system consisting of the outer surface of 
the inner jar, the electrometer and its connecting wires, and 
also the parallel plate condenser if this was connected. The 
capacity of the parallel plate condenser, whose plates were 
circular, was calculated from the formula 

Card + n/t { log POE) —1+ Slog >t | 

where 7=radius of each plate, 

d=distance between the plates, 

6=thickness of each plate. 

The capacity C, of the rest of the system was measured by 
communicating to it a charge and observing the deflexions 
before and after this charge was shared with the condenser. 

If the rubbed specimen, on being placed inside the jar, 
produces a deflexion which indicates a potential V as read 
off from the calibration curve, then the charge on the speci- 
men is (C,+C,) V. 

The insulation of all parts of the apparatus was frequently 
tested, and it was also verified that the specimen lost no 
appreciable charge during the process of removing it from 
the lever to the jar. It was in fact possible to take the 
specimen from the jar, fix it in position on the lever, and 
then bring it back to the jar, without any appreciable change 
of deflexion. 

Before each rub the specimen was completely discharged 
by radiating to its surface for a few seconds with radium. 

* Kohlrausch, Ledtfad. d. prakt. Phys. 8 Aufl. p. 409. 
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(3) Experimental Difficulties. 

One of the chief difficulties in these experiments was that 
of maintaining a uniform pressure between the specimen and 
the wheel during the rubbing. If the ebonite rod supporting 
the specimen did not fit very tightly into the socket in the 
lever, or if the contact with the wheel was too near the front 
edge of the specimen, the rubbing became irregular, probably 
owing to the sliding motion breaking into a series of impacts. 
This occurred especially with the higher velocities of the 
wheel. It was invariably accompanied by a jarring sound 
during the rubbing, and followed by an abnormally small 
deflexion of the electrometer. Several kinds of mountings 
for the specimens were tried in order to overcome this diffi- 
culty; the most satisfactory, especially for the lower velocities, 
was one in which the specimen consisted of a rectangular 
plate, about 4 cms. long, attached at its upper end to the 

Fig. 1. co] 

SULPHUR 

LZBONITE ROD 

SPECIMEN 

sulphur support from which it projected downwards, the 
wheel rubbing downwards near the lower end of the specimen 
(see fig. 1). The only difficulty experienced with this ar- 
rangement was that the specimen was apt to become detached 
from the sulphur support under the greatest pressure when 
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the wheel was turning rapidly. In the results given below 
only the results of good rubs, as indicated by a uniform 
sliding sound, are included. 

It was also found very important to ensure that there was 
even contact over the whole width of the specimen ; if the 
wheel touched it only at one side a small deflexion would 
result, owing to the small area rubbed. 

Another precaution which it was found necessary to take, 
was to give the specimen a few hours’ rest after each rub. 
If the specimen was rubbed a number of times in succession 
at short intervals, the work in each case being the same, and 
less than the amount required to give the maximum deflexion 
at the first rub, the deflexion invariably increased with the 
successive rubs up to a maximum value, though the specimen 
was completely discharged by radium before each rub. This 
maximum was the same as could be obtained at the first rub 
with a sufficient amount of work. After an interval of three 
or four hours, the specimen appeared to have come back to 
its origina] state and the same series of increasing deflexions 
could be obtained with successive rubs. In the results given 
below the charges produced correspond to the first rub after 
an interval of three or four hours’ rest. 

The results were much influenced by the state of the 
atmosphere ; no deflexion was sometimes obtained during 
wet weather. 

(4) Results. 

In the experiments the results of which are here given the 
wheel was of slate and its axle was earthed. In some of the 
experiments the rim of the wheel was covered with a band of 
copper. The specimens rubbed were of ebonite and glass. 
Curves were obtained for ten specimens of ebonite of the 
same size cut from the same sheet, the friction taking place 
under three different pressures. Seven of the specimens 
gave very concordant results ; the other three gave irregular 
readings, probably owing to unsatisfactory mounting. Ten 
specimens of glass were also used with equally concordant 
results. 

In the following tables the first column shows the fric- 
tional work in millions of ergs, the second, third, and fourth 
columns the quantities of electricity Q,, Qs, Q3, in electro- 
static units, produced on the specimen of ebonite or glass 
when the pressure between the wheel and the specimen was 
306°8, 1326°8, and 2579°2 grammes weight respectively. 

The method was not suitable for determining the surface- 
density of the charge produced on the specimen, owing to 
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the difficulty of measuring with any accuracy the area 
rubbed. The width of the specimen is, however, given in 
each case. 

Readings could not be obtained for glass with the higher 
velocities and the greatest weight; the specimen always 
broke when brought into contact with the wheel under these 
circumstances. 

TABLE I, 

Ebonite and Slate 
(negative electricity produced on ebonite). 

Width of specimen= 2°15 cms. 

Wxlor*. Q, Q.. Q;. 

4-035 59 1:76 1:99 
8069 1:04 2:02 2°14 

14121 1:27 2:08 2:38 
24-208 1:70 2-24. 2:43 
40'346 211 2-40 2°57 ‘ 
53459 2:25 2-41 2:58 
75649 2:39 | 2°54 2:59 
99-857 2:47 2-51 2°56 

125-074 2°50 2-58 2-55 
156°342 2:58 2°57 2-59 
202°740 2°53 2-53 2:56 
935-018 2:57 2°56 2:52 
294-528 2:58 2°55 2°57 

TABLE II. 

Ebonte and Copper 
(positive electricity produced on ebonite). 

Width of specimen = 1°75 cms. 

Wx in -®. Q,- Q,- Q,. 

4035 | O21 094 15 
8069  —-066 13 23 
4191 | «19 26 ‘37 
24-208 98 59 76 
40346 |  -48 73 1:07 
53-459 69 1-06 1-16 
75649 89 93 1-46 
99-857. | Idi 1:20 144 

125-074 1:09 154 | 
16342 | 1-40 152 
902740 | 1-46 1-63 
935018 | 161 165 

| 204528 «158 161 | | 
] 
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TABLE III. 

4 Glass and Copper 
(positive electricity produced on glass). 

Width of specimen = 1°55 cms. 

Wx 107°. @:. Q.. Q,. | 

4-035 002 026 ‘047 
8:069 ‘021 028 096 

14-121 ‘066 -099 14 
24-208 ‘076 14 26 
40346 15 ‘20 *32 
53459 ‘24 on -49 
75649 ‘35 42 51 
99-857 43 ‘43 53 | 
125074 43 ‘51 | 
156°342 “47 “49 
202°740 ‘46 ‘52 
235°018 51 54 
294°528 ‘BA ‘BD 

TABLE LY. 

Glass and Slate 
(positive electricity produced on glass). 

Width of specimen = 1°85 ems. 

| Wx10-%. | Qh. | Q, Q, 

| 4035 071 14 29 
8-069 12 33 43 

| 14°12] "21 43 64 
24208 29 68 81 
40°346 52 77 93 
53-459 62 87 90 
75°649 70 85 Be. 
99°857 83 95 

125-074 94 93 
156:342 85 99 
202-740 85 93 
235-018 86 90 

| 294528 | 88 99 

Some of the results are also shown in the curves, figs. 2 
and 3 (p. 464). 
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In fig. 2, curves I., II., III. represent the charges produced 
on the same specimen.of ebonite by friction with slate under 
the smallest, middle, and greatest pressures respectively. 

CHARGE IN ELECTROSTATIC UNITS. 

(40) 40 60 80 100 120 140 160 i180 200 é20 240 260 280 300 

FRICTIONAL WORK IN MILLIONS OF ERGS 

Measurements made with specimens of different widths 
showed that the charge produced by a given amount of fric- 
tional work was almost exactly proportional to the width of 
the specimen, except in the case of very small amounts of 
work. 

| le 

ad |! 

| F | GLASS & =| | 

/ 

zo 40 60 &0 100 120 140 160 180 200 220 240 260 250 300 
FRICTIONAL WORK IN MILLIONS OF ERGS. 

CHARGE IN ELECTROSTATIC UNITS. 

In fig. 3 the readings obtained with the various glass and 
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ebonite specimens have all been reduced so as to give read- 
ings corresponding to a specimen of 2°15 cms. in width. 
Curves I., II., III., 1V. show the quantities of electricity 
produced on specimens of equal width in the friction of 
ebonite and slate, ebonite and copper, glass and slate, glass 
and copper. The same pressure was applied between the 
rubbers in each case. 

The curves show that with a sufficient amount of frictional 
work the charge produced reaches a constant maximum 
valne ; that this maximum is independent of the pressure 
applied during the rubbing, but that the maximum is 
reached with a smaller quantity of work the greater the 
pressure. 

The view generally held as to frictional electricity is that 
due to Helmholtz *, viz., that it is of the nature of contact 
electricity, the frictional work being expended in bringing 
the surfaces into closer contact. This view appears to be 
borne out by the observation noted above, that after a number 
of recent rubs the maximum deflexion may be obtained with 
quite a small amount of frictional work, an amount much 
less than that required to give the maximum charge with 
the first rub. During the three or four hours’ rest it might 
be supposed that the surface of the specimen goes through a 
process of slow elastic recovery of its original uneven form, 
or that during this time the surface becomes tarnished by 
the atmosphere, so that after this period the first contact is 
not a good one. 

It should be noted, however, that in no case, whether after 
recent rubs or not, did mere contact of wheel and specimen 
without rubbing produce even the slightest evidence of charge 
on the specimen. 

All the experiments described above were carried out in 
the Physical Laboratory of the University College of North 
Wales; and, in conclusion, I desire to acknowledge my 
great obligation to Professor E. Taylor Jones for the interest 
he has taken in the work, and also for much valuable help. 
and advice. 

* Wissenschaftliche Abhandlungen, Erster Band, p. 860. 

Phil. Mag. 8.6. Vol. 17. No. 100. April 1909. 2K 
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XLII. An Laperimental Investigation of Gibbs’s Theory of 
Surface-Concentration, regarded as the basis of Adsorption. 
(Second Paper.) By Wm. C. McC. Lewis, J/A.* 

; [From the Muspratt Laboratory of Physical and Electro- 
/ | ' chemistry, University of Liverpool. ] 

N a previous papert upon this subject a number of 
determinations were recorded, which had been carried 

out with a view to investigate experimentally the expression 
deduced by Gibbs for the surface condensation of one of the 
components of a two-phase system at the boundary separating 
the phases. Two immiscible liquids—namely a hydrocarbon 
oil and distilled water—were brought into contact, there 
being a definite interfacial tension existing at the boundary 
of separation. To the water there were added various sub- 
stances soluble in water, but insoluble in oil, viz. sodium 
glycocholate, methyl-orange, and Congo-red. These sub- 
stances all produced a lowering effect on the interfacial 
tension—such lowering effect increasing with corresponding 
increase in concentration of the solute. 

Gibbs’s expression connecting the surface-concentrating 
of the solute with the lowering effect on the tension and the 
concentration of the solute in the bulk of the (aqueous) 
phase is 

ce do 

ee RYT de 

where [=the mass (in grams) of the solute per square centi- 
metre of the dividing surface in excess of what 
would be there supposing the concentration to 
remain the same as in the bulk of the solution ; 

c =the bulk concentration of the solute in the aqueous 
phase ; 

R=the gas constant ; 
T=the absolute temperature ; 
o =the interfacial tension ; and 

is =the rate of change of the tension with the concen- 
dé tration of the solute. 

The negative sign on the right-hand side indicates that 
do . . e,e . 

-— must be negative in order that I’ may be positive, i.e. 
dec 

those substances which lower the interfacial tension will 
increase in concentration at the interface. 

* Communicated by the Physical Society : read November 27, 1908. 
} Lewis, Phil. Mag. April 1908. 
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Tt was shown how this expression might be applied to the 
phenomenon of adsorption, which is considered to be more 
or less a surface condensation. The determinations referred 
to consisted in measurements of the various quantities 
occurring in the above expression, and in comparing the 
values obtained on the two sides of the equation. The 
general results showed that the actually determined values 
for I‘ far exceeded the calculated values—those found being 
of the order 10—° grms./cm.’?, while the calculated ranged 
from 10-7 to 10-° grms./em.? This discrepancy was ob- 
served in the case of all the substances mentioned in the 
previous paper. Theadsorption coefficient (I) was measured 
experimentally under two quite different conditions—namely, 
at an approximately plane surface; and secondly ata very 
eurved surface, with concordant results in both cases. 

With the view of throwing some light on the cause of this 
discrepancy, further determinations of a similar character 
were carried out and are recorded in the present paper. 

Jt may be pointed out that the substances mentioned are 
electrolytes (sodium salts of organic acids) and would there- 
fore suffer considerable dissociation in aqueous solution. 
To account for the discrepancy referred to one possibility 
suggested itself, namely, the presence of some kind of 
“double layer” electrical effect. Of course this may or 
may not be the cause, and it will be shown that for these 
bodies this is probably not the cause, but evidently the first 
step was to examine other electrolytes—ordinary inorganic 
salts of simple constitution and comparatively low molecular 
weight, and compare the effects obtained in these cases with 
that obtained for sodium elycocholate and the dye-stuffs. 

Finally, to carry out adsorption determinations if possible 
with typical non-electrolytes and compare the results obtained 
in this case also. 

Tue INTERFACIAL TENSION BETWEEN OIL AND WATER 
MEASURED BY THE DROP-PIPETTE. 

The pipette was identical with that shown in fig. 1 (pre- 
vious paper). An expression giving the tension directly in 
absolute units may be derived as follows :— 

Consider the equilibrium of a drop of oil formed in water 
and just about to break away from the nozzle of the pipette. 

Let o = the interfacial tension ; 
a = the radius of the orifice ; 
y = the mean radius of the drop ; 

Pw = the density of water ; 
Po = the density of oil. 

Bie 2 
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The forces tending to draw the drop off are (1) gravita- 
tional, due to the difference in densities of the oil and water 

4 
Ts a mr*(p,, —Po)s 

and (2) the difference of pressure due to curvature, 
oO 

— il i 
Y he 

The opposing force is due to the tension and =2zrac. 
Hence 

ee 
2 =o a) — 2Qrrac —27a ae el {Pw po). 

Applying this to the particular case of the oil in which 

Pw — L6Q, 

Po = 0-899, 

e = 0175:ems 
yr = 0°4125 cm., 

we obtain o = 0°0467 gram per cm. 

or 45°8 dynes per cm. 

Employing the empiric formula of Lohnstein * and Kohl- 
rausch f the value 40 dynes per cm. is obtained. 

The above expression had been already obtained when it 
was found that an almost identical one had been deduced by 
G. Guglielmo ft for liquid-air surfaces. He has applied it 
to the case of the water-air tension with the following 
results :— 

| 

| Radius of orifice of pipette. | Tension in milligrams/mm. 

0S mm | 778 

SES | 7°60 } mean 7:69 at 25° C. 

21g, | 7-69 | 
: 

The value obtained by the capillary-tube method is 7°485. 
at 25°C. The results are therefore in fair agreement. 

As in previous determinations, the drop-pipette was em- 
ployed for the various cases of adsorption dealt with in the 
present paper, the only difference being that the absolute 
values for the tension are here calculated by means of the 
expression deduced above. 

* Lohnstein. See previous paper. 
+ Kohlrausch. See previous paper. 
t G. Guglielmo, Accad. Lincer, Atti, xv. p. 287 (1906). 
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THE INTERFACIAL TENSION BETWEEN A HybDROCARBON OIL 

AND AQUEOUS SOLUTION OF ELECTROLYTE. 

The oil employed was similar to that previously experi- 
mented with. About twenty electrolytes in all were examined 
and all showed a lowering effect on the oil-water tension—in 
general monovalent ions of small atomic weight having 
least effect while copper and barium salts had a marked 
influence. This lowering of the tension is remarkable in 
view of the fact that inorganic salts (with the exception of 
lithium) raise the air-water tension*. Further, it is a 
general property of salts to be adsorbed by charcoal ; and if 
this is regarded as indicative of a lowering of tension at the 
charcoal surface, one may be perhaps justified in saying 
that for aqueous solutions of an electrolyte at a liquid or 
solid t interface, one may expect in all cases a lowering of 
tension accompanied by adsorption, while on the other hand 
at the solution-air surface no such generalization can be made. 

A certain number of these salts were selected for adsorp- 
tion determinations—in the case of caustic soda the emulsion 
method t being employed; while with the rest the large- 
dropping apparatus was used—this being rendered necessary 
as the adsorption determinations were carried out for each 
ion of the salt separately the, concentration changes being 
estimated by ordinary volumetric and gravimetric means. 

The Adsorption of Caustic Soda on Hydrocarbon Oil. 

The values of the interfacial tension for different concen- 
trations of the base (corrected for density) are summarized 
in the following table. 

TABLE I. 

Concentration 

| Interfacial Tension in dynes/cm. 
per cent. | in gram-moles/litre. 

0 0) 45°81 

1:0 0°25 26°93 

2:0 05 29°49 

4:0 1:0 16°76 

8-0 2:0 streaming from orifice of pipette 
— tension to small to be measured. 

* Whatmough, Zeitschr. Phys. Chem. vol. xxxix. p. 129 (1901). 
+ Using the word in its ordinary sense. t See former paper. 



we a ee Pee Say | ee ee 

470 Mr. W. C. M. Lewis: Experimental Investigation 

The values of the tension and concentration are plotted 
m fies. 

Fig. 1. 

is oO ° i) 

Igy) o 

Tension in Dynes per cm. 
Ls) Oo 

0 0°25 05 0°75 1:0: 
Molar Concentration.—Caustic Soda. 

Calculation of T by means of Gibbs’s expression :— 

Take as a particular case the concentration 0°3 per cent. 
c = 0°003 erm./ce. 

2x AD x iOerge . 2x42 x i0e 
~ molecular weight 20 ‘ 

assuming complete dissociation 
at this dilution. 

T = 258? rabs. 

ag , i.e. the tangent to the curve (fig. 1) at the concentration 
de (+3 per cent., 

= — _9dynes/em.  _ 3000 
Me otc: —  .: 

Hence 

— ae = = 7:5 xX 10~* grams per em.” 

or 1:9 x 107" gram-moles per em.? 

Ii, has been assumed here in using the term gram-moles 
that the substance has been adsorbed either as undissociated 
base or in ionically equivalent proportion. Gibbs’s expres- 
sion for surface concentration does not contain any term 
allowing for the preferential adsorption of a single ion if 
any should occur. Also the measurement of concentration 
changes by means of changes in tension embodies the same 
assumption. 
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Experimental Determination of 1 :— 

500 ¢.c. of caustic-soda solution (concentration 0°3"per 
cent.) were shaken with 1°075 c.c. of the oil until a uniform 
emulsion resulted. After emulsification a tension determin- 
ation showed that there had been a decrease in concentration 
of 0-003 per cent. The diameter of the emulsion particles as 
measured in the microscope was on the average 3 x 10-° cm., 
so that the total adsorbing surface was 107500 cm.” 

Hence 

T=1°5 x 10-7 grm./em.? or 3°7 x 10-° gram-moles/cm.? 

I (calculated) = 7°5 x 10° grm./em.? 

or 1:9x10--° gram-moles/cm.? 

The probable error in the experimental result may amount 
to 25 per cent. A comparison of the observed with calcu- 
lated values.shows once more the considerable discrepancy 
which exists between them. It should be observed, however, 
that the absolute value of the experimental determination 
has fallen from the order 10—° (obtained in previous cases) 
to 10-7 grm./em.? It should also be mentioned that if any 
slight trace of acid were present in the oil the adsorption of a 
base would be considerably altered. 

Re-determination of the Adsorption of Sodium Glycocholate. . 

Having obtained a purer specimen of the material than 
that used in former cases, the values for the tension between 
the oil and solutions of different concentrations were again 
determined. There were only smail changes noted in the result 
—the calculated value for the adsorption {at a concentration 
0°25 per cent.) being 7 x 10-° grm./cm.?, while in the former 
ease the value was about 5x10-°. The actual value deter- 
mined by experiment was from 3°5 to 4°7 x 10-° grm./cm.? 
while in the previous case it had lain between the limits 
3°1 and 5-4 grm./em.? 

The Adsorption of Silver Nitrate. 

In the measurements of the adsorption of this substance 
(and in all subsequent cases) the “large drop”’* apparatus 
was employed. One litre of =1, molar silver nitrate was pre- 
pared and about 750 c.c. poured into the tube through which 
the oil passed in the form of drops (of about 0°3 ecm. 
diameter), and on the surface of these the solute was ad- 
sorbed. When the oil-reservoir (of 1 litre capacity) had 

* See previous paper. 
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been exhausted and the total number of drops estimated 
from the time taken in emptying the reservoir, the solution 
which had been thus treated was withdrawn and analysed. 
For this particular substance the silver only was estimated 
before and after the experiment by precipitation with hydro- 
chloric acid, the Gooch crucible method being employed. 
An extremely small difference in weight was observed, 
namely 1°6 milligrams of silver chloride. ‘The total surface 
area of the oil was 7000 em.? 

Hence the adsorption of the silver is 

Vie ee OTm./em.” 

A repetition of the determination gave 

PAs oe, 20 erm./cm.” 

The mean value is therefore 

Ty, = 2°09 x 107° grm./em.? 

{t may be mentioned that the measuring vessels used in 
these and subsequent determinations were recalibrated for 
15° C., and all solutions were cooled to this temperature in 
a bath before measuring out the volume. 

It will be noted that the value obtained above is much 
smaller than for the previously mentioned substances (except 
caustic soda). One might therefore expect a closer approxi- 
mation to the value calculated on Gibbs’s expression. 

Calculation of the Adsorption of Silver Nitrate. 

As in previous cases the oil-solution tension curve was 
obtained by means of the drop-pipette. The oil employed 
for these measurements was not quite identical with that 
used with caustic soda. The values obtained (corrected for 
density) are given in the following table. 

TABLE I]. 

Oil—Silver- Nitrate Solutions. 

| | 
Concentration. Pipette | Tension 

| in gram-moles per litre. | Drop-number. dynesjem. 

| | 
0 135 | 52 

001 140 | 50 
0:02 145 / 48-4 

| 0:04 149 473 

SS ee Ee ee 
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The values of the concentration are plotted against tension 
in fig. 2. 

Fig. 2. 

Dynes per cm. 

e 

ension in 
i 

: 

| | 
| 

46 : 
0°01 0°02 0:03 0 

Molar Concentration.—Silver Nitrate. 

The calculated adsorption, namely 
é de 

RT de’ 
has the following value for a concentration =}, molar :— 

e = 0:0034 grm. per c.c. 

84x 107 ergs 
~ molecular weight 

The molecular weight at this dilution has been found by 
Smits * to be 94. T — 989° abs. 

da ~~ is the tangent to the curve at .), molar concentration and 
dé is equal to 

Eerayueyom, =’... 

0:0034 grm./cc. 2H 
Hence 

wats a? = : Ride = 73 x 107° gram per cm. 

This refers to the salt AgNOs;, so that on the assumption 

* Smits, Zeitschr. Phys. Chem. vol. xxxix. p. 418 (1902). 
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that each ion is adsorbed equivalently we obtain the calcu- 
lated value for the silver ion to be 

I's, = 4°5 x 10—-° orm./em.? 

I’, (found) = 2°5 x 10-8 orm./cm.? 

The values for the experimental and calculated adsorption 
are thus in much closer agreement than in any previous 
case—the experimental being five times the calculated. The 
question is: Does this represent a real discrepancy even in 
this case, or is it to be considered as agreement within the 
limits of experiment? Itis difficult to say, but without laying 
too great stress upon it, I am of opinion that there is a real 
(though small) discrepancy between calculated and observed 
values. 

The Adsorption of Potassium Chloride. 
Exactly similar determinations were carried out with this 

substance as in the case of silver nitrate, except that with 
this salt both the metal and acid were estimated. 

The Adsorption of the Potassium of Potassium Chloride.— 
A very large quantity of oil was allowed to pass through the 
KCI solution in the large-drop apparatus. The resulting oil- 
surface area was 16,000 cm.? The quantity of potassium 
present in the solution before and after adsorption was 
estimated as potassium sulphate. The difference in weight. 
ot the K,SO, precipitate was 3°2 milligrams, whence the 
adsorption of the potassium is 

D300) erm./em.? 

A repetition of the experiment gave 
Po erm./em.” 

Thus the mean value is 
Dy, =o 810 erm./cm.? 

Calculation of T on Gibbs’s formula :— 

The values of the tension corresponding to different con-- 
centration (corrected for density) are given as follows :— 

TasLEe II{.—Hydrocarbon Oil—Potassium Chloride. 

Concentration Pipette | Tension 
in gram-moles per litre. | Drop-number. dynes/cem. 

0 135 52 

V'0125 139 50°4 

0:025 140 49-9 

0:05 143 489 

O-l 147 478 
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The tension-concentration curve is given in fig. 3. 

Tension in Dynes per cm. 

0 0°02 0:04 0°06 G08 wl 

Molar Concentration. 

As before, the calculated adsorption for EKG is 
20 

eM) 00a’ grm./c.c. 

8°4x 10! ergs. 

37 

where 387 is the osmotic molecular weight. 

T= 259° abs. 

— 

da 

Hence 

a. de 
eee SS 9 -9 Te ea A 2 ce 

RT de 2:3 x 10~° gram KCl per cm.’ surface, 

which corresponds to 1:7 x 10-° grm. of potassium, 

while [, (found) is 5x 10~° grm./cm.? 
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It will be noted that potassium shows a greater discre- 
pancy than silver as regards the calculated value. The 
results are of about the same order as that obtained for 
caustic soda. 

Estimation of the Adsorbed Chlorine :— 

The surface area of the oil was 10,000 cm.?. The change 
in the chlorine concentration was determined as silver chloride, 
the difference in weight of AgC] precipitate due to adsorbed 
chlorine being 0°35 milligram. Hence 

Pe = 86 107° erm./cm.* 

Repetition gave Tq = 3x10-° grm./cm.? 

These quantities are, however, so small that one is only 
justified in stating that the adsorption of the chlorine is of 
the order 10-9 orm./cem.? 

The calculated value is 1°6x10-° grm./em.?, so that the 
agreement between calculated and observed is fairly good. 

These results for potassium chloride appear to point (at 
least as far as the small changes in concentration observed 
can be trusted) to the possibility of a certain amount of 
separation of the ions in the process of adsorption, i.¢.a 
preferential cation adsorption. If this is so, it at once suggests 
some electrical effect taking place which is not taken account 
of in Gibbs’s capillary theory. 

The Adsorption of Barium Chloride. 

In the case of this substance the chlorine only was esti- 
mated, this being carried out volumetrically with AgNO; 
solution. The surface area of the oil was 4000 cm.”. In 
the titration the change in concentration of chlorine due to 
adsorption was less than 0:1 c.c. AgNO; solution. From 
this one can only say, therefore, that the adsorption Iq is- 
not of greater magnitude than 10~° grm./em.? 

Calculation of the Adsorption :— 

The following table (IV.) contains the values obtained for 
the tension (corrected for density) at different concentrations. 

The values of the tension are plotted against concentration 
in fig. 4. By taking the tangent to this curve the value of 

aed is obtained for a particular concentration. 
C d 
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TABLE LV. 

Concentration of the | 
Barium Chloride | | 

Houeny a Drop- | Relative | Tension in 
Jah _ number. Tension. dynes/em. | 

Gram-moles | Per cent. | Solutions. | 
per litre. | anhydrous. | 

a ES ES ey oe 

0 0 1000 153 | = 1-000 458i | 
0-062 1:29 | 1009 | 17 0:895 4099 | 
0°125 259 |, 1019 | 188 | 0829 3798 | 
0-2 414 | 1-038 210 | 0757 3468 
0:25 518 | 1048 | 222 | 0-722 33:07 | 
0:33 690 | 1-066 | 246 | 0663 3037 
0:375 776 | 1073 | 255 | 0-644 29°50 

0-5 10:35 | 1099 | 290 | 0580 26°57 
1:0 | 20-70 | 1-216 419 -| 0-444 20-34 

(1:7) satd. 3400 | 1-289 585 | 0338 15°48 
ae | | 

Fig. 4 

Tension in Dynes per em. 

1) On 

0 Ol O72 03 O04 05 0°6 0°7 0-8 0:9 10 

Molar Concentration.—Barium Chloride. 

: M 
For a solution of strength = we hare 

c = 0°0041 grm./ce. 
- 7 ae 8:4 x 10 

tf 

where 75 = osmotic molar weight, 
T = 289° abs. 
de 
—— = 427, 
de ane 
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Hence 

0 de 
Ride =5'4 x 10-* gram BaCl, per cm.’, 

or 1°6 x 10-® orm. chlorine, 

Iq (found) + 10-% grm./cm.? 

The result obtained here is of too qualitative a nature to 
show whether there is agreement or not. 

Adsorption of Copper Chloride. 

With this substance both copper and chlorine were sepa- 
rately estimated. 

The Adsorption of the Copper :— 

The oil-surface area was 8000 cm.” The copper in the 
solution was estimated electrolytically, both before and after 
the adsorption. The change in weight of the electrode was 
only 0:2 milligram. 

Hence 

eee 0. erm./em? 

A repetition of the determination gave 

aa] ee Pulm —8§s Deaweox 10, 
or.mean value 

ie is 10~° gram per em. 

Estimation of the Chlorine :— 

As in previous cases, this was estimated as silver chloride. 
The difference in weight of the AgCl precipitate was 6 milli- 
grams. ‘The surface-area = 8000 cm.’, and hence 

T= 18x 107° grm./em.” 

A repetition of the determination gave 
; ud Nae 2ox10’; 

so that the mean value is 

1 Oe LO). orm. /orm,? 

Hence 
r = TQ tlq = 5°59 x 10° grm./em.? 

(ee BS 
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Calculation of the Adsorption of CuCl, :— 

The following table gives the value of the tension 
(corrected for density of the solution) at different concen- 
trations :— 

Hydrocarbon-Oil and CuCl. 

t . i Concentration Pipette | Tension | 
bpd oust | Drop-number. «in dynes/em. 

135 | o2 

0: ae 140 49-9 
| 0:025 143 48°9 

| Ye 147 478 
| 154 45'8 | 

These values are it I ie: 3 
For a solution of concentration M/50 

—— . ¢ ea 2 ¢ = 0:0027 grm./em.?, 

PL a8. 
de 

_ 84x 107 
io 51 

Where 51 is the molecular weight at this 
concentration as determined by Biltz *. 

=o ApS. 

Hence 
c dao 

RT de 
ieee bound) = 5°5.x 10° orm./em.’ 

= 40x 107° gram CuCl, per em.2, 

We have here once more inequality between observed and 
calculated values. It should be noted that it is the experi- 
mental value of T' which is always the greater, and there are 
indications that the cation is adsorbed in somewhat greater 
quantity than the chemical equivalent of the anion. 

Further determinations with other electrolytes must be 
undertaken before one could definitely state whether this 
important fact—the separation of the ions—takes place or not. 

Before going on to discuss in more detail, however, the 
data already given, the experiments carried out with non- 
electrolytes will first be briefly recorded. 

* Biltz, Zeit. Phys. Chem. vol. xl. p. 199 (1901). 
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THE ADSORPTION OF Non-ELECYTROLYTES. 

The chief difficulty at the outset with regard to almost all 
non-electrolytes is their small solubility in water. It is not 
easy, therefore, to draw a comparison between the tension 
effects produced by these bodies and the effects produced 
by electrolytes. Altogether seventeen non-electrolytes were 
examined as regards their influence on the interfacial tension. 
Two of these—aniline and p-nitrosodimethylaniline—were 
found to be soluble in the oil, and to this is probably due 
their comparatively marked effects on the tension *. 

The following table (p. 481) contains the values obtained 
from the various substances examined. 

The value obtained for cane-sugar is worthy of note. 
The lowering effect is small, although a more concentrated 
solution was employed than in the case of any other substance. 
The result is in agreement with that observed at the air- 
surface, in which case the presence of cane-sugar has no 
appreciable effect. 

In the case of all these substances (except iodine which 
was practically without effect) there is a lowering of tension 
at the interface which on Gibbs’s theory must be accom- 
panied by adsorption. The same general rule, therefore, as 
regards the effect at the oil-surface seems to hold for non- 
electrolytes as for electrolytes. 

* The Tension between two partially miscible phases. 

The Laplace theory of capillarity shows that the work required to 
form unit area of interface between two liquids A and B is given by the 
expression 

3 (¢,—Px)"|, zp (z)dz=Cyn, 

where p, and p,=the densities of the liquids A and B respectively and 
the integral is supposed constant for all substances. This expression 
leads to the following relationship :— 

Von =M Oyo tNV ogy 

which has not been verified by experiment, but shows in a general way 
what takes place at the surface. Lord Rayleigh has on this hypothesis 
calculated the effect of making the transition gradual between A and B 
by the interposition of » liquids whose densities are in arithmetical 
series, in which case it is shown that the energy due to surface-tension 
is reduced to (n+1) of its original value. Hence any diminution in the 
abruptness will diminish the energy due to surface-tension. The solu- 
bility of the aniline in the oil causes the diminution in abruptness, and 
consequently we tind very marked lowering of tension. 
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TasBLe IV. 

Interfacial Tension: oil-solution. 

Cerennces Per cent. Molar Relative 
Concentration. | Concentration. Tension. 

VTS oy ode de RSS A eae aa Se 1:00 

Ce cre tia) alte taicle galactessione 0°035 | 465 slightly >1-00 

PEVyurOguiImone :....c....6.... 10 ff a Ow 

I ORYGHA CEO cc ceieCrenisnsienc nae O-1 5 0:97 

WEG Een a ee ee | 0°8 : 0°97 

Diphenylthiourea............ <01 das 0:96 

WS Ci ie ae | 1:0 = 0:96 

Sree alos. cel kd 0:94 

cio) CL os see | 0-1 S 0-94 

| Mercuric cyanide............ 10 & 0-91 

| Pee cAimothylanitine.| <=01 er 0-89 

Cane-sugar ...........-.-+05,| 6:0 : 0°83 

| POY CORNED, ().:sasacsecccsicens | 1:0 os 0-82 

Bihyhacetate / .:...04. dc | 36 2 070 

(GHEE TVs, aL a i eo | 1-0 i 0-71 

HEY cic fode sefibecl, .)), 3:0 x 0-63 

The Anomalous Behaviour of Saponin. 

Saponin is a non-electrolyte whose aqueous solutions are 
characterized by foaming, thus pointing to considerable 
lowering of tension*. It has also been noticed that bubbles 
blown with saponin solution appear to gelatinize, so that 
when once fermed they show a crinkled appearance on con- 
traction. Solutions of this substance showed the following 
effects at the oil-water interface. On increasing the concen- 
tration, there was first of all a rise of tension reaching a 
maximum at about 0:005 per cent. This was followed by a 
rapid fall and at 0°025 per cent. a slower fall to 0-05 per cent., 
beyond which the tension remained constant. Measurements 
were taken up to 0°4 per cent., at which point streaming 

* See a paper bearing upon this sukject by S. A. Shorter, Phil. Mag. 
vol. xi. p. 317 (1906). 

Plul. Mag. S. 6. Vol. 17. Nov 100. April 1909." 2 L 
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effects began to be observable, so that no further readings 
could be taken. These peculiarities are shown in fig. 5. 

0 0:05 Ol 0°15 02 0°25 03 0°35 0-4 
Grams of Saponin in 100 c.c. of solution. 

It seems probable that the gelatinizing effects which have 
been observed at the air-surface are also effective at the oil- 
interface. Hxperiments were carried out to test whether the 
substance was soluble in the oi!. It was found to be 
insoluble. 

Of the substances enumerated in Table III., it will be seen 
that caffeine shows the most marked effects in proportion to. 
its concentration. It was therefore selected as a suitable 
substance wherewith to carry out adsorption determinations. 

ay NN, Sees Bt 
Determination of oA for Caffeme. 

The material was obtained from Kahlbaum. Its molecular 
weight was determined by lowering of the freezing-point of 
water, and was found to be in agreement with the formula . 
(weight 194). The substance employed is the monohydrate 
and crystallizes from water in long needles. That caffeine is 
a good example of a non-electrolyte follows from the value 
for its dissociation constant determined by Wood *, namely, 
A x 10-4, which is of the same order as the constant for water. 

The sample of caffeine was first tested, as in previous cases, 
for any solubility in the oil. The same drop-number was 
obtained with the oil filtered from caffeine as for the oil fresh 
from the stock. Caffeine is therefore insoluble in hydro- 
carbon oil. 

* Wood, Journ. Chem. Soe. vol. lxxxix. p. 1844 (1906). 
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The following table (Table V.) contains the determinations 
of the interfacial tension for caffeine solutions of different 
concentrations, the tension being measured by the drop- 
pipette. It will be noted that this oil is not quite identical 
with that previously employed. é 

TABLE V. 

Per cent. | 
| Concentration Drop- Relative | Tension in 
of Anhydrous | number. | Tension. | dynes/cm. 

Caffeine. 

i | 

| 0 146 1:G00 48 

0-046 155 Fa, De 458 

0:092 158 0-924 44-4 

O11 161 0-907 455 

0°229 171 0-853 40°9 

0-457 184 0-793 38'1 

1 

| 0-915 | 201 | 0°726 34:8 

The interfacial tension is plotted against concentration, 

Fig. 6. 

0 Oy) OR AG No os foo 6) on) CURT WES This 
Grams of anhydrous Caffeine in 100 c.c. of solution. 

giving the curve on fig. 6. The tangent to the curve gives 
d : 

the value of ve at the desired concentration. 

de 212 
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Calculation of the Adsorption Coefficient :— 
As before, the expression for the adsorption is 

ce do 

RFeer Eta 
For a solution of concentration 0-114 per cent. (anhydrous) 

caffeine the right-hand side of this expression has the follow- 
ing numerical value :— 

e = 0°114 per cent.=0-00114 grm./c.c., 

2x42 x 107 
ene 2S 

T = 288" abs: 

do 3 dynes/cm. 
de 0°00114 grm./e.c.° 

ce do 

RT de 

It will be noted that this value is approximately of the 
same order as the similarly calculated values for previous 
substances. The substitution of a non-electrolyte for a 
simple inorganic salt does not seem therefore to have any 
marked effect on the theoretical value for the adsorption 
coefficient. It would seem, therefore, that in both cases we 
are dealing with a factor of the same magnitude as regards 

da 
de It 

will be remembered, however, that the results obtained in 
previous cases pointed to the existence of certain discrep- 
ancies between observed and calculated values of T. It is of 
particular interest, therefore, to attempt to measure I’ directly 
for caffeine, since in this case there is no possibility of sepa- 
ration of ions. 

R= 

= 2-4 x10-° orm./em.? 

its effect on the tension and the consequent value of 

Determination of T for Caffeine in Aqueous Solution. 

The emulsion method* was employed in these deter- 
mination. 

Solutions of caffeine approximately 0°125 per cent. were 
prepared, and 500 c.c. shaken in steamed-out glass vessels 
for three days with about 1-2 c.c. of oil. The resulting 
emulsions were very uniform under the microscope, the 
average diameter of the particles being 6x10->cm. It is 
worthy of note that this is of the same order as the average 
diameter of the particles in the previous cases. 

* See previous paper. 
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The results of two emulsion experiments are given 
beiow :— 

Caffeine solution (approx. 0°125 per cent.). 

| Drop-number | Drop-number | 4. of 
==xperunent before after 5 ae 

HO. emulsification. | emulsification. ge aa 

Bee ee. | 160 | 160, 1603 87,130 cm.2 

eee fo ee 160, 1602 1603, 1602 | 127,310 em2 

The results show that there was no readable difference in 
the concentration of the solution before and after emulsification— 
the difference being a small fraction of a drop. Special experi- 
ments were undertaken to determine the accuracy of the 
readings made with the pipette, and it was found that fora 
small drop-number such as 160 the readings were reproduc- 
able to within about 4th of a drop. 

No very reliable quantitative relations can therefore be 
obtained from these determinations, as we are evidently 
dealing with a very small change in concentration, 7. ¢., a 
very small adsorption. The important feature is this—that 
the calculated value of T (viz. 10-8 grm./em.?) would also 
correspond to a small fraction of a drop as indicating 
concentration change; while a value for T° of the order 
obtained in the case of sod. glycocholate and ihe dyes 
(viz. 10-® grm./em.?) would have been indicated by a 
change of 4—5 drops, which would of course have been 
perfectly readable. These experiments therefore show that 
caffeine is very much less adsorbed than sodium glycocholate, 
Congo red, or methyl orange. 

Itis perhaps going beyond the limits of accuracy warranted 
by the drop-pipette method to make an approximate calcu- 
lation of the [ from the data given above. Taking the 
second experiment, the change in concentration corresponds 
to about 3th of a drop. ‘This is only approximate, and in all 
probability would give a maximum value for I. From a 
curve * obtained by plotting the drop-numbers against con- 
centrations given in Table IV. it is found that 3th of a drop 
corresponds toa change in concentration of 0°00094 per cent., 
and hence the total amount of caffeine removed from the 
500 ¢.c. emulsified is 0°0047 gram. The total adsorbing 
surface is 127310 cm.?, hence 

P =a 0 orm,./em.’, 
T calculated = 2:4 x 10-8 grm./cm.? 

* The curve is a straight line between drop-numbers 155-200. A 
fraction of a drop can therefore be read fairly accurately. 
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An attempt was at once made to increase the adsorbing 
area in order to get more trustworthy data. It was found, 
however, that the limit had almost been reached in the case 
of the second emulsion—only a little more than 2 e.c. of oil 
can be emulsified by 500 c.c. of caffeine solution of 0-1 per 
cent. concentration. The method is therefore limited in this 
direction. A further attempt at more accurate measurement 
was made by employing a pipette of much larger oil-capacity 
(about 500 ¢.c). The drop-number against water was 2042, 
in place of 146 in the case of the smaller pipette. The 
drop-number against a solution of 0°1 per cent. concentra- 
tion was 2383. One result was obtained in which the change 
of concentration before and after emulsification amounted to 
5 drops, which corresponded to 3°5 x 10-® gorm./em., but on 
attempting to reproduce these values quite variable results 
were obtained, owing to the change in wetting of the pipette 
during the long course (over two hours) of a single deter- 
mination. ; 

It appears probable from the foregoing attempts to measure 
I’ in the case of caffeine, that we are dealing with a quantity 
too small to be determined with accuracy by the method 
hitherto pursued. It may be possible by employing, for 
example, colloidal mercury instead of the oil to determine 
the caffeine adsorption at a mercury surface with accuracy. 

Behaviour of Sodium Glycocholate and Caffeine in contact 
with Charcoal. 

In view of the considerable difference between the values for the 
adsorption of these two substances at the oil-surface, it was of interest to 
compare the results obtained with charcoal. The material was the same 
as that employed by Freundlich—namely, Merck’s hlood-charcoal 
purified by acid. Freundlich has observed that the further washing of 
this material does not affect the result of the adsorption determinations, 
and this was confirmed in the present instance by the fact that there was 
not the slightest change in the oil-water tension in the case of distilled 
water which had been shaken up with a quantity of charcoal. 

Adsorption of Sodium Glycocholate :— 
600 c.c. of a solution 0°3 per cent. concentration were treated with one — 

gram of charcoal, and the decrease in bulk-concentration cf the solute 
amounted to 0°125 per cent. The change in concentration was measured 
by means of the change in value of the oil-solution tension as given by 
the drop-pipette. The drop-difference (before and after) was 47. 

Hence 1 gram charcoal adsorbs from a 0°53 per cent. solution 
0°625 gram sodium glycocholate. 

Adsorption of Caffeine :— 
500 c.c. of solution 0:218 per cent. concentration (7. e., approximately 

equimolar with the sodium glycocholate solution) brought into contact 
with one gram of charcoal gives a drop-difference of 10, which corre- 
sponds on the caffeine curve to a change in concentration of 0108 per 
cent. 
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Hence 1 gram charcoal adsorbs from a 0-218 per cent. solution 
0:524 eram of caffeine. 

It will be noted that the behaviour of caffeine and sodium eglycocholate 
towards charcoal and oil is very different. In contact with charcoal 
there appears to be no very marked difference as regards the magnitude 
of the adsorption for both substances. Possibly this may be due to 
oxidation of the caffeine by means of the oxygen adsorbed on the 
charcoal surface. 

Calculation of the Range of the Concentration Hfects 
at the Oil-surface. 

Consider the case of an infinite mass of solution (of a non- 
electrolyte in water) whose bulk-concentration is ¢, and 
surface-concentration.c,;. Suppose one gram-mole of solute 
transferred from the bulk into the surface-layer. The osmotic 
work done is 7 : 

RT log Cg 
Cy} : 

There is a corresponding decrease in the surface energ 
due to adsorption of the solute given by 

__ de e 

its? 

and equating these two expressions, 

Ue ex ao 
RT log aaa | ka 

Uxperimental case :— 
if we assume that the solution of caffeine obeys in all 

probability Gibbs’s expression for surface-condensation, from 
fod data previously given we may construct the following 
table :— 

, Aqueous solution of Caffeine at 15° C. 

| Per cent. : T calculated from 
_Bulk-concentration | . Tension Gibbs’s equation 
| (anhydrous). | in dynes/em. in grm./em.2 

0-0 my ies 0:0 
0-046 Ph 458 1:2x1075 

| 0-092 44-4 LeU hy: 
| 0-114 Pl 435 ee leo ee 

0-229 ARES liad Se: ed | 
0-457 Be, 0 Saba lige eee os 
0-915 | 34:8 Paes Bs 
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The tension was plotted against I’, and the tangent to the 
curve taken at the point corresponding to a bulk-concentration 
0°114 per cent. The tangent gives 

do _ 7°25 ergs/cem.? 
dl’ 1x 10- gram-moles/em.? 

At this point 

TY = 2x 10-° grm./em.? = 1 x 10-° gram-moles/em.? 

= 7°25 1 

The equation therefore becomes 

10 
log ¢g = log,c+ ite a ; 

logio Co = logio 0: 0064 + 0: 044 

= — 271498. 

“. ¢, =0°0071 gram-moles per litre 

= 0:00138 grm./c.c. 

Now if D is the range through which the surface-concen- 
tration effects are practically complete, it follows that the 
average concentration in the surface-layer is given by the 

expression 

or D= 

and on substituting the values obtained above it is found that 

D414 x 10-8 cm. 

It is evident that we have here obtained a value for the 
‘range of molecular action,” as may be seen by comparing 

it with other estimates of the same quantity. . 

) Method. 

Quineko) 23. .si.t-5 5x10 °em. “W edge method.” 

Reinold & Ricker, 12x107° Limiting thickness of soap film. 

Wiener i2.,.ghe . 1-2x107° _ Effect on phase of reflected light. 

Plateaw | iyce-secsos 114x10-° Limiting thickness of glycerine film. 

Drude et see ) Lax ia, 4 te soap film. 

Parks (east a | 13410” Wetting of powders. 
Johonnot: ......... from 0~°to10~° Soap film. 
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Discussion oF RESULTS. 

The conclusions to which the foregoing experiments point 
are :— 

(1) Caffeine in aqueous solution, in all probability obeys 
Gibbs’s law quantitatively. 

(2) Ordinary inorganic salts—Potassium chloride, Silver 
nitrate, Barium chloride, and Copper chloride—are 
adsorbed in quantities which are of the same order 
as the Gibbs’s calculated effect, though the experi- 
mentally found values are in all cases greater than 
the calculated. Caustic soda shows a more marked 
discrepancy between calculated and observed values. 

(3) Complex organic salts—Sodium glycocholate, Sodium 
oleate *, Congo red, and Methyl orange—show a 
very large discrepancy between observed and calcu- 
lated values. The first thing is therefore to consider 
the various possibilities of accounting for this large 
discrepancy. 

The Adsorption of Sodium glycocholate, §c. 

First, can the excess exhibited by these substances be 
explained by an extension of the capillary theory ? 

The expression 

Be ae 
RT de 

is deduced on the assumption that we are dealing with one 
component only which suffers surface-concentration, i. e., the 
solute. Since the above-mentioned substances are salts, they 
will be dissociated, and almost entirely so, at the dilution 
worked with. Milner +, in deducing the Gibbs’s expression, 
has allowed for dissociation by the introduction of 
yan *t Hoff’s factor (7) thus: 

ce do 

= iRTde 
This is, however, really the expression employed in the 

foregoing experiments, since in all cases for the evaluation 
of R (the gas constant) the molecular weight of the solute in 

* Reference will be made later to this substance. 
+ Milner, Phil. Mag., Jan. 1907. 
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solution has been employed. By simply making this allow- 
ance for dissociation, therefore, the discrepancy between 
observed and calculated values for adsorption is still very 
marked—as a matter of fact, such a correction acts in the 
opposite direction. 

The next possible explanation may lie in incorrectness in 
the assumption (which has been made throughout) that the 
water suffers no surface density-change. 

It is very probable that water has not quite the same 
density in the surface-film as in the bulk of the liquid. 
Evidence for this is to be found in the phenomenon of 
heat evolution observed by Parks and others, when water 
is poured upon finely-divided powders of silica, quartz, 
glass, &c.,i where chemical action is of course excluded. 
Also one must not overlook the fact that in the adsorption of 
sodium glycocholate and the dyes we are dealing with surface- 
‘concentrations far exceeding the ordinarily accepted values 
‘for their solubility. Of course in using the term “ solubility” 
we assume that the surface-layer water possesses the same 
properties as water in bulk. For a: solution of sodium 
glycocholate of 0:25 per cent. bulk concentration, [ was 
found to be 5x10-® grm./cm.? The value of the range 
through which the surface-concentration is sensibly different 
from the bulk has beenshown tobe approximately 14 x 10-®em. 
Hence the average surface-concentration is 0°37 gram per 
c.c. or 37 per cent., while the ordinarily accepted value for 
the solubility of sodium glycocholate is 3°9 per cent. There 
was, however, no visible colour change on the oil surface 
due to any precipitation. 

Again, methyl orange* showed an adsorption for which 
T'=5'5 x 10-®, whence the average concentration is 39 per 
cent. The actual solubility is only 0-078 per cent. 

The substances therefore which have shown very great 
discrepancies as regards Gibbs’s theory are those whose surface 
concentration greatly exceeds their solubility in the solvent- 
For the other substances examined, viz. caffeine and the 
inorganic salts, 7 no case is the ordinary solubility exceeded, 
and the adsorption of these substances is in much closer 
agreement with theory. Thus the sarface-concentration of 
caffeine was found to be 0:26 per cent., while its solubility 
at ordinary temperature is 1°35 per cent. Tor silver nitrate 
the surface-concentration was approximately 0°28 per cent., 
while its solubility is 122 per cent. at 0° C. Similarly for 
potassium chloride, barium chloride, and copper chloride. 

* See previous paper, Z. c. 
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Another possibility however presents itself—namely, the 
existence of some electrical effect, such as an electrostatic 

@ the discrepancy, since sodium glycocholate 
and the dy es are electrolytes. If this were so, one would 
also expect somewhat of the same order of discrepancy 
manifesting itself in the case of the ordinary inorganic salts. 
Such does not take place. Caustic soda alone has marked 
effects, and shows an adsorption 20 times greater than the 
calculated. ‘The other substances generally show a discre- 
pancy of about 5 to 8 times. To whatever cause this smaller 
discrepancy is due, itis unlikely that the same reason is to be 
assigned to the very much larger discrepancies observed for 
sodium glycocholate. 

The only other possible means, apparently, of explaining 
the want of agreement is on the assumption that we are 
dealing with some irreversible phenomenon of the nature of 
gelatinization upon the oil surface. The fact of the surface- 
concentration being much greater than the ordinarily accepted 
value for the solubility, is in agreement with this view. It 
should be pointed out, however, that the overstepping of the 
solubility limit does not seem to be essential to gelatinization, 
as will be seen by referring to the determinations carried out 
with saponin. The solubility of this substance is great ; 
according to Beilstein it is completely miscible with water, 
and although this cannot actually be the case, the constancy 
of the tension at comparatively dilute solutions cannot be 
explained by the solubility having been reached. This isa 
very striking case showing the sensitiveness of the tension 

2) 

to gelatinizing effects. The hypothesis of gelatinization has 
been put forward by Milner* to explain the behaviour of 
sodium oleate, although in this case the tension curve was 
‘continuous and quite Saitkilay to the sodium-glycocholate curve. 

From some unpublished experiments by Mr. H. H. Potts in 
this Laboratory, it was found that sodium oleate showed an 
adsorption at the oil surface, the magnitude of which was of 
the order 10° orm./cm.’, while the calcalated was of the 
order 10-° orm./em.”, that is to say a discrepancy very 
similar to sodium glycocholate. 

Mention may also be made that Freundlich and Losev + 
have found that certain dyestuffs produced amorphous pre- 
cipitates on the charcoal surface during adsorption deter- 
minations. This was an irreversible process (the precipitates 
‘being insoluble in water), and as such might be considered 
‘as analogous to gelatinization. 

* Loc. ett. 
+ Freundlich and Losev, Zeit. Phys. Chem. vol. lix. p. 284 (1907). 
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It is possible, therefore, that some irreversible effect of 
the nature of gelatinization is the real cause of the discre- 
pancy between observed and calculated values in the adsorption 
of sodium glycocholate, Congo red, and methyl-orange. 

The Adsorption of Inorganic Salts from Aqueous 
Solution. 

It has already been pointed out that for certain purely 
inorganic salts, discrepancies are found between observed and 
calculated values of the adsorption, but that the existence of 
these discrepancies might be considered as not quite proved 
owing to possibility of great experimental error. On the 
whole, however, it is believed that there really does exist a 
small discrepancy which requires explanation. Attention 
might be drawn to the fact that in the cases measured the 
metal, 2. e. the cation, shows an excess, while in the case of 
potassium chloride, and possibly also in barium chloride, the 
chlorine (the anion) is much nearer to the calculated value. 
This at once suggests some separation of ions, that is partial 
selective adsorption due to some electrical effect. The value, 
however, for the adsorption of the chlorine in copper 
chloride is scarcely in accord with the preceding statement. 
Granting that there is a tendency for selective ionic ad- 
sorption, it is evident that the phenomenon cannot be com- 
pletely covered by Gibbs’s capillary expression, in the 
deduction of which no allowance is made for any such 
ionic separation. Of course for non-electrolytes, where no 
ionic separation is possible, Gibbs’s expression ought to 
hold quite readily, and experiment confirms this, although 
the determinations are unfortunately of a more qualitative 
character than one could wish. In electrolytes, the sepa- 
ration of cation from anion may possibly be regarded as 
local electrolysis at the surface of the oil—that in fact we 
are dealing with a cell of small dimensions the poles of 
which are the two homogeneous masses, and the hetero- 
geneous layer separating the masses functions as the “ elec- 
trolytic medium.” If this is so, we must treat the question 
as one of electrolytic conduction, but first of all it must be 
shown that there exists an electrical potential- difference 
between the electrodes, 7. e. between the oil and the water. 
Owing to the non-conducting nature of the oil one cannot 
employ the usual methods, but by emulsifying the oil (2. e. 
converting it into small particles suspended in water) and 
placing the emulsion in an electrostatic field, it can be: 
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observed whether any motion of the particles takes place or 

not. This was done experimentally as follows :— 

A simple Nernst form of U-tube, identical with that em- 

ployed by Burton *, having a vertical capillary tube affixed 

at the bend through which water slowly runs so as to form 

a definite surface of separation (in both limbs) between the 

water and the oil-water emulsion, is fitted with platinum 

electrodes dipping into the emulsion. A potential-difference 

of 230 volts was maintained between the electrodes, and the 

movement of the emulsion-water boundary down in one 

limb and up in the other was read off on a scale 

attached to the vessel. Jt was found that the particles 

moved towards the anode, being therefore negatively charged. 

The velocity of the particles was 4°3 x 10~* cm./sec. under 

a gradient of 1 volt/em. 

Burtont+ has deduced an expression for the potential 

existing between the particles of colloidal metals and the 

water in which they are suspended, viz.: 

ey 

ee x” 

where V is the p.d. required (in electrostatic units); 
K is the specific inductive capacity of the 

medium; 
7 is the viscosity of the medium; 

~ is the velocity of the particles under (elec- 
« trostatic) unit potential gradient, 
X being the p.d. maintained between the poles. 

Applying this to the present case of oil suspended in 
water, we obtain 

V=0:00048 electrostatic unit, 

or 0°15 volt. 

There is thus quite a measurable potential existing between 
the oil and water; and in considering the adsorption of 
electrolytes we must not overlook this fact. It may be 
mentioned, in passing, that the above value for the potential 
is quite of the same order as that obtained by Burton for 
various colloidal metals. 

Since the oil has been shown to be negatively charged, 
one would not be surprised, speaking generally, that the 
cation should be selectively adsorbed. 

* Burton, Phil. Mag. ii, p. 454 (1906). 
+ Burton, loc, cit, 

y 
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SUMMARY. 
(1) The adsorption of various substances on a hydrocarbon- 

oil surface has been measured. The results are 
collected in the following table :— 

On Gibbs’s Theory of Surface-Concentration. 

Substance. 

Sodium glycocholate. .| 

Adsorption per cm.” of the substance assumed to be 
in the form of wndissociated salt or in chemically 

equivalent ionic proportions. 

Found value. Calculated value. 

5X 10-6 erm./em.? 7X10-8 grm./em.? 

Congo-red st cae ee 3°7 x 10—6 TUX Loar 

Methyl-orange .......... 55x 10—6 T2400 a 

Sodium oleate ......... 10-6 10-8 

@austic soda \o.s..0-4.e0 Loxlo=t 75x 10-9 

Caffeines, se ckineuremanael atx lO=8 2-4 10-8 

| Adsorption of cation per on? Adsorption of anion per cm.? 

Substance. Found Caleulated | Found | Calculated 

value. value. value. value. 

ceenaae ema, em grin. re “ea vik 

Silver nitrate ...... Pipeline a VA x 10-9) II, \.. ooteeeae 2°3x 10-9 

Potassium chloride.) 5 x10—§ Lix10-9 10-9 1610-9 

Barium chloride ...) 0... 3x10-9 (nots 10-8 16x 10-9 

Copper chloride 35x 10-8 210-9 | 210-8 210-9 
| 

(2) The large discrepancy between observed and ecaleulated 
values for the first four substances is possibly due to 
celatinization upon the oil-surface. 

(3) Caffeine obeys Gibbs’s law within the limits of experi- 
mental error. . 

(4) There is evidence of slight selective adsorption, the 
cation more than the anion, probably due to elec- 
trical effects, since the oil is shown to be negatively 
charged, the potential-difterence between the oil and 
water being approximately 0°05 volt, 

In conclusion, I gladly take this opportunity of expressing 
my gratitude to Professor F. G. Donnan for his advice and 
assistance in this work. 



XLIV. Historical Note on the Discovery of the 
Ultra-microscopie Method. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

T is essential that, when the work of earlier investigators 
is found to have anticipated the “ discoveries ” of later 

workers, due justice be done to the former. That is the 
reason why I venture to draw the attention of the readers of 
the Philosophical Magazine to the forgotten pages of the 
“Indian Engineering,’ a weekly journal, in the numbers for 
April 7th, 14th, and 21st, 1888, of which were published 
three papers by Mr. G. Dubern. In these papers was de- 
scribed a method devised by him for observing and studying 
the properties of particles too small to be visible under 
microscopes even of the highest powers, when used with the 
ordinary arrangements for illumination. The method briefly 
described was the following :—The particles were held on a 
glass plate under a microscope ; a powerful beam of con- 
vergent light entered the glass plate obliquely through a_ 
polished slant-end-surface, and being incident at an angle 
greater than the critical angle on the surface of the plate, 
suffered a series of total internal reflexions inside the glass 
plate. Under these circumstances, the ultra-microscopic 
particles appeared as tiny bright specks on a dark field. 
Mr. G. Dubern’s arrangement is identical in all particulars 
with Mr. Cotton’s modification of the ultra-microscopic 
method of Siedentopf and Szigmondy, and a comparison 
between the figures illustrating Mr. Dubern’s arrangement 
in the ‘Indian Engineering,’ and fig. 306 on page “491 of 
Prof. Wood’s ‘ Opties,’ representing Mr. Cotton’s apparatus, 
will convince even the sceptical that Mr. Dubern’s apparatus 
is fully entitled to the name “ Ultra-microscope,” and that 
he must be regarded as haying more or less completely 
anticipated Siedentopf and Szigmondy. 

I have the honour to be, Gentlemen, 

Your most obedient Servant, 

oo C. V. Raman. 
Science Association Laboratory, 

Calcutta, 17th December, 1908. 
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XLV. A Laboratory Machine for Applying Bending and 
» Twisting Moments simultaneously. By Professor E. G. 

Coker, M.A., D.Sc., of the City and Guilds of London 
Technical College, Finsbury *. 

[Plates XI. & XILJ 
A PPARATUS for applying simple tension or compression 

stresses, and also for applying bending or twisting 
moments to materials, are in common use in laboratories, 
but such machines are, as a rule, not very well adapted for 
experiments on combined stresses, although the frequency of 
such cases in practice make it very desirable that experiments 
on the effects of combinations of stresses should be carried 
out by engineering students. This is particularly the case 
with shafts which are generally subjected to stresses due to 
combined bending and twisting moments. The present paper 
describes a machine built by students of the City and Guilds 
Technical College, Finsbury, in which uniform bending and 
twisting moments can be applied simultaneously over the 
whole length of the specimen, and in any desired proportion 
to each other. 

The machine is similar to one designed by the author for 
the testing laboratory at McGill University, Montreal, but 
with some modifications suggested by experience with the 
earlier machine. ‘The principle on which the design is based 
is illustrated by fig. 1 (Pl. XI.), in which a rod R is suspended 
at intermediate points A, B, by wires C, D, depending from 
a fixed support E. The equal overhanging ends of the rod 
are loaded by weights W, so that the applied couple between 
the points of support is uniform and of amount Wa, where 
ais the length of the lever-arm. The rod is also twisted by 
weights W, attached to equal arms of length 0, so that there 
is a uniform twisting moment of amount W, between the 
points of suspension. The two systems of loading are 
independent and their ratio can be adjusted to any value 
desired. , 

In carrying out this arrangement in practice it is con 
venient to arrange that one otf the levers for applying the 
twisting moment shall always remain in a horizontal position, 
and that the other shall be capable of turning through an 
arc to bring the first lever back to zero after each application 
ot the load. The most convenient way of carrying this out 
is to replace the adjustable lever by a worm and worm-wheel 
gear secured in a casing and turned by a hand-wheel. To 
allow freedom for bending the worm-wheel casing must be 

* Communicated by the Physical Society: read February 26, 1909. 
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pivoted to rotate around a line intersecting the axis of the 
specimen and perpendicular thereto, and this method of 
pivoting must also be adopted at the horizontal lever. This 
arrangement only differs from that of the perfectly freelv 
suspended arrangement shown by fig. 1 (Pl. XI.) infixing one 
point of the rod, and this has the indirect advantage of stilling 
vibration which is troublesome in the freely suspended bar. 

The arrangement described above is carried into effect in 
the manner indicated by figs. 2, 3,4, and 5, showing the 
apparatus in side elevation, end elevations, and plan 
respectively. 

‘he various parts are supported in a built up frame con- 
sisting of two planished steel shafts, A secured in cast-iron 
cross frames, B mounted on four standards, one of which 
latter is adjustable in height to secure steadiness on an uneven 
floor. Upon the steel shafts are two castings ©, D, each of 
which has a eylindrical bearing E encircling one of the 
shafts and resting with a flat face F in line contact with the 
other shaft, and secured in position by a cross-bar G threaded 
on studs. This connexion is perfectly rigid, since it removes 
all degrees of freedom and it is readily released by simply 
turning back one of the cross-bar nuts, leaving the casting 
free to slide into a new position. It also has the advantage 
that no accurate fitting is required for the supporting frame. 
The casting C carrying the worm-wheel gear W has trunnion 
bearings H at right angles to and intersecting the axis of 
the specimen. ‘The bearings are fitted with friction rollers, 
and when the machine is used simply for torsion the worm- 
wheel is kept in a vertical position by an arm I keyed to the 
bearing H and locked in position by a thumb-screw. A 
weight J attached by an arm to the second bearing balances 
the pivoted casing in all positions. 

The weigh levers are supported from a vertical standard 
K of the frame D by a wire L, terminating in a thin plate 
M with a keyhole slot encircling the spindle N. Formerly 
a roller bearing was used for this spindle, but this is an 
unnessary refinement as the friction is extremely small, and 
can be easily taken into account. The casting supported in 
this way has three levers, P, Q, and R, the first two of which 
are for the application of twisting moments 8, and the third 
R, in the line of the specimen, is for applying a bending 
moment. 

All the loading levers are provided with knife-edges 8, 
fig. 6, of circular form, made by turning an ordinary Whit- 
worth nut down to form a disk witha V-shaped edge. These 
disks carry rings T with wide angled V-shaped recesses on 

Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. 2M 



498 Prof. E. G. Coker on a Machine for applying 

the inner sides, and light rods V screwed into these rings 
carry the weights. This arrangement of knife-edge is very 
easy to adjust accurately, and when bending and twisting 

‘stresses are applied simultaneously the rolling line contact 
adjusts itself to the bending and twisting of the specimen. 
The bending of the specimen causes a change in the effective 
arm of the bending levers, which is generally negligible, but 
a correction may be necessary with a very long specimen. 
For if a is the length of the lever-arm and 0 is the radius of 
the circular knife-edge, an angular deviation of amount @ 
will cause a change of a—(acos@+/sin @) in the lever-. 
arm, and this is zero when @=0 and also when a=a cos @ 
+b sin 0. 

In the machine described a is 10 inches and 6 is 0°5 inches, 
and the angles @=0 and @=5°75 both correspond to an 
effective length of 10 inches. The maximum correction 
between these values is easily shown to be at an angle 0 
given by the equation cos @=a sin @, in the present case 
2°-9 approximately, for which value the correction is 0°12 
per cent. For values of @ greater than 6° the correction 
increases more rapidly, and its amount may be obtained from 
the diagram, fig. 7, which shows the percentage error for all 
angles up to 10°. In the majority of tests the angular change: 
at the ends rarely exceeds 5°, and the correction is therefore 
so very small as to be practically negligible. 

The worm-wheel W and the casting V for the weigh- 
levers are bored out to receive the ends of the specimen, and 
are provided with fixed keys which slide in corresponding 
key-ways cut in the specimen. When tubes are subjected to: 
stress they are provided with solid ends secured by transverse 
pins, thereby avoiding brazed joints since these latter are: 

troublesome owing to the state of the metal being altered. 
by the brazing. ‘The end of the specimen projecting through 
the worm-wheel is fitted with a lever X for applying 
bending moment, and both levers for bending may be loaded. 
independently or by a cross-bar suspended from stirrups as. 
shown in fig. 2. 
A photograph of the machine is shown by fig. 8 (Pl. XII.) 

with a specimen inserted which has failed under the combined: 
effect of bending moment and twisting moments. 

Measurement of the Strains. 

The worm-wheel is graduated in degrees and a vernier 
circle enables 0:1 of a degree to be read with ease, while in 
order to start with a zero reading this vernier is carried on a 
ring sliding in a groove in the casing so that it can be. 
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adjusted to any angular position. This arrangement measures 
the twist on the whole specimen, and includes any motion 
due to back-lash in the keys and keyways during a test, it 
is therefore only suitable for measurements with long wires 
having substantial ends, and for plastic strains in which the 
end effects are negligible in comparison. 

For observations within the elastic limit the author prefers 
to use an instrument™ which is secured to the specimen and 
is self-contained. 

This instrument was originally designed to measure the 
angle of twist within the elastic limit, and with some recent 
alterations it can be adjusted in a few seconds for measuring 
the angular change due to bending. The calibration of 
the readings is effected on the specimen and serves for both 
bending and twisting. Fig.9 (Pl. XI.) shows the apparatus 
in part longitudinal section. 

It consists of a graduated circle A mounted on the specimen 
B by three screws Cin the chuck-plate D. A sleeve E pro- 
vided with three screws grips the specimen at a fixed distance 
away from the first set. 

The spacing of these two main pieces on the specimen is 
effected by a clamp, not shown in the figure, which grips the 
double cones F, G, and maintains them at the correct distance 
apart, until the set screws are adjusted. 

The clamp is afterwards removed, leaving the plane of the 
graduated circle perpendicular to the axis of the specimen 
and the sleeve correctly set and ready to receive the reading- 
microscope H. 

The vernier plate carries a sliding tube I, on which a wire 
J is mounted, and the movement of this latter due to bending 
or twist is measured by a scale in the eye-piece K, the 
divisions of which are calibrated by reference to the graduated 
circle. It is found convenient to have the microscope-tube 
pivoted about an axis perpendicular to its central line at L, 
so that any slight difference due to imperfect centering can 
be adjusted by the screw M to make the calibration value 
agree for a series of specimens. 

The observation wire may be set at any convenient position 
for calibration, but for observations of the angle of twist 
when the specimen is also subjected to a uniform bending 
moment the wire should be in the central plane perpen- 
dicular to the specimen. For if the bending is in the plane 
containing the axis of the specimen and the observation wire, 
it has the effect of causing new parts of the wire to come 

* “On Instruments for Measuring small Torsional Strains,” Phil. Mag. 
Deceinber 1899. 
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into view on the scale, but no error is caused thereby. If 
the specimen is bent ina plane at right angles to the former, 
then the change in the reading is (@—@)/, where @ and } 
are the alterations of angle at the ends and 2/ is the length 
of the specimen under observation. Since the bending is 
uniform 6=@ and no correction is necessary. Bending in 
any other plane can be resolved into components in the 
vertical and horizontal planes, and therefore falls under the 
preceding cases. In order to effect the adjustment required, 
both the wire and the microscope slide in adjustable tubes 
provided with graduated scales, and the movement to bring 
the wire into focus is divided between them. To check the 
setting of the wire in the central position it is convenient to 
apply a uniform bending moment, and then to observe if any 
change takes place inthe reading. The position for no change 
in the reading can be found in a few seconds. 

In experiments where the bending moment is constant and 
the twisting moment is varied, no adjustment is practically 
required during the elastic life of the specimen; and even 
when the bending moment is variable the adjustment is 
practically negligible, as the length of the specimen under 
test is only a few inches. 

The instrument is used for observations of the angular 
change due to bending by adjusting the wire in the hori- 
zontal plane passing through the axis of the specimen, and 
at a fixed distance away from the central plane, as shown in 
fig. 7. Thus if the wire is ata distance « from the central 
plane, and the specimen is subjected to a uniform bending 
moment, the reading will be (J+ 7)@—(/—x)@=228, and this 
is a measure of the angular change @ between the ends, since 
any correction involves higher powers of 6 which are negligible 
for elastic strains. 

The instrument may therefore be used for measuring strains 
due to bending or twisting, and the single calibration required 
for both sets of readings is effected when the instrument is 
in position on the specimen. ‘ 

With the usual notation the value of Young’s modulus 
can be calculated from the equation El,dy?/dz?=M, trom 
which we obtain EI,@;=M/ for determining E. Similarly the 
rigidity modulus for specimens of circular sections may be 
calculated from the equation C=T//I,6,. The ratio of C to 

E can also be readily obtained from the value a6,/6,, where 
a is an instrument constant: values of Poisson’s ratio may 
be determined in this way without calculating C and E 
separately. As an example, we may take the case of a test 

ee 
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on a steel tube 6 inches long, having an external diameter of 
0°748 inch and a wall-thickness of 0°024 inch. 

The calibration value of the eyepiece scale where referred 
to the graduated circle was found to be 10°35 divisions for 
one minuteof are. The following readings were obtained:— 

Twisting | | 
Moment. ; 

Inch-Pounds. ELE | 
| 

| 

0 prio 
100 | 237 Bee 
200 | 474 —730 
300 Penis oe 
400 929 — 738 | 

and the value of C—12,400,000 in inches and pounds was 
determined from these observations. 

The observation wire was then rotated into a horizontal 
position and set at a distance of one inch from the central 
plane. Bending moments were applied and readings were 
observed as follows :— 

Bending | 
Moment. / Sot 

| Inch-Pounds. | oo 
| 

| 

| 0 | 0 
| 109 | a 

200 | Le a a 
300 MeN ty ot | 
400 Bit gag. 3 sO Es | 
500 | 997 — 58 | 

from which the value of E. was calculated. The angular 
change @2. of one end of the specimen was determined 
from the readings R by the formula R=276:, where z=1 
inch, and account was taken of the fact that the effective 
radius of are was changed from 7, to 7, in the new adjust- 
ment of the instrustment so that the angle 6, must be 
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multiplied by 7,/7.. In this instance 1,/rz was 1°61 and 
E/C=71,/7, . 0;/02=2°485 or E=30,800,000 and Poisson’s 
ratio=°243. ~ | 
A tension-test on a similar piece of tube gave H = 30,700,000. 
In addition to its applications for bending and twisting the 

apparatus may be used for testing a variety of cases of com- 
bined stress if a pump is added to give a fluid pressure in 
the interior of tubes. | 

The accompanying diagram (Pl. XI. fig. 10) shows the 
results of tests to failure of bicycle-tubing when subjected to 
(I.) bending, (II.) twisting, and (II1.) twisting combined with 
a uniform bending moment. 

XLVI. The Viscosity of Water. 

By Ricuarp Hoskine, 6.A. (Camb.).* 

[Plate XIII.] 

1 i my previous experiments on the determination of 
viscosity by the efflux method f, I have always arranged 
to have the rate of flow of liquid in the capillary tube very 
small. The kinetic energy correction in the well-known 
reduction formula was thus always small in comparison with 
the first term. In the present experiments, however, I have 
purposely increased this rate of flow in order to test the 

formula in cases where the kinetic energy correction is much 
greater. The glischrometer used in these experiments was 
of the same form as those previously used by me, but 
the bulbs were larger. It is shown in fig. 1. At a,b, ¢, 
and d, platinum wires are inserted, which are almost touching 
inside the tubes. The capillary C is fitted to the limbs by 
rubber bands. The volume of the bulb R at 0° C. is 
10°2801 ccs., and that of L at the same temperature 
10°3201 ces. Four capillaries were carefully selected for 
separate use in the glischrometer, and their ends were ground 
with fine emery,in a lathe. Their lengths, measured directly 
with callipers, were 5°570, 6°494, 5°408, and 6°456 cms. 
respectively at 0° C., and their radii approximately were 
019, -019, -020, 020 cm. respectively, at 0° C. ‘(The exact 
determination of the equivalent radius of each capillary was 
made at the end of all the experiments. It involved the 
cutting up of the tube and the careful measurement of the 
sections.) Sufficient freshly distilled water was put in to 
fill up the glischrometer from + to e. 

* Communicated by the Author. Read before the Royal Society of 
N.S. Wales, June 3, 1908. 

+ Phil. Mag. March 1900; May 1902; May 1904. 
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The ends A and B were connected to the reservoir of 
compressed air or the outside air by means of three-way 
taps. Measurements of viscosity were taken first with the 
water flowing out of R into L, and secondly with the water 

Fig. 1. 

'B. A| 

~ CENTIMETRES 

on 

OCALE 

flowing in the opposite way, under the pressure of air in the 
reservoir. The average of the two determinations was taken 
as an absolute value of the viscosity. The pressure was 
measured by means of (1) a water manometer 200 cms. long, 
(2) a mercury manometer in cases where the pressure was 
greater than 200 cms. of water. 

To facilitate the reading of the water manometer, a pair 
of small parallel mirrors was attached to each of the arms. 
These were inclined so as to make an angle of 45° with the 

oD 

vertical manometer scale. One was fixed near the centre of 
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the arm, and opposite a telescope; the other could be moved 
along the arm and clamped in front of the water surface. 
When the mirrors had been set, it was thus possible to read 
off the positions of the two water surfaces by means of the 
telescope, at the same instant; for both images were arranged 
to be side by side in the field. The pressures employed 
varied between the limits 100 cms. (water) and 42 cms. 
(mercury). 

The time of flow was in most cases very short, the average 
being about one minute, but in extreme cases it was as low 
as 22 seconds. Special means had to be employed to register 
the time intervals correctly. The chronograph used was 
kindly supplied by the Sydney Observatory. It. consisted 
of two electromagnets side by side. The armatures were 
provided with needles. Paper tape was fed through rollers 
immediately over the needle points at the rate of about 
5 ems. per second. A special spring enabled the needles to 
travel forward a little on piercing the tape, and prevented 
the tearing of the tape. One needle was used for recording 
seconds by direct reference, through electrical contacts, to a 
standard clock. The other needle punctured the tape when 
a key was pressed at the transits of the meniscus in the 
elischrometer at the points @ and 0 in the one case; or at ¢ 
and d in the other. These transits were observed always 
through telescopes. 

The procedure in determining the viscosity was as follows. 
The bath temperature was arranged to be as close to the 
desired temperature as possible, and the heating flame was 
adjusted. The pressure of air in the reservoir was raised 
or lowered tothe proper level. Double readings of pressure, 
time of flow, and temperature were taken. The pressure 
was next altered, and more readings were taken. In most 
cases, the determinations were repeated. Another capillary 
was then placed in position in the glischrometer and the 
series was repeated. 

The Reduction Formula.—In the Journal and Proceedings 
of the Royal Society of New South Wales are published 
three most important papers by G. H. Knibbs*, dealing 
with the history, theory, and determination of the viscosity 
of water by the efflux method. Knibbs has shown that the 
reduction formula is 

ae a ae m.o.V(1 — (1) 

sVL(1 +n = SL l+n rt 

* Vols. xxix., xxx., and xxxi. 
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In this formula L is the length and R the radius of the 
capillary, and T the time taken for volume V of the liquid 
of density 6 to flow through the capillary under a pressure 
gph; nR is a small length of tube producing a loss of 
pressure equivalent to that arising from the friction at the 
ends, its value must be calculated for each series of experi- 
ments; m is the numerical factor in the kinetic energy 
correction, which has a theoretical value of 1°12, but which 
has a practical value which must be determined. The factor 
m has been neglected in so many recent determinations of 
viscosity, that it is worth the while to repeat the information 
given by Knibbs respecting it. In 1860 Neumann deduced 
the value m=1, and Jacobsen used it in his ‘ Introduction 
to Hemodynamics’ (1860). Hagenbach deduced the value 
m=1in the same year. Reynolds (following Bernoulli) in 
1883 used the value m=}. Couette in 1890 independently 
obtained the value m=1. Boussinesq (1891) obtained a 
more accurate value m=1'12. Gartenmeister stated (1890) 
that Finkener had in an unpublished treatise shown that 
Couette’s value was the correct (?) one. Wilberforce (1891) 
pointed out the defect in Hagenbach’s reasoning, and he 
used the value m=1. Knibbs has shown that theoretically 
Neumann’s correction as deduced by Boussinesq is correct, 
and that experimentally its value varies considerably. Knibbs 
has deduced values of m from Jacobsen’s results, and stated 
that individual results show how, even under circumstances 
in which uniformity might be expected, it is not realized ; and 
that if the correction be of sensible magnitude, the deduced 
viscosity is, to the extent of this uncertainty, unreliable. 

Determination of m and n.—Preliminary experiments were 
made in order to obtain correct (experimental) values for the 
constants m and n. The temperatures were kept as close to 
50° C. as possible, and, under different pressures, the times 
of flow were recorded. The pressures were reduced to equi- 
valent pressures at 50° C. Knibbs has shown that the re- 
duction formula, for experiments carried out at a certain 
temperature, may be expressed in the form 

Spe b—phl, 2: 2 RE) 
' SVL ¥ 

where pe a/b) ee ee es | 

and e— eV 5 is gm R* 

Equation (2) is that of a straight line such that if 1/T be 
taken as abscissee, and corresponding values of phT as 
ordinates, the line passing through the points so determined 

(5 ODT) ee Milde ae Tp on} 
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will intersect the axis of ordinates at a distance C from the 
origin, and make with the axis of abscisse an angle whose 
tangent isc. When c¢ has been obtained m is deduced by 
means of equation (4). 

Equation (3) may be written in the form 
CagR* R 
SVT =n(1+n z). 

The left-hand side of the equation will have different values 
for different capillaries in the glischrometer. 

Calling the left side K we have 
K=n+nmR/L or K=y,+/7R/L, . . (5) 

where l=nn;, 
This is the equation of a straight line such that if values 

of R/L be taken as abscissee, and corresponding values of 
KX as ordinates, the line passing through such points will 
intersect the axis of ordinates at a distance »; from the 
origin, and make an angle with the axis of abscissee whose 
tangent is &. From the value of & obtained in this way, 2 is 
at once deduced. 

Typical Observations with Tube I. in Glischrometer. 

Temp, Manometer| Temp. of | Time of | Bulb ohT 1 
70 oy Reading (2)| Manometer Flow (T), being (reduced to = 
Re cms. mo | secs. | emptied. 50°)x10-3,| 1 

(50:05 | *108-29 22-9 mes |B 7713 |-01401 
50°03 | 108-27 a 71:46 L 7718 — 01400) 
50:00 | 108-31 ig 145| R | 7707 |-01400 
5000 | 10831 eis | L 7-697 01402 
5010 | 15028 60 | 5434) RB 8145 | -01840 
{ 50-10 | 150°30 Pr 54375) ol 8150 01839 
50:00 | 196-20 229 | 4398 RB 8598 | 02274. 
| 50-00 196-14 oe Oe ee 8546 — 02286 

1 50:00 | 196-10 949 | 4403 | RB 8600 | 02272 
| 50-00 196°17 IAs 701} Li 8540 | 02288 
5004 | +20-30 39 | 3358) R 9-239 | -02978 
| s0-03 20-30 Ce ee ae 9:290 | -02984 
5002 | 20:30 eg assos |’. BR 9-236 | 02978 | 

(50-01 | 30-30 pei ieasss| iL 9-232 | -02985 
(50°10 | 25-40 2960 | 2835 | R 9764 | -03527 
[5010 | 24-40 ee | 1 9-674 | 08420. 
f 2005 30°38 29) y 278.) iB 10-204 | 04035. 
50:06 | 30°38 pea 24-03.' 1, 10-267 | -04011 
Read _ 80:38 pee ees72 | B 10-184 | 04045. 
50°08 | 30°38 SN ie ora a 10-280 | -04008 
5000 | 35:40 22:9 pase | 10-701 | -04480 
{88 | 35°40 k | 23:38 | L 10-726 | 04468 
1) 50:00 | 35°40 E a938| BR 10683 | -04488 | 
115000 35°40 peeess | iL 10726 | -04468 | 
{(a010 4040 | 939 | 2086 oR | i117 04912 | 
|| 50-10 40°40 in| 2t40 | L | iw, ee 
fetes. | 40°40 - oe | R 11188 | -04904 | 
| 5010 | 4040 | 5 | 2140]; L | 117387 |-04673} 

! / ; 

* Water Manometer. t+ Mercury Manometer. 



Typical Observations with Tub 

| Temp. 
(é° ©.). 

(50°08 
. 50°08 

| 50°08 
50°08 
50°05 

| 50°06 
-) 50-07 
(50-07 
i 50:02 
| 50°04 
| 50-05 
(50:05 
50-00 

—_—_—_—- ——___ 

Manometer| Temp. of | Time of 

e I]. in Glischrometer. 

Bulb ohT | 1 
Reading (h)| Manometer| Flow(T), being | (reduced to | rT 

2, | ems. 

*108°41 
108°25 
108°13 
10815 
151°12 
151-02 
150°96 
150°96 
197-10 
197°20 
197-04 
197-08 
20°40 
20°38 
20°38 
20°38 
30°42 
30°42 
30°42 
30°42 
40°39 
40°39 
40°39 
40°39 

26°7 

* Water Manometer. 

—_—- 

secs. 

80°41 
80°27 
80:81 
80°48 
60°40 
60°30 
60°40 
60°18 
48°58 
48°15 
48°45 
48°15 
36°79 
36°68 
36°93 
36°85 
27°00 
27°16 
27°29 
26°97 
22°07 
21°97 
22°17 
21°91 

emptied.| 50°) 10-3. 

8716 01244 
8676 01246 
8729 01237 
8690 01242 
9113 01656 
9-084 01658 
9118 01656 
9:065 01661 | 
9549 02058 
9470 02077 | 
9531 02064 
9-468  -02077| 
10153 02718 | 
10113-02726 
10180 — -02708 
10157 02714 
11145 03708 
11200 — -03682 
11-237 03664 | 
11116 - 03707 
12107 04552 
12053-04511 
12152-04564 
12-020 04585 a Reals hal-—Bcal-ollcall==l cal--llcall--lcall--leal-ollcall-clcall-<lieal-< 

t Mercury Manometer. 

Typical Observations with Tube IIT. in Glischrometer. 

Temp. 
(2 C.). 

| *108-28 

Manometer Temp. of 
Reading (2) Manometer 

cms, 

108718 
108°15 
10817 
151-14 
151-14 
151-08 
151-08 
197-40 
197°30 
197-14 
197-26 
20°30 
20°30 
20°30 
20°30 
30°39 
30°39 
30°39 
30°39 
40°42 
40°42 
40°42 
40°42 

* Water 

Time of ; Bulb ohT 1 
Flow(T) being | (reduced to =e 

°¢. secs. | emptied.| 50°)x10-3.| T 

23'5 54:56 | B 5897 —-|-01833 
A 5460 | L 5897 —_|-01831 
F eeehTy hi 5891 01833 
if 5456 | L 5893 —_|-01833 

234 arco |B 6316 — |-02399 
R 4164 | L 6325 —_|-02401 
( 41-72 | RB 6-321 —_|-02397 
ss 41:58 L 6-300 —|/-02404 

23°5 3400 | RB 6-705  |-02941 
if 33°93 | L 6-690 — |-02948 

33:94 | R 6-684 — |-02947 
4 33-:95.| 6691 — |-02946 

23-2 9655 | RB 7311 — |-03767 
i 2647 | iL 7-290 = |-08779/. 
My 2652 | BR 7303 |-08772 
3 9644 | LL 7-282  |-03783 

23-9 1998 BR 8-237 _|-05006 
a 1986) 8-187 — |-050386 
3) 1998 | R 8-237 —_|-05006 
3 19:82 .|.) > L 8171 — |-05046 

24-2 17-51 R 9-606 _|-05711 
i; 1643 | 9:016 —_|-06088 
if 17-520) oR 9-624 |-05701 
i 16-22 L 9:900  |-06165 

Manometer, t Mercury Manometer. 
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Typical Observations with Tube IV. in Glischrometer. 
| | ; ) 

"ee Manometer Temp. of Time of Bulb © phT | ae 
(¢ O.) Reading (hk) Manometer Flow (T) being | (reduced to — a | 

“| ems. °C. | secs. | emptied. 50°)x10—2, | | 

ee *10808 | 2267 | 6126; R | 6614 _ |-01632| 
9010 | 10810 | he ooeo | 6. | 6561 ‘01645 
| 50:10 10809. | 53 6183 | RB 6675 01617 
(00710 | 10810 | ~ Oi: a 6°607 *01634 | 

| ( 50°04 15097 | 267 46°49 R 6995 —_|"02151 
15001 | 151-07 | p 46:30 | L 6-967 02160 
| 50°00 | 150°96 | t | 46°50 R 6°990 = 02150 
50°00 | 150-96 * 46°30 L 7955 = ‘02160 
50°00 | 197:17 | 26°0 37°44 R 7348 02671 | 
50°00 | 197-07 a | 87°35 L 7326 = 02671 
50°00 | 197‘04 \: 37°54 R 77359 = 02664 
50:00 | 196-98 “4 37°37 L 7326 |02677 | 
50:10 | 12092. | 257 28°25 R 8023 03539 
| 50°10 20°96 x | 28:00 I 7998 |-03571} 
50°10 20°92 ‘ 28°32 R 8042 ~—s 03531 | 
50°10 20°92 si 28°10 L 7980 = |-03559 | 
£0:10 30°98 25°7 21°30 | RB 8954 |04698 | 
50°10 30°99 » 22°80 L 9594 04386. 
50°10 31°00 = 21-40 R 9010 = |-04671 
50°10 31:00 5 2258 | L 9-498 = |04429 

( 50-00 40°47 25°7 20°78 R 11°378 = |:04812 
5 50°00 40°47 » 21°33 L 11°682 = 04688 | 
‘ 50°00 40°47 5 20°43 | BR 117185 04895 | 
(50:00 | 40-47 + 2105 | 11:530 bas 

* Water Manometer. + Mercury Manometer. 

The numbers in columns 6 and 7 were used to obtain the 
curves given in figs. 2,3, 4, & 5 (Pl. XIII.). It will be noticed 
that for a considerable distance the lines are straight, indi- 
cating constant values for ¢ in equation (2), and therefore for 
m for the particular capillary. This constancy is remarkable 
when we consider the enormous speed with which the water 
is forced through the tubes in many cases. The individual 
observations show also that there is no variation in any par- 
ticular case, and that the value of m in the general formula 
can be relied upon, when determined in this way. There is, - 
therefore, no necessity to keep the kinetic energy correction 
small in comparison with the first term in determining 
viscosities by the efflux method, provided, of course, that the 
time of flow and pressure can be measured with sufficient 
accuracy. This will be shown later, where values have been 
worked out. In certain curves it will also be noticed that at 
a particular point, there is an abrupt change in the direction of 
the line, indicating either a largely increased value for m, ora 
change in the nature of the flow. This is most markedin both 
the curves for Tube IV. and in one of the curves for Tube III. 

The following values for C and c¢ in equation (2) were 
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obtained from the curves, and the corresponding values of m 
were deduced by equation (4). 

Tube I. abe | Tube WY, ||) Tube TV. 
| | 

RtoL|LtoR. RtoL|LtoR.RtoL.LtoR. RtoL.\LtoR. 

© ......| 6850 | 6880 | 7400 | 7440 | 4570 | 4570 | 5400 | 5390 

(10-4xXe w.... 9°60 | 9:81 10:00 | 990 | 7-78 | 778 | 724 | 7-60 

| ML seseee 1-130 1164 1-164 | 1162 1:128| 1-136 1-166] 1-216 

The values for m are all greater than the theoretical value. 
There are also two values for each capillary according as the 
liquid flows in at one end or the other. This fact is most 
marked in the case of Capillary IV. 

The above values for C were used in calculating K in 
equation (5) for the four tubes. R/L was also calculated. 
These values are collected in the following table :— 

| 
Tube I. Tube IT. Tube IIT. Tube LY. 

| K (mean) ...... 005564 005463 005480 005478 

Les ‘003407 002908 003774 003172 

It is evident that there is no linear relation between K 
and R/L. When the above values are plotted in the way 
already mentioned, it will be noticed that they lie along a 

1795, Fig 6. 

1725 t= 3 32 33 34 35 36 3t 38 

--=Ry* lone 

895 © 

eo 

a O 
ga5. 30 3 352 SOL tb) “Ss 35 56 3% 38 

=== RYyp 10%-- = - 

55.0 O 

a 
540 30 ‘| 32 33 ot 35 36 3T 38 

a Ry x 10 *--—- 

straight line parallel to the axis of abscisse ; that, therefore, 
K in equation (5) has zero value, 7. e., the value for n is zero. 
See fig. 6, 
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A set of readings was taken at 25° C. and also at 0° C., 
and values for K,; and Ky were found. The results are 
tabulated below, and the corresponding graphs appear in 
fig. 6. They bear out the conclusions arrived at in connexion 
with the results at 50° C. 

Tube I. Tube II. Tube ITI. Tube IV, 

Gay ee 00896 00893 "00892 00890 

K(0005) eeseeeee 01791 01790 01790 ‘01791 

Dh inwce sean ot 003407 002908 “003774 003172 

In the general reduction formula, the most difficult constant 
to measure accurately is R, the mean radius of efflux. Capil- 

- laries are not generally right circular cylinders, nor even ellip- 
tical cylinders ; and as the degree of precision with which R 
must be calculated is always four times as great as that required 
in the deduced viscosity, the examination and measurements 
of the capillaries must be carried on with extreme care. 
Tubes I., IT., III., and LV. were in the first place selected from 

a large number on account of their uniformity of bore—tested 
with a small mereury column—and their circular end sections. 

The first method of measuring R was by contained volumes 
of mercury. The values obtained (at 0° U.) for the mean radii 
were 018968, °018926,°020416, and:020482 cms. respectively. 

At the conclusion of all the experiments sections about 
4 cm. in thickness were cut from the tubes at regular in- 
tervals ; they were ground, polished, and mounted in a brass 
plate. Three independent sets of readings of their dimen- 
sions were obtained by me—firstly, by direct comparison 
with a micrometer eyepiece in a microscope ; secondly, by 
means of a microscope fitted to the dividing engine belonging 
to the Physics Laboratory, Melbourne University ; and, 
thirdly, by means of a micrometer microscope at the Sydney 
University. The following average values were obtained 
for the radii of the sections reduced to 0° C.:— 

pillary I, | First Second Third Mean 
vireular). ‘Method. Method. Method. Values. 

Section 1 ......| 01905 em. | 01879 em. | 01880 | 018838 

Me oss: 01929 ,, | 01919 _,, 01899 019106 

| Uh 8 a oa 01932 ,, | ‘01983 _,, ‘01877 ‘019048 

| a 8 eer 2! 01926 ,, ae . 01881 018882 

a [Mean radius (by mercury)="018968 cin. | Mean=‘018968 cm. 
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Capillary IT. First Second Third _ Mean 
(Circular). Method. Method. |: Method. | Values. 

Section 1 aedeee | (OLSQS em, 01889 ‘01880 ‘018862 

Be et | -01896_,, 01861 “01880 ‘018763 

SHENG! ol aidhce | ‘OLOLZ) 3 "01910 01891 019009 

Ge Baiaco) SOODE 5. 01909 01890 018990 

[Mean radius (by mercury)="018926 cm.] Mean=-018906 cm. 

| Capillary IIT. | First Second Third Mean 
| (Elliptical). | Method. | Method. Method. Values. 

‘02023 | 02066 ‘02069 ‘020608 

| Section 1 ...... | 02016, ‘01969 ‘02020 ‘020023 

02083 | 02064 02066 ‘020682 

oe ee | oe ‘02009 01998 ‘020022 | 

‘02124 | 02119 02069 020948 

o aS apes 7 02043 01983 01996 ‘020000 

02097 (02082 02075 020643 
ye ee a al 02010. 01998 020095 

3 (a) 020719 
Mean radius by mercury = 020416. shea { (5) 020035 

Capillary IV. First Second Third Mean 
(Elliptical). Method. Method. Method. Values. 

02138 02125 02088 021087 

mecuan, f ...... 02023 ‘02070 ‘0197 020152 

‘02180 02118 02086 ‘021040 

Pe 2G os, 0, 02043 02007 01984 020015 | 

02144 02143 02068 ‘021057 
PE es. 02028 01954 ‘01976 019765 

‘02183 02125 02079 021042 

Ay oe eee 02028 01997 01994 1 

(a) 021056 
Mean radius by mercury = ‘020482. Mean | (6) -019914 

In determining the mean value for each section, the values 
obtained by the three methods were weighted in the followin g 
manner: Method 1, weight 1; Method 2, weight 2; Method 
3, weight 3 ; thus for ‘Capillary I; Section Ene by adding 
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together ‘01905 cm., twice ‘01879 cm., and three times 
-01880 cm., and dividing the sum by 6, we obtain the value 
°018838 cm. The mean obtained in this way is, I consider, 
the best value the individual results will produce, taking in 
account the experimental difficulties in measuring such small 
bores in the three cases. 

The mean values by measurement were then combined 
with the values obtained by mercury column, and in this 
way the final values were obtained. 

Capillary L., circular cylinder, radius ‘018968 em. at 0° C. 
II »  “OLSSRs 

mi-axes (a) 020762 ,, IIL,, elliptical cylinder, se 
(b) 020076... 

39 

AMS ants - 2 (a) ‘021061 ,, 
(6) 019919 ,, 

adius of efflux R( where Rt= 22 .. III., mean radius of efflux ( ere “aoe 

= *020413 cm. 
.. LV., mean radius of efflux R = ‘020474 cm. 

An accuracy of 1 in 1000 was aimed at throughout the 
experiments. The values for the constants in the reduction 
formula having been obtained, the viscosity was determined 
from the various observations which had been made from 
time to time, including those already mentioned. 

A special set of experiments at 0° C. was made at a fixed 
pressure in order to obtain accurate values of the viscosity 
at 0° C. The thermometer registered 0°05 C. throughout 
the series. With Tube I. in the glischrometer, under a 
pressure of 197 cms. of water, the average time of flow was 
109°7 secs. The first term of the reduction formula was 
found to be °018690, and the second term ‘000769. The 
value for the viscosity at 0°05 was :01792 ; which reduced 
to 0° C., becomes ‘01795. A second determination gaye the 
same values practically. The observations and reductions 
are given on p. 513, also a similar set at 25° C. p. 514. 

Most of the experiments, however, were carried out at 
50° C. with the water flowing under different pressures. In 
the following tables (pp. 515-517) are collected the various 
results. The pressures are given in centimetres of mercury, 
the times of flow in seconds, the values of viscosity (double 
observations) in absolute measure, and the kinetic energy 
correction—second term—also in absolute measure. The 
pressures and times are approximate, and the viscosity 
values are reduced to the even temperature 50° C. 
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Results at 50° C. with Tube I. in Glischrometer. 

. Viscosity Viscosity Second 
an aan How (t) values (mean) Term 

‘| 9X10% X10. x 10°. 

552 
r 551 2 

7 cm 71 sec 554 553 118 

554 
552 

bes 5f <4} ss | 553 156 
553 
552 
552 

ad a 551 551 193 
550 
550 20, gates | B80 550 250 

a5 5, Piste) oe 551 551 292 
BO 5 249 ,, 550 550 338 
eb i; 24-4 ,, 547 547 348 
Oey, 55 23°55; 549 549 357 

552 
BO) 45 oa 5, 954 554 076 

556 

40 ,, 209 ,, 502 591% 400 

Results at 50° C. with Tube II. in Glischrometer. 

Pressure Time of Second . ; Mean 
(i) Flow (T) Term Viscosity | Viscosity 

(Approx.). | (Approx.). < 105, 3 x 105. 

7-3 om. 80°5 see, 91 {250} 550 
549 

ies”, 603, 121 ae 549 
| 549 

if 483 ,, 151 { et 548 

ae, 368 ,, | 199 ee 549 

20.5, age ee 269 eee 553 

Mia | BA 316 {75 559 * 
ene 15 ,, 340 Beg 5G5 * 

Mean '00550 

2N 2 
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With Tube I. in the glischrometer, the formula g 
stant values up toa Ainge of 35°4 cms. of mercury whe 
the time of flow is about 22 seconds. It will be nodal 
at this point the kinetic energy correction is more than ~ 
60 per cent. of the viscosity, and the average velocity in the 
tube is 400 cms. per sec. 

In the case of Tube II. the formula breaks down suddenly Bi 
at a pressure between 35:7 cms. and 36°9 ems., the time of 
flow being about 24 secs., and the correction at pressure 
35°7 cms. more than 55 per cent. of the viscosity. The 
velocity in this case is 370 cms. per sec. eae 

"7 

Results at 50° C. with Tube III. in Glischrometer. 

Viscosity 
Pressure Time of Second Viscosity 

(Rh) Flow (T) Term AS (mean) 
(Approx.). | (Approx.) x 105. 7X10. 7X10. 

| 

| 
552 

; : = 551 73cm. 54°6 sec. 156 550 550°5. e 

549 
: 553 

id a = | 552 

15 > 33°9 ” 252 551 551°5 

29 554 po A? 265 323 { a 554 
(557 
| 555 | 

mg, te ee 430 4 558 } 557 * 
| 556 | 
\ 559 
558 

oy ee Sian 478 562 562 * 
565 

| (G65) 
) | 607 
| 617 | 

a0 3s 170 ,, 500 4 613 } 612 * 
| 604 | 
| 609 
(611) 

: 

Mean ‘00552 

For Tube III. the figures are, pressure between 20°4 ems, 
and 30°4 cms., time of flow less than 26 secs., second term 
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60 per cent. of the viscosity; and for Tube IV. when the 
pressure is 27 cms. and the second term is nearly 60 per cent. 
of the viscosity, the deduced value is satisfactory, but an 
increase of pressure of 1 cm. brings about some decided 
change. The highest velocity reached in both cases, before 

Results at 50° C. with Tube IV. in Glischrometer. 

: Viscosit : ; 
Pressure Time of Second y Viscosity 

(A) Flow (T) Term a (mean) 
(Approx.). | (Approx.). x 10°. | Ry. 165 7 X 10°. 

= = oe) ee 

73 cm. 61°5 sec. 125 | { 352 f 549 

+E. 463, 162 mee BAT 

1b 875, 201 a 545 
| Sar 

| (546 
20 ,, 231 ,, ae ber 546 

| 546 
Pa 253 co, ie eee 554. 
BH 4 ,, 308 {eae t 546 
26, ISA 3 =. ah eae 551 
ae; 32 |; 325 | tag } 549 | 
8, Pa fhe =< il ae 556 * 
29 |, 2-6 [2 eee 588 * 
a. 3 Ho ae 593 * 
at. 21:9 ,, a ae 598 * | 
Th 21-9 ,, 21. ON ee 634 * 
34 215; 21 Rated a | 
aa. 21-2 ,, 27) a ee 709 * 

Pasa ,, 21-0 ». ESerebils joanne y pod! FE Mo, 
| i en git ee | 40 ,, 10 , 359 + 206 t | gi4* | 

44 20-2 ,, | 373 {33 } | 837 * | 
} $ i 

Mean ‘00548 

the change, was about 340 cms. per sec. The curves in 
fig. 5 (Pl. XIII.) indicate that when the change takes place, 
there is a large increase in the value of m,if the formula 
still holds; but the individual results do not agree sufficiently 
well to enable one to draw definite conclusions from them. 



318 Mr. R. Hosking on the 

Viscosity Values ( x 10°) at 50° C. collected. 

Pressure. | Tube I. | Tube II. | Tube ITT. | Tube IV. | Average. 

7:3.em. 558 550 | 551 | 549 551 
11-0 ,, 553 Ss | 52 | 54 550 
14-7 5, 551 548 | 552 | 345 549 
20) 550 549 | 554 | 546 550 
72 als be Ae ON 554 
ie 551 ee ee 549 
9B Fe he |. =e BDL 
PR 550 ‘i 549 550 
29) «42 551 co 551 
30.0 550 553 (557) (593) 551 
2 ee 547 yy (598) 547 
Be. 549 i bs e. 549 
ae 551 BS (668) 551 
Ba 554 i (562 eo 554 
7a : : (574) (709) 
a7 (558) (571) 
35.3. 4 - | (578) (751) 
39 (573) me | (599) 
40 4 (591) (559) (612) (814) 
Be: (565) | ee 
ae We be (837) | 

— —— : 

Average =| 00551 00550 00552 | -00548 
! 

Mean Value =°00550 

The values for the viscosity of water at 50° C., obtained with 
the various capillary tubes in the glischrometer, are collected 
in the foregoing table. The mean value is ‘00550. 

Results. 

(1) The constants in the reduction formula were all deter- 
mined with the greatest possible degree of accuracy, including 
R, 2, and m. 

(2) For each capillary in the glischrometer—four were 
used separately—two values for m were found, one for each 
of the ends. These values were in every case greater than 
the theoretical value 1°12. 

(3) For the series of capillary tubes used, experiments at 
temperatures 0° C., 25° C©., and 50° C. gave in each case 
zero values for n. 

(4) Absolute values for the viscosity of water at 0° C., 
26° C., and 50° C. were obtained, namely, :01793, *00893, 
and ‘00550; which are probably correct to 0°1 per cent. 
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(5) The values obtained for m were constant over a big 
range of pressure; and at a very high pressure there was an 
indication of an abrupt change in the value of m, or in the 
nature of the flow. The velocities at this pressure were much 
below the critical velocities for the various tubes, but were 
all above the lower limit of critical velocity. 

(6) Consistent values for the viscosity of water at 50° C. 
were obtained in cases where the kinetic energy correction 
was as high as 60 per cent. of the viscosity. 

I have much pleasure in acknowledging my indebtedness 
to Professor Sir J. J. Thomson, Cavendish Laboratory, Cam- 
bridge ; Professor Lyle, Melbourne University ; Professor 
Pollock, Sydney University; and Mr. G. H. Knibbs, 
F.R.A.S., Federal Statistician, formerly Director of Technical 
Education, N.S.W., and Lecturer in Surveying, University of 
Sydney, for valuable assistance during the progress of this 
research, which was commenced at the Cavendish Laboratory, 
Cambridge, and completed at the Sydney University. 

Note on the Viscosity of Solutions.—The viscosity of certain 
lithium chloride solutions was determined with the glischro- 
meter described in the previous paper. The only novel 
feature of the measurements was the automatic recording of 
the time of flow. The inner platinum wires at 6 and ¢ 
(fig. 1, p. 503) were connected by insulated wires, also the 
inner wires at a and d. Wires were fastened to the outer 
wires at a, b, c, and d, and were connected to four plugs on 
a double reversing key. The two remaining plugs were 
joined by wires through a battery and one of the electro- 
magnets already described. With the key in one position, 
there was electrical communication between the battery and 
electromagnet and the outer c on the one side, and the outer 
6 on the other side. The circuit was complete only when 
the solution filled the spaces at both ¢ and 6. With the key 
reversed, the battery was connected to the outer d and the 
outer a, and the circuit was complete when the solution 
filled the spaces at a andd. By regulating the amount of 
solution in the glischrometer the signals could be made as 
short as necessary, at the beginning and end of the flow from 
R to L, or in the opposite direction, and the time of flow 
could be read off accurately on the tape. 

The following set of readings will be sufficient to illustrate 
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the accuracy with which determinations of the viscosity of 
solutions can be made with this arrangement :— 

Lithium Chloride Solution, Temperature 20°75 C. 
: : : 

: : 
Pressure Time | Correction. | 7) 

| (A). >. | x 108. sl (mean) | 
| | 

| (1980em. | 57-2 sec. | 150 01201 } i | 
| 11982, | 563 ,, | 151 1198 f | ae | 

1793 | 628°, ‘| 136 01204 | 
| 11791 * | es |. 138 01197 | ech 
| (1510 ;, | 734 118 01200 7 santa 
| 11512 ;, | 730 ;, | 118 1200 | UMaine 
| (1271 5, | 856° 101 ‘011971 gigs | 
{iro ” | 851 ” 101 01198 { : 
| £1005 ,, 1066 ,, 81 a 01201 | 
| 11000 ; |l0e8 , | st | 01208 mr 
. - 

Average ‘01200 

XLVI. The Doppler Eject in Positive Rays. 
By Joux TROWBRIDGE *. 

[Plate XIV.] 

fhe discovery of canal rays by Goldstein, and that of the 
Doppler effect in these rays, marks an epoch in the 

study of the discharge of electricity through gases; for 
before these discoveries the multitude of confusing effects 
which arise in the space between the anode and the cathode 
made it difficult to observe any translation movements. The 
space, however, behind the cathode is comparatively free for 
the passage of the positive ions. 
We now recognize, in addition to the positive rays behind 

the cathode—the canal rays—retrograde positive rays which 
are directed to the anode, or rather away from the cathode 
in the direction of the anode f. 

This later discovery leads one to expect that the Dopple 
effect should be found also between the anode and the 
cathode. The result of my study shows that the effect does 
exist in this region and indicates a movement away from the 
cathode and toward the anode. 

* Communicated by the Author. 
+ Wehnelt, Wied. Ann. A. 1899, p. 421; Runge & Paschen, Wied. 

Ann. \xi. 1897, p. 644; Paschen, Wied. Ann. xxiii. 1907, p. 247 
Villard, Comptes Rendus, cxlili. 1906, p. 673; Goldstein, Phil. Mag. 
March 1908, p. 372; Jacob Kunz, Phil. Mag. July 1908, p. 161; J. J 
Thomson, Phil. Mag. Oct. 1908, p. 657. 
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The form of tube I employed is represented in fig. 1. 
The slit of the Rowland grating was at X for the retrograde 

? rays and at Y for the canal rays, 
Bios t A being the anode and C the cathode. 

é The Rowland grating gave, in the 
order of spectrum I employed, six 
Angstrém units to 9 mm. The 
effect was observed with respect to 
the hydrogen line 4861°5, and the 
change in refrangibility was mea- 
sured by comparison with the solar 
spectrum, which was photographed 
immediately beneath the gaseous 
line without changing the Jaws of 
the slit. 

The amount of the change in re- 
frangibility was sensibly the same 
as in the canal rays. 

The difference of potential between the anode and the 
cathode varied between 5000 and 10,000 volts; and the 
current from ten milliamperes to five, furnished by a storage- 
battery of 10,000 cells. A current of running water provided 
a large and steady resistance. 

The appearance of the discharge at the cathode has often 
been described. The cathode appears to be the base of two 
rose-coloured cones of light, the apex of one directed to the 
anode and the apex of the other toward the canal region. 
The body of the luminous cone in the space between the 
anode and the cathode is, so to speak, a solid, while that in 
the canal region, or back of the cathode, is made up of a 
collection of tubes which in a short region come together at 
the apex of the cone, and in a more extended region spread 
out in a diffused manner. 

When the cathode is unperforated the rosy glow which, in 
the case of hydrogen, characterizes the canal rays, emanates 
from the central portion of the aluminium cathode ; it is no 
longer conical in form, or rather resembles a frustrum of a 
cone, the base directed to the anode. It does not extend as 
far toward the anode as the conical discharge from the 
perforated cathode, and is not so bright. 

The form of tube I employed is represented in fig. 1. 
The anode was placed in a side tube which was at right 
angles to the tube containing the cathode C. There was 
thus the possibility of placing the slit of the spectroscope 
either at X or at Y. 
When an unperforated cathode was employed and the slit 

C 
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was placed at X, no Doppler effect was seen. When, 
however, the cathode was perforated the effect was very 
evident, and indicated a movement towards X which was 
equal in amount to that observed in ihe canal region 
toward Y. 

Moreover, the photographs showed, when the light was 
observed at X, a line on each side of the ordinary stationary 
hydrogen line—my observations were confined to A= 48615. 
There was evidently a movement toward the anode, and a 
movement away from it at the cathode. 
When the observations were conducted at Y the same 

phenomenon was observed—a stationary hydrogen line and 
a diffuse line separated from the stationary line by a blank 
space on each side of the stationary line—aindicating a 
movement toward the cathode and away from it. In fig. 2 
(Pl. XIV.) aand b are photographs, ¢ is a drawing which 
represents the effect too feeble to be strongly reproduced from 
the photographs—effects, however, which are very evident 
on the negatives a and }. The slit was a broad one to show 
differences of illumination. The light was strongest at the 
orifices. 

When the observations were conducted by placing the slit 
of the spectroscope so that the light at the perforations did 
not enter the slit—in other words, placing it obliquely to the 
band of light, the companion of the stationary line which 
indicated a movement away in each case, from the slit, was 
not discernible. The effect took place at the orifices. The 
positive particles jostling through these orifices and mutually 
repellent transmit movements—like those resulting from 
elastic particles in impact—in opposite directions, and those 
driven in the direction of the anode meet others coming 
toward the cathode. There results a maximum of radiation 
of greater refrangibility, which is separated from the refran- 
gibility of the stationary hydrogen line by a less luminous 
space. 
When glass tubes are inserted in the orifices through- 

which the canal rays pass, and the back of the cathode is 
protected by glass connected to these tubes and to the wall 
of the discharge-tube, the canal rays are still obtained. This 
proves that these rays are produced immediately in front of 
the cathode—that is, on the side toward the anode—or in the 
orifices. I incline to the belief, as I have stated, that the 
jostling in the narrow orifices accounts for the change in 
refrangibility. 

In all discharge-tubes strize are seen opposite to the edge 

. = a 
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of the cathode on the glass. These striz can be localized at 
a definite point by bringing the edge of the disk of the 
cathode nearer the wall of the tube; and we then have a 
source of positive rays which is analogous to that formed by 
pushing a glass tube surrounding the anode into the Crookes’ 
space *, 

The heating and oxidizing effect from the positive particles 
of these strie is very marked, especially when the canal 
region is small, and is much greater than any effect produced 
by the canal rays in a possible rebounding from the end 
of the canal region. The photographs of cathode discs 
exhibit this effect of the positive rays coming from the 
striee. 

Fig. 3a (Pl. XIV.) is a photograph of the back of a cathode 
made of aluminium from as pure clay as could be obtained. 
The disk was ‘75 mm. thick, and the hard surface formed by 
the iron rolls was left upon it. The heat from the positive 
rays coming from the strize caused the occluded gases of the 
aluminium to form blisters on its surface. 

Fig. 30 is a photograph of the back of a cathode formed 
from the same quality of aluminium as in fig. 3a, except that 
the plate of aluminium was treated with nitric acid to remove 
any trace of iron coming from the rolls. The surface thus 
lost its polish and hardness. A very black deposit formed 
under the effect of the positive rays of the strie, which was 
probably carbon from the aluminium. 

Fig. 3c was a cathode formed from ordinary commercial 
aluminium 1°5 mm. thick. It represents the blackening 
which results from long running of the discharge. At 
increased exhaustions and during this long use of the tube 
the strize shift their position, and the back of the cathode 
shows a general discoloration. 

Fig. 3d represents the front of the cathode of fig. 3c. The 
centre is bright, while the edges are discoloured. Goldstein 
has noticed that positive rays remove deposits. 

Fig. 4 is a photograph of the canal rays which shows 
also the luminosity on the back of the cathode produced 
mainly by the striz. | 

The order of spectrum produced by the Rowland grating 
gave an interval of -9 millimetre to six Angstrém units. 
‘The approximate interval between the Doppler effect on 
both sides of the stationary hydrogen line 4861°5 was three 
Angstrom units; the difference of potential between the 

* EK, Wiedemann, Wied. Av. ]xiii. 1897, p. 242. 
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anode and the cathode varied from 6000 volts to 10,000. 
The current ran from 10 milliamperes to 5. A storage- 
battery of 10,000 cells was employed. The internal diameter 
of the discharge-tubes was 3 cm. The distance between X 
and C (fig. 1) was 6cm. The distance between OC and Y 
varied from 4 em. to 10. 

Jefferson Physical Laboratory, 
Harvard University, 
Cambridge, U.S.A. 
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I. INTRODUCTION. 

: ie connexion with the investigation of certain phenomena 
which occur when alternating currents of high frequency 

flow in thick wires, a knowledge of how the effective resistances 
and inductances of these wires vary with the frequency is 
most important. It is of little use to have “ standard ” 
inductances in high frequency circuits when we do not know 
how their values alter with the frequency, and therefore also, 

* Communicated by the Physical Society: read January 22, 1909. 



and Inductance of a Concentric Main. 529 

with the wave shape of the alternating currents. The “ mea- 
surement ” of inductances by means of alternating currents 
of unknown wave shape often leads to waste of time. Even 
when the wave shape is similar to a sine curve, yet if we do 
not know how the inductance will vary with the frequency 
the results have only a very limited application. 

It would obviously be extremely useful to have formulee 
which would take into account the appreciable variation of 
the density of the current which occurs over the cross section 
of the wires with high frequency currents. Even to fix 
inferior and superior limits to the possible values of the 
inductance would be a great help in many cases. Unfortu- 
nately the mathematical difficulties in the way of arriving at 
a solution in the case of a helical coil are very great. The 
author, therefore, has made a study of the simplest problem 
of all, namely that of a concentric main, as a preliminary to 
attacking the more difficult problems. <A study of this 
problem is also of importance at the present time ™ in con- 
nexion with the discussion that is taking place amongst 
electrical engineers as to the magnitude of the skin losses in 
power transmission cables. 

The problem was first discussed by Maxwellt. He obtains 
a few of the terms of a series by means of which the effective 
resistance of the inner conductor can be computed at low 
frequencies. Apparently, however, he did not fully appreciate 
the importance of the results given by the formula. In May t 
1884, Oliver Heaviside discussed the “ throttling ”’ effect ina 
core, that is, the increased resistance, the reduced inductance, 
and the tendency to surface concentration. He uses two 
functions M and N in his solution, which Kelvin subsequently 
ealled the ber and bei functions. In January § 1885, he 
described clearly the true nature of the current flow in a 
wire, laying particular stress on the initial surface effects 
and subsequent penetration. Lord Rayleigh ||, adopting 
Maxwell’s method, next discussed the problem and gave a 
formula for the effective resistance of the inner conductor at 
very high frequencies. Oliver Heaviside {J subsequently made 

* See the report of the evidence on the London Electric Power Bills 
given before Sir Luke White’s Committee in the House of Lords (Nov. 
1908). 

+ ‘Electricity and Magnetism,’ vol. ii. § 690. 
t ‘ The Electrician,’ p. 583, May 3, 1884, or ‘ Electrical Papers,’ vol. i. 

p. 353. 
§ ‘The Electrician,’ Jan. 3, 1885, or ‘ Electrical Papers,’ vol. i. p. 429. 
|| Phil. Mag. xxii. pp. 881-3894 (1886), or ‘Scientific Papers,’ vol. ii. 

p. 486. 
a ‘ Klectrical Papers,’ vol. ii. p. 64 e¢ seg. 
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most important contributions to our knowledge of the subject. 
He was the first, for example, to give the approximate formula* 
for the effective resistance of a hollow cylindrical conductor 
carrying a low frequency current. This formula is a par- 
ticular case of the general formula given in this paper. He 
also gives general descriptions of how the current-density 
varies in the conductors. He omits so many steps, however, 
in some places that it is very laborious to follow his reasoning. 
Three years afterwards Lord Kelvin+ gave a practical 
solution for the effective resistance of a solid inner conductor. 
It is virtually the same as that given by Heaviside. He 
gave a table, which we shall examine later, of the numerical 
values in important practical cases. Sir Joseph Thomson { 
also gives practical formule for the effective resistance and 
inductance of a concentric main having a soiid inner conductor 
when traversed by very high frequency currents. 

The complete solution given in this paper is obtained from 
elementary electrical considerations, a knowledge of Ohm’s 
law and of Faraday’s law of induction being all that is 
assumed. The author proves the mathematical formule at 
length, as most of them are new and some of them will be 
helpful in other physical problems. It will also enable any 
slips he may have made in the algebraical work to be readily 
detected and easily rectified. He shows, however, that from 
his solutions all the previous solutions can be readily deduced, 
and as most of them are complex functions of the electrical 
and geometrical data of the main, the errors, if any, must be 
very minor ones. 

Il. MarHEMATICAL FoRMULA. 

1. The Differential Hquation. 

The differential equation § to which our problem leads is 

Oe enol. mn? Ot OS 

Or rar. oot 

where m and » are constants and 2 is a periodic function. If 
we assume that 2 varies according to the harmonic law, and 
that its frequency is #/2a, we may write i=ue*, where w is 
a function of r but not of ¢t, and «¢ stands for s/f —1. 

* L.c. ante, p. 192, formula (72). 
+ Journ. of the Inst. of. El. Eng. vol. xviii. p. 4 (1889) or Math. and 

Phys. Papers, vol. iii. p. 491. 
t ‘Recent Researches,’ p. 295. : 
§ This equation was first discussed by Joseph Fourier [Mémoires de 

l’ Académie, Tome iv. (for the year 1819) ]. 
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The equation now becomes 

Oru 1 Ou 22 aan a mrisOy 0% en. EB) 

The solution of this equation is known * to be 

u=A .Jo(mr./t) +B. Ky(mr./2), 

where A and B are constants, and I,(z) and K(x) can be 
computed by means of the following series :— 

When z is small, 

ae? eee: 
I,(«#)=1+s3 T+ oy T cccvcce . ° ° (1) 

22 

and 
2 a" i + ae Ky()=2 .Ty(r) log a. I,(e) + Spt (1 +5) pt @) 

where 2=log 2—y and ¥ is Huler’s constant, and so 

a=0°1159315. 
When « is large, 

e 12 12.32 2 
Ty(0) = Fo 1+ set ogee t POMS aie |. = ° (3) 

ee Be ee 
Ki(a)=4/ 7.6 \1- Bat (Sa)? Sd ee lese I (4) 

The values of the series (2) and (4), for many values of «, 
have been computed to a high degree of accuracy by W. S. 
Aldis +, and tables of I,(z) from 0 to 5:1 are given in the 
British Assoc. Reports, 1896, the interval of the argument 
being 0°001. 

and 

2. Kelvin’s ber and bei functions. 

Kelvin ¢ showed that the effective resistance of the inner 
conductor of a concentric main may be conveniently expressed 
in terms of two functions which he called the ber and the bei 
functions§. He published tables of the values of these func- 
tions for a few values of the argument, and from these tables 

* See Gray and Matthews, ‘ Bessel’s Functions.’ 
+ Proc. Roy. Soe. vol. lxiv. p. 203. 
{ Z, ec. ante. 
§ Noticing that in Heaviside’s notation, ber=M and bei=N, Kelvin’s 

formula follows at once from the formula (36) given in Heaviside’s 
‘Electrical Papers,’ vol. ii. p. 1853. 
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he computed the numerical value of the effective resistance 
in various cases. 
We may define Kelvin’s functions by means of the equation 

I,(mr 1) =ber mr +e bei mr. 

From (1) we deduce at once that 

miy* meh 
ber mr=1 OB ge + 92.42 62. 8° eae 4 . (5) 

and 
ye 66 

bei mr= a ee +.0, . 2 

which are the definitions of them given by Kelvin. 
In Mascart and Joubert’s ’ Electricité et le Magnetisme, vol. i. 

:p. 718, several of the values of the functions given in Kelvin’s 
paper have been recomputed and certain corrections made. 
As the author uses these functions in the solutions given 
below, it was necessary therefore to recheck the calculations. 
He at first attempted to do this by direct calculation, but the 
work proved so laborious that he was led to devise shorter 
methods of calculating the functions. He found that this 
was easy and that comparatively simple formule can be 
-obtained for them in those cases where the direct computation 
by (5) and (6) would be laborious. 

The formulee given below can also be usefully employed in 
simplifying the formule ordinarily given for computing the 
eddy-current losses * in a metallic cylinder, the inductance 
and resistance of two parallel cylindrical conductors +, the 
impedance of a solenoid with a cylindrical metal core f, &e. 

3. Approaimate formule for the ber and bei functions. 

When the argument is small the functions can be readily 
computed from the formule (5) and (6). These functions 
generally occur associated together in one or other of the 
following ways : 

X (x) =ber*z + bei’z, Y(v) =ber’x + bei’z, 

Z(x)= ber w ber! x + bei wz bei’ x, 

‘and W(«)=ber 2 bei’ «—bei z ber' z. 

In these definitions of X, Y, Zand W, ber’ x and bei’ z 
stand for the differential coefficients of ber « and beiz with 

* A. Russell, ‘ Alternating Currents,’ vol. i. p. 574. 
+ J. W. Nicholson, Phil. Mag. (6] xvii. p. 255, 1909. 
t O. Heaviside, ‘ Electrical Papers,’ vols. i. and ii., or R. T. Wells, 

Phys. Rev. xxvi. p. 857 (1908). 
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respect to x. The combinations Y/X, Z/X, W/X, Z/Y, and 
W/Y also occur in this and allied problems, and so we shall 
give formule for these functions as well. 
By squaring the series for ber 2 and bei. and adding them 

together, we get 

X=145 5(5) + i(3) + = =1¢ 5) +3 gal) 
approximately. 
When z is not greater than 4 this formula may be used. 

For instance, when « is 4, (7) gives X(4) = 11°8275. From 
the tables given in Gray and Matthews’ ‘ Bessel’s Functions” 
where the values of ber # and bei z are tabulated for values 
of x up to 6, the interval of the argument being 0°2, we 
find that ber 4=—2-56342 and beid=2- 29269, “and thus 
X (4) =ber? 4+ bei? 4=11°8275. 

Similarly we get the approximate formule :— 

¥=T{1+ ws) + op) + ‘oF G)b. . @ 

Based a3) +05 a) +a oie _(D'} « 

W= ee eee a7 (4) }-- (10) 

When z is not greater than 2 the follow: ing formule can 
be employed :— 

$2629) 89-0}. 00 
eo Oe nee 
fis) +8(3)-SE (3). - - an 
¥-i (1-3) + a3) ~ aeaaaa(3) $09 

and 

y=s4it B= ae ) +3538 28-30 ( ie C3) 
Phil. Mag. Ser. 6. Vol. 17. No. 100. April 805 20 
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Formula (15) agrees with that found by Lord Rayleigh * by 
another method. Heaviside + gives 73/(12?. 28 . 80), that is 
657/(12? . 360 . 56) as the coefficient of (2/2) in (14). 

Formule (7) to (10) should not be used if @ is greater 
than 4, and formule (11) to (15) should not be used if # is 
greater than 2. In practice, therefore, they have only a 
limited use. 

We shall now find approximate formule for bers, beiz, 
X, Y, Z, and W, which can be used with sufficient accuracy 
for practical purposes when z is not less than 5, and can 
always be used for computing with a maximum inaccuracy 
of less than 1 in 10,000, when ~ is not less than 10, that is in 
those cases where the labour involved in the direct compu- 
tation of the series becomes practically prohibitive. 

If y denote beraw+e beiz we see from the definition we 
gave of these functions that 

Be s a5 TP 

Putting y=A’ <°/ x, where A’ is a constant, we get 

oe “yoe Lax 
Sauss) —tt+ 75 =0. . » jae 

When z is large, 
Ox Vita thot 

is obviously an approximate solution of (17), where a and do 
are constants. Let us assume therefore that | 

6=-2 Vt + ao + bot + ay/@ + 9/0? + - 

is a solution of (17). Substituting this value for 0, equating 
the coefficients of z-?, a—*,... to zero, and noticing that 

Vi=1/ V2+(1/ 72)e, and 1/Wt=1/ V2—(1/ 2)s, we find 
that 

pie ee abies ae tees 
TB Bae” mv i 

25 25 13 
a3= 38473 3eys? UTR 

&e. 
Hence we may write 

yom Meteor t 
= Ae* cos 8+ tAe‘*sin £, 

* I. c. ante. 

t ‘ Electrical Papers,’ vol. ii. p. 64. [Dr. Heaviside has written me 
that he discovered this slip in 1894. ] 

—— i 
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where 
wv 1 25 13 ee. eh ee ee ee 18 

ss V2 83x 384/222 128.2% ) 
and | 

£ 1 1 295 s= a rave ten) OL ete * (19) 

Hence, since y=ber «+2 bei. z, we have 

ber a=(A/V/x) e*cos 8, and beia=(A/\/x)e*sin £. 

To determine the values of A and 0) we notice that 

ber # +4 bei =I, (av/2), 

and thus, from equation (3), we see that A is 1/,/27, and 
by is —17/8. 
We thus find that when z is large 

a 

ber a= —<- [COPS Bae IF hui 69 20) 
J 2rex and 

a € 

/ 27x 

where « and 8 are given by (18) and (19), and }, is —7/8. 
The series for « and 8 are semi-convergent and a rigorous 

mathematical justification of (20) and (21) is difficult. It is 
easy, however, to verify that, if we only include the terms of 
the series given above, (20) and (21) give the values of the 
functions with great accuracy when 2 is greater than5. The 
values of « and @ are easily computed by the formule 

#—0°707105 z+ 0-08839/2—0-°046/27, . . . . « » « (22) 

and 

8=0°707105 «—0°39270—0-08839/x —0:0625/2?—0°046/2%. (23) 

Differentiating (20) and (21) we find that 

bel 7= SUB oe hak ola Cll 

nt i: 1 1 1 1] i 
eee 7 pees ee ae eae / ber’ w hes ae an) Pere (5 ae 32a? to) beia,. (24) 

and 
iE 1 1 1 1 1 aes A 

! #w={— — a iG —— — — ——__— }heiz. (25 

Ga aairge aa ga) bere +( Ji io 8 ihe 
Squaring equations (20) and (21), and adding, we get 

2a €~ 

Bde qeteee atte eC) 
202 
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When the value of w is not less than 7, the inaccuracy of the 
formula 

ee N241/4 N3zr 
ES Jina tie 

27x 

is less than 1 in 10,000. 

Heaviside * has given the formula xX—6 9 “/27rx, but in 
order to get a four-figure accuracy with this formula # would 
have to be greater ian 1500. 

Ina oder manner, we find that 

ae pes Y¥=K(1-7 5+ i + 53 

a 1 | 

es er oak Pa ETD ae 
‘ad 1 1 We oat) _. en 

These formulz also give the ratios Y/X, Z/X, and W/X. 
They correspond to (11), (12), and (13), and give a four- 
figure accuracy when z is not less than 8. 
By the binomial theorem, we also readily deduce the fol- 

lowing formule corresponding to (14) and (15) :— 

Z A 3 

Y vi svie 8 ' 7 
and 

W :f 1 3 
Kd =a V2 _ on == 8 J 2x2 ° . . . (31) 

To test these formule let us take the low value of 6 for z. 
We find from (20) and (21) that 

ber6=—8°858 and bei 6=—7:°335. 

These results are in exact agreement with their values found 
by direct computation from the series given in (5) and (6). 
The accuracy of the formule rapidly increases as x increases. 

In the following table the numbers obtained by sub- 
stituting 10 for x in formule (20), (21), (24), and (25) 
are compared with the numbers civen by Kely in t and by 
Mascart and Joubert fT. 

* ¢ Electrical Pavers,’ vol. li. p. 184. 
- “+ [otc. ante: 
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ber 10. bei 0. | ber’ 10. | bei’ 10. 

LS pee eee 13884905 563704 | 51°373 135°23 

Mascart & Joubert ... 138840  d6°370 | 51°207 135°31 

male ‘Eee 138340 56368 | 51-202 135-29 

Before the author worked out the approximate formule, he 
had verified Mascart and Joubert’s corrections as far as four 
figures by direct calculation from the series given in (5) and 
(6) and the series obtained by differentiating them. As the 
corrections to Kelvin’s table when the argument is 15 and 
when it is 20 are large, it will be interesting to calculate 
these values by our formule. 

| | | | 
| berl5. | beild.-| ber’15. | bei’ 15. | 

| Kelyin ..........:.......| —2969°79 | —2952:33 | 86-648 | —4089-2 

“Maseart & Joubert .... — 2967-26 | — 2952-72 | 91-061 | —40885 
| 

Formule ......... seses-| —2967-26 | —295266 | 91010 | —4087-7 

ber 20. bei 20. ber’20. _ bei’ 20. 

iy 5 er ATD83-7 «115008 = 243251 | 414915 | 

Mascart & Joubert ...) 47489°2 1147744 —48802'8 111853 
} 

| Formule .........-.--- 474916 1147701 —48797-9 | 111853 

In evaluating the formule we have only used 7-figure 
logarithmic tables. To compute ber’ 15 correctly we ought 
to have calculated ber15 and beil5 to eight significant 
figures, as ber15 and bei 15 are nearly equal to one 
another and from (24) we see that ber’ 15 is nearly equal 
to their difference. It will be seen that the accuracy of 
Mascart and Joubert’s corrections is satisfactory. The 
values, however, they give for the functions when the 
argument is 30 are not correct. 
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| ber 30. bei 30. ber’ 30. bei’ 30. 

Mascart & Joubert .. ; —4544x10!; 11024104 | —10933x«104 | 4383 ~x 10+ 

Howmulee 42. :: i45-eoee | —4611x10+} 10995x104 | —10959x10+| 4830x104 

Hence the ordinary tables need revision. A more useful 
set of tables, however, might be constructed of the functions 
A, Y, Z W, Y/X, Z/X, W/X, Z/Y, and W/¥, sae 
and bei functions never occur alone in any of the practical 
formule using these functions, with which the author is 
acquainted. 

For instance, Heaviside * and Kelvin* have proved that 
the ratio of the effective resistance of the inner core of 
a concentric main with high frequency currents to its 
resistance with direct currents can be written down almost 
at once, when the ratio of W to Y is known. It was in 
fact in order to find the value of this ratio that Kelvin had 
a table of ber and bei functions computed. 

The values of W/Y given in Kelvin’s paper and found 
by (15) and also by direct computation are compared in 
the following table :— 

| | 
| Valuesgiven | Values computed | 

ee in Kelvin’s paper. | by (15). | True Values. | 

0:5 4-000 | 4-0013 40013 | 

1-0 200014 20104 20104 

15 1:3678 | 1:3678 | | 1:3678 

| | 1:0782 | 20 1-0805 | 10782 

In Kelvin’s table bei’l is given as 0:4999, but its true 
value is 0°4974. Making this correction and using Kelvin’s 
figures, we get 2:0104 for the value of W/Y when z is 1. 

Including the next term in the expansion of W/Y given 
in (31), we find that 

WY i. 0265. Oya 
Den 0 i oat ae — ee (32) 

The values of W/Y given in the first column of the 
following table have been computed by this formula. 

* I. c. ante. 

i 
‘ 
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| 
| 
| 
! 
| 
/ ie. Kelvin. ani Formula (32). 

2 IN are hail aaa osi72 | 
55 | «= 08069 Rapes 0-8064 
6 | 0:7979 ess | 0-7976 | 

eee es W739 etal tie 0-737 
a 0:7596 | 07597 | 

Pee ose ovaie | omens || 
| 07323 | 07328 0-7328 | 

67) a RAC 7 aa ae res gales 
OS ee erage. || 3 0T188 
| 50 ota eee 07172 0-7172 

Ea | fete 07071 | 
{ 
| 

As the approximate formulze given above are very simple, 
it will be seen that tables need only be constructed for 
values of « lying between 2 and 5 or 6, although to have 
tables of other values would doubtless be a great convenience 
to those who have to use the formule. 

4A, Particular solution. 

We have seen that a solution of the equation 

07 1 Oo. m* 02 
Or ror. @o Ot 

is t= 1,(mrvt) e*%* 

= (ber mr+u bei mr)(cos wt +4 sin wt). 

Hence, since both the real and imaginary parts of this 

solution must satisfy the differential equation, we see that a 

particular solution may be written in either of the following 

forms : 

2 = (A ber mr+B bei m7) cos wt 
+(—Abeimr+Bbermr)sinot, . . (33) 

i = (A?+ B*)'2(ber? mr + bei? mr)"? cos (wt—e), . (34) 

where A and B are constants, and 

tane = (—A bei mr+ B ber mr)/(A ber mr + B bei mr). 

For a sclid core and an infinitely thin return conductor of 

infinite conductivity this solution suffices, and is the one 

or 



536 Dr. A. Russell on the Effective EResistance 

given by Kelvin. When, however, the core is hollow * or 
when we wish to take into account the effects of the return 
conductor, the complete solution has to be found, as the 
above solution cannot be made to satisfy all the boundary 
conditions. 

5. The ker and kei functions. 

Imitating Kelvin we shall write the second type of solution 
of (B), namely Ky(mr /c), in the form ker mr +e keimr. 
Substituting w Ve for w in equation (2) and equating the 
coefficients of the real and imaginary terms on the sides 
of the equation, we find that 

ker « = (a—log x) ber 2+ (7/4) bei x 
a x8 —G+ i) pptdtetst+a ep ge: (9) 

bate : 2s 

kei « = (a—log x) beiw—(m/4) ber & 

ae x® 

where 2=0:1159315.".: 

6. Approaimate formule for the ker and kei functions. 

When z is small, we may use the following approximate 
formule, which can easily be proved by (5) and (6): :— 

wT mx : ar, "ete mix* sae a pts ig eS 8 lon map) ee ker mez = a—log matey (2+ 3—log mz) 644 PEG 

9 

ma om mixt 
kei mz = —T+(at+1—log me) +5 Tae —(a++—log mx) 

tn one mia a mPa? ee ye GA Ces Nee) ce OMe een tiie jae 2 
Kerner arg hak @) Tg — a emp 

and 

aie mae m3 mx” m>x? 
kei Ce (4+ 3—log mx) > +7. TE 7 (@+3—log mit) 5949 —¢" 

When mz is small we see that 

ker mx = a—log mz and kei me = —7/4, approximately; 

and hence, when mz is very small, we may write 

ker? mt + ker? mz = (logmz)?. . . . (Al) 

* The solution given in Mascart & Joubert, vol. i. p. 719 (1897), for 
the effective resistance of a hollow inner core is incorrect. 

m 
66 ae 

» (3: 27,47. 67 

(37) 

(39) 
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When « is not small we get suitable formule for calculating 
these functions by noticing that 

Be an hag + bls / 6 

is also an approximate solution of (17). Hence, finding 
a series in descending powers of w for 6, and determining 
the constants by (4), we find that 

kere = / Fe’ cos ft, . Sead 2) 
and vn 

kel = Ve er mith Os L..ie ied) 2 -al 

where . 
“ie a ee 25 i ae | 

enya S/o, 3941/9,3 128 = 

and a T ik iP ris, 

eee tees eta 
. 2 8 8/de 1602 3847 903 es) 

Tt will be seen that 2’ and ’ can be deduced from the 
formule for « and f, (18) and (19), by merely changing the 
sign of @ in the latter. In making calculations it is best to 
use the formule obtained by writing —. for wz on the right- 
hand side of the equations (22) and (23). 

By differentiating (42) and (43) we find that 

1 f | ae 
i —|* Gi jae SSS See ker!’ z« = kere d ats 

aoe 
J/2 SV/Qx? 8x 

and ean ee «A 1 1 
kel « = —kerw ' 2's 52 gat 

l: 1 I 
= rie) ot 30 ava (47) 

We also have 
2a! 

a2) = ker? ¢+ker ¢ = aS 

and 

¥o(z) = ker? 2+ kei”? 2 = X(a)H1 us 
x 



oe eo Ee 

oe ee oo 

a Pe 
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When mz is very large we shall use the formule 

ker ma = ee e *2oo3 (7 Be! Oma (7973) an 
past ee Mr ; 

kei ma = ts ad en" gin Le ke 
2mx iE 5 i 

ees iN Pe Le! ker’ mz = ee on as winter 

and en me 
s on . (me a 

kei’ mz = e “2sin ( Se f oe 
2mux 

7. Formule containing both functions. 

We require the following formule, also, in our * solutions. i: 
When me is small, H 

S, = ber’ mc ker! mc + bei’ mc kei’ me 

_ mic 
rie +3—log mc) 

m*ce 37 mses 
+9 ga? 08 ™) +95 ae gee 

and 
T. = bei’ me ker’ me—ber’ me kei’ me 

ra To Te quater” hey ree ee 8 

When mec is very great, we may write 

cos me 4/2 
S. — ToT. Fi at a aaa 5 . . . e . 

2me 

and sin mer/2 
a << gt VRE ae ° . . ° ° 

2me 

8. The complete solution. 

On the assumption that 2 follows the harmonic law, we see 
that the complete solution of the equation (A) is 

i= (A ber mr+B bei mr+C ker mr+ D kei mr) cos wt By 

+ (—A beimr+B ber mr—C kei mr+ D ker mr) sin wt, (58) 

where A, B, C, and D are constants. 
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Ill. Tae FormMuLZ FOR THE EFFECTIVE RESISTANCE AND 

INDUCTANCE OF A CONCENTRIC MAIN WITH A SOLID 
INNER CONDUCTOR. 

In order to simplify the problem, we shall first suppose 
that the inner conductor is a solid metal cylinder of radius a, 
and that the outer conductor is a coaxial hollow cylinder of 
inner and outer radii } and ¢ respectively. Let w be the 
value of the permeability of the metals forming the con- 
ductors, and let pw’ be the permeability of the insulating 
material separating them. Let p be the volume resistiy ity of 
the conducting metal. We shall suppose that py, »’, and p 
are constants and, for the present, that both the capacity and 
leakage currents in the dielectric can be neglected. We can 
assume, therefore, that the flow of current in the conductors 
is parallel to their common axis, and hence, that the equi- 
potential surfaces in each conducior are planes perpendicular 
to this axis. 

Let us now consider the current in a cylindrical tube of 
unit length in the inner conductor, whose inner and outer 
radii are r and r+dr respectively. If e, be the potential 
difference between the ends of this tube, the equation to 
determine the current-density 2 in it is, by Ohm’s law and 
Faraday’s law, . 

€; = (p/27rd0r)(i. 2z7rAr)+0¢/dt 

Weer, >. - 2). es ee COD 

where ¢@ is the number of magnetic lines linked with the 
current in this cylindrical tube. 

By hypothesis, the equipotential surfaces in the inner 
conductor are planes perpendicular to the axis. Hence @ is 
independent of the value of r, and thus 

0 O0¢ 
0 =e eee ech ae (60) 

From the symmetry of a concentric main, we see that the 
intensity of the ezrrent is the same at all points equidistant 
from the axis. Hence, since the magnetic force outside an 
infinite cylindrical tube, carrying a current flowing parallel 
to its axis, is the same as if all the current were concentrated 
at this axis, we have, at all points of the inner conductor, 

=n = — Ox +2y'Llog! +n) am al) 9z, (61) 

where I, is the algebraical sum of the currents flowing 
through the cross section of a coaxial cylinder whose radius 
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is 2, 1 is the total current flowing in the inner conductor, 
and I’, is the sum of the currents flowing in the tube of the 
outer conductor whose inner radius is 6 and outer radius 
1S 2. 

By differentiating @ with respect to r, we get 

be Ge 
op = —*#{ 271rdgr, 
or 7 

and hence, by (60), 

I eer a pate. . . 

and finally, by differentiating, 

~o See a 
Writing 

ie ou ag . . 

where / is the frequency of the alternating currents, we see 
that the value of 7 is given by (58). 

Let us suppose that the current-density along the axis of 
the cylinder is given by i=i)coswt. At the axis r is zero ; 
and since ker 0 is infinite both © and D must be zero, as 
otherwise the current-density would be infinite. Since 
also berO=1 and bei0=0, we have A=72 and B=0, 
and thus 

2=2, ber mr cos w@t—2, beimrsinat.. . . (65) 

It is easy to verify by the help of the equations 

\r ber mror = (r/m) bei’ mr... ee 

and \r bei mrar = —(r/m)ber'mr . . . (67) 

that this value of 7, which is the same as that given by 
Kelvin, satisfies (62). It therefore gives the solution of 
the problem of finding the current-density at any point in the 
substance of the inner conductor. 

From (65) we find that 

I. = 2ar | “ide 

= (27/m) r bei’ mr . iy cos wt + (277/m) r ber! mr.ip sinat. (68) 

Putting r equal to a in this equation, we get for the total 
current, 

T=(27/m) abei! ma. io cos wt + (27/m) a ber' ma.ig sinat. (69) 
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By differentiating this equation with regard to ¢t, we 
find that 

— = — (277w/m) a bei’ ma. ig sin wt 

+ (27rw/m) a ber'ma.i,sin@t, (70) 

and hence, solving these equations for 7)cos@f and isin of, 
we get 

m bel’ ma m ber’ ma OL . 
cso. => oe ry es . (71) 

2maY(ma) 27awY(ma) Ot 

and ae m ber’ ma mbei! ma Ol hs 
4, Si Of. = =, l--: = ec iairs. We) 

27aY(ma) 2mawY(ma) ot 

Let us now consider the currents in the outer conductor. 
Let 7’ be the current density in this cylinder at a distance r 
from the axis. Let e’ be the potential-difference per unit 
length measured from the distributing station to the alter- 
nator, 2’ being considered positive when flowi ing in the same 
direction. 
We have, eee 

= (p/27rdr)(27rdr.v)—d0d'/dt 

= pi—d¢’/dt, . (73) 
e a9) es ws where ‘= mal aay a tae ge a) 

Thus = of ae —2u(I—I’,) 

= —Ampl ri’dr. St ea a pe ke 9 

Also, since we have supposed that e’ does not vary with 7, 
we get from (73) and (75) 

a ITY Oe a 
Px, 7 a ? an 355 5 ' ioe ts (76) 

and thus eet? im dr’ ta AD 

By (58), the solution of (77) may be written as follows:— 

2’ = (A ber mr+ B bei mr+C ker mr+ D kei mr) ip cos wt 

+(—A bei mr+ B ber mr—C kei mr+ D ker mr) i, sin ot, 

(78) 
where A, B, C, and D are constants which have to be 
determined from the data of the problem. 
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Now noticing that 

\r ker'mr Or = (r/m)kei’ mr .. . em 

and (rkei mr Or = —(r/m) ker’ mr, . . (80) 

we find, by substituting the value of i’ given by (78) in (76), 
that 

A bei’ me—B ber’ me+C kei’ me—D ker’ me = 0, (81) 

sats A ber' mc+ B bei’ me+ C ker’ me + D kei’ me = 0. (82) 

By equating also the integral value [ Qari! Or of the 

eurrent in the return conductor to the value of I given 
by (69), we get 

A bei! mb—B ber! mb + C kei! mb—D ker! mb = = bei! ma, (83) 

and | 

A ber! mb+ B bei! mb+ C ker’ mb + D kei! mb = —; ber’ ma. (84) 

The four equations (81)—(84) completely determine the 
four constants A, B, C, and D. Hence the current density - 
at all points on the outer conductor is found. 

From (73) and (74) we can see at once that 

| Weed 
d= pu, — pb sabe eat a 2) >on | vemeney, (85) 

where #!, is the current ay on the inner surface of the 
outer conductor. We also see from (59) and (61) that 

if Q(T —T, E 
€ = pi, t+ 2m’ log a am pe i} a (86) 

where 7, is the current density on the outer surface of the 
inner pounce Thus, by addition, 

sl teeta Sed log” SF. ee 

- Hence writing for i, and 7’, their values given by (65) 
and (68) respectively, ‘and also writing for 7)cos@t and 
i) sin wt their values in terms of I and ol/dé from (71) 
and (72), we get, after a little reduction, that 

ol 
ete = RI+Ls), (88) 
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where 

R = (pm/27aYa) (ber ma bei! ma—bei ma ber! ma) 

ee A ber mb+B bei mb +C ker mb + D kei mob } 

oe A bei mb—B ber mb +O kei mb—D ker mb}, 
ZTAL a 

sy gaa ae Meee 
and oy 

b iol te on log- 
2 q e . 

+ — (ber ma ber! ma +- bei ma bei! ma) 
ALa 

2u ber! ma 

may «a 

oe 2 bei! ma {A bei mb —B ber mb+C kei mb—D ker mh}. 
may a (90) 

In (89) and (90), Y, stands for ber? ma+bei? ma, and 
A, B, C, and D can be found as follows from the equations 
(81)-(84), using the notation adopted in formule (54) 
and (55) :— 

{A ber mb+B bei mb +C ker mb + D kei mb} 

mv OS. a DT ie ee GSD) 

and tee — Ol DS. i. oss 8, COZ) 

Hence substituting the values of A and B, given by (91) 
and (94), in (83) and (84), we get 

CY Se— Y38. y+ D aa —Y els) 

= a-o, (ber! ma ber! mb + bei! ma bei! mb), (93) 

ie C(Y,T.— Y-Ts) + D(Y-s— Y28.) 

=— 5, Ye(ber’ ma bei! mb—bei! ma ber! mb). (94) 

From these equations C and D are easily found, and then 
A and B ean be found from (91) and (92). 

The above formulz give the complete solution of the 
problem when the applied wave is sine-shaped and the 
capacity and leakage effects are neglected. 

If the applied wave be not sine-shaped, but if it be a 
periodic function of the time, it may be expanded in a series 
of sines by Fourier’s theorem ; and hence we could write 
down the solution without difficulty, but it would be very 
cumbrous. 



IV. Sumppiriep ForMUL FOR PARTICULAR CASES. — 

1. With direct currents. : | “y 

From the next solution, by putting m equal to cane we. 
find that the resistance Rz and the inductance La with dire 
currents are given by 

eile p 
a Ta? 1(e?—b*)’ 

and peor op 
La = 2p log- eo 

as C ae 

This value for the inductance agrees with that eat we 
Lord Rayleigh*. 3 

2. With low frequency currents. 

Substituting the appropriate approximate formule (54) epee. 
and (55) for S- and ‘, in the equations (91)-(94), and 
noticing that Y,=(m?c?/4)(1 +m*c'/192) PPS we > find | ee. 
that a 

GHOmtGr « .. os 
where 

a 

eee ) azh2ct ; 

is le 2) 
~ heap ee Be 

and \ 

ze 0202 (6112 +19 &—42 , C,= 92 42, = =. ree + Una \e aT) 

a?b?c* log (¢/b) 

POE Ie Hey 
“ ue Bt frog 

oes 22 —a'— 2)! 4+ 3a'le } , 

=P 

| od fio oan 
3 * Pe P(e —)?)4 dh 

—) = Dim? an ee . eee eee 

* Phil. Mag. [5]-vol. xxi. p. 381 (1886), or Russell’s ‘ Alternating: 

Currents,’ vol. 1. p. 53. 
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e arc? 

~ 2(e2—0?) 

ac 

a= BF, (P= 1) | tad 
ine ff — a) J 
Do yar, (e@—by” 

ao ate ( ae 
8(e—0?)? °8 ‘ 

_ _ & Th 5 7Tavcm ne 

*—G=F 3e-0)" + FB ae) tam 
—C,(a+2—logme)m', . . . . PE BAN AS 

and 

Be 2 
= a + Di(2+2— log me)— : Cym? 

Eg 
+1E5 =O,+5 3C2+D,(2+3—log me) + 92 Az os yD, bm' 

(100) 

Substituting these values in (89) and (90), and using the 
approximate formule for the functions, we get, after lengthy 
algebraical operations, 

mia’ 

ny aa a(i+ aa) 

+ eB) a +m'(py + pst tpi!) |, yy
 CLO) 

where 

(7 C ee ke =p ) b7¢ 4 

or 192 pean Sei) 
L?¢6 

Bae heey and &€ = log’. 

It is interesting to notice that the coefficient of m’ 
vanishes and that the numerical constants a and log m have 
cancelled out. This formula is in exact agreement with 
that* given by Oliver Heaviside. It is not quite clear how 
he obtains the formula, but he states that the work was 
“very heavy.” 

* ‘Electrical Papers,’ vol. 11. p. 192 (72), 

Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. 2P 
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In power transmission cables a?=c?—}*. In this case the 
greater the value of } the smaller the value of p;+ po& +p3&. 
In power transmission cables, when the frequency is not 
greater than 50, the increase in the effective resistance of 
the outer conductor due to the skin effect is negligibly 
small. 

We find in a similar manner that 
(4 

Lely—o 355 me 

— w(Ay HAQE HAZE’? + AWE )m*, . . (102) 

where we 19e°+1038 6? —410'°? + 30° 
ax Bee (e—ey  ~ % 

we 14 b?¢*(2 c? —],?) 

a7 9a 4a 3(2— 07)?” 

bee 

= qe 
bis c 

y= (ew and &=loe a: 

Heaviside* gives the formula as if the coefficient of m* 
were zero. The term —(ya'/384)m* can be deduced from 
the formula given in Gray and Matthews’ ‘ Bessel’s 
Functions, p. 160, as the “ self-inductance” of a cylindrical 
conductor. 

Formula (102) shows that at low frequencies the inductance 
diminishes as the frequency increases, the effect being more 
pronounced the thicker the shell of the outer conductor. 

3. With high frequency currents. 

When ma is greater than 5 we can use the formule (50) 
to (53) for the ker functions and the corresponding formule 
for the ber functions. Substituting these values in (89) and 
(90) we get, after a little reduction, 

1 1 3 > 
Pe di i) 

ce ety T Ima t 8,/ mia? f 

pm sinh m(c—b) 2+sin m(c—b) 2 
2Qrb 2 cosh m(e—b) 7 2—cosm(c—b) V2’ 

(103) 

* Electrical Papers,’ vol. ii. p. 192. [Dr. Heaviside has pointed out 
to me that he was only giving the first term correction to R+Lau, and 
thus it was unnecessary to give the coefficient of m* in (102). ] 
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and 

b Pe Lia AbD ee 
L= Qu" log - -~+ TEEN Nae 8 /2m2a2 et 

2u sinh m(e—b) V2—sin m(c—b) V2 

“mb WE cosh m(¢—b) are 2+cos m(e—b) ) /2 9° 

It is to be noticed that R becomes infinite when b=c, but 

L becomes 

2u' log (b/a) + (2m/ma) (1/4 2—3/8 /2m2a? —3/8mia°). 

The first term in (103) gives the resistance of the inner 
conductor and the second that of the outer conductor. In 
(104) the first term gives the linkages of the magnetic flux 
in the dielectric with the current in the inner conductor. 
The second term gives the linkages of the magnetic flux in 
the substance of the inner conductor, and the third the 
linkages of the flux in the outer conductor. 

(104) 

A, With very high frequency currents. 

When the frequency is very high, provided that ¢ be not 
nearly equal to b, we may write 

pn pm 

Daal Qmba/2 

... sebeimli ey Gla 

Similarly when ma is very great we may write 

h Hogg 
SS 2 ! eee ee = ) L= 2p log a gee ate +7). > (106) 

We see, therefore, that as f increases RK continually in- 
Creases, but L approaches the value 2y’ log (b/a) asymptoti- 
cally. Whatever the frequency, we see that the value of L 
lies between the value given by (96) and 2y' log (b/a). It 
is easy to see that it has the latter value when the currents 
are confined to an infinitely thin skin on the outer and inner 
surfaces of the inner and outer conductors respectively. 

Formule (105) and (106) agree with ae given by Sir 
Joseph Thomson (see ‘ Recent Researches,’ p. 295). ce 
are also given in Heaviside’s ‘ Electrical Papers,’ vol. 
fee Loo. 

2b 2 
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VY. THe DENSITY OF THE ({URRENT IN THE INNER 

AND OUTER CONDUCTORS. 

1. With low frequency currents. 

For the inner conductor we find from equation (65), that 

i=ip}X(mr)}"" cos (wt+e), . .. « AD 

where tan €=bei mr/ber mr. 

It is known * that X(mz) always increases as mr increases. 
Hence the amplitude of the current density is always greatest 
at the surface of the inner conductor and least along the 
axis. When the sixth and higher powers of mr can be 
neglected (107) becomes 

1=19(1 + m*r"/64) cos (@t+e), -. ~ . (108) 

where tan €=m?7?/4. 

If mr=1, (107) gives 

1=1-015 % cos (at +14° 15’), 

and (108) gives 1=1-016 2% cos (wt + 14° 2’). 

Hence when mr is not greater than 1, (108) may be used. 
Even when mr=2 the inaccuracy in the value of the ampli- 
tude of the current density given by (108) is less than 
2 per cent. In this case the amplitude of the current- 
density at the surface of the conductor is about 23 per cent. 
greater than at its axis, and the current along the axis lags 
by about 52° behind the surface current. 

Similarly when me is small, we find by (78) that 

i 2 272 2 a f mC" 
a eet b= alee mr} cos at... (Ga 

eed 

Hence the amplitude of the current-density in the outer: 
conductor diminishes as 7 increases. 

» 3. With high frequency currents. 

In this case, by (20) and (21), we get for the inner con- 
ductor 

il ae Se Nr a> imino ot + 73g). 

* Russell’s ‘ Alternating Currents,’ vol. i. p. 373. 

= - , a SS Ke eee Ae 
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Similarly in the outer conductor we find that 

“I Maxton v2" — 2 — i € 4 pee m(e- rr /2 + cos m(e AG cos (wt + @). 
iy 4/2amr cosh m( (c—b pes: 2—cos wanes 

ee 09) 

epee V2 m(e—r)/ V2 

where sin e; +e SIN €, 
tan 0= ——s 

—m (e—r)/ V2 mi(e—r)/ V2 

€ cose, +¢€ COS €g 

and mr 7 T 54. mr 7 
q=y—-—a tei = b+— +9; 

ws GS 2° 8 

tan y= eg tan 6= = 

Since {cosh m(e—r) 2+ cos m(e—r) V2} /r 

continually diminishes as 7 increases, we see that the ampli- 
tude of i always diminishes as r increases. 

and y—d=me Vv 2. 

VI. Concentric Maw with Hoititow INNER ConDUCTOR. 

Let us suppose that a, is the inner radius of the inner 
conductor. The solution (58) for the current-density 7 still 
applies. Assuming that 1=2, cos wt, when r is a;, we get two 
equations connecting the four constants dafiyl sein Oe and D. 
The equation corresponding to (62) is now 

4 eo tt pe re) 

Substituting the value of i in this equation and equating 
the coefficients of cos wt and sin wf in the resulting equation 
to zero, we get two other equations connecting the four 
constants, and hence they can be found. 

Adopting the method suggested by O. Heaviside*, however, 
the values of the effective resistance of each tube may be 
written down at once from the formule given above. From 
formula (101), for instance, the resistance Ry of the outer 
conductor is ai by 

(7e@-B)(t—B) te 
ial =P) ‘ 192 t §(e—0) Fh 

Go ee ge) Pee (113) 

* ¢ Electrical cal vol. ii. p. 192. 
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To deduce the resistance R; of the inner tube we write a 
for b, and a, for ¢ in the coefficient of m*, and noticing that 
the area of the cross section is now 7(a?—a,”), we get 

Ney ae eae aw in 
R= RPE oe E +mJ 6 : o Ya es ) Tare iD og 

1 (a?—d;") 192 8(a?—a;”") ay 

aza,® 2 

eo") Se 
For a given cross sectional area (a?—a,”) we see from 

(114) that the coefficient of m* diminishes as a; increases. 
Hence, at low frequencies, making the inner conductor hollow 
diminishes the skin effect. Similarly for a given cross 
sectional area, the larger the outer tube the smaller the 
effective resistance of the tube. 

From (103) we see that at high frequencies the resistance 
R, of the outer tube is given by 

7p sana m(c—b) V2+ sin m(c—b) at 

27b /2 coshm(e—b) /2— cosm(e—b) V2 

Hence the resistance R; of the inner tube is given by 

pm sinh m(a—a,) V2+ sin m(a—a) V2 

 Qara V2 cosh m(a—a,) 72 — cos m(a—a,) V2 

The difference, therefore, between the effective resistance of 
a thin and a thick inner tube having equal outer radii is 
very small at high frequencies. 

(115) 

VII. THe IMPEDANCE OF A ConcEeNTRIC MAIN. 

Tf the length of the main be very long compared with its 
diameter and the insulation resistance of the dielectric be 
very high, the assumption that the current flow is linear is 
permissible. In this case, if e be the potential-difference 
between the mains at a point at a distance « from the 
alternator, we have* 

et fol) 

Ole Wie iar OC 
and — an = S + K Ot y) 

where K and S are the capacity and the insulation resistance 
between the mains per unit length. In these equations R 
and L have the values found earlier in the paper. Hence 
we have to substitute these values in the well-known expres- 
sions for the impedance of the main. 

* Russell, ‘ Alternating Currents,’ vol. 11. p. 458 e¢ seg. 
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VIII. NumMERICAL EXAMPLE. 

In connexion with the transmission of electric power at 
low frequencies, the question of the magnitude of the skin 
effect in three-core cables has been recently discussed by 
engineers. As the question is one of considerable difficulty 
owing to the very complex nature of the magnetic field 
inside a three-core cable (see Russell, ‘ Alternating Currents,’ 
vol. i. p. 321), it is important to know what are the corre- 
sponding losses in a concentric main. 

Let us suppose that the inner core is solid and that me 
is not greater than 2, so that we may use formula (101). 
Let the radius of the inner main be one centimetre. Fora 
very high pressure cable a suitable value* of 6 would be 
2-4 ems. Hence, since the section of the outer conductor 
is made equal to that of the inner,¢ is 2°6cms. Substituting 
these numbers in the formula, we find that 

Af m p ( 0:0072 m* 

T eins) ENG FO RAISE ) 
where J is the length of the main in centimetres. 
With the frequencies used in practice m is; not very 

different from 1. We see that the skin effect increases the 
resistance of the inner conductor by about the half of one 
per cent., and the increase in the effective resistance of the 
outer conductor is less than the hundredth part of this. 
For a low voltage cable we might have ¢c=5/3 and 6=4/3. 
In this case 

m p 0:059 m* 

= = ela ig) + 2 (14 192 } 

and hence the increase in the loss of the outer conductor is 
only about the twentieth part of the corresponding quantity 
for the inner. If the return conductor were a tight-fitting 

tube so that b>=1 and c= W/2, the formula becomes 

Re (1+ m* )4 te 0:148 m* 

ere 192) t as 192 Seiten 

Even in this case the increase in the loss of the outer is less 
than the fifth part of the increase in the loss of the inner, 
although the losses for very high frequencies would: be 

practically the same in each conductor. 

* Russell, ‘ Electric Cables and Networks,’ p. 203. 
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If the main consisted of a hollow inner conductor whose 

radii were 1 and ,/2 respectively and an outer conductor 
of radii 2°6 and 2°4, then we would have 

Rim 0'105m*\  p 0-0072 m* 
Tog(tt+— q+ 5(14+—“G99 

Hence, making the inner conductor hollow has appreciably 
reduced the losses due to skin resistance. It will also be 
noticed that the losses due to this cause in the (1, ,/2) 
cylindrical conductor are about 30 per cent. less when the 
return current is outside it than when it is inside it. 

It is easy to see that if the current returns by a fine con- 
ductor in a minute hole along the axis of a cylindrical 
conductor, the increase in the losses for low-frequency currents 
will be nearly seven times greater than if it returned by a 
concentric tube outside the conductor. 

IX. VALUES OF m FOR CopPpER CoNDUCTORS. 

The volume resistivity of high conductivity annealed 
copper at 60° F. (15°6 C.) is 1696°5. Hence 

n= Si Nes 
Sree 106-5". 

Assuming that n.=1, we get the following table :— 

Be. hs, Cae 100 21573 | 
10 06822 200 30509 
15 08355 300 37366 
I fg ai 400 43147 | 
25 P| aren ee 500 48240 | 
Bp 2241 Bega 1000 68221 
35 cy TBE 4 5000 15:255 
40 | 13644 | 10000 21:573 | 
45 | 14472 |} 100000 68221 | 

| 50 15255 | 1000000 | 215-734 | 
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XLIX. Elastic Solid Ether, with two Moduli, satisfying 

MacCullagh’s Crystalline Optical Conditions. By Prot. 

Auex. McAutay, 1/.A., University of Tasmania”. 

* 1. Description of the solid. 

Shon states of the medium require naming for our 
purposes. (1) The zero state ; this is a state (not of 

equilibrium) necessary for descriptive purposes. (2) The 
intrinsically strained state ; this is a state of stable equi- 
librium. (3) The actual disturbed state; this is a state 
which is obtained from the intrinsicaliy strained state by 
displacements small compared with those which produce the 
intrinsically strained state from the zero state. 

Let an elastic solid of density 

Peo em. per cub. cmd) Leys) sst))<, CL) 

fill space. Let its potential energy per unit volume consist 
of two terms, a cubic rotational term and a hydrostatic 
quadratic term. 

The cubic rotational term is 

—efy xX C=—efgx 18x 10* ergs per cub.cm. . (2) 

where e, /, g are the small fractions expressing the principal 
elongations necessary to pass ‘from the zero to the actual 
disturbed state. . 

It will be shown below that so long as we retain only the 
terms of lowest order in the stress, the cubic rotational stress 
is zero when the curl is zero, so that there is from the cubic 
term no elastic resistance to irrotational strain. 

Let the medium be irrotationally intrinsically strained 
from the zero state according to the following specification. 
First impose everywhere and in all directions a uniform 
elongation of linear value 

0 =) 4 = Jo = hoe, e ° e e es (3) 

and call the state of the medium obtained free ether. 
Secondly, throughout certain volumes, to be called crystals, 
change the elongations from e, to values ¢, /1, 91, given for 
three mutually perpendicular directions, the principal direc- 
tions of the crystal; ¢, 71, g, are each Jess than e, in the ratios 
of the squares of the corresponding velocities of light to the 
square of the velocity in free ether. Due to the difference 

* Communicated by the Author. Read before the Australasian 
Association for the Advancement of Science, at the meeting at Brisbane, 
January 1909. 
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of the intrinsic strain throughout the crystalline volumes and 
throughout the remaining free ether there will be a misfit 
throughout thin interface 1 regions ; let the maximum elonga- 
tion (of irrotational strain) necessary to account for this 
interface misfit be not greater than ‘05. [For a sphere of 
water, 100 metres in diameter, the interface thickness will 
thus be of the order 10-6 em. |] The e, fo: J of (3) may be 
looked upon as the particular free zther values of the general 
intrinsic principal elongations ¢, 71, 7%. It is permissible to 
change ¢, /1, 9, from “positive to negative, if at the same 
time we change C from positive to “negative, so that the 
cubic term retains a negative value. 

Let the hydrostatic quadratic term be zero in the intrin- 
sically strained state and have the value 

b(egtfotgs), - « + =n 

where 0b is a positive constant and é, fo, gz are elongations 
(either principal elongations or elongations in three given 
rectangular coordinate directions) of the actual disturbed 
state reckoned from the intrinsically strained state. The 
only condition for our purposes, it is necessary to Impose on 
b, is that it is large enough to mask the effects of those 
higher order “cubic rotational” terms which have been 
neglected. For instance, b may be supposed practically 
infinite. 
A medium thus endowed with two elastic moduli will 

oscillate about the intrinsically strained stable state according 
to MacCullagh’s equations ; in other words, it is MacCullagh’s 
medium. 

To obtain a light intensity as great as at the Sun’s surface 
(2 ergs per cub. cm.) the maximum disturbed curl < 10-™. 

2. Dynamical behaviour of the solid mathematically 
mnvestigated. 

Without loss of generality we may divide by D and 
assume for the future that the density is unity; thus the C 
and } about to be used may be looked upon as our previous 
C/D and 6/D. We will consider a more general intrinsic 
irrotational strain than that specified in $1; that is to say, 
we will suppose the intrinsic strain to be a purely arbitrary 
continuous irrotational strain, but we continue to assume 
that the superposed disturbed strain is small compared with 
the intrinsic strain. 

Let p, be the position vector of a point in the zero state of 
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the medium and % be its arbitrary displacement (intrinsic + 
additionally disturbed); let y) be the strain linity (that is 
linear vector function of a vector) and y, the pure strain 
linity, so that with for an arbitrary vector, 

X9=—So7 +, Yoor=— 2718@V1—FV Seno (5) 

The cubic rotational term is 

—4ZCSh, G63 SvroSivrobe Vols 

= —2OSLidaZs SxolaXolo%ols—FCOS (VEX S)Wro(VS%05) 

= — §CSViV2V3 Smo1%02%03 — 208 (VV10) Yo (VV 00)- 

This is easily proved by expressing yp) in the form 
aro +VAo( ), and verifying that the terms of 80,03 
SX,fXo%Xof3 which are linear and which are cubic in Ay 

are identically zero. 
The volume integral of SV,V2V3 S7o1%2%3 for the whole 

of space reduces to a surface integral at infinity and is zero 
when m7) converges properly. Putting it zero the cubic 
rotational part of the potential energy is the volume integral 
for all space of 

—4CS (VV WoC VV): 

Since this is zero when the curl is zero, it follows that the 
cubic term gives rise to zero elastic resistance to irrotational 
strain. Since the intrinsic strain is irrotational, and the 
disturbed strain is small compared with the intrinsic strain ; 
by neglecting all but the lowest order terms in the last ex- 
pression we may therein suppose Wp to stand for the constant 
(in time) intrinsic strain and VV for the superposed curl, 
so that our original cubic term has taken a form which is 
quadratic in the (disturbed) curl. 

Let p be the position vector of a point in the intrinsically 
strained position. 7 the disturbed displacement, y the dis- 
turbed strain linity, y the disturbed pure-strain linity, all 
reckoned from the intrinsically strained state. Remembering 
the irrotational constant meaning of ) in the last form 
above of the cubic rotational term, put , 

3Cyyno=ho=—S0V.V9,- - + + (6) 

where g is a given scalar function of position whose first and 
second space derivatives are everywhere finite, and therefore 
h is a given self-conjugate linity. 
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The potential energy W for the whole of space is now 
given as the volume integral of wm or of w thus 

= {lJ wnds=(jl ws; » » i») 

where we have the following for wy 

(MacCullagh form) w,= —iS(VVn)h(VVn) +32(SV0), (8) 

and the following for w 

(Green form) w=S(VGE)AVwti we) +40(ShpG)?. . (9) 

By transforming 

S(VGE)h (VxSixes) 

by putting y=>r+ VAC ) it is easy to show that 

UW — Win = S (V8) h(VxSix82) 7 (10) eS 7.780.772: ) 

and therefore that the volume integral of w—w, for the 
whole of space is zero. 

It will be found that with h constant for a crystalline 
volume, (9) is Green’s 1839 form*. When 6 is zero andh 
constant, (8) is obviously MacCullagh’s 1839 formy. 

To show that the equilibrium position of the solid is stable . 
it is necessary only to show that w,, of (8) is positive. With 
the specification of § 1 we may, I think, regard this as obvious. 
We may take any point inside a crystal, say its centre of 
volume, and leave that point with the same intrinsic dis- 
placement as for free ether. The interface may be assumed 
to be of uniform thickness, say 10—* cm., and in the three 
principal directions of the crystal e,, 7;, g, may be supposed, 
through the interface, to change continuously to e7=fo=g9o- 

The theory that we have been thus led to differs in form 
from MacCullagh’s in that for stability we are not permitted 
to put b=0; it “really differs from Green’s in the interface 
conditions. It may be said further to differ in form from 
MacCullagh’s in that his large for the interface region as 
compared with the rest of space, and therefore perhaps we 
shall find that when we treat the interface as a surface of 
discontinuity we must reckon with a surface contribution to 
the potential energy. 

* “On the Propagation of Light in Crystallized Media,” Math. Papers, 
p. 298, Trans. Camb. Phil. Soe. 1839. 

+ An Essay towards a Dynamical Theory of Crystalline Reflexion and 
tefraction. Collected Works, p. 145, Trans. Roy. Ir. Ac. 1839. 
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Our bodily equation, by a straightforward application of the 
dy namical principle 6 | Ldt=0 ee the MacCullagh form (8), 
is found to be 

n=—VV(AVVn)—V(ISVy). . . . (AD 

Operating by SV() and by VV(), we find (as we may 
anticipate from the usual treatment after Green) that the 
convergence and curl behave quite independently of one. 
another. In the present theory, and this is where the present 
theory differs from Green’s, this statement is true of the 
interface region as well as of the other two regions, the free 
cether and the crystal. 

Thus in the present theory we are not confronted with the 
appearance of a wave of condensation when a wave of curl 
suffers reflexion. 
Optical interpretations are concerned only with the curl VV. 

We may suppose initially, and therefore by (11) permanently, 

that SvVn=0=Svn: or, what is mathematically equivalent, 
we may henceforth suppose 7 to stand for that part only of the 
disturbed displacement which has curl and not convergence. 
The bodily equation becomes 

ee VAN nd Shatin bi 1602), 

and the potential energy is confined to the cubic eo m. 
(12) is MacCullagh’s s equation and (11) is Green’s. (12) is 

also Maxwell’s bodily equation if we identify 7 w with the 
magnetic force and h with the reciprocal of the permittivity. 
The condition that 7 is continuous at an interface is common 
to all four theories, MacCullagh’s, Green’s, Maxwell’s, and 
the present one. MacCullagh’s and Maxwell’s second boundary 
condition is that hV\V/7n is tangentially continuous, whereas 
Green’s is different; and to-day it is well known that 
MacCullagh’s and Maxwell’s condition is in harmony and 
Green’s condition is not in harmony with the optical facts of 
reflexion at the boundaries of transparent bodies. What does 
the present theory say on this second boundary condition ? 

The following appears to me to prove that the present 
theory gives the desired optical condition. 

Examining the sense in which h is large at an interface 
the following at once appears. Let the axis of z be taken 
perpendicular to the interface. 4h is given by the six second 
space derivatives of g, 

Daas Dyyr Gay Yaz Dyz3 Yzz- 

Of these, in the interface region, the first three guzx, Qyy, Gry 



558 | Prof. A. M°Aulay on 

are of the same order of magnitude as in the rest of 
space; the next pair grz, gyz are of the order of the 
reciprocal of the thickness of the interface ; the sixth gzz is 
of the order of the square of that reciprocal. On the other 
hand, attending to A-1 we find that the first three scalars 
are again as usual ; the next pair are small and of the order 
of the thickness; the sixth small and of the order of the 
square of the thickness. | 

This suggests that we should apply the principle 6 \ Ldt=0 
in the following manner, in which there is zero contribution 
to L from the interface. Put 

n=O, MNVn=e . . 2 

Then 

L=—4\\Jo%ds+4(\\Seh-teds; . . (14) 

and we have to take account of the equation of condition 

ie=VVo. . . 2 0 

Working with (14) and (15) take account of (15) by inde- 
terminate multipliers by adding to §6L 

(\\ Sa(h-8e—VV8o)ds. 

“We thus obtain the equations of the medium in the form 

o=—VVa, c=, it ae | 
[Ved> lus.= 0, 9 ° (16) 

‘the last being the boundary condition and expressing that « 
is tangentially continuous. It follows that or e or hVV/7 is 
tangentially continuous. This is the desired result, and is 
what we should expect as the limit of (12) applied to an 
element of the interface. The largeness of h at the interface 
prevents us from making the deduction directly from (12). _ 

3. Origin and suggested modification of the above Theory. 

The theory arose from an attempt to explain dynamically 
Maxwell’s fundamental equations and not by a direct deve- 
lopment from either MacCullagh or Green. 

Maxweli’s optical conditions may be thus briefly but fully 
enunciated. Hthe magnetic force satisfies the bodily equation 

a —VV(c1VVH), 

avhere c is the linity called permittivity, and the two boundary 
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conditions are that His continuous and c—!'V/H is tangentially 
continuous. It was sought to identify H with the velocity 
of ausual 21-constant elastic solid. our quite definite steps 
were thence taken. 

First step. In order that for an elastic solid with moduli 
unvarying from point to point, the evoked volume force 8 
may, with arbitrary displacement », satisfy the incompressible 
condition SY8=0, the twenty-one constants must reduce to 
six in the following definite manner. When the density is 
unity the potential energy w per unit volume must be of the 
form | 

w=S(VEO)AVbiive), 

where w is the pure strain linity and h is a constant self- 
conjugate linity. 

Second step. In order that with h varying from point to 
point the same condition SVS8=0 may hold (a condition 
imposed in the hope of attaining the boundary condition 
that hVV/7 is continuous) h must have the definite form 

ho=—SoV .V49; 

where g is a scalar function of position. 
Third step. We may add to the volume potential energy 

now attained, the hydrostatic quadratic term $0(Shpé)?, 
because it is found that this generalized form, and this torm 
alone, produces an equation of motion in which curl and 
convergence are propagated independently. [This step is 
essentially a step of Green’s, but it was actually taken without 
reference to Green’s work. | 

Fourth step. We naturally seek a simple description of 
the volume energy attained. The very suggestive form of h 
in terms of g readily leads to the specification of § 1 above. 

I think it may be claimed that the theory finally reached 
reconciles Green and MacCullagh, and especially that it pro- 
vides what has been so persistently sought, an easily conceived 
dynamical explanation of MacCullagh’s foundation. Taken 
in connexion with some such elaborate superstructure as 
Dr. Larmor’s ‘Auther and Matter,’ I think we may further say 
that the theory furnishes the fundamental dynamical expla- 
nation of modern electromagnetic theory. 

The following modification of the details of the specification 
of § 1 seems worth considering. Suppose a large crystal to 
be built up of component crystals whose linear dimensions are 
small, in a sense, but are large compared with the wave- 
length of light. We can then make D as small as 10-* gm. 
per cub. cm. 
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To do this let the large crystal consist of closely packed 
cubes each of whose edges is 3X10-%cem. Let each cube 
consist of an outer shell of thickness 4x 10—° cm. and a 
kernel constituting the rest of the cube. Let the intrinsic 
strain change from the outside to the inside of the shell by 
the elongations gradually passing from the free ether values 
€o, €o; gto the proper crystal values ¢, 7, 7, which are to be 
maintained uniform throughout the kernel. The double 
shells separating two neighbouring kernels will behave simply 
as thin transparent films separating two crystals of identical 
optical properties (that is like the dark spot of a soap-film), 
and will therefore in no way interfere with the propagation of 
light-waves. But with these new conditions we may change 
the constants of § 1 to the following values in C.G.s. measures 

D=10-5, C=108x1:8,  e,=10-. 

The maximum disturbed curl of a plane-polarized wave in 
free eether with intensity two ergs per cub. cm. will then 
Le @/15; in § 1 it was e/150. 

L. On Surface Separation from Solutions of Saponin, 
Peptone, and Albumin. By 8S. A. SHorrer, B.Se.* 

HE ssurface-layers of many solutions contain the dis- 
solved substance in a degree of concentration much 

higher than that in the body of the liquid. In some eases 
the mechanical properties of the surface-layer indicate the 
separation of matter in the solid state fT. The present paper 

deals with this phenomenon of surface separation in the case 
of solutions of saponin, peptone, and albumin. The primary 
object of the investigation was to study the way in which 
the thickness of the surface pellicle increases with the age 
of the surface in solutions of various concentrations. Inci- 
dentally it was found that the results threw much light upon 
tle nature of the molecular processes involved in the forma- 
tion of the surface-film. It was also found that the results 
cannot be explained on the ordinary theory of surface 
concentration. 

In spite of the large amount of work which has been done 
in recent years on the superficial viscosity and rigidity of 

* Communicated by the Author. Part of the expenses of this research 
has been defrayed by means of a Government Grant made through the 
Royal Society. . My 
+ See Ramsden, Proc. Roy. Soc. lxxii. p. 156 (1908). 
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solutions, such an obviously fundamental research as the 
above has never yet been carried out. The chief difficulty 
has been the lack of any suitable means of quantitative 
investigation of the excessively thin and fragile surface-film. 
Methods similar to that of Plateau*, involving a sweeping 
up of the surface-film, interfere too much with the process 
under investigation. The same objection applies to the 
torsion-balance method of measuring the shearing stress 
necessary to break the film+. The method of measuring the 
surface rigidity statically by means of the torsion-balance f, 
though not open to this objection, is not suited to the solu- 
tions under investigation. In the case of fairly fresh surfaces, 
the elastic forces called into play by the shearing of the 
film exhibit the phenomenon of elastic relaxation, so that: 
it is impossible to get any satisfactory balance between 
these forces and the elastic forces of the torsion-balance 
wire. In the case of older surfaces the method is unsuitable 
owing to the smallness of the elastic limit of the surface 
pellicle. 

The method adopted in the present work is one which I 
devised in a previous work on the surface-elasticity of 
saponin solutions§. I found that the surface-film, apparently 
inelastic if tested in the ordinary way by means of the 
torsion-balance (7.e. by twisting the torsion-head so as to 
impress an initial torsion on the wire), exhibits an elastic 
effect if the motion is started by rotating the vessel con- 
taining the solution (2. e. by impressing an initial shear on the 
surface-film). It is possible in this way to make the disk of 
the torsion-balance execute torsional oscillations under the 
action of the surface-film. These oscillations can be obtained 
even when the surface is so fresh that the surface-film yields 
rapidly under the action of the wire. In this case the film 
is viscous, 2. e. it shows elastic relaxation, but the relaxation 
time is sufficiently great for the film to exhibit an elastic 
effect when the vessel is rotated, though when the torsion- 
head is twisted (and an approximately constant stress applied) 
the film behaves like a viscous liquid, such as castor oil, 
which, according to Natanson||, has a relaxation time of 
about ‘C01 sec., and whose behaviour, therefore, approximates 
to that of an ideal viscous medium for all ordinary motions. 

* Statique des Inquides, Oberbeck, Wied. Ann. xi. p. 634 (1880). 
t Schutt, dnn. der Phys, xiii. p. 714 (1904); Rohde, Ann. der Phys. 

xix. p. 935 (1906). 
t Schutt, loc. cit. 
§ Phil. Mag. Feb. 1906. 
|| Phil. Mag. Nov. 1901, p. 469. 

Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. 2Q 
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Theory of the Method. 

Suppose that the solution is contained in a cylindrical 
vessel of radius R, and that a circular brass disk of radius r 
is suspended by means of a fine wire, so that the axes of the 
vessel, disk, and wire are coincident. If the solution fills the 
vessel to such a height that the disk is -partially immersed, 
then, neglecting the capillary curvature at the edges, the 
surface pellicle will be in the form of a thin annular lamina. 
Let z be the thickness of this lamina and 7 the rigidity of 
its material. It is easily shown that a rotation @ of one of 
the circular boundaries with respect to the other about the 
common axis, will give rise to a couple of magnitude 

AmnzR?r?6 

R?— 7 

Hence, if I is the moment of inertia of the suspended 
system and T the period of the oscillations set up by an 
initial rotation of the vessel, we have, neglecting the elastic 
forces of the wire and the inertia of the liquid set in 
motion, 

_ (R?—?)1 
Ue Riaz 

In the absence of any knowledge of the value of « we may 
write 

p=ne, 

where « may be termed the surface-elasticity. We may also 
write 

A 
= T2? 

where A may be termed the “ apparatus constant.” 

Apparatus, 

Two forms of apparatus were used in the following ex- 
periments. The first was identical with that used in my 
previous experiments on old surfaces of saponin solutions. 
In the second form the suspended system was hung from 
supports attached to the wooden base which carried the 
turntable on which the vessel rested—the whole being placed 
in a wooden box. The bottom of the box was perforated so 

eet 
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as to allow the levelling-screws of the base to rest indepen- 
dentiy on the bench. The front of the box consisted of a 
glass door, which did not extend down to the bottom of the 
box, a small space being left through which projected the 
radial arm attached to the turntable. A few small vessels 
containing calcium chloride were placed on shelves inside 
the box in order to prevent the condensation of moisture on 
the surface. The oscillations were observed by means of a 
telescope placed just outside the box, and focussed on the 
reflexion of the filament of an incandescent electric lamp in 
the mirror attached to the suspended system. 

The accuracy of the measurements was limited by the fact 
that the oscillations damped down rapidly. Within limits, 
the larger the initial amplitude, the more oscillations could 
be counted. If, however, the initial amplitude was too big 
the elasticity of the film was impaired and the disk would 
scarcely oscillate at all. Considerable practice was necessary — 
before one could always obtain.as large an initial amplitude 
as possible without injury to the surface-film. By having as 
large initial amplitudes as possible, much greater accuracy 
was obtained than in my previous experiments. 
A reading from which a value of the surfave-elasticity was 

calculated generally consisted of ten observations of as many 
oscillations as could be obtained, the times being added up 
on the stop-watch used (which was of the progressive type— 
starting again from the point at which it was previously 
stopped). In many cases the time of the first five oscillations 
was noted, at first as a check on the accuracy of the observa- 
tions, and later because it was found that sometimes the 
period of oscillation increased during the taking of a reading. 
The significance of this decrease of surface-elasticity will be 
discussed later. 

As each experiment lasted several weeks six sets of 
apparatus were used in order to save time. They were all 
made as nearly as possible similar in every respect—the 
approximate dimensions of the different parts being as 
follows :— 

diameter of vessel=15°5 cm. 
diameter of disk = 7:1 cm. 

moment of inertia of suspended system =1950 gr. cm.? 

More accurate measurements gave for the different sets of 
apparatus values of the apparatus constant varying from 
880 to 385 gr. 

2Q 2 
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Experimental Results: Solutions of Saponin. 

Fig. 1 shows the results of an experiment with a solution 
of saponin containing 1 part in 106,000 of water. The con- 
secutive points have been joined together by straight lines. 

Fig. 1. 
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As will be seen later, a smooth curve drawn so as to give 
the closest fit to the points would have no physical meaning. 
Three important facts will be noticed from these results :-— 

(1) The constancy of the surface-elasticity over a pro- 
longed period does not necessarily indicate equi- 
librium between the surface pellicle and the body 
of the solution—the elasticity being liable to 
increase suddenly to a higher value after remaining 
constant for several days. 

(2) The surface-elasticity is very liable to sudden fluc- 
tuations of value, especially in the later stages of 
the experiment. 

(3) There is no sign of equilibrium even after several 
weeks. 

Fig. 2 shows the results of experiments with solutions of 
saponin of different concentrations. The horizontal lines 
have been drawn to correspond to multiples of 46°5 dynes. ; 
perem. In the first instance the results were plotted in the : 
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usual way. It was then noticed that many of the stationary 
values were the same for sian solutions. Moreover, the 

Fig. 

a a 
| ne ee ee a ee: 
LE ating: of efoie 

consecutive let a Le pai be, to be about 50 units 
apart. This suggested the idea that these values might all 
be multiples of some unit value. The stationary values 
occurring twice were roughly 

750 (B and C) 
700 (A and C) 
610 (A and C) 
420 (A and D). 
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A simple calculation showed that these numbers were approxi- 
mately multiples of 47. Horizontal lines were drawn to cor- 
respond to multiples of several values in the neighbourhood 
of 47, and finally 46°8 was chosen, as giving the best fit. 
We can, therefore, state the following important con- 

clusion :— 
(4) The stationary values are all multiples of a single 

unit value, viz. 46°8 dynes per cm. 

A further inspection of the results shows that 
(5) The sudden fluctuations which occur are always 

between consecutive stationary values. 

Physical Interpretation of the Results. 
These results may be readily understood if we make the 

following two assumptions:— , 
(1) that the stationary values correspond to uniform 

layers a definite number of molecules thick, e. g. 
the value 702 corresponds to a surface pellicle 
15 molecules thick. 

(2) that a partially formed molecular layer does not 
contribute appreciably to the surface-elasticity till 
nearly complete. 

Let us examine the consequences of these assumptions. A 
continuous process of surface-separation would give rise to a 
stepwise mode of increase of the surface-elasticity, such as, 
apart from certain irregularities, is observed in the diagram. 
Suppose, however, that owing to some cause molecules are 
sometimes reabsorbed into the portion of solution adjacent to 
the surface-layer, and at other times separate out again in 
the surface-layer, so that comparatively rapid fluctuations i in 
the number of molecules in the surface-layer are super- 
imposed on the slow general increase. It is easy to see that 
a small change of this kind will have very different effects 
at different times. If the latest added molecular layer is 
nearly complete, so that the surface-elasticity is practically. 
the same as if the layer were complete, a small addition to the 
surtace-layer will have no appreciable effect, while a decrease 
in the number of molecules in the surface- ‘laye er will have a 
very large effect on the surface-elasticity. If, however, a 
molecular layer is in the initial stages of formation, an increase 
will have a large effect and a decrease very little effect. 
Hence we see that a small change in the number of molecules 
in the surface-layer may sometimes cause a large change in the 
value of the surface-elasticity, but this change will always occur 
between two molecular values and never across such a value. 
It will be seen that the rapid fluctuations which occur always 
conform to this rule. 

i i at 
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It has already been mentioned that the surface-elasticity 
sometimes decreased during the taking of a reading. At 
first this was attributed to the impairing of the elasticity by 
the motion set up. It was found, however, that this decrease 
occurred only in certain cases. In other cases the elasticity 
was unaffected by the taking of the reading. This point 
was further investigated in the light of the above theory. 
It was found that the decrease always occurred between con- 
secutive molecular values, and that if the process of taking 
the observations was continued, the surface-elasticity generally 
decreased to the lower molecular value and then remained 
constant. This was not always the case. Occasionally an 
intermediate value was found to be stable, and in a few cases 
the elasticity fluctuated irregularly between two molecular 
values. In these latter cases there was a striking increase 
in the rate of damping of the oscillations. Thus at first it 
might be possible to count twenty oscillations, and the 
damping would increase till it was dificult to count ten. 

The molecules forming part of an incomplete molecular 
layer are evidently easily detached from the surface pellicle, 
even when the layer is sufficiently complete to give an elastic 
effect nearly equal to that of a complete layer. The fact 
that the surface-layer rapidly recovers its initial value, seems 
to indicate that the detached molecules are not completely 
absorbed into the body of the solution, but remain in a kind 
of transition layer from which they easily separate out again 
in the surface-film. In the cases where the recovery is so 
very rapid that it occurs during the taking of the reading, 
there will obviously be a damping effect produced which 
will be absent when the cohesion between the pellicle and 
the molecules of the incomplete layer is for the time being 
totally destroyed. Fig. 3. 

Fig. 3 shows the results of an experiment with a solution 
of saponin containing 1 partin 5568 of water. The horizontai 
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lines have been drawn to correspond to multiples of 46°8 
dynes per cm. (the value deduced from the experiments 
shown in fig. 2). Hach reading consisted of ten observations 
of as many oscillations as could be observed at once. Two 
values of the surface-elasticity were calculated, one from the 
first five, the other from the second five. The results con- 
firm the above theory. It will be seen that whenever the 
two values differ appreciably, the second value is less than 
the first, and that this decrease always occurs between two 
consecutive molecular values. 

Summary of Results: Solutions of Saponin. 

In Table I. are summarized the results of a number of 
experiments, including those shown in figs. 2, 3, and 4. . 

TABLE I. | 

Solutions of Saponin. | 

Mo.ecutar THICKNESS OF SuRFACE LAYER. | 

Age of Concentration: 1 part in | 
Surface 
(days). | 

45-4 | 100 | 5568 | 10,000) 100,000} 106,000, 315,000) 10° |2°95 x 10® 107 | 

i ee 5-6 7 {10-11/)11-12| 8-9 | 11-12 11 |7-8 5 1-2 
2 vf Bd 8 OSE ae 10-11 | 13-14 | 11-12; 9 is 2 
oie 7 8-9 |11-12|)12-13| 12 13-14 | 11-12 | 10 ee By 
A aa 8-9 cat bie ei 13-14 | 11-12 | ... 6-7 a 
Dies. af: 10 12 138 | 13-14 ad 13 10 6-7 ck 
625% 8-9 10 ... |13-14] 13-14 Pe ig 10 7-8 hie 
| aa 9 10 12 |13-14| 13-14 14 as 10 is 4 
Borer. 9 10 12 14 | 13-14 14 Say — 7-8 |45 
Or... 9 13-14 14-15 oe Py. He 2 
Tee 9 Oi Sc ae 14 13 at 7-8 
iy eee } Jl j11-12} 15 14 15-16 hae Gi | 
22 | ae Wee 4 13 15 16-17 14 10 
Aj eee an 4 Be 16 as oe 
3 | eee ed DS fe hae: (e 14-15 10-11 
AQ en | 13 17 15 10-11 
5: | aaa 14-15 18 |,15-16 11-12 
G0e<.6 15 18-19 16 
7 ee 15 oe 15 
5 lead 15 : 16 
5 a : 20 

It will be seen that the rate of growth of the surface 
pellicle does not vary much within wide limits of concen- 
tration. The rate of growth is less, not only in the case of 
very dilute solutions (as might be expected), but also in the 
case of concentrated solutions. 
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Experimental Results: Solutions of Peptone and Albumin. 

Fig. 4 shows the results of a series of experiments with 
solutions of peptone. The molecular values have been taken 

eee fT  lSorurions of Feerbwe 7 | 
« ONE PART IN 1152 

:as multiples of 50 dynes per cm. The results show the same 
general characteristics as those shown in fig. 2. They show 
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in addition an important fact not shown very decidedly 
fig. 2, viz. that the stepwise mode of increase of the surface- 
elasticity is not entirely due to the molecular dimensions of 
the surface-layer—the actual rate of surface separation varies. 
in an irregular manner. The history of the surface-layer 
of the 1 in 145,000 solution between the ages 28 and 40 days 
shows this very clearly. Another noteworthy point is that 
the increase of the surface-elasticity in the case of the two. 
dilute solutions is, broadly considered, linear from near the 
beginning to the end of the experiment. 

In the case of concentrated solutions of peptone and 
albumin there is a rapid initial thickening of the surface- 
film followed by a rapid thinning. In some cases this was 
followed by a second thickening much slower, however, than 
the first. 

The resuits of a number of experiments are summarized 
in Tables II. and III. 

TaseE II. 

Solutions of Peptone. 

Moutecutar Turckness oF SurFAcE LAYER. 

Age of Concentration : 1 part in 
Surface 
(days). | | | 

183 | 530 | 1152 2900 | 11,170 | 27,000 | 145,000 

Lace 2-3 7 5 ear tee SLO aes - 
eG 4 9 | 89 Bs ie 7 7oR 
Bits oe eee ere | | pete AQ-| - 49 -. 8 
ato Dat SUINR ae Mee | 9-10} 12 9 
oe 10-49) eh ya | >is Raa ee ee 9-10 
Bosse 6 9 Te? ee SRE 10 
aed 2 9 ea) 8 | mh 10 
ee as 1 10 |2495| 8 | 12 ie 10 
Orne 1 10 | 19 gare ne - 

L.Gececes I ea ey ame | 12 15 12 
Lien 1 "es | i 12 
ADawns a 11-12 12-13 a 12 
fe ms i | Hs. 12 
hs a 2 tor ons = 13 
1 2 10-11 | | 14-15 ~ 14-15 

a acct 8-9 | ae 20 15 
eee 7-8 | | 15 ns Ag 
80 ced aL Rec ate 28 19 
| - AB! 6 17-18 99-93 

50.2M: 6 19 27 
bOie, | 6-7 91-29 29 



Solutions of Saponin, Peptone, and Albumin. 571 

TaBLeE III. 

Solutions of Albumin. 

Motecuutar Tuickness oF Surrace LAYER. 

Age oi re : Sie fits Concentration: 1 part in 

(days). | | | 
te 280 1300 | 1808 10,750 282,800 

| ees Zo 5-6 £ 4. 4-5 1 
as. 5-6 6 2 5 5-6 23 
eee 7 6 3-4 6 Z 3—4 
ae 8 6 4 6 7-8 4 
Seen a 6 6 4-5 7 8-9 5 
Gee. 2. 6 6 7 10 6 
yee 6 6 pe 10 - 
ae rr 6 ; mi a? 
aoe ie 6 a : be 
ioe FSA 6 8-9 aD aa 
eee 2. $ ch uae 9-10 
| ee 6 we whe 10 
Te tari 6 Sur 15-16 10 
i, a EL | ab 10 
Lae A. | 16 10-11 
2) ae aie C9 Sao 17 12 
a Adib y-9) 22 11 
ae. cy i I 

Conclusions regarding the nature of the process 
of Surface Separation. 

The process of surface separation plays an important part 
in many physical, chemical, and physiological phenomena, 
and a wore thorough knowledge of its nature is therefore 
very desirable. All the solids whose solutions exhibit this 
effect possess the property of lowering the surface tension of 
water. The concentration in the surface-layers of a solution 
of a substance possessing this property must be greater than 
that in the body of the solution, since this surface concen- 
tration tends to lower the potential energy of the system. 
There will be a contrary tendency towards equalization of 
the concentration owing to the osmotic pressure gradient in 
the neighbourhood of the surface, so that equilibrium will 
finally be established. 

Hence, the most obvious explanation of the phenomenon 
of surface separation is that it is an extreme case of surface 
concentration. It is possible that if increase of concentration 
has a large effect on the surface tension, and only a small 
effect on the osmotic pressure, equilibrium is not attained 
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even when the surface-layers become saturated, so that the 
solute separates out in a solid form. 

The results of these experiments do not support this view. 
In the first place, the rate of surface separation varies in an 
irregular manner quite inconsistent with the above theory. 
Secondly, there is no sign of equilibrium even after a pro- 
longed period. Thirdly, this theory does not explain the 
initial thickening and subsequent thinning of the surface- 
layer, which occurs in the case of strong solutions of peptone 
and albumin. 

The results indicate that the process is of a much more 
complex character than simple “ capillary-osmotic ” action. 
It is possible that the substance of the surface-layer differs 
chemically from the original solute. This view was put 
forward by Metcalf* as the result of experiments on surface- 
films formed by allowing a drop of peptone solution to spread 
over a water surface. At present I am engaged on a series 
of experiments on surface-layers formed at the interface 
between solutions of saponine, peptone, and albumin, and 
hydrocarbon oils. This case, though more difficult to inves- 
tigate practically, possesses theoretical advantages due to the 
aie of evaporation and chemical action between the two 
media. 

The University, Leeds. 
Dec. 21st, 1908. 

————— 

LI. Magnetism of Basalt. ByG.E. Atuan, D.Sc., Lecturer 
on Electricity, Pure and Applied, and Assistant to the Pro- 
fessor of Natural Philosophy, in the University of GlasgowT. 

he a previous papert it was shown that bars of basalt 
heated in air undergo a magnetic change, partly tem- 

porary and partly permanent. In general the permanent 
effect consists in a loss of magnetic susceptibility. Some 
instances of an increase have, however, been observed. The ~ 
temporary effect is, roughly, similar to that in magnetite ; 
the bar reaches a state of maximum strength, which is 
followed by a state of minimum strength at a temperature 
which is not the same for all, but is, for the majority of cases 
examined, in the neighbourhood of 600° C. 

In order to obtain further information as to the behaviour 
of such material, tests were carried out on new bars of 

* Zeit. fiir Phys. Chem. vol. lii. p. 1 (1905). 
+ Communicated by Professor A. Gray, F.R.S,. 
J Phil. Mag. January 1904, p. 45. 

| 
| 
: 
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basaltic rock, and on bars of magnetite, ilmenite, and 
hematite ore. 

It is proposed to give here the particulars obtained for 
basalt. Five new bars were cut from specimens obtained in 
the following localities:— 

1. Top of Sgurr nan Gillean, Skye. 
2. The Storr Mountain, Skye. 
3. Dunvegan district, Skye. 
4, Stacks of Netherton, a basaitic* dyke in the sea near 

De 

~) 

Stromness, Orkney. 
Faule Ader, Dattenberg, a vein of non-columnar basalt 

which passes roughly across the middle of the Dat- 
tenberg quarry, near Linz, on the Rhine. 

Method. 

As in the previous research, the magnetometric method 
was employed, certain modifications having been introduced 
from time to time. The quartz-fibre suspension was replaced 
by a single silk fibre which has been found to work very 
satisfactorily. The length of the needle was reduced from 
1 cm. to°25 cm. A platinum thermometer was employed in 
the measurement of temperature at first, but was replaced 
during the course of the experiments by a thermo-electric 
couple which was standardized in ice, steam, mercury-vapour,,. 
and molten aluminium. 

Method of Compensation. 

A few remarks may be made here on the compensation of 
the magnetizing coil. In making magnetometer observations 
with weakly magnetic material, such as basalt or Heusler’s 
alloy, the specimen requires to be near the needle in order 
to cause a suitable deflexion. Erhardt has pointed out that 
with such a disposition, any slight deviation of the axes of 
the magnetizing and compensating coils from the magnetic 
east and west line gives rise to a component along the 
meridian which, for one direction of the magnetizing current,. 
increases the directive force H, and for the opposite direction 
diminishes it. Erhard has also shown that the presence of 
this effect may be tested by first compensating for the zero. 
position, and then deflecting the needle with a bar-magnet 

* The geological nature of this rock is described by J. 8S. Flett in 
«The Trap Dykes of the Orkneys,” Trans. Roy. Soc. Edin. vol. xxxix. 
p- 865. : 

+ T. Erhard, Ann. d. Physik [4] vol. ix. p. 724 (1902). 
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and testing the compensation in the new position of the 
needle. . 

The presence of these H-disturbing components may be 
more easily tested and their magnitude gauged by timing 
the period of oscillation of the needle with no current, and 
with direct and reversed currents in the magnetizing and 
compensating coils after compensation has been made in the 
usual way. 

This method was used in the previous work, and indicated 
a change in the value of the horizontal field at the needle of 
over ) per cent. when the magnetizing current was reversed. 

The effect was neutralized in the later experiments by the 
addition to the magnetizing-coil circuit of a small auxiliary 
compensating coil. The latter consisted of seven turns of 
wire 9 cms. in diameter, and was placed to the north of the 
needle at about 20 ems. distance, with its axis in the meridian 
through the needle. The coil was in series with the magne- 
tizing and compensating coils, and the current was passed 
through it in such a direction as to neutralize forces intro- 
duced by a want of alignment of the coils of the nature 
shown in fig. 1. 
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A is the magnetizing coil; B, the compensating coil; and C the 
small auxiliary compensating coil. 

A position of the coil C (fig. 1) was found such that no ~ 
change took place in the period of the needle when the 
magnetizing current was reversed. One coil was found to 
be sufficient to overcome the disturbing effect, and when 
adjusted the compensation was good at all parts of the scale, 
the variation of the field-intensity being reduced to less than 
0-5 per cent. 

The Basalt Bars. 

A preliminary examination of the five new kars was made 
as to their permanent magnetism, and the bars, when placed 
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successively with near ends 26°75 cms. from the magneto- 
meter needle, gave deflexions as noted below on reversal of 
their positions. : 

The relative susceptibility of the bars was also tested in a 
field of 40 c.a.s. units, the deflexions noted being those 
obtained by reversing the field. 

TaBLe I, 

Deflexion due Deflexion in 
Bar. to permanent reversed field 

magnetism. of 40 ¢.G.s. 

mm. | mm. 
Sgurr nan Gillean ... 61:3 20-1 

ROMER t tence 255 and. 80 we 20°1 

10 116 1 ea | 70 148 

Stromness Dyke ...... ) 45'8 

Bele Aden. cio seers 0 33 

A comparison of the two columns shows that whilst the 
three Skye specimens are of medium susceptibility, the Sgurr 
nan Gillean bar is, for rock material, very highly magnetized; 
the Stromness bar is composed of a material of relatively 
high susceptibility, and the Faule Ader bar is almost non- 
magnetic. 

Rock Sections. 

Thin sections of the rocks Sgurr nan Gillean, Stromness 
Dyke, and Faule Ader were examined, and all three were 
found to contain crystals of magnetite as their chief magnetic 
constituent uniformly dispersed throughout the sections; in 
the section of Faule Ader the linear dimensions of the mag- 
netite crystals were about a sixth of those of the crystals in 
the other two sections. Further than this, an examination 
of the sections in the microscope gives no clue to the widely 
different magnetic behaviour of these three rock specimens. 

Temperature Liffect. 

The bars were next tested in the electric furnace in the 
manner previously described, and curves were obtained which, 
although exhibiting peculiarities, have a resemblance to the 
temperature-permeability curve for magnetite, and those for 
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the Sgurr nan Gillean and Storr specimens have a marked 
resemblance to the temperature curve found for magnetite 
by Barton and Williams*. Curves are given for all the bars 
except Dunvegan, which is similar to that found for the 
Storr bar. In character they appear to be modifications or 
combinations of two types, one the curve for magnetitet, to 
which that for the Stromness bar has the greatest similarity, 
and second, the curves [X., X., and XII.+ for Dattenberg 
bars. In the one type there is a gradual increase of suscep- 
tibility up to about 500° C., followed by a rapid descent to a 
state of minimum susceptibility ; in the second type the 
maximum susceptibility is reached at a comparatively low 
temperature, and this is followed by a gradual loss of power 
as the temperature rises. Whether the change exhibited in 
these curves between the temperatures of 15° and 550° is 
due entirely to the appearance of a new magnetic constituent 
as a result of chemical change, or to the effect of change of 
internal stress, is a point which cannot be decided at present. 
The temperature of minimum susceptibility had values for 
the five bars ranging from 430° for the Dunvegan bar to 
710° for the Stromness bar, the average being about 565° C. 
The temperature curve for the Faule Ader bar may be noted 
as one in which a large increase of susceptibility took place 
during heating. . 

To confirm the effect found in this bar an irregular strip 
of rock from the same block was roughly ground to pass 
into the furnace, and was heated to 350° C. or thereby, 
and again cooled. Initially the bar had no observable 
magnetization, and gave a deflexion of 2 mm. in a reversed 
field of 35 c.a.s. units. On being cooled, the bar now 
gave a deflexion of 6°5 mm. in the same field as before, and 
was now magnetized so as to be capable of affecting a pocket 
compass. Further heatings appeared to increase the effect 
slightly. 
ior the heating of the bars, they were tested under the 

same conditions as those given in Table I., and the following 
deflexions were noted (p. 578) :— 

* B. A. Report, 1892. 
+ See previous paper. 

Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. ZR 
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TaBLE II. (June 15-22, 1906). 

Deflexion caused Defiexion in 
Bar. by remanent ) reversed field 

magnetism. of 40 c.a.s. 

| mm. ) mm. 
| Sgurr nan Gillean 95 | 16-0 

SSiUET 207. Secu eee aii ) 175 

| DR VGSRI o.com ent nae | asst | 85 

| Stromméss tks. bites | 26°5 

nie Welder =o. eel Pe mennst 15°0 

ee ene ee ee 
On being tested about two and a half years after the date 

on which the above observations were made, it was found 
that all the bars had lost power, as shown in the next table. 

Tas xe III. (Nov. 11-12, 1908). 
| 

| | Deflexion caused Deflexion in 
Bar. ) by remanent ) reversed field 

| magnetism. of 40 c.4@.s, 
; 

| ) mm. mm, 
Sgurr nan Gillean ... 87 12-2 

\ Stora §(i¢8. eco Cae, . 2°3 157 

Dunvegan ..........--.-: 12 8&1 

| Stromness ............... 5°2 | 20°9 

| Paule Ader 205.0: 4 2°9 | 116 

: 

The loss of susceptibility amounts to from 45 to 61 per 
cent. in the first four bars, and the increase of susceptibility 
in the fifth bar brings it almost to an equality with that of 
the first bar. 

Effect of Baking and Cooling. 

To test whether change of temperature alone could do 
anything to restore or increase the magnetic quality of basalt, 
the processes of baking in hydrogen and cooling in liquid air 
were tried on two bars. 
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The bar from Sgurr nan Gillean was heated at about 400° C. 
ina current of hydrogen for various periods, amounting in all 
to four hours. The total result was to further diminish the 
magnetic power of the bar, the deflexion caused by remanent 
magnetism being reduced from 9°5 to 8°7 mm. (see Tables II. 
and IIL.). 

The temperature of one of the Dattenberg bars was reduced 
by means of liquid air, and the deflexions were noted which 
it produced when a field of 60 c.G.8. was reversed, no readings 
of temperature being taken. The low temperature diminished 
the susceptibility of the bar to one half its value at ordinary 
temperature, the bar slowly regaining its former condition as 
the temperature rose. This behaviour is different from that 
observed in other materials, ¢. g., a bar of ilmenite became 
temporarily 1°2 times stronger in liquid air; a bar of mag- 
netite exhibited a slight increase, also temporary in nature; 
and a bar of Heusler alloy became 1-2 times stronger than 
before, the change this time being permanent. 

Average Composition and Probable Average 
Susceptibility of Basalt. 

From a series of eight basalts chosen for me by Professor 
W. W. Watts from Roth’s ‘ Petrography’ as giving average 
analyses, it is found that in these the average content of iron 
is 6°l per cent. Fe, or iron in the form of Fe,O3, and 5:9 

per cent. Fe, or iron in the form FeO, these two forms 

varying in quantity in the eight basalts, the Fe from 16-4 
per cent. to zero, and the Fe from 11-6 per cent to zero. 
Now if we assume that basalt contains, on an average, 

12 per cent. by weight of magnetite, and the average weight 
of the basalt bars employed is 65 gms., the weight of mag- 

netite contained in the bar is = x65 or 7°38 gms. The 

density of magnetite is 5:2, and therefore its volume is 

es or 15 c.cs. Since the average volume of the bar is 

22 -C.CS. a of that volume, or 7 per cent., is magnetite. 

Now, if we consider the susceptibility of magnetite to vary 
from ‘15 to ‘75*, the susceptibility of basalt, if taken as 

* Roughly the values found for two bars of magnetite. The former of 
the two values was erroneously stated in the previous paper as ‘016 
instead of 0°16. 

2R 2 
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proportional to the quantity of magnetite contained, should 
lie between ‘01 and ‘05. But, since half the iron is present 
as FeO 3, the non-magnetic oxide, the lower limit should be 
reduced to ‘005, the upper limit being retained, since heat 
may change the ferric oxide into magnetic oxide. Hence, 
on the average, and if we neglect demagnetizing action, the 
susceptibility of basalt should lie between ‘005 and ‘05. The 
values found by Riicker and White* lie between -0003 and 
0139, the average value for specimens of basalt found within 
the British Isles being :0026. The above average limits, 
therefore, seem to be rather high, but the average suscepti- 
bility of the nine bars mentioned in the previous paper is 
-0046, and that of the Stromness bar is 033. 

Effect of Hematite. 

In its main features the magnetic behaviour of basalt 
resembles that of magnetite; but there are cases in which 
another substance plays a part, as in that of the Faule Ader 
bar (Curve 4). Folgheraiter t has described another instance 
in which unbaked, ferruginous, non-magnetic clay was heated 
to a dull red heat, and became noticeably magnetized by the 
earth’s field on cooiing. These results seem to point to the 
sesquioxide of iron—otherwise known as ferric oxide, heema- 
tite, and F'e,O0;—as being a possible factor of disturbance in the 
cases mentioned. Moissan{ has stated that the sesquioxide 
of iron, when heated in an atmosphere of hydrogen or carbonic 
acid at a temperature between 350° and 440° C., changes in 
a few hours into the magnetic oxide Fe,Q,, the new com- 
pound being an allotropic form of the ordinary magnetic 
oxide, and differing from it in density and in other particulars. 
It is distinctly probable that this change of non-magnetic 
sesquioxide into the magnetic oxide at about 400° C. may be 
the cause of the peculiar changes observed, and that this. 
change constitutes an important factor, though an uncertain 
one, in questions of terrestrial magnetism. Further, it offers 
another means of explaining the presence of strong mag- 
netization in surface rocks, other than that which attributes 
it solely to the magnetizing effect of a lightning flash. 
Pockels§ employs the observed intensity of magnetization in 
his basalt bars to calculate the magnetizing lightning current 

* Riicker and White, Proc. R. S. lxiii. p. 460 (1898). 
+ Science Abstracts, No. 414, 1898, 
t H. Moissan, Comptes Rendus, lxxxvi. p. 600 (1878). 
§ F. Pockels, Ann. d. Physik, Ixiii. p. 195 (1897). 

——— 
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at 10,000 amperes, which he considers a low estimate. The 
effect of the lightning may be partly a heating one, the rock 
being heated so far as to transform a non-magnetic into a 
magnetic constituent, which is then magnetized by the earth’s 
field. A second possibility is to attribute the chemical change 
to the sun’s heat, and the magnetization to the lightning 
flash, since the experiments of Folgheraiter and Messrs. 
Platania* have proved that both the earth’s field and 
lightning are operative in producing magnetization in rock 
material. 

Experiments on heematite ores are in progress, but sufficient 
has been done to find that the second allotropic form of 
magnetite, into which they change on being heated at 400°, 
behaves similarly to the more common form as regards loss 
of magnetic power about 550° C. 

The experiments described in this paper were made in the 
Natural Philosophy Buildings of Glasgow University, and I 
have to thank Professor Gray for valuable suggestions made 
during their progress. 

Glasgow, 30 Noy. 1908. 

= = —— 

LI. The Secondary Spectrum of Hydrogen. 
By C. F. Hoerey, A.R.C.Se., B.Sc.T 

T is well known that vacuum-tubes filled with hydrogen 
emit two spectra. One of these consists of the well- 

known lines which are seen reversed in the spectrum of the 
sun and in the spectra of some stars. The other spectrum is 
known as the secondary spectrum, and consists of a multitude 
of fine lines crowding the visible region, being especially 
conspicuous in the neighbourhood of the yellow. These 
lines have not been observed in stellar or solar spectra, and 
it has been regarded as doubtful whether they are due to 
hydrogen at all. 

It seems almost certain that if this spectrum is not due to 
hydrogen, itis due to some more easily condensible substance. 
Sir James Dewar has shown that all gases except hydrogen, 
neon, and helium, are readily condensed by charcoal at the 
temperature of liquid air. This method of condensation 
seems to afford an opportunity of testing whether or not the 
secondary spectrum is in reality due to hydrogen. 

* G. & G. Platania, Comptes Rendus, exli. p. 974 (1905). 
+t Communicated by the Hon. R. J. Strutt, F.R.S. 
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To carry out the experiment the apparatus shown in the 
diagram was constructed. 

o 4 

| 

A 
| HYOROGENM | 

A, vacuum tube; B, bulb containing charcoal: C,, ©,, drying-tnbes 
containing phosphoric oxide. The hydrogen was prepared from 
-sulphuric acid and pure zinc. 

B 

The apparatus was exhausted and filled with hydrogen 
from the generator attached. This was repeated until the 
lines due to oxygen and nitrogen could no longer be seen 
in the spectrum of the gas. The charcoal had been heated 
previous to sealing on to the apparatus to drive off all moisture, 
and whilst the exhaustion was in progress it was again 
heated to expel any gases which might be condensed in its 
pores. The heating was not prolonged sufficiently to drive 
off all the carbon dioxide present in the charcoal. The 
amount of this gas was small, and would not interfere with 
the absorbing properties of the charcoal when cooled by 
liquid air. When a suitable vacuum had heen obtained 
giving a spectrum of maximum brightness, the bulb B was 
immersed in liquid air. On observing the spectrum the 
intensity of the lines was seen to decrease, and the appearance 
of the discharge in the tube indicated a decrease in pressure 
of the gas. The relative intensities cf the two spectra, 
however, remained unchanged up to the total disappearance 
of the whole spectrum, when a discharge would no longer 
take place through the gas owing to the high vacuum. A 
little more hydrogen was allowed to enter, and the spectrum 
reappeared with its original brightness, but after a time the 
same decrease in intensity as before was observed, though 
the condensation did not proceed sufficiently to stop the 
discharge. 

Two attempts were made, the first using only a small bulb 



Action of Electrolytes on Copper Collocdal Solutions. 583 

containing about 1 gram, and the second with a larger bulb 
containing about 5 grams of charcoal. The change in the 
spectrum was only that due to the change in pressure of the 
gas, as was demonstrated by simply exhausting the apparatus 
and observing the spectrum. 

So far, then, as this method can decide, the evidence 
points to the conclusion that hydrogen is really the source of 
the secondary spectrum. 

I am indebted to Prof. Strutt, of the Royal College of 
Science, for his various suggestions during this research, 
and I take this opportunity of acknowledging my thanks to 
him. 

LIL. The Action of Electrolytes on Copper Colloidal Solutions. 
By. F. Burton, B.A., Demonstrator in Physics, University 
of Toronto”. 

1. INTRODUCTION. 

i. problem of the effect of the presence of very small 
traces of electrolytes on the stability of colloidal solu- 

tions is one of the most important unsolved questions relating 
to colloids. The recent paper by Jacques Duclaux t tends 
to throw doubt on the theory of the isoelectric point first 
suggested by Hardy f; while a later contribution by Lotter- 
moser § dealing with Duclaux’s results shows, at least, that 
we have yet much to learn regarding the interaction of the 
colloidal particles and the dissolved salts. 

The experiments detailed in the present communication are 
a continuation of those performed by the writer || on the 
action of small traces of electrolytes on silver and gold 
colloidal solutions prepared by Bredig’s method. In this 
former work it was found that, as minute quantities of 
aluminium sulphate were added in increasing amounts to 
either silver or gold solutions, the velocities with which the 
particles moved in a given electric field were at first reduced 
to zero and then reversed. As the particles in each case 
were negatively charged in the pure solution, according to 
Hardy’s theory, the positively charged aluminium ions, and 

* Communicated by Professor J.C. McLennan. 
+ Jour. de Ch. phys. vol. v. 1-2-3, p. 29. 
t Proc. Roy. Soc. vol. Ixvi. p. 110; Jour. of Physiol. vol. xxix. p. 26. 
§ Zeits. fiir phys. Chem. vol. |x. 4, p. 451. 
|| Phil. Mag. ser. 6, vol. xii. Nov. 1906. 
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not the negatively charged sulphate ions, are the active ones 
in bringing about the discharge of the particles. It was 
further found that, not only was the charge of the particles 
reversed, but at the point where the charge was zero, 2. e. 
at the point when the particles did not move in the electric 
field (Hardy’s isoelectric point), the solutions showed a mini- 
mum stability. For example, to refer to a table taken from 
the former paper, two samples of a gold solution to which 

TABLE I, 

Gold Colloidal Solution. 

Velocity of the Gris. Al added Specific Conduc- particles in 
per 109 ccs. sol. tivity at 18° C. cms./sec./volt/em, 

ik 0 36x 107° *—33x1079 

2, 19x10" ° 52x107° —17-1x10-* 

3. 38x 1076 66x 10-8 +1°7x1075 

4. 63x107° 116x107 +13'5x107° 

* In this table, as in all succeeding ones, the + sign denotes motion 
toward the cathode, the — sign toward the anode. 

were added respectively 19x10-® and 38x10-° grm. of 
aluminium per 100 ces. coagulated at the end of a few hours, 
while another sample of the same solution, to which 63 x 10-® 
grm. per ce. were added, did not completely coagulate at the 
end of four days. As a result of this work we have strong 
evidence as to the validity of the assumption that, in these 
solutions at least, coagulation is brought about through the 
discharge of the colloidal particles by the ions of the electro- 
lyte introduced into the colloidal solution, and that the 
deportment of the Bredig metallic colloidal solutions is 
similar to that which Hardy found displayed by his specially 
treated albumen solutions. 

2. PURPOSE OF THE EXPERIMENTS. 

The results given below may be viewed as an instalment of 
a systematic investigation on the effect of various electrolytic 
solutions on the velocities of colloidal particles in an electric 
field, and consequently the effect on the size and sign of the 
charge possessed by those particles. Copper colloidal solution 
has been selected because its particles are positively charged, 
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2. e. the copper particles move to the cathode in the solution ; 
in other words, they are charged oppositely to those of the 
silver and gold solutions worked with formerly. 

The major part of the paper will deal with, firstly, the 
effect of solutions of two salts having the same acid radical 
and, respectively, a monovalent and a trivalent metal, viz., 
potassium sulphate and aluminium sulphate ; and, secondly, 
with the effect of solutions of salts having the same metal 
ion and, respectively, monovalent, divalent, and trivalent acid 
radicals, viz.,'potassium chloride, potassium sulphate, potassium 
phosphate, and potassium ferricyanide. The results of these 
experiments fit in remarkably well with the theory first sug- 
gested by the work of Picton and Linder * and of Hardy f, 
and supported by the conclusions drawn from analogous 
experiments on silver and gold solutions. 

3. EXPERIMENTAL Work. 

Fig. 1. The solutions of copper were easily pre- 
3 pared according to Bredig’s method by 
| sparking with copper wires under the 
| surface of conductivity water, the specific 

conductivity of which was usually about 
2x10-§ Using a current of from 5 to 6 
amperes at a voltage of 110, 250 ccs. could 

| be produced inashort time. The resulting 
a solution was a very clear yellowish-brown 

VW i774 liquid in which the particles remained sus- 
am | pended, apparently unchanged, for months. 
crank] ; Several samples were made, the average 
ee , copper content being ‘0088 germ. per 100 ces. 
{ The velocity with which the particles 

moved in an electric field was measured by 
“=| the U-tube method (see fig. 1) described in 

a former paper {. Usually about 250 ces. 
| of the solution sufficed to carry out one 
| series of experiments, and as each series was 

gh | completed a fresh stock of solution was 
made from the same pieces of copper. In 
every case the velocity of the particles in 

+ the pure solution was found; the results 
of these observations are collected in 
Table II. 

* Jour. Chem. Soe, vol. lxi. p, 148; vol. Ixvii. p. 63; vol. Ixxi. p. 568. 
+ Loe. evt. 
} Phil. Mag. ser. 6, vol. xi., April 1906. 
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TaBLeE II. 
Pure Copper Colloidal Solutions. 

Date of Specific Con- : 
No. Sane - measurement | ductivity at Magis: 

preperanoe: | ot wplocity. 18° C. 

1. | June 19, 1907 | June 20,1907 | 7:7x10-6 +234 1075 

2. 0 SO ne 2B aor.) ME x 108 +25°4x 10-5 

3 jot fe OWB NA. Ba: 1908 | 8-2x10-§ +24:9x10-5 

4. he o0s dae ery 19081 58107" 4+25°4x 1075 

5 A 9231008 Hee) 2451908 1 4:3 1078 +304 107° 

6 5 27, 1908 1200908 | Basie ® +33:0x107° 

For solutions Nos. 5 and 6 it will be noticed that the 
velocities are rather larger than for the others, but it will be 
seen that the specific conductivities of these solutions are also 
much lower than those of the others; that is to say, these latter 
two solutions were freer from electrolytes than the others, and, 
as we shall see, the general effect of added electrolytes is to 
reduce the velocity of the particle. 

Although the velocities are all given at 18° C., the experi- 
ments were not performed at precisely that temperature, but 
corrections have been introduced to bring each reading to 
that standard temperature. In the paper * referred to above 
the following relation has been deduced as holding between 
the velocity (v) and the coefficient of viscosity of the liquid 

BSL UD): p.v=a constant, 

as long as one deals with the same material in the particle 
and the same liquid medium. That this is in accord with the 
actual facts is confirmed by the following series of velocity 
determinations carried out with a silver colloidal solution at. 
the temperatures indicated in Table III. The whole velocity 
tube was lowered into a glass thermostat which could be kept 
at the required temperature. 
A fundamental necessity for the validity of velocity results 

obtained in this way, is that the specific conductivity of the 
superincumbent layers of water should be the same as that of 
the colloidal solution at the bottom of the tube. As these con- 
ductivities in each case were made equal at the ordinary tempe- 
rature of the room before the liquids were introduced into the 

* Phil. Mag. ser. 6, vol. xi., April 1906. 
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TABLE III. 

Silver Colloidal Solutions. 

| Tempera- | Viscosity of 
No. ture | Velocity (v). | water () at given Product. 
| Centigrade.| temperature. 

| 1. 3° 15110-° 016214 245x1077 
| 
fy 9-9 18:6x10-° ‘013300 24-7107! 

| = 11 196 x 1075 ‘012822 2511074 

| 4 21 25°3x107° 009922 250x107! 

5. 31 301x107 ° 007972 2401077 

6. | 40°5 372x107 ° ‘006577 245x107! 

velocity tube, evidently, in order that the results in Table ITT. 
may be of value, the temperature coefficients of the two 
liquids should be the same. These coefficients were compared 
for a sample of silver colloidal solution and a quantity of 
water of very nearly the same initial conductivity. The 
values of the resistances of these liquids at various tempera- 
tures are recorded in Table IV. and illustrated by the curves 
in fig. 2. From these we may safely conclude that the tem- 
perature coefficient of the resistance of colloidal silver 
solution is that of water itself. 

TaB_e LV. 
Temperature Coefficients of Resistance. 

| 

| Temperature | Resistance of water | Resistance of Ag Sol. 
| (Cent.). | (Arb. Sc.). | (Arb. Units) | 

10° 5600 | | 

15 bs a otf | 4640 | 
| 20 | 4420 | 4180 
| 25 | 3910 | 3720 
| 30 | 3510 | 3350 
| 35 | 3150 3030 

40 | 2900 | 2790 
45 2660 | 2520 

It is quite justifiable to apply these results for silver solu- 
tions to the manifestly analogous solutions of the other 
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metals in water, in particular to the copper solutions now 
under consideration. 

Fig. 2, 
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I acean ane -~ FCC HoH aa iuene Sane. oH Besueunee caer aeerad ssraitnaan Ae AHH ane H 

es Sauee buced sncespnariee ere eet 
Py yy a BEES Beees oe rt 
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Resistance of Solution (Arb. § c,) 

sozedatat aeuasataesoze:cevtes fataraevere 
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fauee 

6000 ae | 

Le grees Centigrade 

With each of the salts named in the foregoing section the 
procedure was the same. Solutions of the salts of deter- 
mined normality were prepared with the conductivity water, 
and the amount of such solution added to a given quantity 
of colloidal solution was measured by counting drops as they 
came from a fine burette. The tap of the burette was turned 
so that the liquid dropped at a convenient rate, the number | 
of drops given by 2 ces. of the liquid was counted, a required 
number of drops was allowed to fall into the chosen amount 
of colloidal solution, and finally the number of drops in 
2 ccs. was counted again with the tap still turned as at 
the beginning; the two calibrations always agreed, the 
burettes giving from 24 to 30 drops per cc. The burettes 
were always washed with distilled water and, just before 
being used for any solution, were rinsed with’ the latter 
several times. One was thus enabled to introduce into a given 
amount of colloidal solution a very exact, small quantity of 
a given electrolytic solution. 
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4, RESULTS. 

A typical series of experiments on the effect of each of 
the electrolytes was as follows :—The velocity of the par- 
ticles in the pure copper solution was first taken ; gradually 
increasing quantities of the chosen electrolytic solution 
were then added to fresh samples of the stock copper solu- 
tion and the corresponding velocity measured each time. 
The measurement of one velocity was completed usually 
within one hour of the addition of the electrolyte. All of 
the salts used were Kahlbaum’s purest and were not specially 
re-tested. 

a. Potassium Chloride. 

In Table V. the velocities corresponding to the various 
amounts of this salt are given. Column 1 gives the number 
of grams of Cl (as KCl) per 50 ces. of colloidal solution, a 

a eC. erm.-mol.) solution of KCl being added drop by 

drop ; column 2 gives the specitic conductivity of the 
mixture in each case. In the next column the velocities of 
the particles (in cms. per sec. per volt per cm.) are written, 
the positive sign indicating that the motion of the colloidal 
particle was toward the cathode. In each table are included 
particulars as to the coagulation caused in each case. 

TABLE V. 
KCl added to Copper Colloidal Solution. 

Mo. ee Cugh | Bie | “ious Gt | Congulation 
eye... 0 8210-8 | +24-9x10-° 

Deis: be vex s07° 11:7x10-§ | +25°7~x107° | No sign. 

2 ee 683x107 15°3x10-5 | +262x107° Bay 

ee 131 0 92:0x10—§ | +22°8x107° ie 

J - 27°3x10~° 342x10-§ | +187x10~° Riga 

Anticipating the results which follow, we shall find that 
they confirm the fact that with colloidal solutions the particles 
of which are positively charged, the negatively charged 
ions are the ones to which the coagulative action is due ; 
consequently the amounts of electrolyte are entered always 
in terms of the weight of the acid radical. 



090 Mr. E. F. Burton on the Action of 

It will be noticed from the table, that at first the addition 
of KCl produced a slight increase in the velocity, but as 
larger amounts were added the velocity reached a maximum 
and then slowly decreased. It is important to observe that 
in the above samples there was no sign of coagulation even 
at the expiration of several weeks. Two of the solutions did 
coagulate at the end of six weeks, but this interval is so long 
that this result may have been due to some ulterior cause. 

b. Potassium Sulphate. 

Similar results for this salt, a 4 (gram-molecular) solu- 

tion of which was used, are given in Table VI. 

TaBLeE VI. 
K,SO, added to Copper Colloidal Solution. 

No Grams of SO, per} Spee. Cond. | Velocity at 
BO ecs. Cu Sol. | at 18°C. | 18°C casa 

SoU 0 5'8x107° | +254 107° 

Nig oth 36x107% 93x107§ | +25-3x1075 | No sign. | 

Alele 8-9x10-5 12-4x1078 | 4240x1075 |, ,, | 

Papen mr Wri ska | Oe 18°7x10~® | +21:8x1075 in too 

Fy era 44°5x107° 3885x10—° | +144 10-5 | In two nes 

betes (eee its 58:3x10-8 | 0 In one hour. 

When more KC] and K,SO, than the greatest amounts 
shown in the above tables was added to 50 ccs. of the 
colloidal solution, the conductivity became so large that the 
current through the liquid spoiled the velocity readings. 

ce. Aluminium Sulphate. 
In similar experiments on colloidal gold and silver solu- 

tions from 18x10~° to 25x107° gram of Al,(SO,)3 per 
100 ecs. of colloidal solution was sufficient to reduce the 
velocity of the gold and silver particles to zero. The very 
strong action of this salt was attributed to the trivalent 
aluminium ion. According to the theory then suggested, 
this salt should not have nearly so strong an action on the 
copper colloidal solution on account of the fact that the 
copper particle bears a positive charge, and therefore the 
active ion in the aluminium solution will be the SOQ,. The 
results given in Table VII. confirm this view entirely. 
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Tasie VII. 
Al,(SO,)3 added to Copper Colloidal Solution. 

Gramsof SO, per| Spec. Cond. | Velocity at : 

| No. | 50 ccs.CuSol. | atls°C. | 18°C. | Camegaiatnc. 
: | } 

eke 0 | 77x10-6 | +28'4x 1075 | 
| oe an 

Sea 67x107> | 129x10-® | +21°5x10-5 | No sign. 

Eee | 134x107> | 149x107& | 4192x1073 | * 
) | | a 
| ree | 26:0 x 107° 20-2%10-® | +185x10-5 * 

* The two samples were not retained for coagulation observations. 

Tt will be seen from the table that, although about 
62x10~° gram of aluminium sulphate was added to 100 ces. 
of copper colloidal solution, there is very slight diminution 
of the velocity, while in none of the samples was there any 
immediate sign of coagulation—results in marked contrast 
with those obtained when the same electrolyte was added to 
gold and silver colloidal solutions. 

d. Potassium Phosphate. 

This salt was chosen as one representative of those possess- 
ing a trivalent acid radical. That its action on the copper 
is very keen is shown by the numbers in Table VIII. 

Tasie Vill. 

K;PQ, added to Copper Colloidai Solution. 

| No Grams of PO, per Spec. Cond. Velocity at 
50 ces. Cu Sol. | at 18°C. 18°C. can 

i | 0 | 65x10-& = +.25-4x107° | 

ra! 1:7x107° 78x10-® | +21:5x10~° |No immed. sign, 

3. | 35x10-° | 83x10-° | +168x10-° mi 

4. | 68x107> | 99x10-& | + 3-4x107> | 3 to 4 hours, 

5. | 102x107> | 11-7x1078 | = 48x107° In2hours. | 

6. | 156x1075 | 157x10-§ | — 79x107° mate i 
} 

| 
| 
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e. Potassium Ferricyanide. 

The results (Table IX.) for this electrolyte, which also has 
a trivalent acid radical, are in complete accord with those 
given by the phosphate. 

TaBLe IX. 

K,(FeCy,), added to Copper Colloidal Solution. 

No. “pee a0 es. | nee le pee Coagulation. 

) 0 | 4310-8 +30:4x 107° : 

2 TEx LO | 76x10-§ | +4140x107% | No. immed. sign. 

3. | 150x10-° | 98x10-§ | +88x10-5 | In one hour, 
4. | 225x10-5 | 130x108 +TOx ere a Me 

5. 300x10-> 18:8 10-8 —15x10-5 Pe 

6. 450x10-> | 286x10-6 —91x10-5 a hee 

We see that very small quantities of either potassium 
phosphate or potassium ferricyanide are sufficient to reduce 
the velucity of the copper particles to zero and even to 
reverse the direction of their motion in an electric field. 

5. CoLLOCATION OF RESULTS. 

In order the better to illustrate the relation between the 
number of molecules of the various electrolytes added per cc. 
of the copper colloidal solution and the resulting velocity of 
the copper particles in a given field, all of the results 
recorded in Tables V. to IX. inclusive are brought together 
in slightly different form in Table X., and illustrated in 
the curves in figs. 3 and 4. Column 1 gives the numbers 
from which the solutions may be identified in the above 
tables. In column 2 is given the normality, in respect of the 
electrolyte, of the mixture of the colloid and the electrolyte ; 
2. e. the number of gram-molecules of the salt per cc. of the 
mixture. According to the accepted dissociation theory, 
we may look upon the salts in these extremely dilute 
solutions as being completely ionized, and so the normality 
as defined above will be directly proportional to the number 
of ionized molecules of the particular salt per cc. However, 
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TABLE X. 

593 

Relation between the number of negative ions added 
per cc. to the copper colloidal solutions and the 

_ resulting velocities of the particles. 

Solution. 

OG oss: re 

2. 

3. 

4, 

a 

KSO, ..2... 1a 

2, 

3. 

4. 

5. 

6. 

AL(SO@;),.... 1 

sk 

3. 

4, 

1 EG Pee I 

2 

3. 

4. 

oy 

6. 

i(HeOy,),-.-1- 

2. 

3. 

4, 

5. 

6. 
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Normality : 
gram-mols per cc. 

0 

170x1078 

38:0x1076 

154-0x 107 

0 

TT x<10-° 

192x10-6 

38:4 x 10-6 

96:0x10-6 

153-0 10-6 

O 

46x 10-6 

18°3 x 10-6 

0 
36x107° 

T2107 © 

144x107 

21-6x107§ 
32:8 107° 

0 

Sac,” 

715x107 ° 
107x107 

14:3..<10; © 

21:4 1076 

74:0x1076 . 

9-2x107-°. 

Numbers proportional 
_ to the number of Velocity 
ions per cc.: Gram- | at 18° C, 

ions/ce. | 

0 +24:9%107° 
17-0x10~® 957x107? 

38:0x 107° +26-2x 107 
740x107 +23'3%10-° 
1540x167 § +18-7%10~° 

0 +25:4x1079 

TTs<10- ° +25:°310-5 

192x107 +24:0x10-5 

38-4107 § +21:°8x10-5 

96:0« 107-6 +14-4x10-5 

153-0 x 1076 + 0010-5 

0 +23-4%10-5 

13-8x 1076 +21:5x10-5 

IF6><10° § +19:2x10-5 

54:9 107° +185x10-5 

0 +25:-4x10-° 
36x107§ +21:5x107° 

T2>10°° +168x107° 

144x107 SESE Sal ee 
216x107 ° = 4351052 
32:8 x 107° = T9<0 

0 +30:4x 1075 
T1x10°° +14:0x10-5 
143x10°° + 38x1075 
21-4 107° + 1:0x107~° 
28:6 x 107° ea oe 
428x107 — 91 107° 

28 
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if we are to compare the efficiency of various ions in 
discharging the colloidal particles, we must deduce numbers 
directly proportional to the number of such ions per cubic 
centimetre. For example, taking the above definition of 
normality, we may look upon a 3~x10~® normal solution 
of potassium phosphate as containing the same number of 

Fig. a 
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molecules as the number of molecules of K,(feCy.). in a 
3x 10-8 normal solution of potassium ferricyanide. But 
the latter solution will contain twice the number of FeCy, 
ions that the former contains of PO, ions. Consequently in 
column 3 are written the numbers directly proportional to 
the number of acid radical ions present per cubic centimetre; 
of course, those numbers opposite the aluminium sulphate 
and the potassium ferricyanide are the only ones which will 
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differ in the two columns. In the last column are copied 
the various velocities in ems./sec./volt/em. 

The curves in fig. 3 are drawn with the velocities as 
abscissee and the numbers proportional to the number of ions 
per ce. as ordinates. The very marked overlapping of the 
eurves for potassium phosphate and potassium ferricyanide, 
which are shown to larger scale in fig. 4, at once suggests 

No of tons of Salt per ec fire Jc) 

Ath Bees saueuaeat PSS 

-i0 -5 Oo 5s 10 15 20 25 39 

=. 
ke/socsly AMUSE 

the tact that the two ions PO, and FeCy, have the same 
power of reducing the velocity of the copper particle, and, 
therefore, of producing the coagulation of the copper. The 
evidences of coagulation given in the last columns of 
Tables VIII. and IX. support the latter statement, as does 
the work of many other writers. Although the experiments 

28 2 
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on aluminium sulphate were not carried out as far as those 
on potassium sulphate, nevertheless the corresponding curves 
show a remarkable coincidence in the region common to the 
two curves. 

These latter two curves have an additional importance in 
that they show that, the action of the SO, ion is practically 
independent of the metal ion. Since aluminium is trivalent 
and potassium monovalent, if the metal ions exerted any 
marked influence on the copper particle we should expect 
these two curves to be very far apart. 

Again, comparing the five curves, one has the very 
strongest evidence of the great differences in the powers of 
monovalent, divalent, and trivalent acid ions to reduce the 
velocity of the positively charged copper, and consequently, 
to produce coagulation. Examination of the curves will 
show that the velocity results indicate that the ratios of the 
powers of various acid ions to reduce the velocity of the 
copper particles are not very far removed from the observed 
ratios of the powers of the same ions to produce coagulation. 
These latter ratios for monovalent, divalent, and trivalent ions 
as found by Picton and Linder * were 1: 35: 1023; the 
analogous ratios suggested in accordance with Whetham’s 
theory f of coagulation were 1: 32: 1024. 

Some time since Duclaux published results of his work on 
colloids synthetically prepared by a double decomposition, 
as, for example, the colloidal solution of copper ferrocyanide 
resulting from the action of cupric chloride (CuCl,) on 
potassium ferrocyanide. In this case he finds that the 
colloidal particle retains varying quantities of the potassium, 
to which he gives the credit for the existence of the colloidal 
particle. This portion of the colloidal unit he calls the 
“ partie active,” and draws the conclusion that the coagulation 
of the colloid is brought about through the substitution of 
the “ partie active’ by some other ions. In the course of 
his argument, he expresses “‘ most formal doubts as to the 
exactitude of Hardy’s law according to which the coagulative 
power of an ion is the greater, the higher its valency.” The 
Jaw of Hardy referred to above is based on the experimental 
work of Picton and Linder and others, as well as that of 
Hardy himself, and is uniquely supported by the theoretical 
contribution of Whetham. The conclusions arrived at by 
Duclaux seem so diametrically opposed to all this work, as. 
to suggest the possibility that Duclaux was dealing with 
colloidal solutions quite different in their constitution from 
those upon which the above law was based. This conclusion. 

PT 00. Cit. t ‘ Theory of Solution,’ p. 396. 
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is suported by Lottermoser’s criticism of Duclaux’s work, in 
which the former constantly refers to a class of colloids 
which can be changed by the addition of certain electrolytes 
from hydrosols to hydrogels and vice versa ; whereas in no 
ease have the metallic colloids at present under discussion 
shown that they are thus reversible. 

Exception must be taken, however, to the remark of 
Duclaux when he says that “it is by no means evident that 
the immobility of a micelle in an electric field implies that 
the micelle does not carry a charge.” Historically, the 
only reason we have for attributing the possession of a charge 
to the colloidal particle is the fact that it does move in an 
electric field, and, if dependence is not to be placed on this 
assumption, there is no ground for speaking of the particles 
as being charged at all. If we mean anything by the 
statement that a colloidal particle is positively or negatively 
charged, it is surely a just conclusion to. say that, if the 
particle does not move in an electric field, it has lost its 
charge. 

6. CONCLUSIONS. 

1. Fora copper colloidal solution, the particles of which 
are positively charged (2: e. move to the cathode), the influence 
of added electrolytes on the velocity of the particle has been 
determined. The electrolytes used were potassium chloride, 
potassium phosphate, potassium sulphate, potassium ferri- 
cyanide, and aluminium sulphate. 

2. Evidence has been produced to show that it is the ion 
bearing a negative charge that is active in reducing the 
velocity. | 

3. This power of the negative ion depends on the valency 
in a way analogous to the valency relations found by Picton 
and Linder, and by Hardy, for the coagulative power 
of ions. 

4, The discharging power of two negative ions of the same 
valency is the same. | 

5. Observations on the coagulation produced in each case 
shows that the particles coagulate when they lose their 
charge. 

In conclusion, I wish to thank Professor J. C. McLennan 
for his kind assistance and encouragement at all times ; I also 
desire to express my indebtedness to Professor A. B: Macallum 
for his helpful suggestions on many occasions. 

University of Toronto, 
November 2nd, 1908. 
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LIV. Contribution to the Osmotic Theory of Solutions. By 
the Karl of BERKELEY, /.R.S., and C. V. Burton, D.Se. 
(London) *. 

x haa the following communication our aim has been to 
obtain exact relations between the varicus quantities 

involved in osmotics, without making any assumption about 
the properties of, or even the separate existence of the com- 
ponents forming the solution}. In other words, we have 
tried to express the osmotic phenomena in terms of the 
physical properties of the solution itself. 

Although Rothmund t¢ postulates two osmotic pressures 
for liquid mixtures, yet it seems to have been overlooked 
that any solution whatever (necessarily containing two com-— 
ponents) must have more than one osmotic pressure. As 
pointed out by one of us§, besides the i osmotic 
pressure of an aqueous solution of sugar, realizable by 
means of a copper ferrocyanide membrane, “theres is another 
which would be realizable if we could place the solution in 
communication with liquid sugar (say at its melting-point) 
through a membrane permeable to the sugar only. It is 
probable that this complementary osmotic pressure has been 
ignored because it was assumed that the properties of the 
liquid solute were involved, and when the solute was un- 
known in the liquid state it may have been argued that this 
pressure was imaginary. 

In this paper, however, we shall establish a relation between 
the two osmotic pressures which, as above stated, only 
involves the physical properties of the solution, thus proving 
that in so far as the ordinary osmotic pressure may be 
regaided as a real physical quantity, the complementary 
pressure can be similarly so regar We shall also obtain 
a relation applicable to the final stratification of any solution 
when subjected to gravity or other steady bodily force. 

These relations will be established in two ways : first by 
the consideration of a column of solution im static osmotic 
equilibrium ; secondly, by a brief examination of the dynamic 
processes involved in'the « progress towards that equilibrium. 

This latter method evidently touches on the theory of 
* Communicated by the Authors. 
+ This is of some little importance, for, in many chemical reactions, 

it has been proved that a solution may contain substances which cannot 
be isolated. 

t Zeit. Phys. Chem. vol. xxvi. p. 433 (1898). 
§ Proc. Roy. Soc., Series A, vol. sa p- 129. 
|| One of us (C. V. B.) would limit tuis statement to its differential 

aspect, 
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diffusion. In the ordinary theory of diffusion, as developed 
originally by Nernst *, the motion of the solute under the 
influence of osmotic pressure differences is considered. A more 
rigorous theory (especially when strong solutions are in ques- 
tion) must deal with the osmotic pressure differences (differ- 
ences in the ordinary osmotic pressure and in its complement) 
which cause the solute and solvent particles to stream past 
one another ; regarding the matter from this point of view 
we shall deduce thermodynamically an exact expression for 
the forces which act on the two sets of particles. 

Fig. 1. 
i General case for a solution of two volatile 

(or involatile) components f. 

We will distinguish the two com- 
ponents as solute and solvent. 

Let the three- columns, represented in 
fig. 1, be at a constant temperature 
throughout and be subjected to the 
influence of gravity. AB is a column 
of solution, CD and EF are columns of 
pure solvent and pure solute, respectively. 
The membranes C, are permeable to the 
solvent only, while E, are permeable to 

. the solute only. } 
Let the relative positions of the upper 

surfaces of the three liquids be such that 
at any given level the vapour-pressure f 
due to the solvent in the solution is the 
same as that due to the pure solvent, and 
similarly for the vapour of the solute. 

- Evidently, under these conditions, the 
three liquids can be in equilibrium. 

* Zeit. Phys. Chem. vol. ii. (1888) p. 613. 
+ The equations. can be extended so as to include any number of 

components. 
~ The vapour-pressures are only introduced into the argument so as to 

give a clear mental picture of the equilibrium subsisting between the 
liquids. The calculation, however, is quite independent of vapour- 
pressures and is applicable to solutions neither of whose components is 
volatile ; it is perfectly valid if one or more of the liquids are limited 
upwards by a piston, by means of which a pressure or even a tension 
could be imparted, provided always that the pressures are so arranged 
that the three liquids are in osmotic equilibrium with one another. 
It may be mentioned here that the final results apply to any solution 
extended upwards indefinitely; the extension downwards may or may 
not have a limit according to the physical “ constants” of the solution. 
The results also apply to any mixture of molecules, whether of gases, 
vapours, or liquids. 
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Symbols used throughout this communication. 

For the solution :— 

w is the specific volume of the solution. 
s; is the decrease in volume of a large mass of solution 

when one gram of solvent is withdrawn from it ; 
Sp is the corresponding quantity for the withdrawal of 
one gram of solute. 

¢,1s the number of grams of solvent in one gram of 
solution ; cy is the corresponding quantity of solute. 

P; is the osmotic pressure when the solution is in osmotic 
equilibrium with the pure solvent ; P, is the osmotic 
pressure when it is in equilibrium with the solute. 

p is the pressure on the solution. 
© is the total pressure of the mixed vapours in equilibrium 

with the solution. 
G is the gravity potential. 

For the solvent :— 

u is the specific volume of the liquid. 
gq, 1s the pressure on the pure solvent. 

7) 1s the vapour-pressure when the solvent is under the 
_ pressure of its own vapour. 

v is the specific volume of the vapour. 

For the solute :— 

y is the specifie volume of the liquid solute. 
gz 1s the pressure on the pure liquid. 
oo is the vapour-pressure when the solute is under the 

pressure of its own vapour. 
z is the specific volume of the vapour. 

Where necessary, the particular vapour-pressure which is 
under discussion will be identified by the addition of a suffix 
denoting the pressure on the liquid; the specific volume of 
the vapour will be identified by a suffix denoting the pressure 
on the vapour. For example :— 

7, is the vapour-pressure of the solvent when there is a 
pressure q; on the solvent. 

a, is the vapour-pressure of the solvent in the solution 
when there is a pressure p on the solution. 

a, is the vapour-pressure of the solvent in the solution 
when the solution is under pressure 7. 

zg is the specific volume of the solute vapour when the 
pressure on the vapour is ¢. 
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Stratification of the solution by gravity. 

We will first consider the stratification as referred to 
P,, Co, U, S;. Take as independent variables the concentration ¢, 
at any point in the column of solution, and p, the hydrostatic 
pressure at that point; wand s, are both functions of ¢ and p; 
wis a function of p—P, (= q;), while P, in turnis a function 
of c. and p, so that w is a function of c. and p. 

OP,/Oc. is the rate of change of the osmotic pressure 
(measured against the pure solvent) with change of 
concentration, the hydrostatic pressure on the solution 
remaining constant. 

OP,/dp is the rate of change of the osmotic pressure with 
change of hydrostatic pressure on the solution, the 
concentration remaining constant. 

dp/dG is the rate of change of hydrostatic pressure in the 
column as we pass to places of higher gravitational 
potential (2. e., as we pass downwards through the 
column). 

de/dG is similarly the rate of change of concentration 
with change of gravitational potential. 

When we pass from a level in the solution where the 
gravitational potential is G to a place where it is G+dG, 
the hydrostatic pressure is different by 

(i LESS CAG 4116 Svan errr aoeeaas 

Similarly, between the same levels, the increment in 
concentration is 

Ge deldG HAG ws) S022) 

Again, the osmotic pressure, P,, when we pass from G to 
G+dG, is different, because (1) the hydrostatic pressure has 
changed by dp, and (2) the concentration has changed by 
dco, thus 

OP, OP, 
a= dp + = des 1 p ip = Dee C2 

P, dp P, de, ; =(&, eee TG) ae 5 hues 

But, in the column AB 

AG =a08d 0:5...) ays aie he AA 

similarly in the column CD we have 

dG=ud(p=P))=udp=—udP}. . . « (5) 

(u—w)dp=udP,. . «. ». « « (6) 
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By substituting in (3) we get 

des Li Pp y 
T= (u—e—¥ S51) Jae Se .* sr : | 

Now, in Appendix I. (equation 29), it is proved that 

OF; it u—S, t 

a a 

substituting in (7) we get 

des iF 
5G =(ar—) we 2 . of 

Prof. Callendar, using a different notation, states * that 

54 —W=—C20W/OCo. - > = 5 

(this relation can be easily proved), hence (8) becomes 

de, is CoOw Obs 

fe. wl, | Gc. 

Now consider the stratification in relation to Ps, ¢, y, 
and s); that is, the relations subsisting between the solution 
and the pure solute in column EF. 

An equation exactly analogous to (10) will result, where 
P, wiil replace P, when the solution at hydrostatic pressure p 
is in osmotic equilibrium with the solute at pressure p—P, 
and c, will replace cy; the equation is 

dc, 40u/dc, 

aa ~ ywOPs/dc, |) ee 
Since. c;=1—c, we get 

(10) 

dy _ dy Dw Dw BP OR 
dG Ts 92 pian £4 Heo eit ae Q) _ Q/ =< 

oa) 
bare Sy 

~ 

and also from (10) and (11) 

OP1/O¢2 _ C2 Y a 0en ee (12) 
OP/dec.  (1—es) “u 

‘ 5 

. - a _ . aa eee 

Transformation— 

The relations (8), (10), (11), and (12), have been obtained 
from a simple consideration of equilibrium conditions ; but, 
though -these- equations are rigorously true, a difficulty 
sometimes arises in their exact interpretation. For wu, y are 

| 
| 
| 
| 
’ 

| »* Troc. Roy. foc. feries-A, vol. Ixxx. p. 470. 
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the specific volumes of the pure solvent and the pure solute 
respectively, when in osmotic equilibrium with the solution 
at hydrostatic pressure p. If the pressure p is not great 
(one atmosphere for example), and if, at the same time, the 

concentration of (say) the solute is high, the corresponding 
pressure on the solvent will have a high negative value, that 
is to say there will be a considerable tension on the solvent ; 
in many cases this tension will exceed the tension which the 
solvent can support and will certainly not be experimentally 
realizable. Moreover, when the solute is a solid substance, 
our conception of osmotically equilibrating columns cannot 
be realized for the pure solute. 

We can, however, put our differential equations in such a 
form that they involve only the properties of the solution, 
with their differential coefficients, at the point under con- 
sideration ; it is evident, & priori, that all criteria of the 
behaviour of the solution must be expressible in such 
terms. 

The relations lesived will first cf all be deduced from (8), 
(10), (11), and (12), by means of a simple transformation ; 
a more general oe will then be given, starting 
from first principles, and without restriction to the case 
where equilibrium is supposed to have been attained. 
(See pp. 609-613.) 

In the first place we must adopt another mode of 
differentiating the osmotic pressure with respect to concen- 
tration. Instead of supposing solutions of concentrations ¢, 
and ¢,+dez, and both at pressure p, to be separately put in 
equilibrium with the pure solvent with resulting osmotic 
pressures P; and P,+dP, ; let us put the same two solutions 
in direct osmotic communication with one another through a 
membrane, permeable tothe solvent only. The two solutions 
will be in equilibrium when the pressures on them differ 
by dp, where dp=dP, and dP, is the (infinitesimal) osmotic 
pressure of the solution c,+dc, relatively to solution c.. On 
dividing this dP, by dc, we obtain a differential coefficient 

which we shall write a 

C2 

This coefficient refers to two infinitesimally different 
solutions belonging to that (singly infinite) series, any 
member of which is in osmotic equilibrium with the solution 
of concentration ¢, and pressure 

Now, since the solution ¢, and the solution c,+dc, are in 
‘direct osmotic equilibrium with one another, they will be 
separately in equilibrium with the pure solvent at some one 

° 
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pressure g,; and despite the fact that this pressure may, in 
some cases, have a high negative value, yet we may regard 
the differentiation as conditioned by q1= constant ; so that 

BP an HOF = ie 1 ws (a), aa) 
_ The transformation required is now easily obtained as 
follows : 

tse BE) ta Bre (8) 
ap, (1— ar) (SS) a, 

also dP, = & ) ae y+ 2 ay 

Dividing the former of these by (1-$>) equating the 

coefficients of deg and remembering that 1— —_ =- (see 

Appendix I.), we get 

oP) rely Oli) Yeas 

be) (1- Op ae) aa, 00/;, use 

The equations (8), (10), (11), and (12) can now be 
replaced by 

(14) 

‘ Ow 

dlg sw "Deo ! 
—2 = 22 J |... 
hs deal ae i, 

© Veo PY Gs 

de, an 59710 e0w/dc 

cn nL a 
2 0 ‘ Vey 

BP, / BP. 2 ee (17) 
Veo/ Vey ame! 

ss (4810 P)/Beo= cos P5/Ve; ‘get 9 eRe (18) 

Comparison of Equation (18) with Experiment. 
The only data suitable for verifying the equation are those 

derived from the experimental examination of the vapour- 
pressures of binary mixtures by Zawidski* and others ; it is 

* Zeit, Phys. Chem. vol. xxxv. pp. 129-203. 
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therefore necessary to deduce a relation connecting es 
2 

with the vapour-pressure, this is obtained as follows :— 
Prof. Porter *, assuming the validity of the partial pressure 

law, has put forward an equation connecting the osmotic 
pressure and the vapour-pressure of a mixture when both 
components are volatile. This equation can be made exact, 
whether the partial pressure law holds or not t, by defining 
™, as the pressure of the pure solvent vapour which is in 
osmotic equilibrium with the mixed vapours (Q) through a 
membrane permeable to the solvent vapour only ; an exactly 
complementary definition holding good for do. 

The equation in question, in its strict signification, may be 
regarded as expressing the osmotic pressures of the volatile 
mixture in terms of the pressure of the saturated mixed vapour, 
and its osmotic pressures OQ —7g and Q—¢g, measured with 
respect to solvent and solute vapour respectively. 

In the new notation the equation becomes 

Pp a1 i op 
\ d= | : udp + WEE rhein tae Rg) 

Q Gas ae ae 

Differentiating (19) with respect to co and keeping q 
constant, we get 

OEY Of? Os, dQ, dT > 
ag oy, bu 

" Vey Q ee des a d 
(20) 

(This equation is exact and can be derived from first 
principles without reference-to the pure solvent.) 

C9 

But dia — Om > om 4 dg 5 

des OCs Op des 

- - OT Sy 
and Prof. Porter t has shown that ——; 

Op ha 
therefore (20) becomes 

Pp 

uP, Os folus ¢ 
8] Ve, = 52,4? Sh Des. - a . ° (21): 

Q 

+ It would seem from the determinations of the osmotic pressures 
derived from the vapour-pressures of solutions of calcium ferrocyanide- 
set forth in the Phil. Trans. Roy. Soc. Series A. vol. ccix. pp. 199-203, 
that for water-vapour in air at 0°C., the assumption of the validity of 
the partial pressure law may not be warranted. 

f Proc. Roy. Soc. A, vol. lxxix. p. 525. 

* Proc. Roy. Soc. Series A, vol. Ixxx. p. 460. 
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~ Multiplying by ¢ and subtracting the complementary — 
equation (multiplied by ¢,) we get * 

LAL Mee a 

C181 yas Fae ager" 2 Al 

By assuming Boyle’s law, the right-hand member of (22) 
reduces to Margule’s equation | 

dlog w/d log c.=d log ¢/d log ¢y. 

This equation was experimentally verified by Zawidski f, 
and consequently (18) is also experimentally verified. 

Concentration of a solution by centrifugalization. 

It is evident that the exact equation (15) 

dey _ __¢2- 0w/Oez 
Ux sw .UP,/De, ’ 

can be applied to cases other than that of a stationary mass 
of solution under gravity ; for instance, in the case of a vessel 
containing a solution and whirled at a uniform rate round a 
vertical axis the equation becomes t 

dey C,0/Oep 93 
dC swt P,/ve, ° (23) 

where C is the potential of the “ centrifugal force.” 
So far as we know, the only experimental work on this 

method of stratifying a solution, is that of van Caiear and 
de Bruyn §, but their results, as calculated from the data 
they give and other known quantities, seem incompatible 
with (23). 

As an example take the following experiment recorded by 
these authors :-— 

A drum, 6 cm. in radius, was filled with a 12 per cent. 
solution of cane-sugar, which gave a rotation of 46°8 ina 
polariscope. The drum was rotated about its vertical axis at 
a uniform rate of 40 revolutions a second for four hours. 
Without stopping the apparatus, samples were then taken in 
four capsules placed at different distances from the axis and 
were tested in the polariscope. Sample 1 (central) was 

* Note that c,—! = O82 
Tt Loe. ctt. O%2 0% 
{ Neglecting the effect of gravity on the horizontally rotating liquid. 
§ Ree. Trav. Chem. Leiden, vol. xxiii. pp. 218-228. 
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empty, 2, 3, and 4 (peripheral) gave rotations of 41°:0, 51°°5 
and 47°-0 respectively. 

The circumstance that the third and not the fourth sample 
showed the greatest concentration was attributed to an 
irregular stirring action produced by the opening of the 
capsules ; clearly the results can only be regarded as 
qualitative. But the changes in concentration recorded are, 
as we will show, many times greater than theory indicates, 
and the discrepancy is the more difficult to account for in 
that any errors due to manipulation would lie in the contrary 
direction. 

The calculation is as follows :— 
In a system which is rotating uniformly about a fixed axis, 

with angular velocity (radians a second), any particle of 
mass mat a distance r from the axis requires an inwardly 
directed force mw’r to maintain its position unaltered in the 
system. Thus the system may be regarded as pervaded bya 
field of force, everywhere outwar dly directed, and derivable 
from a potential function 

= 0 co RSA a emietl Ba beet 4 62) 

Therefore, in the drum under consideration, the difference 
of potential between the axis and the periphery is 

C=3$(27 x 40)? x 6?=1140000 approximately. 

Now for the limiting equilibrium condition, when c., w, u, 
and ¥P,/Ue are nearly uniform throughout the space, we have 
from (23) 

Ac. _ _ AC dw/de (25) 
C5 Se es hia ua <a ent hited) 

Here s, is practically unity, w is obtainable from Landolt 
and Bérnstein’s tables; ¥P,/¥c,, for so dilute a solution, 
may be taken as following the gas law, and therefore we 
an put (where 339 is the molecular w eight of cane-sugar) 

DP, /We = 22°3(1 + 15/273) x 1000/339. 

Multiplying this value by 1:01 x 10° to bring it to dynes 
per square cm., and substituting the numerical values in (25) 
we get 

Acs/¢.= ‘007. 

Thai is to say, the proportional difference in concentration 
between the central and peripheral parts of the rotating solu- 
tion should only be about 7 parts in 1000 in the final 
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equilibrium state, while the authors report a difference of 
20 per cent.in four hours. The discrepancy is so great that we 
cannot but conclude that there has been some important 
oversight in the conduct of the experiments or in the presen- 
tation of the results. This conclusion is confirmed when we 
consider that the forces required to cause such a rapid 
migration of the solute through the solution, even with no 
opposing forces except those arising from internal viscosity, 
would be enormously greater than the available driving 
forces due to the rotation. 

Similar remarks apply to the other cases described by 
Messrs. van Ualear and de Bruyn. 
We have also endeavoured to examine experimentally the 

centrifugalization of solutions. Numerous trials have been 
made, but the difficulties have proved considerable, though 
they now appear to be largely overcome, and we hope shortly 
to obtain more reliable results with an improved centrifuge. 

The solutions we have chiefly examined are potassium 
iodide, iodine in potassium iodide, and a solution of about 51 
per cent. by weight of czesium chloride. 
A brief description of the best experiment so far made may 

not. be out of place. 
The solution of the caesium chloride was contained in six. 

sealed glass tubes arranged radially in a massive flat circular 
box of gun-metal ; the length of the solution column in each 
tube was 9°3 em. and the run was continued (at about 57°6 
revs. per sec.) for 243°3 hours, a time long enough for a fair 
proportion of the maximum degree of separation to be effected. 
We had satisfied ourselves by previous tests that the internal 
diameter of the tubes (0°34 cm.) was sufficiently small to 
prevent any sensible re-mixing of the liquid strata during the 
very slow stopping of the centrifuge, or in the succeeding 
few seconds which elapsed before the tubes could be stood 
vertical, On the other hand, it was impossible to pipette the 
contents of each tube into three samples without some slight, 
mixing taking place; and it is partly on this account and 
partly because the centrifuge did not revolve perfectly 
smoothly (thus causing some slight stirring action), that we 
regard our results as only qualitative. 

The following table gives the results :— 

°7, CsCl differenee °/, CsCl difference 
(found). (theoretical) (theoretical) 

Sample k.. |. 54.2 51°648 } 51°645 i 
ah eee pirmog: POL | oa7og: «1 O84 033 51°812 "103. 
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The numbers under the heading “°/, CsCl (theoretical) ” are 
only approximate—they are calculated on the assumption that 
equal molecular concentrations of CsCl and NaCl solutions 
have the same osmotic pressures, and the value found for the 
concentration of the middle sample is taken as a basis for 
comparison. 

It will be noticed that considerably less difference was found 
between the second and third samples than between the first 
and second, while theory indicates that the inequality should 
be markedly in the other direction ; the differences of con- 
centration are, however, of the order of number indicated by 
theory. 

General Investigation. 

Although the following argument can be readily applied 
to the more general case of heterogeneous liquid or gaseous 
mixtures, 7. e. mixtures that differ in properties from point to 
point of their mass in any manner, yet to enable a clearer 
view to be obtained, we will limit the discussion to a column 
of solution (subject to gravity) whose properties are uniform 
at any given level. We shall not assume that equilibrium 
has been attained, so that in general there will be relative 
motion of solvent and solute throughout the liquid mass ; at 
any given level one of the components will be moving down- 
wards and the other upwards. This relative motion is 
opposed by “internal viscosity,” and fixing our attention on 
un infinitesimal voiume element of the solution, we realize 
that the solvent molecules in the aggregate must be acted 
upon by a force in one direction (say downwards) and the 
solute molecules by a force in the contrary direction. 

These two aggregate forces must be almost exactly equal 
and opposite, for their resultant is measured by the accelera- 
tion of the volume element as a whole multiplied by its mass; 
and the acceleration in all practical cases will be excessively 
minute. 

The same holds good for solutions contained in a uniformly 
rotating centrifuge, provided we understand that the axes of 
reference are rotating with the centrifuge, and avoid the 
explicit appearance of accelerations by introducing the fiction 
of centrifugal force; so that here again we may always 
consider the solvent and solute within any very small element 
of volume to be acted on by sensibly equal and opposite 
forces. | 

Let dt be the volume of the element under consideration, 
Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. 2.1 
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F\dr the aggregate downwardly-measured force on the 
solvent molecules contained in dt, and F,dr the downwardly- 
measured force on the solute molecules ; then F, + F,=0. 

The forces, F; and F,, reckoned per unit volume of solu- 
tion, we shall call the “ driving forces”’ on solvent and solute 
respectively at the level under consideration. 
Now imagine the downwardly-measured driving forces Fy 

and —F, to be balanced by an ideal field of force, whose 
action at each level amounts to a force —F, on the solvent 
molecules per unit volume of solution and +F, on the 
solute molecules per unit volume. The total driving force is 
thus reduced to zero throughout the solution, and the con- 
centration retains its distribution unaltered, although the 
mobility of individual molecules remains unimpared. 

Consider now the small portion of the column represented 
by figure 2. At the level h let the concentration be ¢g 
grams of solvent per gram of solution, and the hydrostatic 

pressure be p. At the neighbouring level h+ 6h the values 
of these quantities will be, to a first order, 

Cy+ (dea/dh) x dh and p+(g/w)x6h respectively, 

where w is the specific volume of the solution at the 
level h. : 

At h, in the wall of the containing vessel, let g be a mem- 
brane permeable to the solvent only, and q' a like membrane 
at level h+6h. Let the cylinders 6 and 0’ (furnished with 
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pistons a and a’, and containing solutions of the same con- 
centration and pressure as at the corresponding levels in the 
column) be fixed behind g and gq’ as shown in the figure. 

In the thermodynamic cycle now to be considered, the final 
pressures and concentrations are the same as the initial 
ones, and all operations are pertormed isothermally; hence, 
although the changes of pressure cause changes in the 
volume of the contents of the cylinders and thus give rise to 
terms in the expression for the work done, these, in so far as 
they relate to definite masses of solution of definite concen- 
tration, must eliminate. Accordingly these terms will not be 
taken into account when writing down the work done in the 
cycle. 

j (1.) Let the piston a, under a pressure which never differs 
more than infinitesimally from p, be pushed in until a mass 
dm of solvent has passed through g into the column, and 
simultaneously let the piston a’ be withdrawn, so that at each 
instant the mass of solvent which has left the column by q’ is 
precisely equal to that which has entered by g. Moreover, 
suppose the operation to be performed so slowly that the 
column of solution is everywhere sensibly in a state of 
equilibrium ; the solvent thus streams slowly from gq to q’ 
without affecting the concentration at any level, and without 
producing, on the whole, any perceptible displacement of the 
solute. 

Adding up the work done by the external forces, we have 
for the two pistons 

ony ee f O81 dey 4 O81 9 } psydm ( aes sh) ioe +(S2 7 + Tae nae ) eh dm 

= { p24 0% 9)_ 2 
r= ea dh - Opw —s,2} dh dm, 

and the work done by our ideal field of force is -F,2 dhdm, 

since —F';c;/w is the force acting per unit mass of mee 
(I1I.) Close the membranes g and gq’ by shutters, and 

change the pressure on the solution in 0’ so that it would be 
in osmotic equilibrium with that in 0, the pressure in 0’ has 

P, deg x 
now become p+ae «2 bh, but the work thus done may be 

disregarded as aoc explained. 
(IIL.) Withdraw the cylinders (carrying the membranes 

with them) * from the column and place the solution in 0’ in 

* The use of shutters, where necessary, is to be understood. 
an! ol 
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osmotic contact with that in at the level of the latter. 
These two solutions are now in osmotic equilibrium through 
the membranes g and g’. Push in the piston a’ and simul- 
taneously withdraw a until a mass dm of solvent has passed, 
under osmotic equilibrium conditions, from 0’ to b, the final © 
pressure in b being exactly p. 

The work done on the two pistons is 

Be yP; de Os des Os yPy dey 
psd + {P+(3 la ont {st(sr at Sp (es ae j bh din 

fs Os: d¢y Os, WP, dey oP, des 1 

ie | Psa dh Pea un aE pai, ar ah joe 

(IV.) Reshutter the two membranes g and q’, separate the — 
iain change the pressure in 0’ back to its former value 
pt+(g/w) x 6h, restore the cylinders to their original places. 
and put their contents in osmotic communication with the. 
solution-column. ‘The initial conditions are now restored. 

The balance of work done against gravity is gdh dm. 
Regarding stages (II.) and (IV.), when the changes of 

pressure between p+ (g/w)dh and p+ (Bday, are 

being made, the volume dealt with in (II.) is greater by sdm 
than in the reverse operation (IV.); hence the change in 
volume is greater by 

51 Lees at) ban dm, 
Op Lw a2) 

and the corresponding work-term is 

pee 7 (2 yt oh dm. 

Collecting the various terms, and rememberi ing that 
¢y=1—c., we obtain, on division by 6h dm, 

Bye) ee (7 des Ne sae ee 
Jb == 65 W 

or 

sw s ‘YP dc if 
F, = (l—e)g— ~ (1—ey) Cs Aa . (27): 

Equation (26) gives the downward force acting on the- 
solvent molecules per unit mass of the solvent, while- 



the Osmotic Theory of Solutions. 613 

equation (27) gives the downward force acting on the solvent 
molecules per unit volume of solution, in other words the 
driving force. The driving force I, on the solute molecules 
is equal and opposite to F, as already pointed out. 

When we require the driving forces in a uniformly rotating 
mass of solution, we have only to replace dh by dr, and g by 
dC/dr, where r represents radial distances from the axis of 
rotation, and C the potential of the centrifugal force. To 
pass to equilibrum conditions, we have to put F,; = 0 =F, ; 
and (27) then becomes identical with (15) above, and (16) 
and (17) follow-as before. 

Thus all these equations can be obtained without taking 
vapour-pressures into consideration and without assuming it 
possible for the pure liquid solvent and solute to exist at such 
a pressure as to be in osmotic equilibrium with the solution, 
or even to be capable of separate existence at all. 

Note on the Application of the Preceding General Discussion 
to a Diffusing Column of Solution*. 

As before, consider a volume element dt at any level in 
the column. The solvent molecules in this element collec- 
tively experience a force F,d7, and the solute molecules an 
equal and opposite force F.dr ; these forces tend to produce 
opposite displacements of the solvent and solute relatively to 
the mass centre of the volume dr, without causing any bodily 
acceleration of the solution contained in dt. Draw through 
the mass centre of the solution in dt an element dS of hori- 
zontal surface ; let this element of surface be moving with the 
mass centre in question, and let the rates of displacement of 
solute and solvent be measured with respect to it. These 
rates we shall denote by m, and ms, and define as the 
algebraic total of grams of solvent (or solute) passing down- 
wards through dS per unit of area per unit of time. 

Let V, be the mean downward velocity, relative to dS, of 
the solvent molecules in dr, and V, the corresponding velocity 
(downward) of the solute molecules, then, p being the density 
of the solution, Vipcy=m, and V.pc.= myo. 

But Vipejdt, Vopcsdt are the respective momenta of the 
solvent and solute, both reckoned relatively to the mass 
centre of the element; their sum is therefore zero, and hence 

m +m, = 0. 

* A fuller discussion is reserved for a subsequent communication. 
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For any values of m, and m, attained in diffusion experi- 
ments (with a reservation to be explained immediately), we 
may regard F, as proportional to m, (and therefore F, to mg) 
to a high order of accuracy, and may write 

Fy = km, Fy =—km, = km, 

where / is independent of m, but depends on the nature of 
solute and solvent and on the temperature, as well as on the 
concentration and hydrostatic pressure at the point considered. 
We may call & the “internal viscosity,” and for very dilute 
solutions it becomes proportional to the molecular viscosity 
as ordinarily defined. 

The reservation made in the last paragraph refers to 
the case where two portions of solution differing finitely in 
concentration are in immediate contact. Our elementary 
theory would indicate, initially, an infinite rate of diffusion 
across the interface; but the circumstances are not com- 
pletely realizable even in imagination, when the discrete 
structure of liquids is taken into account; and the nearest 
imaginable approach to discontinuity of concentration would 
take us far from our original assumption, namely, that a 
volume element anywhere in the system may be taken small 
enough for its content to be treated as of uniform concen- 
tration, without reduction to dimensions so minute that the 
aggregate of molecules can no longer be treated statistically. 

APPENDIX 1. 

Consider the annexed diagram, which represents a solution 
under an external pressure p separated from the solvent which 
is under an external pressure g=p—P, by a semi-permeable- 
membrane, and let there be osmotic equilibrium. 

Let there be M grams of solution containing c, grams of 
solute per gram. Let there be My grams of solvent, and let 
the specific volumes of solution and solvent be w and u 
respectively. 

Carry out the following isothermal thermodynamic cycle. 

Aa 

Ee iia, 
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1st operation—Keeping the pressure p constant, slightly 
withdraw the solution piston until a mass dm of solvent has 
passed from solvent to solution. Let this be done so slowly 
that there is all the time osmotic equilibrium. 

2nd operation.—Increase pressure p to p’ and simultaneously 
increase the pressure on the solvent so as to maintain the 
osmotic equilibrium without any solvent passing across the 
membrane. 

drd operationn—Keeping the pressure p’ constant, push 
the solvent piston in very slowly until a mass dm of solvent 
has been driven into the solution. 

4th operation.—Decrease the pressure p’ to p, and simul- 
taneously decrease the pressure on the solvent in such a 
manner as to maintain the osmotic equilibrium. 

The initial state has now been restored, and the work done 
by external forces on the system must vanish for the whole 
cycle. 

In operation (I.) the work done on the solution is psdm. 
The work done on the solvent is due to two causes :— 

(a) The concentration of the solution has increased by 

and the osmotic pressure by 

Reo. 4 

ama. i dm, 

which expresses the decrease of pressure in the mass My of 
solvent, hence the work done is 

Myc du OP 
—(p—P) Me Gaul de dm. 

(b) The mass of solvent has increased by dm, so that 
we get 

—(p—P)udm. 

In the 2nd operation the work done on the solution is 

Any he Vho 48 £ Ow (M am) Seas dm) dp 

while if F’ represent the osmotic pressure corresponding to a 
concentration ¢ of the solution, and a pressure p’ upon it 
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and we put g=p'—P’, then the pressure on the solvent 
changes from 

p-P- oy i ~dm 

ae 
pl—-P- (3) wo 

and so the work done on the solvent is 

—(Mo+ dm) fg o dp, 

with these two pressures as the limits ; that is 

madi ge dq+q cea) Sai ,dm 

to 

In the third operation, the work done on the solution is — 

—p's'dm, 

and that on the solvent is 

+(p'—P') {ult a oy ( for a )} dane 

In the fourth operation, the work done on the solution is 

On summing up and dividing by dm, and equating to 
zero, we get 

pl p= 2! 
i) sdp—| udq. =. 

Dp w/p-P 

This, on taking the upper limits: p’ and p'—P’ equal 

respectively to p+dp and p—P +dp—S" dp, becomes 

f OP 
lp = ul dp — — dp). sdp ul dp a dp) 

or 
OP us 
Op ie u (29) 
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This result is obtained by Prof. Porter by differentiating 
equation (1) of his first paper ; but by the method followed 
the relation is obtained as an exact equation whatever 
assumption is made as to the volatility of solute and solvent. 

APPENDIX 2. 

In his recent paper on vapour-pressure and osmotic pres- 
sure, Prof. Callendar* has discussed the differences of 
concentration to be found in a column of cane-sugar solution 
(at 0° C.), which bas attained a state of final equilibrium 
under gravity as shown in fig. 1 by column AB (we must 
here assume that B is a semi-permeable membrane in contact 
with the free surface of water, and that the vapour-pressure 
of the solution at A is in equilibrium with that of the water 
at the same level). Prof. Callendar assumes that the con- 
centration and osmotic pressure at A is given by Berkeley 
and Hartley’s results 7, and calculates the concentration just 
above B by means of the approximate relation 

deja — P(dw/dP3)/w; >. J+ =» (0) 

in which P is the mean osmotic pressure in the column. 
In revising these estimates, we have taken the concen- 

tration and osmotic pressure just above B as given by the 
experiments (this is more correct than Prof. Callendar’s 
procedure in that the conditions in the experiments only 
differ from those indicated above by the fact that there is a 
pressure on the water of one atmosphere instead of that of 
its vapour only), and have calculated the concentration at 
the top of the column at A, by using a relation which, in the 
first instance, can be written down exactly, and allows our 
calculation to be carried to any degree of precision for which 
the accuracy of the data sufiices. 

In (26), put F=0, since we are dealing with equilibrium 
-conditions ; then remembering that dp=gdh/w, we get the 
exact relation 

dp = Sy/(,— wv) : VP/Beg . ey . eee wees (31) 

Neglecting the density of the vapour in comparison 
with that of the solution, and the pressure of the vapour in 

* Proc. Roy. Soc., Series A, vol. Ixxx. p. 473. 
+ Phil. Trans., Series ie vol. cevi, p. 503. 
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comparison with the osmotic pressure, an integration from 
A to B gives, 

osmotic pressure at B = pressure of solution at B 

= § i/(s1—w) . UP, /Ve.. deg, - (82) 

in which the upper limit of the integral is the given concen- 
tration at B, and the lower limit is the unknown to be found 
from the equation. | 

The values of 9P,/¥cs (subject as below to a small correction) 
are obtained on differentiating the curve which expresses the 
relation between concentration (in grams per gram of 
solution) and the corresponding equilibrium osmotic pres- 
sures ; for the equilibrium pressures are all measured with 
the same pressure (one atmesphere) on the solvent, and 
accordingly they fulfil the condition which we imply by the 
notation ¥P,/Yc,. But each ¥P,/yc. thus derived from the 
curve corresponds to a definite hydrostatic pressure on a 
solution of given concentration, and in the column the 
pressure associated with that concentration will be different, 
except just at the level in contact with B. 

To apply the correction we may first find p approximately 
in terms of c, by integrating (31) without taking into account 
the effect of pressure on the factors s,/(s,;—w) and ¥P,/Ve.*. 
The values of p thus obtained are amply accurate for com- 
puting the corrections required, since the whole pressure- 
correction for the strongest solution here considered only 
amounts to 0°8 per cent. 

For the more dilute solutions a simple approximate formula 
suffices: namely 

osmotic pressure at B=pressure of solution at B 

=[s1]/(L]—[w]) x [Piles] x Ace 
=[sJ/([s]—[w])x AP, - - (33) 

where the brackets [] indicate mean values and Ac, and 
AP are the total changes in value in c, and P,, respectively, 
as we pass from the top to the bottom of the column. 

* The correction to the factor ¥P,/Uec, is given by 

OUP, /Ne,)/9p= —1/s, xX (WP, /Ve,) x Os,/Op —1/s, X O8,/O2, 

an exact relation, which is not difficult to verify. The correction to 
s,/(s,—w) involves extrapolation from Tait’s results for the compres- 
sibility of sugar solutions (see Landolt and LBérnstein’s Tables, 
p- 62, 3rd Ed.). 
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Equation (33) like the more exact torm (32) has to be solved 
by trial and error. 

The final results are given in the first four columns of the 
following table, the last four columns are from Prof. Callendar’s. 
paper :—— 

Our results. Prof. Callendar’s results. 

Concentration in Concentration in 
granis per litre. grams per litre. 

ca == —~ lp ears aS a 
At bottom. Attop. Diff. per cent. At top. At bottom. Diff. per cent.. 

750°6 6767 739 9°85 760* 900 140 13:4 

660°5 598°6 61:9 9-06 660 741 81 1253 

540°4 490°9 49°5 9:16 540 600 60 det 

420°3 385°2 aor 8:30 i, 420 460 40 9°D 

300°2 2789 USS GAO ! 300 325 25 8:3 

180-1 MG G@uetOt 5-61, | 180 193 13 Tes 

* It is probable that this number is copied from a misprint in Lord 
Berkeley's paper on van der Waals’ equation (Proc. Roy. Soc. Series A, 
vol. lxxix. p. 126). 

Prof. Callendar deduces from his results that ** the numbers. 
in the last column appear to indicate a systematic error in 
the experimental numbers for strong solutions.” On com- 
paring the two sets of figures it will be seen that those 
calculated from the more accurate formula do not bear out. 
Prof. Callendar’s deduction. 

\ 

LV. On the Wilson-Gerdien Theory of Thunderstorm 
Llectricity. By Grorce C..Simeson, D.Sc., Meteorological 
Department, Government of India®. 

JN 1900 Mr. C. T. R. Wilson put forward a theory to 
account for the electrical phenomena connected with 

thunderstorms based on his well-known experiments on the 
condensation of water vapour from supersaturated air upon 
negative ions. Judging from a number of references to this. 
theory in recent articles in scientific journals it would appear 
that it has obtained considerable acceptance, both in England 
and on the continent. It therefore appeared to me desirable 
that the theory should be subjected to a critical examination,. 
and I propose in this paper to undertake such an examination 

* Communicated by the Author 
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in order to show that in six important particulars the theory 
is not capable of accounting for the observed facts. 

At the end of the paper in which the results of the ex- 
periments already referred to were published, Wilson added 
the following paragraph*:— 2 

“In order that the results of these investigations should 
have a direct bearing on the subject of atmospheric electricity, 
‘it is necessary to assume that condensation in the atmosphere 
frequently takes place from the supersaturated condition. 
There is very little direct evidence of the existence of super- 
saturation in the atmosphere ; but there is at least an equal 
lack of evidence against its existence above the lower cloud 
layers, even as a normal accompaniment of precipitation. 
That supersaturation occurs in connexion with thunderstorms 
is held by V. Bezold and others (Sitzab. Akad. d. Wiss. zu 
Berlin, 1892).” 

This idea, that the electrical effects observed with preci- 
pitation might owe their origin to the greater facility with 
which water vapour is deposited on negative than on positive 
ions, was eagerly taken up on the continent, and Elster and 
Geitel considered it so promising that they gave to it a 
prominent place in their lecture before the Brunswick Society 
of Science in April 1900fT. 

The only serious objection to the suggestion came from 
Mr. Aitken t, who was led to doubt, from his classical re- 
searches on the dust of the atmosphere, that ‘‘ there is such a 
thing as dust-free air in our atmosphere.” ‘To answer Mr. 
Aitken’s objections Wilson wrote a letter to ‘Nature’ § in 
which he developed his idea into a detailed theory, showing 
how he considered the dust might be entirely removed from 
air during thunderstorms, and how the separation of the 
electricity could be supposed to take place. The following 
summary of this letter, written as far as possible in the 
original words, may be taken as giving the essential points 
of Wilson’s theory. 

If an ascending current of air contains drops of water in 
the form of cloud-particles these drops will lag behind the 
air-current to a greater or less extent, according to their 
sizes. Hence, the air which enters the base of a cumulus 
cloud will pass amongst the water-drops, and ultimately 
reach the top. During the passage of the air through the 

* Wilson, Phil. Trans, A. 193. p. 307 (1900). 
t+ Met. Zeit. xvii. pp. 226-231 (1900). 
t Aitken, ‘ Nature,’ xli. pp. 514-515 (1900). 
§ Wilson, ‘ Nature,’ xlii. pp. 149-151 (1900). 
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cloud the innumerable water-drops will act as a kind of filter: 
and remove all the dust-particles from the air. The drops 
at the top of the cloud will also lag behind the ascending air, 
and the air between them is likely o be dust-free. “ Under 
these conditions a dust-free layer will be formed above the 
cloud, and will continually increase in vertical thickness.. 
This layer will be saturated with moisture at its lower edge, 
above this it will be supersaturated ; the amount of super- 
saturation being greater near its upper limit, and depending 
on the vertical distance through which the air has risen since. 
escaping from the cloud. Now to produce in air initially 
saturated the supersaturation (approximately four- fold). 
necessary to cause water to condense on negative ions, it is. 
sufticient to let the volume of the air increase adiabatically 
to 1:25 times its initial value ; an expansion which will result. 
from an ascent of the air through a vertical distance of 
2,500 metres, if we suppose the air on escaping from the cloud. 
to be at atemperature of 10° C. (at lower temperatures a 
smaller elevation would suffice). Thus, when the air in the 
uppermost layers of the supersaturated stratum has reached 
a height of about 2,500 metres above the level at which it 
escaped from the cloud, a sudden change will result ; con-. 
densation will there take place on the “negative ions. The 
thickness of the supersaturated stratum (7. e. the vertical 
distance which the upper surface of this cloud has lagged 
behind the air) when the condensation on the negative ions. 
begins, may vary greatly ; it may be very small if the drops 
are small and the ascent of the air rapid; it may amount to. 
nearly the whole 2,500 metres in the case where the drops. 
grow large enough to acquire a velocity relative to the air 
as great as the upward velocity of the air, so that the upper 
surface of the cloud has ceased to ascend.” The drops which 
condense on the negative ions at the top of the supersaturated 
.zayer will either fall at once as rain or remain in suspension 
till they have travelled into regions where the ascending 
current is insufficient to support “them. “In either case, if 
the drops fall through a supersaturated layer of some thick- 
ness, they are likely t to reach the ground as negatively charged 
rain.”’ “The positive ions after being carried up out of reach 
of the drops formed on the negative ions, will, under the 
action of the electrical field produced by this separation, tend 
to travel downward relatively to the air with a velocity of 
the order of one centimetre per second for a field of 100 volts. 
per metre, as the measurements of Rutherford and others 
have shown. After being carried beyond the region of 
ascending air-currents, they will travel downwards towards. 
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the earth’s surface; but long before reaching it they will 
become attached to cloud-particles or to the dust-particles of 
the lower layers of the atmosphere, where the positive charge 
will accumulate.” 

At the time when this theory was published it was generally 
held that Elster and Geitel had satisfactorily explained the 
normal electrical condition of the atmosphere by their theory 
of ion absorption; but in 1903 it was shown* that this 
theory could not be substantiated by experiment. Thus 
meteorologists were left without any satisfactory theory for 
the normal electrical phenomena of the atmosphere. It is 
easy to understand that under these circumstances an attempt 
should be made to press Wilson’s theory into explaining both 
normal and abnormal electrical phenomena. 

This was done with considerable thoroughness by Dr. H. 
Gerdien in his article on “Der Electrizitatshaushalt der 
Erde und der unteren Schichten der Atmosphiire,”’ in the 
Physikalische Zeitschrijt t. Gerdien introduced no essential 
differences into the theory, but developed it into greater 
detail than Wilson had done, and added numerical caleula- 
tions to show that it was capable of accounting for all the 
electrical phenomena associated with thunderstorms. 

Turning now to our criticism, the theory will be examined 
first from the electrical side of the problem and then from 
the meteorological. In the first part of the discussion we 
shall accept the meteorological conditions supposed by the 
theory ; i. e. we will assume the possibility of the formation 
of a supersaturated stratum above a lower cumulus cloud, 
and of a condensation layer above in which water vapour is 
condensed around the negative ions; and then examine 
whether the electrical effects observed can be supposed to 
follow from these conditions. Afterwards we will examine 
the meteorological conditions themselves to find if they are 
likely to be present during thunderstorms. (1) The first 
‘question we will ask is :-— 

Could a sufficiently rapid separation of electricity take ~ 
place, under the conditions supposed by the theory, to 
account for the numerous lightning discharges observed 
during thunderstorms ? 

In order to obtain simplicity of treatment we will follow 
Gerdien in assuming that the processes we are investigating 
take place in horizontal layers sufficiently near to one ancther 
in comparison with their lateral extent to be considered as 
infinite planes. Under such conditions we may assume that 

* Simpson, Phil. Mag. | 6] vi. p. 589 (1908). 
+ H. Gerdien, Phys. Zert. vi. pp. 647-66 (1905). 
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the air which enters any given cross-section at the base of 
the cloud will rise vertically and leave the region under 
discussion through a similar area vertically over that through 
which it entered. 
We will now consider the electrical condition of the air at 

the different stages of its ascent. Before entering the cloud 
the air may be supposed to contain the mean number of ions 
per cubic metre found in air under normal conditions. The 
air enters the cloud with this amount of free electricity, and 
commences its upward journey through the cloud-particles. 
We have already agreed that a cloud acts as a filter for dust- 
particles, and it will be quite as efficient a filter for ions ; in 
fact, direct observations have shown that within a cloud (fog) 
practically no free ions can be measured. Thus the air which 
enters the cloud with a large number of free ions will pass 
out at the top with none, and will commence to travel through 
the supersaturated stratum with neither dust nor ions. On 
account of what is generally called natural ionization new 
ions will at once be formed, and as now there are no water- 
particles to catch them they will continue to exist as free 
ions. But the rate of formation is not rapid. Measurements 
have been made of the rate at which new ions are being 
formed in the atmosphere near the earth, and numbers 
varying between 10 and 50 ions per c.c. per second found*. 

In the case under consideration it is not likely that the 
ions would be formed at anything like the rate that they are 
formed near the earth, if for no other reason than that the 
radioactive particles which are supposed to be the cause of a 
great deal of the natural ionization of the air will also have 
been filtered out in the cloud. Gerdient has estimated that 
the rate at which ions form in the region which we are con- 
sidering is about 10 of each kind per c.c. per second. As, 
however, I do not wish to err on the side of underestimation, 
I will assume that the ions are generated at the rate of 25 
per ¢.c. per second. 

Now consider an area of 1 sq. cm. at any position on tne - 
upper surface of the lower cloud ; the air which passes out 
of this area will rise vertically and enter the condensation 
layer through another area of 1 sq. cm. Let us assume that 
every ion which forms in a cubic cm. of air while passing 
from the lower cloud to the condensation layer above con- 
tinues to exist as a free ion; 2. e. we will entirely neglect 
the recombination of ions; and let us further assume that 

* Schuster, Proc. Man. Lit. and Phil. Soc. vel. xlviii. part ii. ps 2 
(1904). 

+ Gerdien, 7, c. p. 662. 
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every negative ion has water deposited on it when it reaches 
the condensation layer, and is retained there, while every 
positive ion passes through. In this way we ‘shall find the 
absolute maximum rate at which the chare ge at the condensation. 
layer can increase with naturally ionized air. 

Let the upward velocity of the air 

= V cm/sec. 

Then the vol. of air which crosses the sq. em. under con- 
sideration in one second 

=WV cic. 

The time taken for a given small vol. of air to pass from 
the cloud to the condensation layer, 2,500 metres above 

2 Oe 
TAN 

The number of ions of each sign generated in a cc. im 
this time 

_ 25x25K10? 6-2 x 108 
i V Sh hee: 

The total number of negative ions which are retained at. 
each sq. cm. of the condensation layer each second 

“a 6 
= CBRE XV = 62x 100. 

Now the charge on 3X10? ions is equal to 1 electrostatic 
unit of electricity. 

Hence the maximum rate at w hich the charge would grow 
on the condensation layer 

Ly One 
ne Te ae 

sec. 

=2x 10>? els. unit 

per sq. cm. per sec. 

It is interesting to note that this maximum charge possible: 
is quite independent of the upward velocity of the air, and 
therefore, from ordinary considerations, independent of the 
rate of Pal This does not mean, owen that if the 
process as here sketched actually takes place in nature the 
rate of separation of the electricity would be independent of 
these factors ; for we have neglected the rate of recombina- 
tion of the ions, which would ‘be considerable if the rate of 
rise were so small that it took an appreciable time for the air 
to pass through the supersaturated stratum ; all factors, how- 
ever, which we have neglected could only reduce, and not. 
increase, the charge separated at the condensation layer. 
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We will now consider how long it will take for electricity 
accumulating at sucha rate at a certain layer in the atmosphere 
to give rise to a lightning discharge. 
We have assumed that the whole of the negative ions are 

separated at the condensation layer, and that the positive 
ones are carried up above. Thus we have got a charged 
layer with the corresponding quantity of electricity in the 
space above. Let o= the charge on each sq. cm. of this 
layer at any time ¢ seconds after condensation first started, 
then the field above the layer will be 

dV els. units 
=4iro 

dh em. 

or if V is measured in volts 

dV volts 
= 300 x 47 ae 

ao x 1o 

Now it was shown above that 

volts 
approx. 

em. “PP 

a=Z X 10-77 els. unit. 

Therefore the potential gradient produced would be 

dV = 3-8x 10° x 2x 10-3 2 ols 
dh cm. 

ks pvolts: 

em. 

That is, the potential gradient above the condensation layer 
would grow at the rate of 8 volts/em. per second. Now air 
at atmospheric pressure can resist an electric stress of about 
30,000 volts per cm.; hence it would take @& sec.=53 
minutes for the potential gradient to grow sufficiently great 
for a lightning discharge to take place. Thus the first 
lightning discharge could not, under the favourable con- 
ditions we have assumed, occur until nearly an hour after 
the supersaturated stratum had extended from the cloud to 
the condensation layer. This first lightning discharge would 
travel between the condensation layer and the positive charge 
which had been separated and carried upwards, and would 
more or less completely conduct away the negative electricity 
from the portion of the layer affected. In other words, the 
discharge would neutralize the negative electricity contained 
in a portion of the layer and destroy the field above it. Thus 

Phil. Mag. 8. 6. Vol. 17. No. 100. April 1909. 2U 
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a second discharge could not take place until the stress of 
30,000 volts per cm. had again been set up by a continuation 
of the process under discussion, and that would take, as we 
have seen, nearly another hour. Thus, if the process were 
the simple one we have considered, lightning flashes could 
only take place from any given area of the condensation 
layer at intervals of about an hour each. 

But we must consider if it would not be possible, after the 
first discharge had taken place, for any other action to come 
into play which would increase the rate at which the potential 
gradient could grow, and so make it possible for more rapid 
discharges to take place. | 

Gerdien has suggested a “far stronger and more rapidly 
acting source ” of ions than natural ionization. He says*:— 

‘Such a source must in fact come into action as soon as a 
single negative ion, within the strong field caused by the 
separation of the positive and negative ions, is able freely to 
traverse the ‘ionization difference of potential,’ and so in-~ 
troduce a disruptive discharge within the fieldy. In this 
case ionization through ion impact takes place, and in a very 
short time a degree of ionization is caused which exceeds the 
ordinary ionization several million times. A part of these 
newly formed ions will be drawn by the field into the discharge 
current, and so neutralize a part of the charge separated by 
the condensation ; the greater part will, however, disappear 
through recombination. Nevertheless, for a considerable 
time after the current has passed, a degree of ionization must 
remain within the region traversed by the discharge, which 

. by far exceeds that present under normal conditions. Thus. 
each disruptive discharge will create a large number of ions 
which the condensation process can immediately separate so 
long as the ascending current is present to provide the 
necessary energy.” 

But this reasoning is not so conclusive as it would appear 
on first sight. The discharge considered must take place 
either upwards or downwards from the condensation layer. 
In the former case the production of an infinite number of 
ions would be of no use, for in the region above the conden- 
sation layer the air is not supersaturated to a fourfold degree, 
and so there would be no tendency for water to be deposited 
on negative ions, no matter how numerous they were. On 
the other hand, if the discharge took place downwards from 

* Gerdien, J, c. p. 662. 
+ “An irgendeiner Stelle ein negatives Ion die Ionisierungsspannung 

frei durchlaufen kann und damit die selbstandige Stromung innerhalb 
des Feldes einleitet.” 
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the condensation layer it would of necessity traverse the 
supersaturated stratum. Now Barus®* has shown that when- 
ever ions are formed in dust-free air there is produced at the 
same time a large number of nuclei, which exist for a long 
time after the ions have disappeared. As water vapour 1s 
very readily deposited on these nuclei fourfold supersaturation 
is prevented in any air in which they are present, unless the 
supersaturation is caused by exceedingly rapid rarefaction. 
Each lightning discharge which passes through the super- 
saturated layer will produce a large number of these efficient 
nuclei ; and any considerable amount of electrical discharge 
through the stratum would be the cause of the total distruc- 
tion of the stratum. Thus we see that lightning discharges 
would not act in the way Gerdien describes ; but, on the 
contrary, would be a hindrance rather than a help to the 
process on which the theory is based. 

Weare therefore forced to the conclusion that the lightning 
itself does not provide a source of ions for condensation to 
take place upon, and that we must depend upon the ascending 
currents of air to provide all the free ions for the separation 
of the electricity at the condensation layer. 

Now we have already seen that under these circumstances 
we could not get lightning discharges from any given area 
of the storm more frequently than one during each hour. 
It must, however, be pointed out that even this frequency is 
far too high, for in order to discuss the most favourable 
circumstances we have assumed conditions which could not 
possibly take place in nature. We have assumed that every 
ion formed in the air as it passes from the lower cloud through 
the supersaturated stratum continues to exist, and that com- 
plete separation of the ions takes place at the condensation 
layer, neither of which conditions could be fulfilled. Also 
we have neglected the whole loss of electricity due to any 
precipitation from the condensation layer, and further we 
have not taken into account the loss of electricity from the 
condensation layer which would take place through conduc- 
tion in the great fields necessary to produce a lightning 
discharge. It would not perhaps be estimating these losses 
too high if we assumed that they would increase the intervals 
between two flashes ten times, and so make it only possible 
to have one flash in ten hours. 

It thus appears that the theory does not account for the 
rapid electrical discharge observed in thunderstorms, and 
therefore in this respect it is unsatisfactory. 

* C. Barus, Amer. Journ. Sci. xix. pp. 349-556, May 1905; and 
numerous later pepers. 

22. 



628 Dr. G. C. Simpson on the Wilson-Gerdien 

(ii.) We will now consider the charge which rain formed 
in the condensation layer could carry to the earth with it. 
In order to treat again of the maximum effect possible we 
will assume that the whole water deposited in the condensa- 
tion layer is deposited on the negative ions, and that every 
negative ion becomes the nucleus of a drop. 

We will consider a cubic metre of air rising from the 
lower cloud to the condensation layer, where it deposits its. 
water vapour on the negative ions which it contains. 
We can accurately calculate the amount of water deposited 

under these conditions from a cubic metre of air. Let us 
assume that the temperature of the air on the ground is. 
25° C., and that the height of the top of the lower cloud is 
2,000 metres. Under these conditions the temperature of 
the air when it leaves the cloud will be about 15° C.,and the 
pressure approximately 600 mm. From these initial con- 
ditions, according to the method described on pp. 122-124 
of Professor J. J. Thomson’s “Conduction of Electricity 
through Gases,” we find that when condensation takes place 
at four-fold supersaturation 6°5 grams of water will be de- 
posited from each cubic metre of air. Now if we know the 
number of ions on which this amount of water is deposited: 
we can determine the quantity of electricity contained in 
each c.c. of water. 

So far we have not found it necessary to determine how 
many ions are actually contained in the air when it reaches 
the condensation layer; we have only discussed the rate of 
formation of the ions, and this will not help us, for we do 
not know the upward velocity of the air, and so the time 
taken in traversing the supersaturated stratum. We must 
find the probable state of ionization from other considerations. 
Now at the surface of the earth numerous measurements of 
the ionization of the air have shown that under normal con- 
ditions a cubic metre of air contains about a quarter of an 
electrostatic unit of free electricity of each kind. From 
balloon ascents it has been found that this amount tends to. 
increase as one rises from the surface, but for reasons given 
above it is very unlikely that the air in the supersaturation 
stratum would ever contain so many ions as have been found 
at the corresponding heights under normal conditions*. We- 
will, however, for the sake of a round number, and in order 
to take the data used by Gerdien, assume that the air just 
before entering the condensation layer contains one electro- 
static unit of each kind of electricity in the form of free 
ions. We shall then have approximately 3x 10° ions of each. 

* ZT. ¢. pp. 13 and 15. 
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kind in a cubic metre of air. Now, if every negative ion in 
the cubic metre of air receives some water, 6°5 grams of 
water will be deposited on 1 electrostatic unit of electricity, 
i. e. the charge per cubic centimetre of water will be 
1/6°5='15 electrostatic unit. 

It is important to notice that this is the maximum charge 
per ¢.c. which it is possible for the water to obtain according 
to the theory, for we have assumed that every negative ion, 
in what must be granted to be highly ionized air, has been 
caught, and that only the water which has been deposited at 
the instant of condensation from four-fold supersaturation 
has condensed around the ions. We can even go further 
than this and say that not only is this the maximum charge 
possible, but that it would be a practical impossibility for the 
rain which reaches the earth to have so large a charge. The 
water which receives this maximum charge in the condensa- 
tion layer has to fall through the whole of the lower cloud 
before it can reach the earth, and in the process it is bound 
to become mixed with a certain amount of uncharged water. 
Further, the lower cloud will itself be raining, so that the 
rain which reaches the earth will be a mixture of the charged 
precipitation from the condensation layer, and uncharged 
rain from the lower cloud. Thus, if rain is ever found to 
have as great a charge as ‘15 electrostatic unit per c.c. of 
water we shall be justified in asserting that the charge 
cannot possibly have been obtained in the manner which the 
theory supposes. 

Turning now to the results of actual measurements, we 
find that Gerdien* records charges as large as 2°25 electro- 
static units per gram of water: WeissT 5°3 units of negative 
and 13°6 units of positive electricity per gram of rain; and I 
myself have measured during rain in Simla charges as high 
as 19 electrostatic units of negative electricity per gram of 
rainwater. Thus it appears that in this particular also the 
theory signally fails to account for the observed facts. 

Gu.) We will now turn to a still more important con- 
sideration and discuss the probability of any considerable 
separation of electricity taking place at the condensation 
layer. 

To do this it will be necessary to go somewhat closely into 
the processes taking place at the condensation layer. We 
will imagine a volume of supersaturated air just arriving at 
the layer. Condensation takes place, and on the 3x 10° 
negative ions in the cubic metre 6°5 grams of water are 

* Gerdien, Jahrb. der Rad. und Elect. vol. i. p. 15 (1904). 
1 Weiss, Wien. Ber. exv. pp. 1285-1320 (1906). 
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condensed ; now if each ion receives an equal share of 
this water the volume cf each of the resulting water-drops 
will be 2°2«10-° c.c., and each drop will have a radius 
of 8x10-* mm. According to the formula given by Mr. 
Wilson, in the letter to ‘Nature’ which we are discussing, 
such drops will fall relatively to the air in which they are 
formed at the rate of 9 mm.a second. Hence, if the air in 
the supersaturated stratum is rising with a greater velocity 
than this the drops will be carried upwards, and a cloud will 
form above the condensation layer. 

It will at once be granted that the air must have a greater 
upward velocity than 1 em.a second, for if it had not it would 
take a given mass of air nearly 70 hours to pass from the 
lower cloud to the condensation layer above. Hence, over 
the condensation layer we shall have an ever-increasing cloud 
containing the greater part of the separated negative ions 
each bound to a water-drop. Now through this cloud all the 
positive ions will have to pass, and it is quite obvious that 
even if the cloud is only a few metres thick very few positive 
ions will pass out through its upper surface. Thus the cloud 
will not only contain the negative ions on which the water 
had been deposited, but it will also contain practically the 
whole of the corresponding positive charge; that is, little or 
no separation of electricity will take place. 

The only escape from this reasoning is to assume that the 
number of ions ina cubic metre of air has been over-estimated, 
and that there are in reality so few ions present that drops 
large enough to fall immediately through the ascending 
current are formed. Such an assumption is perfectly valid, 
but it would only get over this difficulty by greatly increasing 
those treated of in (ii.) above and (v.) below. 

It may be as well to point out here that the theory we are 
discussing is only partially based on experiment; for although 
experiment has shown that when air is supersaturated to a 
fourfold degree condensation takes place on negative ions, no 
experiments have ever been made in which measurable 
quantities of electricity have been separated by the con- 
densation process; until this has been done the theory cannot 
be said to be entirely satisfactory. 
We will now pass on to discuss the theory from the 

meteorological point of view. 7 
(iv.) In all the reasoning up to this point we have assumed 

the main proposition of the theory, namely, that the forma- 
tion of a supersaturated stratum in the atmosphere is a pos- 
sibility. Now it may not be possible to prove that the 
formation of a supersaturated stratum in the atmosphere would 
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under all circumstances be an impossibility, but it is not 
difficult to show that we have here one of those cases in 
which the probability is so small that for practical purposes. 
the word “improbable” may be replaced by “ impossible.” 

The steps of the process leading up to the formation of 
dust-free air and then to a fourfold supersaturation have been 
so carefully described by Wilson and Gerdien that it is 
surprising to find that they both have left out of account a 
step which appears to be of vital importance to the theory ; 
that is, the step by which the first few metres of the super- 
saturated stratum come into existence. 

Wilson and Gerdien both commence their reasoning with 
a cumulus cloud ready formed, and having a supersaturated 
layer above it, into which more dust-free air is continually 
being passed from the cloud itself. We will start still further 
back in the history of the process, and consider the formation 
of the cloud and then of the supersaturated stratum. 

Thunderstorms generally occur on warm calm days, and 
usually follow hot cloudless mornings. This is not always 
the case, but as we can only go into typical instances, it will 
be as well to consider a storm forming under some such 
conditions. We have, then, to start with a cloudless sky, 
and the air near the ground rapidly increasing in temperature 
as the day advances. First weak ascending currents form ; 
then as the ascending currents become stronger and penetrate 
higher condensation takes place at the upper surface of one 
of the more extensive of them. Thus a cumulus cloud is 
formed in dusty air with dusty air above it as well as below 

it. Now the ascending current will go on rising, and so 
will be continually pushing its way into the dusty air above. 
We will grant that the top of the ascending current is com- 
posed of air which has passed through the cloud, and is in 
consequence dust free, still it must be remembered that this 
air cannot push back the air around it without mixing with 
it to some extent, and so will have little chance of becoming 
supersaturated. Thus the dust-free air which rises from the 
cloud becomes contaminated with the surrounding dusty air, 
condensation takes place on it, and the cloud grows as fast 
as the ascending current rises. It may be urged that. the 
first dust-free air which gets through the cloud may mix with 
the dusty air around, but that the resulting mixture may not 
be saturated; in this way a partition might be formed 
between the supersaturated air which subsequently passes 
out of the cloud and the dusty air above. This, however, 
neglects the fact that on account of the continuous rises 
there will always be ultimately, above the supersaturated air, 
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a surface in which the air is both dusty and saturated, and 
in this layer condensation will take place. As soon as this 
occurs the drops will lag behind the ascending current, and 
will soon be overtaken by the region of supersaturated air. 
Drops thus fed by supersaturated air will grow more rapidly 
than the drops in the upper layer of the cloud below, and in 
consequence will lag behind the ascending current at a greater 
rate than the latter. Thus the supersaturated stratum which 
had begun to form will rapidly decrease in size and finally 
disappear, the top of the cloud becoming once more the 
boundary between the ascending air and dusty air which it 
is displacing. 

In other words, an extensive supersaturated stratum could 
never form above an ascending current. 

(v.) We will, however, for the sake of the discussion, 
assume that a supersaturated stratum may, as proposed by 
the theory, come into existence, and then consider whether 
such a stratum could exist during a thunderstorm. 

It has been pointed out several times that in order to have 
a supersaturated stratum we must have a total absence of 
nuclei on which the water could condense. Now every drop 
of water which leaves the condensation layer has to pass 
through the supersaturated stratum on its way to the earth, 
and if the electrical discharges are to be as violent and 
frequent as we often observe during thunderstorms there 
must be a very considerable rainfall from the condensation 
layer. It must be admitted that each rain-drop as it passes 
through the supersaturated stratum will act as a very 
efficient nucleus for the condensation of the water vapour, 
and that no mass of air through which heavy rain is falling 
could long remain supersaturated. 

Thus we see that a supersaturated stratum would be an 
impossibility underneath a condensation layer, condensing 
water at the rate necessary to bring into play the violent 
electrical discharges observed during thunderstorms. Hence, 
we are forced to conclude that the probability of the forma- 
tion of an extensive supersaturated stratum in the atmosphere 
is extremely small, and that if even once formed it could 
not long exist after precipitation commenced from the 
atmosphere above it. 

(vi.) We will now turn to actual phenomena observed 
during thunderstorms, and see in how far they support the 
theory. 

A peculiar formation for thunder-clouds is demanded by 
the theory: there must be a lower cloud to separate out the 
dust; then a dust- and cloud-free supersaturated layer of 
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considerable extent, which, if the storm is to last long, must 
be little less than 2,500 metres in vertical thickness ; and, 
finally, a second cloud-layer where water is condensed on 
the negative ions, and the separation of electricity takes 
place. 

From the time when the theory under consideration first 
came to my notice I have watched thunderstorms with special 
attention to the conditions which the theory presupposes. 
In no single case have I seen what appeared to be a large 
cumulus cloud with another cloud above it, but on the con- 
trary, I have seen on several occasions distant clouds, from 
which heavy rain associated with thunder and lightning was 
falling, with sharply defined cumulus heads and quite clear 
sky above. Both Wilson and Gerdien refer to the false 
cirrus seen above thunder-clouds as very likely to be the 
cloud connected with the condensation layer. But every 
time that I have seen a layer of cirrus-cloud accompanying 
a thunder-cloud it has appeared to me as if the top of the 
cumulus-cloud had reached a part of ‘the atmosphere which 
had robbed it of its rounded form and spread it out into a 
cirro-stratus cloud. I have never seen anything which would 
lead me to believe that between the heavy cumulus-cloud 
of the lower atmosphere and the cirro-stratus of the upper 
atmosphere there was a large cloudless region. 

With regard to the electrical discharge of a thunderstorm; 
as far as my own observations go I should certainly say that 
the most violent and rapid discharges do not take place in 
the upper atmosphere: on the contrary they have always 
appeared to me to have their chief source in the centre of 
the large cumulo-nimbus cloud froin which the rain was 
falling. The following account of a small thunderstorm may 
be interesting from the point of view of this theory. During 
an afternoon in August there had been heavy rain in Simla, 
but the sky commenced to clear before six o’clock. Soon 
after the sky had cleared so far as to leave the hills around 
visible, with large masses of clouds still clinging to them in 
places, a cloud in the form of an isolated pillar of compara- 
tively small cross-section was seen to be rapidly extending 
upwards. The cloud was evidently the result of a rapid rise 
of moist air in a local current; it extended upwards with a 
beautifully rounded cumulus boundary at the top, and the 
centre was seen to be illuminated at intervals of about a 
minute by vivid internal lightning discharges. In an hour 
the cloud had lost its shape and become an ill-defined mass 
of cloud. In this case it could be said with absolute certainty 
that there were not two clouds separated by a supersaturated 



634 Mr. C. T. R. Wilson on 

layer, and, what is still more important, the cloud itself from 
base to summit during the time that the lightning-discharges 
were taking place was never 2,500 metres in height: thus 
supersaturation to a fourfold degree could not possibly have 
taken place. 

To sum up the discussion, we may state that the following 
six reasons have been given for considering the theory, first 
proposed by Wilson, and subsequently expanded by Gerdien, 
unsatisfactory as an explanation of the electrical effects 
connected with thunderstorms. 

A. Electrical. 

(1) The theory does not account for the frequent lightning 
discharges observed during thunderstorms. 

(2) It cannot account for the large charges of electricity 
carried down by rain during thunderstorms. 

(3) It is extremely improbable that any electrical separa- 
tion would take place as the result of water vapour 
being condensed from fourfold supersaturated air 
onto negative ions. 

B. Meteorological, 

(4) An extensive stratum of supersaturated air could not 
form above an ascending current. » 

(5) Even if such a stratum were once formed it could 
not exist after precipitation commenced from the 
condensation layer above it. 

(6) The meteorological phenomena observed during 
thunderstorms do not lend any support to the 
theory. 

Simla, Nov. 11, 1908. 

LVI. On Thunderstorm Electricity. 
By ©. T. R. Witson, V.A., FRS.* 

M* SIMPSON has been kind enough to send me a 
copy of his paper “On the Wilson-Gerdien Theory 

of Thunderstorm Electricity.” 
I should like at the outset to remark that I have nowhere 

myself attempted to account for the strong electric fields of 
thunderstorms by the theory which Mr. Simpson attributes 
to me. I have merely regarded condensation on negative 
ions as one of the possible factors in the production of such 
fields. 

* Communicated by the Author. 
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The letter to‘ Nature’? from which he quotes was in defence 
of the view (first suggested by J. J. Thomson) that the posi- 
tive charge of the atmosphere may be due to a prepon- 
derance of negative ions being carried down in rain, in 
consequence of their efficiency as condensation nuclei being 
greater than that of the positive ions. 

There can, I think, be no doubt that in fine weather 
regions there is a positive current downwards from the atmo- 
sphere into the ground in accordance with the direction of 
the electrical field. The current per sq. cm. of the ground 
can in fact be measured indirectly from the potential gradient 
and conducting power of the air, as in the experiments of 
Gerdien and others, or more directly as in my own expe- 
riments (Proc. Roy. Soe. vol. Ixxx. p. 537, 1908) ; and the 
measurements by different methods give values which agree. 
Until there is evidence to the contrary, itis natural to assume 
that in wet weather regions a compensating process is going 
on, due to a preponderance of negative electricity being 

carried down by rain, the electrical current in the atmosphere 
from the regions of precipitation to the fine weather regions 
being one of conduction (Proc. Camb. Phil. See. vol. xiii. 
p- 363) in the upper layers. It may eventually turn out that 
there is not the required excess of negatively charged rain, 
and that we shall be compelled to look to some other, possibly 
cosmical, source for the supply of negative electricity. 

Both Elster and Geitel, and also Gerdien, have, however, 
found such an excess of negatively charged rain. If fur ther 
Investigations should confirm the apparent preponderance of 
negative rain found in those earlier experiments, then the supe- 
rior efficiency of the negative ion as a nucleus may, I think, 
be looked upon as one possible factor in bringing “about this 
preponderance. It is unfortunately exceedingly difficult in 
measurements of the charge carried down by rain in heavy 
showers and thunderstorms to avoid spurious effects. 

In the only paper where I have discussed the possible 
factors causing strong electrical fields accompanying heavy 
showers or thunderstorms (‘ Nature,’ vol. Ixviii. p. 102, 1903), 
I pointed out that the difference between positive and negative 
ions will not of itself account for intense fields. J should 
like to quote the passage— 

“The foilowing are possible factors in the production of 
the intense electrical fields which ¢ accompany heavy showers— 

“A less degree of supersaturation is required to ‘make water 
condense on the negative than on the positive ions (C. T. R. 
Wilson, Phil. Trans. vol. excili. p. 289). Thus if condensation 

co) 

takes place from the supersaturated condition, the drops 
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formed are likely to be negatively charged ; that the drops, 
formed in ionized air by expansiens slightly exceeding that 
required to cause condensation on negative ions, are actually 
negatively charged has been proved by H. A. Wilson (Phil. 
Mag. April 1903). Since, however, each drop will only 
carry the very small ionic charge, the electrical effect will be 
small if only a few large drops are formed ; if a large number 
of negative ions serve as nuclei of condensation, the drops 
will be small, and will only fall slowly relatively to the air ; 
the resulting electric field cannot exceed that which drives 
positive ions downwards as fast as the negatively charged 
drops fall under the action of gravity. The field initially 
produced may, however, be strong enough to induce coales- 
cence of drops which come in contact (Lord Rayleigh, Roy. 
Soc. Proc. vol. xxviii. p. 406), and we may thus get drops 
carrying many times the charge of one ion, and large enough 
to fall rapidly. Strong fields may then result. 

Again, we should expect (Nature, vol. xii. p. 149) drops 
falling through ionized air to become negatively charged as 
a result of the difference in the mobility of the positive and 
negative ions. This effect has in fact been experimentally 
demonstrated by Schmauss (Ann. d. Physik, vol. ix. p. 224). 

If collisions resulting in splashing occur between raindrops 
(and they are likely to be frequent in the up-rush of air in 
thunderstorms) positively charged rain may be formed. For, 
as Lenard has shown, when splashing of pure water occurs, 
as for example in waterfalls, the air in the neighbourhood 
acquires a negative, the water a positive charge. 

Apart from the Lenard effect, the splashing resulting from 
the collision of drops in an electric field may have large 
effects, either in intensifying or diminishing the electric 
fields already existing, the action being like that cf an electro- 
static influence-machine. The result would be to increase 
the intensity of the field if the splashes were thrown out from 
the lower portion of the combined drop. If, for example, 
the field were such as to produce positive electrification on 
the lower surface of a neutral drop, a droplet leaving the 
lower surface would be positively charged, and being carried 
upwards by the air relatively to the large drop, would add to 
the intensity of the primary field.” 

The difficulty mentioned in the first paragraph of the 
passage quoted is in itself sufficient to make untenable the 
theory of thunderstorms which Mr. Simpson criticises. 
Taking the example given by him and assuming a cloud 
layer of continually increasing thickness to be formed, we 
can readily see that unless larger drops are produced by 
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coalescence, the maximum strength of field could not exceed 
one volt per centimetre; for in stronger fields the positive 
ions would travel downwards relatively to the air faster than 
the drops. 

Small uncharged drops do not generally coalesce on coming 
in contact, but, as Lord Rayleigh has shown, electrification of 
the drops causes coalescence, and indeed he has suggested 
that the large drops of thunderstorms may be due to. this 
cause. In his experiments, it is true, the conditions deter- 
mining coalescence were such that the coalescing drops 
carried a charge of electricity while the drops condensed on 
the ions have a charge which is probably too small to have 
any effect of this kind. But there is little doubt that coales- 
cence would also take place between neutral drops in an 
electric field, i. e. between drops of which the impinging 
surtaces were oppositely charged by induction. Experiments 
could alone decide what strength of field would be required 
to cause coalescence. 

We should not necessarily get an upper cloud of more than 
very small vertical thickness, even if the upward air-current 
were sufficient to support the drops when first condensed on: 
the negative ions from the supersaturated vapour. 

For the critical supersaturation (7. e. the supersaturation 
necessary to cause condensation on the negative ions) will be 
reached at a level which will be continually rising. The 
eritical supersaturation will be attained by a given portion 
of the air when it has risen to a definite height, not above the 
present position of the upper surface of the lower cloud, but 
above the level which that upper surface had when the. 
portion of air under consideration escaped fromit. The level 
of critical supersaturation would then in the absence of con- 
densation travel upwards with a velocity depending upon that 
of the upper surface of the lower cloud. 

The size of the drops which separate out when the critical 
supersaturation is first reached depends of course on the 
number of negative ions present, and can be calculated for 
given conditions. If these initially formed drops are suffi- 
ciently small to be carried upwards faster than the upward 
velocity of the level of critical supersaturation (which we may 
eall the critical velocity), then a layer of cloud will be for med 
continually increasing in thickness by the condensation of 
drops at this level of critical supersaturation. Ice-particles 
would be specially likely to be carried upwards with more 
than the critical velocity. If, however, the drops condensed 
on the negative ions are large enough to be carried up with 
less than the critical velocity, the critical supersaturation. 



638 ‘Mr. C. T. R. Wilson on 

will never be attained below the first-formed drops, and the 
rising air will remain supersaturated to nearly the critical 
extent till it reaches these drops. They will thus grow 
extremely rapidly until large enough to fall through the 
supersaturated layer and lower cloud. 

The supersaturated layer above the top of a cumulus cloud 
which is rapidly developing into cumulo-nimbus would pro- 
bably in most cases be of quite small vertical thickness. 
Under the conditions just considered we might expect a thin 
cloud-cap to be formed suddenly over the head of the cumulus 
and sink rapidly into it. (I have on several occasions ob- 
served something very like this taking place; but it is of 

-course very easy to be deceived in such matters.) It is 
possible that a process of this kind would determine the 
transition from cumulus to cumulo-nimbus. The drops 
formed on the ions may themselves fall through the lower 
cloud and reach the ground as rain. At the same time the 
electric field between the free positive ions above and the nega- 
tively charged drops will by the fall of the latter be extended 
through the upper part of the lower cloud. This fieid may 
help coalescence both between droplets of the lower cloud 
and between them and the larger drops which have come from 
above it. When this stage has been reached the effect of 
splashing referred to in the last paragraph quoted above 
from ‘Nature’ may be expected to become effective. It 
would be interesting to know from direct experiment what 
is the nature of the splash occurring when a large falling 
drop overtakes a smaller one. Itseems not unlikely, however, 
in the light of Worthington and Cole’s photographs of the 
“*splash of a drop ”’ falling into a vessel of water (Phil. Trans. 
vol. clxxxix. A. p. 137, 1897), that droplets may be thrown 
out from the underside of the combined drop it coalescence 
takes place. If we have a vertical electrical field already in 
existence the splashing process will in that case continually 
add to the intensity of the field. | 

It is in such ways that I think condensation upon negative 
ions may have to be taken into account in relation to thunder- 
storms ; the first-onset of the rain may be due to this cause, 
and it may also determine the direction of the initial electric 
field. The intense electrical fields of thunderstorms and the 
large charges carried down by the drops to the ground are 
possibly due to electrostatic induction effects accompanying 
collisions of the drops ; the prevailing sign of the field and of 
the charge carried by the drops may be determined by the 
initial condensation on negative ions. 

Elster and Geitel long ago suggested ( Wied. Ann. vol. xxy. 
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p- 121, 1885) that the intense electric fields of thunderstorms 
might be due to electrostatic influence effects accompanying 
the fall of larger drops through a clond of smaller ones—a 
weak initial electrical field being assumed. 

To what extent condensation upon the ions is likely to be 
effective after the initial stages of the showers is a difficult 
question into which I do not propose to enter. I have never 
regarded it as at all likely that the supersaturation necessary 
to cause condensation upon the positive ions couid ever 
occur in the atmosphere, as Elster and Geitel and others 
have imagined. | | 

The question of the occurrence of supersaturation in the 
atmosphere is of course fundamental in relation to the question 
under discussion. In the article in ‘Nature’ quoted by 
Mr. Simpson nothing was said about the condition of the 
atmosphere immediately above the cloud. The argument 
was intended to show how, even if the lower moisture-charged 
jayers were highly charged with dust-particles, a super- 
saturated layer might still result, and the upper atmosphere 
remain dust free. 

To make the matter clearer, let us assume that above a 
lower dust- and moisture-charged layer we have a dry and 
dust-free layer. (It may be remarked that a large mass of 
air in the atmosphere can hardJy have become dry otherwise 
than by the condensation and subsequent precipitation of the 
water from it—a process which is likely to remove from it 
the dust-particles as well. It is of course possible that there 
may be in the upper atmosphere a continual production of 
dust-particles—under which title we may include all per- 
sistent nuclei more efficient than the ordinary negative ion.) 
If we imagine a local ascensional current to begin, the surface 
of separation of the two layers will-rise; and when it has 
reached the level corresponding to saturation for the lower 
layer a cumulus cloud will begin toform. The upper surface 
of this cumulus cloud marks appoximately the surface of sepa- 
ration between the dry and moist layers. The transition 
from the dry to the moist layer cannot be absolutely sudden 
on account of diffusion ; in consequence condensation will 
first begin somewhat below the upper limit of the dust- 
charged air. As the air continues to rise the cloud will thus 
at first grow partly by additions to its upper edge, the newest 
and smallest drops being at the top. If the transition jayer 
between the dry and moist air continues to ascend, a stage 
will be reached when saturation extends to the highest level 
reached by the dust-particles. Beyond this stage the cloud 
will cease to grow by addition of new drops at its upper 
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surface, and a super-saturated layer will begin to form 
above it. 

Although I have never observed the peculiar formation 
described by Mr. Simpson as being required for thunder- 
clouds according to the theory he is criticising, I see no 
reason on that account to conclude that condensation on 
negative ions may not take place in the atmosphere. If 
the supersaturated layer be thin, the condensation on the 
negative ions will not in itself be at all a conspicuous phe- 
nomenon although its effects may be by no means unimportant. 
It is possible, however, that more striking phenomena may 
also be the result of condensation on the negative ions. Ina 
typical fully developed cumulo-nimbus cloud, while the lower 
part of the cloud has the appearance of ordinary cumulus, 
the upper part has an entirely different appearance, of which 
there are several different varieties. In some cases the 
appearance is suggestive of rain or snow falling from some 
height above the lower cumuliform portion of the cloud. It 
is possible that this upper portion of the cumulo-nimbus (the 
false cirrus) may be due to condensation on the negative ions. 
Until more has been done by experiment and observation to 
throw light on the processes going on in clouds, it hardly 
seems profitable to consider in detail the possible cloud forms 
that might be expected to result from condensation on 
negative ions. 

There is one statement in Mr. Simpson’s paper which, 
while not seriously affecting his argument, appears to call for 
remark. In discussing the effect of a lightning-flash he 
says :—“ Now Barus has shown that whenever ions are 
formed in dust-free air there is produced at the same time 
a large number of nuclei which exist for a long time after 
the ions have disappeared. As water-vapour is very readily 
deposited on the nuclei, fourfold supersaturation is prevented 
in air in which they are present unless the supersaturation 
is caused by exceedingly rapid rarefaction.” It is quite true 
that spark-discharges in air, as well as other ionizing pro- 
cesses which are accompanied by chemical effects, do produce 
large and persistent nuclei in addition to the ordinary ions ; 
a lightning-flash will therefore almost certainly produce such 
nuclei. But the ordinary ionizing radiations when of moderate 
intensity do not produce, in uncontaminated air, nuclei more 
efficient than the negative ions. 

I shall conclude with the following three statements ex- 
pressing summarily my views on the questions raised by 
Mr. Simpson. 

1. I have never regarded condensation on the ions as in 
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itself a sufficient cause for the strong electrical fields of 
thunderstorms. 

2. Lf, however, we assume the occurrence of supersaturation 
in the atmosphere, condensation on the negative ions is likely 
to be of importance in connexion with the production of 
precipitation, and as tending to cause a preponderance of 
negatively charged rain to be carried down to the earth. 

3. The question of the occurrence of supersaturation in the 
atmosphere must still, I think, be regarded as an open one. 

LVII. On the Faraday-Marwell Mechanical Stress ; and on 
AHtherial Stress and Momentum,in general. By C. VY. 
Burton, D.Sce.* 

i LTHOUGH the more recent development of elec- 
trical theory bas shown the difficulty of accepting 

as anything more than an analogy the Faraday-Maxwell 
“tension along the lines of force and equal pressure across 
them,’ this specification of setherial stress must always be 
regarded as one of the most profound and important con- 
tributions ever made to the progress of physical science. 
Maxwell’s analysis from which this mechanical eetherial 
stress was deducedt, and which gave a precise form to 
Faraday’s theory, was probably as cogent in directing atten- 
tion to the possibilities of an “intervening medium” as was 
his great and enduring system of electromagnetic equations. 
As the merely analogical significance of Maxwell’s “ mecha- 
nical stress” does not seem to be quite generally appreciated 
—that specification of stress being still spoken of by physicists 
of distinction as if it necessarily represented the actual stress 
in the medium—the brief exposition which follows is perhaps 
not wholly uncalled for. 

2. For an electrostatic field in free ether, the Faraday- 
Maxwell mechanical stress at any point is a tension R?/87 
along the lines of force, with a pressure of like magnitude 
in all directions perpendicular to the lines of force; R being, 
in electrostatic measure, the electromotive intensity at the 
point in question. To the student of twenty odd years ago 
this stress was certainly a stumbling-block; for in a medium 
whose electromagnetic properties are expressible by a system 
of linear equations, and in which electromagnetic distur- 
bances are propagated with a velocity independent of ampli- 
tude and of wave-length, it is not easy to realize why any 

* Communicated by the Author. 
+ ‘Treatise,’ vol. i. chap. v. 

Phil. Mag.8. 6. Vol. 17. No. 100. April 1909. 2x 
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mechanical stress which may exist should be proportional to 
the square of the electromotive intensity at each point, instead 
of following a like linear law. 

3. To realize the nature of the assumption implicitly in- 
volved in Maxwell’s theory, consider first a body B (fig. 1) 

bounded by a closed surface A of any form, and surrounded 
by a medium C which may be treated as continuous. The 
nature of the substances composing the body B and the 
medium C need not be specified; they may be identical in 
nature or not. What must be understood here is that the 
material, of whatever kind, contained within the surface A 
is always the same identical portion; that surface, however 
its position and form may vary, being regarded as an im- 
permeable barrier. In these circumstances, a given distri- 
bution of stress in the medium C will give rise to determinate 
forces acting upon the body B, the components of stress in 
the medium at every point of the surface A being all that 
we require to know in order to deduce those forces. In. 
particular, if at each point of the surface A the normal is a 
principal axis of stress in the medium C, a specification of 
the normal stress in the medium over the whole of A is 
sufficient to determine the forces to which the body B is 
subject. This corresponds in Maxwell’s theory to the case 
of a conducting body surrounded by a dielectric; and from 
the principle of virtual work it is evident that, in order to 
apply directly the ordinary theory of stresses as Maxwell 
does, we must assume the fulfilment of the conditions already 
stated in this paragraph: the surface A, which is the bound- 
ing surface of the conductor in question, must be regarded 
as a boundary dividing that body from the medium C; so 
that wherever the surtace of the conductor advances in the 
direction of the outwardly drawn normal,the dielectric medium 
recedes to the same extent, and vice versa. If the surface of 
the conductor were in some degree permeable by the dielectric 
medium, the force exerted on the body would be no longer 
thus simply derivable from the stresses in the medium. If 

, 

| 
' 
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the conductor is in a vacuous space, so that the dielectric is 
simply ether, the conclusion to which our assumption leads 
may be expressed by saying that where the conductor is, the 
ether is not, the surface of the conductor being that boundary 
where the ether ceases and the substance of the conductor 
begins. We are thus treating the conducting body as foreign 
to and wholly distinct from the ether. 

4. On the other hand, suppose that we are dealing with a 
medium in which it is possible for a ‘‘ strain-figure’’ to exist: 
this term being understood to mean a distribution of strain 
which requires no independent source of stress to maintain 
it, but is entirely self-sustaining. Such a strain-figure is at 
least a possible aspect of the modern electron, whether 
positive or negative. It is necessary to conceive of it as 
freely mobile through the ether, the displacement of the 
strain-figure from some given position to a neighbouring 
position being equivalent to imposing a differential strain 
upon the ether. When the ether in the neighbourhood of 
the strain-figure is stressed in a definite manner by some 
independent agency, it is at once evident, on applying the 
principle of virtual work, that the tendency of the strain- 
figure to move through the medium in one direction or 
another depends essentially on the type of the strains of which 
the strain-figure is made up. For example, when a material 
body is regarded as an assemblage of self-equilibrating 
zetherial strain-distributions (electrons), it must not be 
assumed that an excess of etherial pressure* on one side 
will necessarily tend to displace the body through the ether 
towards regions where the pressure is less ; this will only be 
the case if the constitution of the body is such that the region 
which it occupies contains less zetherial substance than a like 
volume of free ether+. If the region occupied by the body 
contains an excess of etherial substance, the body will tend 
to move from places of lower towards places of higher etherial 
pressure. In the intermediate neutral case, the existence of 

* Without assuming any special constitution for the ether, we may 
take the hydrostatic pressure to be one of the constituents into which 
the stress at each point is resolved. 

+ Let the defect of ether in the region occupied by the body be 
measured by the mass vp, where p is the density of free xther, and v is 
of the nature of a volume. ‘Then a pressure-gradient in the ether causes 
a force whose components are 

nh (2 OP oP) 
er’ oy’ Oz!’ 

to act on the body, tending to displace it with respect to the ether. 
This result is easily proved, and is equivalent to equation (3) p. 76 of 
Phil. Mag. January 1909. 

2X2 
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an eetherial pressure-gradient has no tendency to dinglae 
material bodies one way or the other with respect to the: 
ether. Though (pressural) forces of the kind just referred 
to may conceivably be concerned in gravitation, it seems 
probable that the mechanism of the action of electrically 
charged bodies and of magnets on one another are of types 
entirely distinct. 

5. Again, when dealing with exchanges of momentum 
between the ether and “ ordinary’ > matter, we have no right 
to treat the momentum of a material particle, measured by 
the product of its mass and velocity, as equivalent to ztherial 
momentum similarly measured as a product of mass and 
velocity. Experience teaches us that, through a wide range: 
of phenomena, the principle of conservation of momentum 
holds good with great exactitude for ordinary material 
sy stems, every particle or element of matter being regarded 
merely as an entity endowed with definite inertia and with 
perfect mobility, except in so far as its motion may suffer 
interference from the neighbourhood of other particles. On 
such a basis the dynamics of matter reached a high degree 
of development before the existence of an vether was realized; 
but when the interaction of matter and ether is in question, 
this primitive conception of material inertia and momentum 
is no long 
ig respect to the ether Jas kinetic energy (T) which 

a function of the velocity (“, 7, z) of the particle, This 
ah energy we suppose to be due to some type of etherial 
motion, since the motion of the particle through the ether 
amounts to a progressive readjustment of those etherial 
strains, the aggregate of which constitutes the particle. The 
eetherial motion in question may not (and according to §§ 9-21 
below does ey involve any bodily drift in the direction of 
motion of the particle; though in any case the components 
of momentum of the particle corresponding to the coordinates 
(x, y, 2) are, in the generalized dynamical sense (OT/0«, 
01/04, oT/02): E hack. together also express the momentum 
of the particle as ordinarily understood. 

6. The implicit assumption referred to in § 3 above leads 
further to the conclusion that the zther is indefinitely com- 
pressible. For consider a condenser made up of an inner 
conducting sphere and a concentric spherical cavity in an 
outer conducting body, the interspace being vacuous. Let 
the inner sphere. be of radius 7, and the concentric cavity of 
radius 7,3; also let the inner ao carry a charge e, the 
charge upon the hollow spherical surface of the outer con- 
ductor being therefore —e. As we pass across from the 

er adequate. The motion of a material particle 

— 
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inner to the outer sphere, the-electromotive intensity has 
values ranging from e/7,? to e/rs’, measured in the direction 
of the outwardly drawn radius. Now keeping the inner 
sphere insulated, so that its charge e remains unaltered, let 
this sphere expand symmetrically and infinitesimally, its 
radius becoming 7,;+dr,. The electrostatic energy of the 
system is thus changed by 

dl : uke r e? 
peep eligap eee fk i er: 1 aE _ ar, = = 1 ° . 
dr, 2 Lig i) ; ie * ( ) 

while the Faraday-Maxwell radial tension, reckoned per 
unit area of the inner sphere, is 

ay ere 
ral ra te} y 

ela) i ak eae ae Pe ( ) 

and the work done by this tension per unit area is 

a4 dry. e - “ ° . . ° (3) 

9 Ce ; 
Thus 5 —, dr, is the work done by the etherial ‘‘ mechanical 

ri . 

stress ” during the expansion d7,, and this work is equivalent 
to (1) with sign reversed, that is to the loss of electrostatic 
energy of the system. But, as already pointed out, in order 
that the radial tension (2) may contribute the work (3) in 
the displacement dr,, it is essential that the ether between 
the spheres should contract by the amount dr, along every 
radius, its yolume being thus reduced precisely as much as 
the volume of the inner sphere is increased. Proceeding in 
the same way, the inner sphere could be expanded until 
72—?, Which originally might be aa large as we pleased, was 
reduced to an insignificant amount; the ether between 7, 
and 7, retaining all the while a radial tension which is nowhere 
less than e/r.?, and being ultimately made to occupy only a 
minute fraction of its original volume. 

7. Let us now contrast two interpretations of the virtual 
work corresponding to a small change of configuration of an 
electrified system; one interpretation being that of the 
Faraday-Maxwell mechanical stress, the other that of the 
electronic theory. Let the system consist of any number of 
bodies carrying surface charges, the intervening spaces, for 
simplicity of illustration, being supposed vacuous ; and con- 
sider the virtual work of the electrostatic forces when the 
system suffers a determinate change of configuration 60, 
specifiable in terms of the geometrical coordinates. If, 
without making any other change, we increase the charge 
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of every element until it is.n times as great as before, the 
virtual work corresponding to 6@ will be n? times as great 
as before. Now on the Faraday-Maxwell view, since we 
regard the ether as simply partaking of the normal dis- 
placement of each electrified surface, the displacement of the 
eether* involved in the change of configuration 60 will 
depend on 68 only, and not on the electrical charges. Hence 
when all the charges are raised to n-fold, involving an 
n?-fold value for the virtual work in 60, we must have n?-fold 
values for the etherial stresses. 

8. But on the electronic theory, any displacement 60 of 
the bodies in question is a displacement of the electrons 
which make up those bodies and their surface charges, and 
the corresponding displacement of the ether at any point T 
is the vector-increment of electric polarization at that point. 
On this view, then, the n’-told virtual work corresponding 
to 60, due to n-fold charges throughout the system, is 
accounted for by n-fold virtual displacement everywhere in 
the ether surrounding the bodies, together with n-fold 
eetherial stress. On the electronic theory, therefore, the 
stress in the ether is simply proportional to the electromotive 
intensity, conformably to the linear character of the equations 
of-electromagnetism. | 

9. Maxwell’s investigation of the stress in a magnetic 
fieldt follows essentially the same course as that relating to 
an electrostatic field, and for non-magnetizable media an 
identical type of stressis found. Here again the assumption 
referred to in § 3 above is implicitly made, and it is further 
implicitly assumed that, in the magnetic as in the electro- 
static case, the medium which transmits the forces in question 
may be treated as being at rest. The conclusion that the 
forces mutually exerted by electrified bodies on the one hand 
and by magnets on the other hand, are due to etherial 
stresses of identical type is indeed somewhat disconcerting ; 
but for isotropic media Maxwell’s “ mechanical stress ” must 
be regarded as a perfect mathematical analogy, affording in ~ 
certain cases a ready means of reaching results which are 
not so immediately obvious when otherwise approached. 
The most conspicuous example is Maxwell’s own discovery 
of “radiation pressure,” the general phenomena of which 

* The term (infinitesimal) displacement is here used in the generalized 
sense commonly understood in relation to dynamical systems ; not in the 
special sense associated with Maxwell’s “ electric displacement.” 

+ See preceding footnote. 
+ ‘Treatise,’ vol. ii. chap. x1. 
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are immediately deducible from the analogy of a medium 
whose state of mechanical stress causes foreign bodies 

embedded in it to be urged this way or that. 

The magnetic vector in free ether is not constituted 
by translational etherial velocity. 

10. In a previous communication to the Philosophical 
Magazine* an attempt was made to prove that (in free 
ether) neither the magnetic nor the electric vector is to be 
identified with translational velocity of the ether. As the 
cogency of the arguments then put forward has been called 
in question}, and as my own conviction remains unshaken, 
a more precise proof will now be offered, which I trust will 
be found satisfactory. 

11. Consider a train of plane-polarized plane electro- 
magnetic waves, which is being propagated in free ether in 
the direction of <-increasing, the electric vector being parallel 
to the axis of wz, and the magnetic vector parallel to the axis 
of y. In this case the vector-potential reduces to a com- 
ponent which is parallel to the axis of x, and is a function of 
z—Vt, where V 1s the velocity of radiation. Writing—with 
Maxwell’s notation—(F, G, H) for the vector-potential, 
(a, b, ¢) for the magnetic induction, and (P, Q, R) for the 
electromotive intensity at any point, let the suffix unity be 
used to distinguish the wave-train now considered, and let 
us put 

ee) i(2= Ve); 0, OF) 2 
Then a2 0 e)) —10,'0' (2— Vi); Of; ~ &  @) 

and Pee Ve — V8, 0,01; 2 
so that es Vibe Aas Vga LA halo at eo SY YG 

For a second train of plane waves polarized parallel to the 
first, and propagated in the direction ot <-decreasing, we 
shall similarly have 

Jace — Vol». P : = ° . ° : (8) 

* June 1907, pp. 694-696. 
+ Letters dealing with this subject have appeared in ‘ Nature’ (1907): 

“ The Structure of the Ether,” O. Richardson (May 23), Lodge (June 16), 
C. VY. Burton (June 18), E. Cunningham (July 4), C. V. Burton (July 
18). “The ther and Absolute Motion,” Larmor (July 18). 
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12. In fig. 2 let the plane of the paper be parallel to yz, 
and let A, B,C, D be four planes parallel to zy. Ata 
definite instant, say ¢=0, let the first wave-train be entirely 
confined to the region between © and D, and, moreover, 
between the limits A and B, and at the same instant let , 
have the constant value bo, P, having therefore simultaneously, 

ee 
Fig. 2. 

: 

| 
C A 

between A and B, the constant value VJ,. Similarly at time 
é=0 let the second wave-train be confined to the region 
between C and D, while between A and B, 6, has the constant 
value 0, and P, consequently the constant value — Vp. 
Thus the superposition of these two wave-trains gives rise, 
at time t=0, to uniform magnetic induction 

(a, b, c)=(0, 2b, 0) between A and BY 9 
while O=P=Q=R between the same limits J °° (9) 

At the same time there is neither magnetic induction nor 
electric force to the left of C or to the right of D. 

13. Consider first the region to the left of C, where the © 
zether is at rest, and is free from magnetic induction and 
electric force. Somewhere in this region let there be a 
material system, and to fix ideas let this take the form of a 
metal ring (1) which is rotating about an axis in its own 
plane. The rotation in this case can cause no selective 
circulation of positive and negative electrons around the 
ring, such as would constitute an electric current. 

14. Next consider the region between A and B, where the 
ether (as we provisionally assume) is drifting in the direction 
of y-increasing with velocity bo/,/mp, but is otherwise in a 
condition identical with that of the ether to the left of C. 
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Within this region A... B let there bea ring (II) in all 
respects similar to I, every electron in the one system having 
its counterpart in a like electron of the other. We shall 
suppose that, when ¢=0, not only is the assemblage of 
electrons II similar to the assemblage [and similarly oriented, 
but each electron of IJ has the same w-component of velocity 
as the corresponding electron of I and the same <-component, 
while the y-component of the Il-electron’s velocity exceeds 
that of the I-electron by &)/4/mp. Thus the compound 
system consisting of II with its surrounding ether is only 
distinguished from the system [ with its surrounding sether 
by a general translational velocity 09/,4/ap, which cannot 
modify the internal dynamics of the compound system II. 
This system accordingly, from the time t=0 onwards, imitates 
the compound system I in every detail of motion of every 
electron ; the correlation being maintained so long as no 
electromagnetic disturbance has reached the region occupied 
by I, while the state of the region occupied by IL continues 
to be defined by (9). In particular, as no electric current is 
flowing around the rotating ring I, neither does any current 
flow around the rotating ring II: and since the direction of 
the axes of rotation of the rings may be any we please, it 
must be concluded that the region between the planes A and 
B is free from magnetic induction; which is contrary to the 
supposition with which we started. 

15. A further word may help to make the matter clearer. 
Let a sphere 8 be described completely enclosing the system 
II at time ¢=0 (fig. 1), and let P be a concentric sphere 
whose radius exceeds that of S by V7, where V is the velocity 
of radiation. ‘Then, in accordance with well-known principles 
of wave-propagation, the state of things within S between 
t=0 and t=7 is completely determined by the state of things 
within P when ¢=0. If, then, the sphere P les wholly 
between the planes A and B, the dynamical circumstances of 
the system II, from t=0 to t=7 at the least, will be precisely 
the same as if the range of equation ( (9)—instead of being 
limited by the planes A and Battime t= 
in all directions. Thus no argument against the conclusions 
of §$ 11-14 above can be founded on the circumstance that 
the hypothetical ether-drift corresponding to (9) is limited 
by the planes A, B; or that the whole extent of quiescent 
eether beyond the limits C, D provides a standard relatively 
to which the velocity of the drift can be measured. 

16. The foregoing is offered as a rigorous proof of 
the proposition that the magnetic vector in free ether is 
not to be identified with transl 
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conclusion which may be admitted.to have a prima facie 
reasonableness. For an observer who knows that his 
velocity relatively to the ether must at some time of the year 
amount to 28 kilometres per second at the least, might well 
hesitate to believe that between an intense magnetic field and 
a space free from magnetic force the only difference was a 
minute difference of ztherial velocity: a velocity of (perhaps) 
a fraction of a millimetre per second in the former case, as 
against zero velocity in the latter. 

The electric vector in free wether is not constituted ln y 

translational wtherial velocity. 

_17. By suitably modifying the two trains of plane-polarized 
plane waves referred to in § Il,a uniform electrostatic field 
free from magnetic induction is equally readily obtained, and 
the proof of the proposition just enunciated follows on lines 
precisely similar to the proof given in the magnetic case. 
Such a demonstration, however, is hardly called for, i in view 
of von Helmholtz’s objection that if a’ continuous flow of 
eether were taking place along the lines of electric force, 
every charged body would behave as an unlimited source of 
ether or as a corresponding sink. 

The Poynting vector in free ether is not identifiable 
with translational etherial velocity. 

18. In any purely progressive electromagnetic wave-train,. 
the vector product of the electric and magnetic vectors 
(Prof. Poynting’s vector) is persistently in the direction of 
propagation, and never in the opposite direction. For 
example, if we take the train represented by (5), (6), putting 
for ¢'(¢—Vt) the more definite expression A cos s(z— V?), 
the Poynting vector is 

40: 0, WAZV ceostis(e— Vt), 
that is 

{0, 0, 4A2V +4A?V cos 2s(z—Ve)}: . . (10) 

and if we suppose the zther to be flowing at each point in 
the direction of this vector, the motion corresponding to (10) 
will be a wave-train of compressional-rarefactional type (like 
sound-waves in air) superposed upon a general drift of sether 
in the direction of wave-propagation. 

19. We have thus to face the conclusion that the ether is. 
compressible; its compressibility being not merely of that 
minute residual order which has been assumed as a means of 
accounting for the phenomena of gravitation, but of such 
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fundamental import in the electromagnetic scheme that 
without it no propagation of electromagnetic waves could 
take place. Over and above this, we are met by essential 
difficulties. | 

20. One of these relates to the question of polarization. 
For if an essential feature of electromagnetic wave-motion 
is a motion of the ether parallel to the direction of propa- 
gation, it would hardly seem possible for a beam of radiation 
to be fully polarized. 

21. Another difficulty arises from the conclusion that, in 
a progressive train, the motion of the ether is persistently 
in the direction of propagation. Such uni-directional flow 
involves something which cannot properly be described as 
wayve-motion at all; while on the view now considered a 
body such as the sun, which continually emits more radiation 
than it receives, must be regarded as a source of wther. 

22. We might here evade the conclusion that an actual 
creation of zther is involved in the process of radiation by 
supposing a hot body to be a centre of etherial condensation, 
as compared with a colder body of like composition. But 
the difficulty of the position becomes more evident when we 
consider the conditions under which radiation is emitted b 
a glow-lamp filament, say of tungsten. Let AD (fig.3) bea 

portion of such a filament, and let BCEF be a closed surface 
made up of the narrow cylindrical surface FE, BC coaxal 
with the filament, and two plane ends BI’, CH perpendicular 
to the filament. If we suppose that a bodily flow of ether 
takes place in the direction of the Poynting vector, then so 
long as the filament is maintained ata high temperature b 
an. electric current passing through it, there will be a flow 
of ether outward through the cylindrical surface FE, BC. 
Through the plane surfaces BF, BC there will be on the 
whole no flow of ether, the circuital character of the electric 
current precluding the ‘idea that « anything directly associated 
with the current can flow into our closed surface (say) through 
BF, except what inevitably flows out again through CE*. 
Moreover, if the filament AD is in motion with respect to 
the ether, we may suppose it accompanied by the ideal 

* We could even use an alternating current. 
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surface BCEF, and the motion in question will clearly have 
no tendency to cause either an accumulation or a depletion 
of ether within BCEF. Thus if we keep the filament heated 
by a current flowing along it, ether will on the whole be 
streaming out of the space BCEF, and provided the operation 
can be long enough continued, the quantity of ether emitted 
from the space in question can be made as great as we please. 
This would imply an actual creation of ether. 

23. It might be argued that, in any realizable case, the 
flow of ether would be very minute, and if we proceed on 
the assumption that radiation pressure is due to the impact 
of bodily etherial momentum this is probably true; it is 
certainly true that no operation of the kind just indicated 
has been carried out for more than a limited time ; but it 
seems not unreasonable to suppose that the bulk-modulus of 
elasticity of the ether is enormously great, and is in some 
way responsible for the very high velocity with which gravi- 
tational influences are propagated. Thus even a minute 
emission of eether from within a given closed surface would 
appear likely to be promptly opposed, owing to the expansion 
which must then be experienced by some at Jeast of the wther 
contained by that surface. Indeed, unless the systematic 
creation of ether can be accepted with equanimity, such an 
opposing reaction must set in from the first, and gradually 
increase in intensity with the duration of the outflow of 
eether, becoming in any case of importance if the outflow is 
long enough maintained. 

24, Again, consider a train of electromagnetic waves in 
free ether, specified as follows 

(F, G, H)={A/s sin s(z—Ve), 0, O}, . 2 Gag 
so that 

(a, b, c)={0, A cos s(z— Vz), 0} I (12) 

(P, Q, R)={VA cos s(z—V2), 0, 0} 

If we substitute for A a different parameter B, the magnetic 
induction (a, b, c) and the electromotive intensity (P, Q, R) 
will be changed in magnitude, and in the same proportion, 
namely, B: A, the wave-motion remaining of precisely the 
same type as before, and being changed only in amplitude. 
But according to the doctrine now under consideration, the 
translational velocity of the ether at any point at any instant, 
being proportional to 

(DR—cQ, cP—aR, aQ—DP), 

will be changed, not in the ratio B: A but in the ratio 
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B?: A?. Such a conclusion seems hard to reconcile with 
the simple linear character of the electromagnetic equations 
of the ether. 

25. Another aspect of the question is this: By the change 
of parameter from A to B the total energy of ‘wave-motion 
within a given region at a given instant is changed in the 
ratio B? : A?, while according to our assumption ‘the trans- 
lational energy of the ether within tbe same region is 
changed in the ratio B*: A*. This implies that, notwith-. 
standing the absence of any change of type in the wave-. 
train considered, there has been a change i in the partition of 
energy in the train ; the translational energy of the ether 
having become a greater or a less proportion of the whole 
energy according as B is greater than or less than A. 

26. If the difficulties enumerated in the last eight para— 
graphs are to be regarded as insurmountable, the conclusion 
must be that the ‘Poynting vector is not associated with 
translational ztherial velocity (in free sther)*, and this 
conclusion also seems, on other grounds, to be a reasonable 
one. For a steady electrostatic field and a steady magnetic 
field are, so far as we know, entirely without interaction, and 
where fields of these two kinds coexist, the resulting energy 
is simply the sum of the separate energies of the two fields 
in question, without product terms such as we should expect 
to appear if the ether were indeed in motion with velocity 
proportional to the vector product of the electric and magnetic 
vectors. 

27. Tv sum up some of the objections which may be urged 
against the doctrine that a flow of ether takes place in ‘the 
direction of the Poynting vector. This doctrine leads to the 
conclusion that the translational motion of the ether in a 
progressive wave-train is longitudinal, resembling the motion 
of air which is transmitting sound-waves, with a general 
bodily drift in the direction of propagation superposed. In 
the absence of special assumptions which might conceivably 
be devised to remove the difficulty, it leads also to the con-. 
clusion that radiation is accompanied by a continuous creation 
of ether. It assumes the existence of a translational energy- 
term of which the uncontested expressions for total electro-. 
magnetic energy (say in free ether) give no indication; this 
assumed term “constituting in fact a violation of the lmneae 
character which is an outstanding feature of the electro- 
magnetic equations of the ether. 

* The arguments above given are of course, mutatis mutandis, equally 
valid against the view that the Poynting oe with sign reversed. 
corresponds to translational velocity of the sether. 
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How many distinet types of wave-motion are 
possible in free ether ? 

28. If, as is here suggested, neither the magnetic nor the 
electric vector, nor yet the vector product of these two, 
corresponds to a bodily flow of ether, it would seem a likely 
conclusion that no purely electromagnetic phenomenon in- 
volves the bodily displacement of any ether-element ; that 
the zther remains, in the grosser sense, permanently at rest, 
experiencing only changes of “polarization.” (The rapidly 
travelling compressicnal waves, which I have ventured to 
suggest as affording a possible basis for gravitation, involve 
only such slight deformations of the zether that they need not 
be supposed to interfere with electromagnetism.) But if 
eetherial waves of bodily transverse displacement have no 
part in electromagnetic or in gravitational phenomena, it is 
natural to inquire whether the ether is (as a frictionless 
fluid would be) incapable of transmitting waves of that type 
—or if such waves, having been generated by a suitable 
agency, would be propagated through the ether with a 
definite velocity, are we to infer that they are non-existent 
because no system of moving electrons is competent to pro- 
duce them? If I may venture an opinion on so recondite a 
matter, it seems to me not improbable (in view especially of 
the considerations put forward in this paper) that by no 
manipulation of ordinary matter could etherial waves of 
bodily transverse displacement be initiated ; but in that case 
it might well be that waves of the type referred to, if existing 
in the ether, would fail to produce, through their interaction 
with atomic matter, any sort of observable phenomenon. At 
this peint it would seem prudent to leave the question as to 
whether waves of transverse displacement are being propagated 
through the ether or not. 

My thanks are due to Prof. G. M. Minchin, F.R.S., who 
most kindly read the MS. of this paper. His valuable 
criticism having led me to rewrite certain sections, it may 
be hoped that some obscurities have thus been removed. 

LVI. Notices respecting New Books. 
General Physics. Henry Crew, Ph.D. New York: The Mac- 

Millan Co., 1908. Price 12s. net. 

TWHIS is intended as a first year university coursein physics. It 
obviously consists of the amplified outline of a course of lectures ; 

and therefore we miss the development of the measuremental (as 
distinct from the experimental) side of the subject which we like 
to see in a book intended for students’ use. The first half of the 
book consists of mechanics. We are not sure that the experi- 
mental illustrations chosen are always the best. The case in which 
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the student is told to watch several balls of the same size but of 
different material rolling on the ground, will certainly not give a 
vivid conception of the notion of mass. ‘ Heavy’ weights that 
roll across a theatre stage often consist of the lightest materials, 
but give the false impression intended. A student should himself 
start or stop the balls in order to realize the difference between them. 
Again, to prove that the elasticity of indiarubber is different from 
that of glass by letting two balls of these materials fall on an oiled 
glass plate and comparing the patches, is to make use of an experi- 
ment far too recondite for the purpose. Why not merely stretch 
two rods with equal weights? The part dealing with elasticity is 
scarcely satisfactory even allowing for the omissions necessary in 
an elementary book. 

The rest of the volume (Heat, Electricity, Magnetism, Light) is 
more to be commended, especially the Electricity. In connexion 
with electric oscillations we may mention that it was Savary, not 
Joseph Henry, who first magnetized needles in alternating layers 
by the discharge of a jar; and that Kelvin’s prediction should be 
dated 1853 not 1855. Bernoull’s name is spelled wrongly. 

Though the book does not attain to our ideal of what an 
elementary one should be, there is so much about it to be praised 
that we have no doubt that many will find it just the one they 
want. : 

LIX. Intelligence and Miscellaneous Articles. 

NEW GEOLOGICAL VIEWS ON TERRESTRIAL MAGNETISM AND 

VOLCANISM. BY J. J. TAUDIN CHABOT. 

_ development of heat by the disintegration of atoms needed 
only to be discovered to raise at once the question whether 

the thermal phenomena of our planet are of the same kind, even 
as previously the ascertained magnetic properties of some sub- 
stances raised the question whether the magnetic state of the globe 
arises from its being constructed of such materials. 

With regard to the first question, observed data tend to support 
the possibility ofits truth ; concerning the second we have reached, 
so far, no satisfactory conclusion. 

The results of recent investigations appear, however, to open 
up paths along which our knowledge may be extended, the most 
remarkable of which is one that gives rise to the unexpected 
idea of a possible connexion between the fundamental causes of 
the thermal and magnetic phenomena of our planet. 

The spontaneous radioactivity (so-called) exhibits a definite 
dependence upon atomic weights inasmuch as it has been detected 
in those substances whose atomic weights have the highest 
known values. Thus it was discovered in a uranite, and imme- 
diately afterwards it was ohserved in thorium; whilst the more 
recently found radium has also a high (perhaps even the highest 
known) atomic weight. This last substance follows bismuth in a 
direct series leading up from radioactive lead ; and of bismuth we 
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know, from a recent discovery, that it forms in combination with 
manganese a strongly magnetic substance the special property of 
which is that the magnetic quality is first brought into evidence 
(in a similar manner to that for several other existing combinations. 
of non-magnetic substances) in the heated state at temperatures 
between 2000° and 2300° ©. 

This fact, so extraordinary and’surprising when compared with 
all hitherto ascertained results, appears to me to be worthy of 
attention, especially by geophysicists. 

The question arises: If radioactive processes constitute the 
source of the internal heat of our planet, to what extent may they 
at the same time determine its magnetic state ? 

Except this more omnipresent radioactive heat ioe are local 
sources of increased temperature, the principal one amongst them 
caused, as it seems to me, by friction and pressure of a few inces- 
santly moving enormous parts of our planet’s crust against each 
other; so that here and there in the contact-regions matter is 
liquefied and, sometimes, by the same reason, pushed through 
the earth’s surface, thus showing us the what we call volcanic 
phenomena. 

Rotterdam, February 13, 1909. 

THE GRATING SPECTRUM OF THE RADIUM EMANATION, 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

Pror. E. B. Frost has called my attention to his publication of a 
portion of the secondary hydrogen spectrum in the‘ Astrophysical 
Journal,’ vol. xvi. p. 104 (1902), with reference to my paper on 
“The Grati ng Spectrum of the Radium Emanation,” published in 
the January Number of the Phil. Mag. From Prof. Frost’s list it 
appears that, in addition to the hydrogen lines already marked, the 
tour lines which were marked as not having been seen in the 
prism spectrum are due to the secondary spectrum of hydrogen. 
‘hese four lines were not observed in the prism spectrum, although 
they were at more than resolvable distance trom other lines, and it 
was therefore probable that they were due to hydrogen which it 
had not been possible to remove so completely in the experiments 
for the grating photographs. Not being aware of Prot. Frost’s 
determination at low pressures, however, I had not been able to. 
trace these lines to hydrogen from the determinations of Hasselberg 
and Ames. 

I should like to take this opportunity of correcting a printers” 
omission of a footnote to the ettect that the strong emanation line 
43083 in the prism spectrum was masked in the grating photo- 
graphs by the strong iron line of the comparison spectrum at 
4307:96 (G in the solar spectrum), and its wave-length could not 
be measured more accurately. 

Yours truly, 
Physikalisches Institut, T. Royps. 

Tubingen, Germany. 
March 3, 1909. 
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LX. The Electric Origin of Molecular’ Atiracti ae 

By Wuutam SuTHERLAND*, \- & 

[* connexion with this subject there is one chief’ out- 
standing difficulty to be discussed in this communication. 

Its nature will appear in the following few facts from the 
recent history of the subject. In a series of articles in this 
Magazine, beginning in August 1886 ([5] xxii. p. 81), I 
brought forward the evidence in support of the law of the 
inverse fourth power for molecular attraction, which may be 
written 3Am,m./r* in analogy with the Newtonian law of 
gravitation. It appeared subsequently that this analogy 
did not hold good in fact, that the attracting powers of 
molecules do not depend directly on their masses, and there- 
fore that 3Am,m, should be replaced by 3a,a2, in which a, 
and a, are parameters characteristic of the molecular masses 
m, and m, attracting one another. In connexion with this 
law of the inverse fourth power I was naturally led to give 
much consideration to the fact that the attraction between 
two small magnets similarly. directed along a straight line 
varies inversely as the fourth power of the distance between 
their centres, that a similar result holds for atomic vortexes, 
and also for molecules containing separated electrons of 
opposite sign, for the significance of the electron had been 
emphasized in Helmholtz’s Faraday lecture. But the great 
difficulty of connecting molecular attraction with these results 
for polar pairs was this, that polar pairs when oppositely 
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directed repel one another with a force equal to their attrac- 
tion when similarly directed. According to the prevailing 
conceptions of the kinetic theory of gases, it seemed at that 
time necessary to assume that any two molecules in a gas 
would have their polar axes, if they possessed such, oppositely 
directed for as long a time as similarly directed, that there- 
fore they would repel one another as much as they could 
attract, and that polar forces would not account for cohesion 
such as had been proved to exist in gases. Ignoring this 
difficulty, Fessenden in America proposed to trace cohesion 
to the attraction of opposite electrical charges for one another 
(see Phys. Review, x. 1900, with references to El. World, 
1891, and Science, 1892, 1893). He seems to have obtained 
most encouraging results, even at these early dates, from 
statical considerations alone, neglecting the kinetics of mole- 
cules. ‘This ignoring of kinetics and of the repulsion between 
like charges of electricity was the probable cause of the 
failure of Fessenden’s ideas to secure the attention of 
physicists. They remained almost unknown. Reinganum 
(Phys. Zeitschr. 1900 ; Ann. der Phys. [4] x. 1903) treated 
cohesion as of electrostatic origin, considering each molecule 
to have a pair of electrons at a certain distance apart. ‘This 
of course gave him attractions and repulsions according to 
the law of the inverse fourth power. He eliminated repul- 
sions by the consideration that by their mutual directive 
influence two neighbour molecules would cause one another’s 
electric axes to be similarly directed along the line joining 
their centres. This is one step towards accounting for mole- 
cular attraction by means of electric bipoles, but it needs 
extension to show how the cohesive forces in gases are to be 
explained satisfactorily. 

As regards gases, the main difficulty is still for the most 
part ignored. In solids another difficulty is possible, namely, 
that the distance between the centres of two neighbour 
molecules may be nearly equal to the distance between the 
two opposite electrons of a molecule. In this case the law 
of the inverse fourth power breaks down, and must be 
replaced by the more complex law for two large magnets 
almost in contact. This difficulty will be considered imme- 
diately. In “The Electric Origin of Molecular Attraction” 
(Phil Mag. [6] iv. 1902, p. 625) I sought to show that the 
cumulative effect of the evidence in my papers on molecular 
attraction between 1886 and 1902 pointed to electrical 
polarity as the cause of molecular attraction. To avoid the 
difficulty of the repulsion between molecules having their 
electric axes oppositely directed, especially in the case of 
gases, I introduced the consideration that a pair of attracting 



Origin of Molecular Attraction. 659 

molecules being brought nearer to one another by their attrac- 
tion tend to increase its amount, while a pair repelling one 
another cause the repulsion to diminish by increase ot the 
distance between them. There is thus a tendency for the 
attractive effect to preponderate. To show that the prepon- 
derance must be considerable it was argued that a pair of 
neighbours attracting one another would approach one 
another so comparatively closely as to introduce a compara- 
tively large attraction. This principle taken with the ten- 
dency of the directive couples to promote similarity of 
direction in electric axes, was held in general to explain the 
preponderance of attraction, though no attempt was made to 
calculate definitely the amount of that preponderance. Ina 
general way it was argued that, in reasoning about molecular 
attraction, we can replace the complex medley of Nature by 
a representative pair of neighbour molecules having similarly 
directed electric axes along the line joining their centres, 
and therefore attracting one another. 

The attractive and repulsive effects of the more remote 
molecules in Nature are assumed to neutralize one another. 
In this way I sought to give a new interpretation and use to 
the idea of a finite range of molecular force. The actual 
range of the electric forces is infinite, but their effective 
range is the distance between our two schematic represen- 
tative neighbours having their electric axes similarly directed 
in the same straight line, or nearly so. The object of the 
present communication is to establish this conception more 
rigorously, and to formulate it more systematically in detail. 
In “The Pressure of Gases and the Equation of Virial” 
(Phil. Mag. [6] ix. 1905, p. 494) Rayleigh has investigated 
some of the general conditions under which the preponderance 
of attraction over repulsion can come to pass, and obtains 
strong confirmation of its reality. He considered briefly the 
important point as to the time during which any particular 
value of the virial prevails. Van der Waals, Jr., has 
recently attacked the problem of the law of attraction for 
electrical double points in the molecules of a gas (Kon. Akad. 
van Wet. te Amsterdam, 8 Sept. 1908, p. 13 2). He takes 
any two molecules at random and writes down the expression 
for their potential energy in terms of their distance apart 
and the directions of their axes. He then uses the law of 
Boltzmann to express the number of pairs of molecules which 
are nearly in this same relative position within a range ex- 
pressed in the usual way by differentials, and then evaluates 
the average attraction between two molecules at distance r 
apart, finding it to be a sum of powers of +71, the lowest of 

Co 

which is the seventh. He asserts, therefore, that the theory 
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of electron pairs is excluded by the law of the inverse fourth 
power for molecular attraction. I think that this result 
about the inverse seventh power is erroneous because the 
writer uses in Boltzmann’s law the potential energy of a pair 
of molecules instead of the mean potential energy of all the 
molecules, which is the main object of investigation. More- 
over, in this case Boltzmann’s law is made to give a relation 
between the coordinates of the two molecules, which co-- 
ordinates cease to be independent variables. For these 
reasons I believe Boltzmann’s law is made to yield a result 
which is not correct. Moreover, in the treatment of the 
problem no account is taken of the principle that attractive. 
forces preponderate because by their own action they increase- 
themselves, whilerepulsive forces diminish themselves. Asa 
large mass of experimental evidence now furnishes cumulative: 
support to the theory of the electric origin of molecular attrac- 
tion, I shall not attempt to discuss the analysis of van der Waals, 
Jr., in detail, as it seems to me that the question raised by him 
is rather that of the correct use of the Boltzmann-Gibbs theorem 
than that of the origin of molecular attraction. 

The ideally simplest case in which molecular force can be 
investigated is at the absolute zero of temperature, at which 
the kinetics of molecules disappear, leaving the statics for 
unencumbered study. In “A Kinetic Theory of Solids ” 
(Phil. Mag. [5] xxxil.) it was shown that the rigidity of 
metals at absolute zero could be found with considerable. 
accuracy by a safe extrapolation from experimental data. 
Then it was further shown in “The Electric Origin of 
Rigidity and Consequences” (Phil. Mag. [6] vii.) that at. 
absolute zero the rigidity of a collection of electrically 
polarized molecules is equal to their electrostatic energy per 
unit volume. If we imagine the electric polarization to. 
consist in each molecule’s having an electron pair h $ whose 
charges are e at distance (m/po)”? apart, m being the mass. 
of the molecule and py the density of the metal, with K for its 
dielectric capacity and N for the rigidity at absolute {zero, 
then this result is given by the formula 

-_ 2 (m/py)? Nae ee, oe ee 
which was found to express the experimentally derived facts 
satisfactorily. This is simply Maxwell’s expression 2a7D?/K 
for the energy in a dielectric associated with an electric dis- 
placement D, for, when we consider the electric displacement 
er unit area corresponding with e per mclecule, we get 

e/(m/po)*? to be used instead of D, the result being divided 
by 3 for statistical reasons. 

But we must look more closely into the differences between 
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a natural collection of molecules and the dielectric in an 
electric field. The main one is that in the electric field there 
is a resultant direction of electric force, whereas in a collection 
of molecules there is none, the electric force inside a mole- 
cule being reversed between the opposite poles of two 
molecules. The very definite conception which reduces the 
polarity of a molecule to two point electrons at the ends of a 
diameter of the molecule’s supposedly spherical surface, 
becomes almest a hindrance in the case of molecules in con- 
tact at absolute zero because of the tendency of two oppositely 
charged point electrons to come nearly into coincidence and 
nearly to destroy one another’s effect. In the facts of 
Nature there is no indication of any tendency to such 
destruction of effect. We shall do better then to regard the 
molecule as polarized throughout its mass, Just in the same 
way as the Earth is magnetically polarized, and can be re- 
placed by an infinitely short magnet at its centre, if only 
the magnetic moment of this is equal to that of the Earth. 
Just as we should encounter difficulties if we treated the 
Harth as a sphere having magnetic poles at the ends of a 
diameter, we are confronted with similar ones if we treat 
the molecule as an electric bipole. 

With bipoles in which the axis between the poles is a 
diameter or nearly a diameter, the law of the inverse fourth 
power would break down completely, as it holds only for 
bipoles in which the axis is small compared with the distance 
between the attracting bipoles. But if the molecule is taken 
to be a uniformly electrically polarized sphere, which may 
be called a uniformly electrized sphere, then its external 
effect is the same as that of an infinitely short bipole at its 
centre, the bipole having the same electric moment as the 
sphere. With uniformly electrized spheres having their axes 
similarly directed along the line joining their centres, the 
law of the inverse fourth power becomes exactly correct at 
all distances. I hope to show in a separate communication 
that the conception of a uniformly electrized molecule is 
helpful in studying the vibrations causing spectra. 

As I have shown (Phil. Mag. [6] iv. p. 636) that for many 
molecules the electric moment ¢ (m/po)* is actually nearly 
equal to the product of electron charge and molecular diameter, 
the uniform electrization of the molecule is intimately related 
with the electron charge e of electrolysis. When a number 
of uniformly electrized spheres are brought into contact at 
absolute zero, we get a mass which is uniformly electrized, 
but with the axis of electrization changing in direction so 
that the average electric force throughout the mass is nil. 
To get a schematic representation of such a state of affairs, 
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in “The Electric Origin of Rigidity and Consequences” I 
used the artifice of dividing the space into cubes each con- 
taining a molecule, and then imagining the electrization of 
the mass caused by alternate sheets of ‘positive and negative 
electricity in the planes dividing the space into cubes, so that 
each of the three plane distributions had a third part of the 
potential energy of the whole mass. Another method of 
representation is to place negative electrons b and positive % 
alternately at the corners of the cubes so that along any 
line forming edges b and # recur alter- 
nately. If with } of ant e as origin Vig. 1. 
we draw three rectangular axes forming A 
the edges of the eight cubes which meet 
at p and place $ of ‘amount e¢ at distances # 
sand —s on each axis, we see that our 
arrangement provides for a large pre- 
ponderance of attraction over repulsion, a8 
since the six nearest neighbours of b are 
¢. It provides a distribution of polarity 
similar to that in our mass of uniformly it 
electrized molecules. I have sought to | 
show in “Ionization in Solutions and Two New Types of | 
Viscosity” (Phil. Mag. [6] xiv. 1907, p. 1) that the ions of 
solutions give such a distribution of polarity as that just 
described. An expression of the same form as (1) for the 
rigidity of such a distribution of electrons leads to correct 
results concerning the electric resistance of electrolytic 
solutions. Since the form (1) applies to metals at absolute 
zero and to uniformly spaced ions, it follows that a cubical 
arrangement of electrons is for some purposes a convenient 
and proper simplified representation of the electric polarity 
in a metal at absolute zero. But this leads to a scheme 
which is better for most pur- 
poses because liker to the natural. 
Imagine a mass of molecules at 
absolute zero to consist of cubes 
represented in plan in the figure 
where the arrow at the centre 
of each square denotes the di- 
rection of the uniform electri- 
zation of the cube. Here the 

cubes along AD and parallel to 
it form prisms which are alter- 
nately electrized in opposite 
directions. The next row of 
cubes above AD would form a prism oppositely electrized 

Cc 
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to AD. If we call the direction of AD axial and directions 
at right angles lateral, we can say that a cube is electrized in 
the same direction as its two nearest axial neighbours and 
in a direction opposite to that of its four nearest lateral 
neighbours. Hach cube attracts its six nearest neighbours. 
I believe that this constitutes the chief part of the solution 
of the main problem of cohesion. Consider two cubes in 
lateral relation and electrized in the same direction. They 
will repel one another till they reach the position of minimum 
potential energy when infinitely apart. But two cubes in 
lateral relation electrized in opposite directions will attract 
one another to the position of minimum potential energy 
when they are in contact. For a relative position between 
axial and lateral the force between two cubes vanishes. We 
conclude, then, that the principle of minimum potential 
energy in Nature acts so as to give such an arrangement 
as is set forth schematically in the last figure. In cubical 
crystals the scheme may be a still closer representation of 
fact. In the case of an amorphous mixture of substances 
whose molecules are of different size and shape, we can make 
a diagram of the state of affairs, such as that here given. 
Let AD and BC be two lines representing the prevailing 

direction of electrization. 
They correspond with the 
straight lines AD and 
BO of fig. 2. They are 
like lines of electric force. 
Between them lie two 
similar curved lines. 
Then draw the system of 
lines that cut these or- 
thogonally like  equi- 
potential surface. These 
two sets of lines divide 
up the space into regions 
corresponding Wa the 
squares of fig. 2, each 
region representing the 

domain of a molecule. The arrow indicates the direction 
of electrization of each molecule. Here we have the con- 
ditions for cohesion in an amorphous substance, the figure 
showing how in a body of finite size there may be no 
prevailing direction of electrization. Here we are re- 
minded of the theoretically infinite range of the force of 
each molecule and its practical restriction almost to the 
nearest neighbours. 
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But a most interesting problem arises when we extend 
these ideas from a solid at absolute zero to a gas at ordinary 
temperatures. The gas still shows cohesion, but how are we 
to imagine the axes of electrization of neighbour molecules 
in a gas to be related in a manner similar to that shown in 
figs, 2and 3. Fessenden assumed that in a gas the mole- 
cules behave as if each molecule has an electric charge 
opposite to that of its immediate neighbours, and so he 
proposed to replace the equation of van der Waals 
(p+a/v)(v—b)=RT by a form in which the cohesional 
term a/v” is replaced by a/v*®. I do not know of any ex- 
perimental evidence that he ever submitted in support of 
this change. In “The Laws of Molecular Force ” (Phil. 
Mag. [5] xxxv. 1893) I have shown that the equation of 
van der Waals applies to the element gases and methane, 
but not to compound gases in general, for which the co- 
hesional virial tends to the form //(v+k) instead of l/v or 
the a/v of van der Waals. Now although it has just been 
proved that Fessenden’s assumption is a convenient and 
proper simplification for a number of uniformly electrized 
molecules in contact, there is no warrant for it in the case of 
gases when we are studying the mutual potential energy 
of molecules. We shall see it apply to total potential energy. 
It does apply to the ions of a solution as the electrical 
evidence shows. 

Since gases do not behave as completely ionized substances, 
the electrical evidence is also directly opposed to the literal 
truth of Fessenden’s assumption for gases. As a fiction it 
has no schematic convenience in the study of characteristic 
equations, because it implies that the uniformly electrized 
spherical molecule of a gas converts the whole of its domain 
into a uniformly electrized sphere. We shall see that the 
whole potential energy, not merely the mutual, is that of 
a uniformly electrized spherical domain. Yet although there 
is no theoretical or experimental justification of the literal - 
truth of Fessenden’s assumption for gases, there has been 
discovered by J. H. Mills a remarkable relation which seems 
to verify it completely. This paradox contains matter of 
importance for the whole of molecular physics, and the rest 
of the present communication will be devoted to an attempt 
to elucidate it. This is the relation of Mills: Let L be the 
latent heat in calories for the evaporation of a liquid of 
density p=d at temperature T to the state of saturated 
vapour of density p=D at T, and let E be the thermal 
equivalent of the work done in changing the density from d’ 
to D against the saturation pressure, so that L—E is the 
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internal latent heat, then at all temperatures up to the 
critical 

LL-H 
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This has been verified by a most exhaustive examination 
of the data for 31 liquids of diverse chemical types, com- 
pounds but not elements (Journal of Physical Chemistry, vi. 
Geen. 209,,vin. 1904) pp. 383, 593; ix. 1905, p, 402, 
x. 1906, p. 1). Mills interprets his relation by treating 
cohesion as due to gravitation, taking dV/?— D'° as a measure 
of the change of the mutual gravitational potential energy 
of the molecules when they pass from the state of density d 
to that of density D. There are two well-known and per- 
fectly definite reasons why gravitation cannot account for 
cohesion: first, the forces between neighbour molecules are 
enormously greater than their mutual gravitation ; and, 
second, the latent heat required to evaporate molecules 
against their gravitation varies for unit mass with the size 
of the mass evaporated. This variation has never been dis- 
covered because the latent heat of evaporation against gravi- 
tation is so minute a fraction of the latent heat of evaporation 
against cohesional force, that its variations are beyond the 
reach of existing experimental refinements to detect. If Mills 
had traced his relation to the law of the inverse square as it 
operates in a uniform mixture of equal numbers of equal 
opposite charges of electricity, he would have been on the 
right track with Fessenden. In this case, the repulsions 
between the like charges introduce an element unlike gravi- 
tation. This mixture of electric charges has been shown 
above to be a convenient and proper schematic representation 
sometimes for a collection of uniformly electrized molecules 
in contact. Let us waive the stipulation about the molecules 
being in contact at absolute zero, and let us take (1) for the 
electrostatic energy of the molecules in unit volume of a 
liquid of density p or d. Then for a molecule of volume m/d 
the electrostatic energy will be 2a/3K(m/d)*. If with 
Fessenden we assume that exactly a similar condition of 
polarity prevails in the saturated vapour of density D, we 
can write 27D'?/3Km1* for the electrostatic energy of the 
vapour, assuming for the moment that K does not change. 
The change is 27(d’?— D")/3Km!%, If this is equivalent 
to the internal latent heat, then for a given substance 

L-—E 
7B Dis = constant at all temperatures. . . (8) 

= constant characteristic of liquid. . (2) 

This is the result which appears to justify Fessenden’s 
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treatment of a gas as a completely ionized fluid, and is one 
by which Mills might have given a dynamical interpretation 
of his discovery, instead of connecting it with gravitation. 
A notable fact in this relation is the disappearance of K, 
because in assuming K constant during the change of state 
from liquid to vapour, we have virtually made it disappear. 
Now in the laws of the parameter a in 3a,a,/7* for molecular 
attraction in my various Phil. Mag. papers on this subject, 
it has never been necessary or advantageous to consider K 
as exercising any influence; it disappears from the scene. 
These two instances of the disappearance of K are most 
easily accounted for by the hypothesis that each molecule 
behaves as an electrized sphere. The external mutual effect 
of two such neighbour spheres depends only upon the electric 
moment assigned to each, just as the mutual effect of two 
neighbour magnetized spheres depends only upon the mag- 
netic moment of each, and not upon the permeability of the 
matter of the spheres, if mutual induction is not operative. 
Thus in (1) K may be allowed to disappear by being merged 
in €?(m/py)”®, the square of the electric moment of a mole- 
cule. Let us denote the electric moment by es and replace 

(1) by 
sar / es 52 
N == ae ie e . ry e . . . (4) 

This discarding of K or this putting it equal to 1 expresses 
definitely the principle that cohesion is the attraction of 
immediate neighbours through the ether. In the theory of 
ions in solution K plays a prominent part, because neighbour 
ions are separated by the solvent of dielectric capacity K. 

This equation (4) gives the electrostatic energy per unit 
volume: that per molecule is 27re*s?/3(m/p). If now s were 
equal to (m/d)"? in the liquid and to (m/D)1* in the vapour, 
we should obtain at once the formula of Mills. The most 
important point to understand then is this: How does the - 
molecule of vapour behave as if its uniform electrization 
extends not only through its volume m/p or m/d, but through 
its domain m/D? The answer is to be found by considering 
the electrostatic energy of a molecule in two parts, the inter- 
molecular and the intramolecular, or the mutual and the 
self energy. For many purposes it is convenient with 
Maxwell to localize so much electric or magnetic energy in 
a given element of volume. ‘Thus in our collection of 
molecules at absolute zero we assign electrostatic energy 
—27re*s"/3(m/p) to each molecule, though we may drop the 
negative sign, as above, when it is not essential. But this 

+ 
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energy must be largely a mutual affair, and its localization 
in a molecule is only a convenience and not a necessity. 
When we expand the collection of molecules to density D in 
such a way that each always attracts its six nearest neigh- 
bours through the electrization, the mutual potential energy 
per molecule is proportional to —e?s?/(m/D) and may be 
written —27re’s?/3(m/D). If the total potential energy is 
—2e*/3(m/D)s, then the internal or self-energy is 

me (E) = Ds Lyra a ey 
3 m m 

Thus, then, for any density p we divide the potential energy 
per molecule up into two parts, the mutual —2zre’s’/3(m/p), 
and the internal —27e?{(p/m)!/—s*(p/m)}/3. At absolute 
zero this scheme makes the internal energy nil, the whole 
potential energy being mutual of amount —27e’s*/3(m/Pp)- 
The total electrostatic energy — 27¢?(p/m)1/?/3 does not appear 
in the equation of the virial or in the corresponding charac- 
teristic equation of gases, liquids, and solids, wherein the 
mutual relations of moleculesare discussed. In these charac- 
teristic equations the mutual potential energy —2z7e*s*p/3m 
appears by itself or in association with other expressions for 
mutual potential energy during molecular collisions. The 
discovery of Mills may be stated as the following principle:— 
The total potential energy of a number of like molecules is the 
same as if each caused its own domain to be uniformly electrized 
with an electric moment proportional to the linear dimension of 
the domain, the direction of electrization being such that wm 
general any molecule attracts its six immediate neighbours. 
Once again we are face to face with the difficulty in a gas of 
satisfying the condition that a molecule and its six immediate 
neighbours may have their electric axes related as in figs. 2 
and 8. We seem to be led to the conclusion that in the 
molecules of a gas the electric axes change their direction 
with sufficient rapidity and in such a manner that as nearly 
as possible each molecule is attracting its six immediate 
neighbours. Thus we can apply fig. 3 to a gas, each of the 
four-sided regions corresponding with a six-faced region of 
space forming the domain of a gaseous molecule, the molecule 
being centrally situated. In this way then we trace cohesion 
in a gas to electric polarity, avoiding the difficulty of re- 
pulsions by the consideration that under a sort of mutual 
induction between neighbours and in accordance with the 
principle of minimum potential energy the polarities of 
neighbour molecules are related to one another according to 
the scheme of figs. 2 and 3. The same explanation applies 
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to the case of liquids and solids with only this difference, that — 
the electric axis of a molecule may not change its position in 
the molecule so frequently through a large angle as in the 
case of a gas where the free motion causes numerous and 
rapid changes of neighbours. 

In the further development of this conception interest 
centres round the laws of es, the electric moment of a mole- 
cule. These have been investigated in several of my Phil. 
Mag. papers on molecular attraction. Ina broad way we 
can divide chemical compounds into two classes, those which 
are ionized in solution and those which are not. To the 
former belong the great majority of organic compounds and 
the compounds of the non-metals with one another. Typical 
of the latter are the salts of the metals. In both classes of 
compounds es for a molecule can be derived from values of es 
belonging to each atom. In those compounds which are not 
ionized in solution there is an approximation to the following 
simple rule, that in each atom es is proportional to the volume 
of the atom, and therefore that es for the molecule is pro- 
portional to the volume of the molecule. But as es divided 
by the volume of the molecule gives the intensity of electri- 
zation or the electric polarization per unit area, we have the 
simple approximate result that in this class of compounds 
the intensity of the electrization of molecules is an absolute 
constant. This result shows that for a detailed investigation 
of the structure of atoms, especially in connexion with the 
electron theory of matter, it will be necessary to carry out 
more extended studies of es or of (M*l)!?, as a proportional 
quantity is denoted in some of my papers. 

Summary. 

The electric polarity of molecule or atom may be repre- 
sented as caused in two ways, either by the separation of 
two electrons e of opposite sign through a distance s giving an 
electron pair or bipole of moment es, or by considering the 
molecule or atom to be uniformly or variably electrized so 
as to have a total electric moment es. In the same way, the 
Harth as regards external magnetic effects may be treated 
either as a uniformly magnetized sphere or as a pair of - 
opposite magnetic poles near the centre and having a mag- 
netic moment equal to that of the Harth. At present we 
may regard the atom as electrized in both ways to account 
for the electron of electroiysis and for the electron structure 
of matter. Doubtless the two ways are but different aspects 
of one phenomenon, and for many purposes we can regard 
the resultant electric polarity of an atom as being due purely 
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to its electrization. As each atom is equivalent to an in- 
finitely short bipole of equal moment at its centre, the law 
becomes rigorous that one atom acts on any other with a 
force inversely proportional to the fourth power of the dis- 
tance between their centres. If the relative directions of 
the two electric axes of two atoms are random, repulsion 
will occur as frequently as attraction. This is the great 
difficulty in accounting for cohesion by means of electric 
polarity of atoms and molecules, especially in the case of 
gases in which the kinetic theory has made random distri- 
bution the ideal of generality. It was previously pointed 
out that as the attractive forces tend to increase themselves, 
while the repulsive tend by their own action to diminish 
themselves, there must be a tendency even in a random dis- 
tribution of polarities for the attractive forces to prepon- 
derate. But it is now suggested that the electrization of 
neighbour molecules is not randomly directed, but is so 
directed that an atom is attracted by each of its six nearest 
neighbours. ‘This satisfies the main condition for minimum 
electric potential energy in a set of moving molecules whose 
axes of electrization are free from constraint except that of 
being translated with the molecule. Beyond the range of 
the six nearest neighbours the attractions and repulsions of a 
molecule tend to become more nearly equal and opposite the 
ereater the distance. Thus we have a range of force which 
is actually infinite but is effectively an attraction reaching 
only the six nearest neighbours of a molecule. The effective 
range of molecular attraction is the distance between a mole- 
cule and its immediate neighbours. This principle is verified 
by the fact that dielectric capacity does not appear in values 
of cohesion. Although in a small group of molecules, say a 
molecule and its six nearest neighbours, there is at any instant 
a prevailing direction of electrization, this varies with time, 
and at a given instant of time varies gradually from one 
group to the next, so that throughout a large number of 
molecules the directions of electrization are as many as if 
distributed at random. The electrostatic energy N per unit 
volume of a collection of such molecules of mass m and 
density po in contact at absolute zero is —27e?/3(m/py)4, 
and the energy per molecule is —27re?/2(m/p9)"*, the dielectric 
capacity K not appearing. But Mills has discovered that 
the internal latent heat of evaporation of a liquid being L—E 
at any temperature at which the densities of liquid and 
saturated vapour are p=d and p=D, (L—E)/(d'?—D"%) is 
independent of temperature. Thiscan be accounted for most 
readily by generalizing this last formula and making the 
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total electrostatic energy of a molecule at any density p 
equal to — 2z7re”/3(m/p)*?. But according to the law of the 
inverse fourth power the mutual potential energy of the 
attracting molecules is —2z7’s?/3(m/p) per molecule. It 
appears then that —2zre?{(m/p)?° —s*}/3(m/p) must be in- 
ternal electrostatic energy per molecule. The total electro- 
static energy of a number of molecules is of the same form 
as that of equal numbers of positive and negative electric 
charges uniformly mixed as in the ions of an electrolytic solu- 
tion. Thus an hypothesis advanced years ago by Fessenden 
in America seems, when suitably interpreted, to be justified 
by the discovery of Mills made also in America, though both 
ignored fundamental physical difficulties in obtaining their - 
results. To account for the facts it is proposed to look upon 
atoms as electrized, just as we speak of a magnet as being 
magnetized. But an electrized molecule causes the whole 
of its domain to be electrized as if for a given chemical sub- 
stance each molecule possessed an invariable amount of 
positive electricity and an equal amount of negative, and as 
if these amounts were uniformly distributed through the 
domain of the molecule, whether its state is gaseous, liquid, 
or solid. This statement applies only to considerations re- 
specting the total potential energy of molecules. In other 
words, as regards total energy each molecule behaves as if 
it had an electric moment proportional to the linear dimensions 
of its domain, whereas in the matter of mutual energy each 
molecule has an electric moment of amount es investigated in 
connexion with the laws of molecular attraction. 

Melbourne, Feb. 1909. 

LXI. A Note on the Production of Steady Electric Oscillations 
in Closed Circuits and a Method of Testing Radiotelegraphic 
Receivers. By J. A. Fuemine, 1.A., D.Sc., F.RS., and 
G. B. Dyxs, B.Sc.* 

shal testing radiotelegraphic detectors the difficulty is 
generally to obtain facilities for working in actual 

stations and at various distances. Thus, if an inventor 
desires to know whether an improvement which he has made 
in oscillation detectors is an advance on anything yet done, 
he must be able to test this receiver at a station in corre- 
spondence with others at various and at considerable distances, 
and even then quantitative measurements are difficult, or 
impossible, to obtain on account of the continually varying 
atmospheric conditions which, as is well known, introduce 

* Communicated by the Physical Society: read March 26, 1909. 
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an element of difficulty in connexion with long-distance radio- 
telegraphy, or else on account of the limited or continually 
changing distance between the sending and receiving station. 

The first-named author of this paper has therefore been 
seeking for some years past for a method of testing receivers 
within ver y moderate distances which can afford all the 
advantages to be obtained by working over long distances 
without any of the disadvantages. 

This has now been achieved by the use of closed electric 
circuits or magnetic oscillators instead of electric oscillators. 
In a paper read before the Physical Society on October 25th, 
1907 (see Phil. Mag. Dec. 1907 or Proc. Phys. Soe. Lond. 
wale xxi. p. 47), “ On Magnetic Oscillators as Radiators in 
Wireless Telegraphy,” by J. A. Fleming, the author gave two 
formule : one for the radiation in watts from a linear oscillator 
of the Hertzian type of length /, and the other from a square 
closed circuit of area S, on the assumption that the osciliations 
were persistent oscillations having a root-mean square value 
a anda frequency N. These formule were as follows :— 

W =87 x 10-*°?a?N? (for the open or eleetric oscillator). 
W= 4x 10-8S8?a?N* (for the closed or magnetic oscillator). 

In the above formule W stands for the radiation in watts, 
1 for the length of the linear oscillator, and 8 for the area of 
the closed or magnetic oscillator. 

These formule show that in the case of the open or 
electric oscillator the power radiated varies as the square of 
the current-strength and as the square of the frequency, 
whereas in the case of the closed or magnetic oscillator it 
varies as the square of the current, but as the fourth power 
of the frequency. Hence, for any such frequencies as are 
used in radiotelegraphy and for such dimensions as are 
generally possible, an open or linear oscillator has much 
greater radiative power than a closed oscillator of about the 
same linear dimensions. Accordingly, if two closed-circuit 
oscillators are placed at a certain distance apart and oscil- 
lations set up in one of them, and the other one used as a 
receiving-circuit, the current in the receiving-circuit can be 
made extremely ‘feeble when the oscillators are separated by 
not more than a few hundred yards, and we can avail our- 
selves of such a means to provide what is the equivalent to 
two radiotelegraphic stations with open or linear oscillators 
separated by many hundreds of miles. The convenience, 
therefore, of the closed or magnetic oscillator is very g arent 
because it is possible to set up in an ordinary building, "sueh 
as a College or Technical Institution, two square circuits; 

= 

both under cover and within a peteananle distance of each 
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other, which can be equivalent to two radiotelegraphic 
stations separated by several hundred miles. 

In order to supply the necessary conditions for quantitative 
work, one of these closed circuits must be made the seat of 
perfectly constant oscillations, damped or undamped, by 
preference damped oscillations. The appliances which have 
now been in use in the radiotelegraphic research Laboratory 
at University College, London, for many years past for this 
purpose are as follows :— 

The source of electromotive force may be an induction-coil 
or transformer. If a transformer, it must then be operated 
by a current from some supply circuit or from an alternator. 
Jf an induction-coil, it is preferably operated by large 
secondary cells, the primary current being interrupted by 
some good form of mercury coal-gas brake. We have used 
for this purpose with great advantage the Béclére mercury 
coal-gas brake, in which a jet of mercury is raised by a rotary 
pump and squirted against the copper plate in an atmosphere 
of coal-gas. The mercury brakes that are generally sold 
for use with paraffin oil as the insulating medium for the 
mercury, are very messy in use and give great trouble by 
necessitating constant purification of the mercury and are 
by no means constant in action. Any mercury turbine 
brake, however, can be converted into a coal-gas brake 
by making the vessel gas-tight and employing, instead of 
paraffin oil, an atmosphere of coal-gas supplied from a small 
rubber bag under slight pressure. We have also used with 
even greater advantage for some time a mercury turbine 
brake by Schall, thus converted into a coal-gas brake which 
will work for hours at a time for many months without the 
slightest attention. The next element in the oscillatory 
circuit is the spark-gap. To obtain perfectly constant 
results, it is necessary to cause a jet of air to impinge upon 
the spark-gap to destroy the arcing which otherwise would 
take place, and, as shown in another paper, the result of this 
air-blast is to remove the causes of the irregularity in the 
discharge current (see the following paper on ‘‘ The Hffect of 
an Air-Blast upon the Spark-Discharge of a Condenser charged 
by an Induction-Coil or Transformer,” by J. A. Fleming and 
H. W. Richardson). , 

It is also desirable to enclose the spark-balls in a cast-iron 
chamber for silencing purposes. 

The form of spark-gap therefore used by the authors consists 
of a cast-iron chamber S (see fig. 1) closed by a lid witha glazed 
peephole in it, the distance of the spark-balls being adjustable 
by ascrew, and a glass jet J being arranged so as to cause a 
steady jet of air fromasmall Lennox blower under a pressure 
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of 16 to 20 inches of water, to impinge upon the spark-gap. 
An aperture is left in the cast-iron chamber, through which 
this air escapes. By using a small spark-gap not more than 

Fig. 1.—Transmitting Circuits. 

3 mm. in length, and a suitable pressure of air, it is possible 
to maintain oscillations of great constancy in a circuit which 
includes the spark-gap S, a suitable condenser C,, and the 
closed cireuit L, which constitutes the radiator. The radiator 
is preferably made by winding 8 or 10 turns of stranded 
insulated wire upon a square wooden frame, which may be 
anything from 2 feet to 8 or 10 feet in side. The condenser 
may be an ordinary leyden-jar, or preferably an oil-con- 
denser consisting of metal plates placed in anhydrous paraffin 
oil. The high-frequency capacity of this condenser can then 
be measured accurately, and also the inductance of the 
radiative circuit and the frequency of the sparks can be 
ascertained by a spark-counter, as described previously by 
one of us. The mean-square value of the current in the 
oscillatory circuit can be determined by a hot-wire or thernio- 
electric ammeter inserted in it, or in a circuit M inductively 
coupled to it, and it will be found that if the above arrange- 
ments are adopted, the mean square value of the discharge 
current in the oscillatory circuit can be kept extremely constant 
for hours together. Signals can also be automatically sent 
by interrupting the primary circuit of the transformer or 
induction-coil by a key operated by a punched tape. In 

Phil. Mag: 8. 6. Vol. 17. No. 101. May 1909. 22 
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this manner, a succession of Morse signals may be sent, or 
long and short signals of any kind for the purpose of testing 
the transmission of any particular words or letters. If the 
spark-chamber is made of thick cast-iron the apparatus will be 
nearly noiseless, and may therefore be set up in a Laboratory 
without disturbing other workers, which is not the case when 
an open oscillatory spark is employed. At a distance, say of 
50 to 150 feet or more, another square circuit may be set up 
consisting of a similar square coil of insulated wire L, (see 
fig. 2) and a condenser C., which is preferably a condenser of 

Fig. 2.—Receiving Circuits, 

variable capacity for tuning purposes. A convenient form is 
one consisting of fixed semicircular plates and a number of 
movable semicircular plates fixed on a shaft, which can be 
rotated, so as to bring the second set of plates more or less in 
between the first set, the vessel being filled with a highly 
insulating oil. ‘Two of such closed oscillatory circuits can be 
‘set up ata distance, say of 50, 100, or 200 feet within a large 
building, and even the interposition of brick walls makes no 
difference, provided they do not contain metal girders. . 

To test, then, a radiotelegraphic detector of any kind, it is 
necessary to be certain that the detector per se, when un- 
connected to the oscillatory receiving-cireuit, is not directly 
affected by the spark at the distance at which the sending and 
receiving circuits are set up; but this can easily be done, and 
then any particular type of oscillation-detector, D (see fig. 2), 
whether of the current actuated type or the potential actuated 
type, can be tested as to sensibility by inserting it, either in 
series with the condenser of the receiving-circuit, or in parallel 
with the condenser of the receiving circuit. The detector D 
is associated with a telephone T and a battery B shunted by 
resistance Ras usual. ‘The use of the closed circuits has this 
great advantage, that being directive radiators and absorbers, 
it is possible, by a displacement of the planes of the magnetic 
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oscillators with reference to one another, to obtain a quantita- 
tive measure of the sensibility of any given oscillation-detector. 
Thus, for instance, it is generally possible, but not always, to 
find a position for the closed circuit of the receiver, such that at 
a certain distance no effect can be detected in that receiving 
circuit by any oscillation-detector, however sensitive. We 
may then call this the zero position. If the receiving 
circuit is moved out of the zero position by turning it 
through a certain angle round any axis, it will begin to be 
affected by the distant transmitting circuit, and a quantitative 
measure of any oscillation-detector can be obtained by noting 
the angle through which the receiving circuit must be 
turned, so that good audible signals may just be obtained. 
Whether the action of the sending on the receiving circuit is 
due to true electromagnetic radiation or to ordinary electro- 
magnetic induction seems immaterial. The result in either case 
is that the receiving circuit is the seat of feeble electrical oscil- 
lations and the oscillation detector has to detect these if it can. 

Another method is to maintain the receiving-circuit in its 
position of maximum effect, but to upset the tuning of the re- 
celving-circuit by varying the capacity of the condenser or the 
inductance of the circuit. This varies the mean-square value 
of the received current and from the resonance-curve enables 
us to get the measure of the current or potential-difference 
which the particular oscillation-detector under test will just not 
detect. The authors have been employing arrangements of this 
kind very successfully for a long time past in investigations 
connected with improvements in the Fleming oscillation-valve. 

It has been found convenient to denote the relative telegra- 
phic value of detectors by stating the angle in degrees through 
which the receiving-coil has to be rotated from the zero position 
that good audible signals can be obtained on the telephone. If 
a note is made of the value in amperes or milliamperes of the 
current in the closed transmitting-circuit, this can always be 
recovered, and if the spark-length and spark-frequency are the 
same, we can always be sure that the sending circuit is in a 
constant and similar condition when comparative testsare made. 

The closed receiving-coil is conveniently made by winding 
silk-covered copper wire, No. 16 8.W.G., on a square 
mahogany frame, which can be revolved on pivots carried 
on a baseboard which can itself be set at any required angle 
(see fig. 3, p. 676). A divided circle and pointer attached to 
the frame serve to show the angle through which the frame 
is rotated. In general appearance it resembles an instrument 
used in Physical Laboratories under the name of an earth- 
inductor, for obtaining small induced currents by means of the 
rotation of a coil in the terrestrial magnetic field. 

2242 
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If a closed transmitting-circuit is set up at a distance, 
then it is generally possible to find a position for the 

Fig. 3.—Radiotelegraphic Detector Tester. 

recelving-coil, such that it will not detect any signals when 
coupled with a condenser and tuned and associated with a 
highly sensitive receiver. On turning the coil through a 
certain angle the signals will be heard. Ifa very sensitive 
oscillation-detector is employed, then there may be no position 
of absolutely null reception, but there will be a position of | 
minimum reception. Thus, for instance, in a certain case, 
with a coil used at the Pender Electrical Laboratory, some 
Fleming oscillation-valves of a new type were found to be so 
sensitive to oscillations, that no position in which the receivin e- 
circuit could be placed was so completely a position of zero 
mutual induction that these valves, when used with a tele- 
phone, gave no signals from a tuned transmitter. Such 
valves were called zero valves. Others, on the contrary, 
could not detect signals until the coil had been turned through 
5°, 10°, or 20° from the zero or minimum position. A 
magnetic detector inserted in series with the coil could not 
‘detect the signals from the transmitter until the coil was 
turned through 15°. An electrolytic detector of a particular 
make required a rotation of 40°, and a carborundum detector 
required 45° rotation of the coil to give audible signals on 
the telephone. These measurements are not given as 
absolute and final measurements of the relative sensibility 
of all magnetic, electrolytic, or crystal detectors, but merely 
as examples of the ease with which the sensibility of these 
special samples of receivers could be tested for order of 
sensibility. The instrument has proved of great use in a 
research peing conducted now in connexion with improye- 
ments in ;onized gas radiotelegraphic detectors. 
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LX. The Effect of an Air-Blast upon the Spark Discharge oj 
a Condenser charged by an Induction Coil or Transformer. 
By J. A. Fuemine, J0.A4., D.Se., FLR.S., Professor of 
Electrical Engineering in University College, London, and 
H. W. Ricuarpson, B.Sce.*. 

47 HEN the oscillatory discharge of a condenser is caused 
to take place across a spark-gap in the usual manner 

by charging the condenser by means of an induction-coil or 
transformer, the intermittent spark which takes place be- 
tween the spark-balls is a complex effect. It consists partly 
of the true oscillatory discharge of the condenser and partly 
of an electric are, unidirectional or alternating, which is 
superimposed on the true condenser oscillatory spark. If a 
hot-wire ammeter or other means of measuring the effective 
or mean-square value of the discharge current is inserted in 
the condenser circuit, this current will generally be found 
to be irregular, and if a radiative circuit is coupled to the 
condenser circuit as in radiotelegraphy, the radiation from it 
will be found to consist of trains of waves whose initial 
amplitude is also variable. This irregularity is a source of 
difficulty in making radiotelegraphic or laboratory measure- 
ments of current, decrement, wave-length, &., when origi- 
nated by condenser discharges. The reason is that the 
moment the condenser begins to discharge, and the first 
so-called pilot spark takes place between the balls, the 
resistance of the spark-gap falls, and an are discharge from 
the induction-coil or transformer commences across the gap. 
Until this arc is extinguished the condenser cannot again 
become charged to any high voltage, and the voltage to which 
it is charged will depend upon the state in which the ball 
surfaces are left as regards temperature and smoothness, 
since these are factors in determining the spark potential, 
and also on the condition of the air-space as regards coaduc- 
tivity. Accordingly, to produce a uniform oscillatory dis- 
charge this true arc-discharge must be either prevented or 
arrested at once, and the spark between the balls should arise 
wholly from energy which comes out of the condenser, and 
not from energy coming directly from the transformer or 
coil. When moderate power is being empioyed this arc- 
discharge can be best annulled by a blast of air thrown on 
the spark-gap. This has the effect of blowing away the are, 
but does not stop the condenser oscillatory discharge. For 
a long time past the utility of this air-blast in connexion 

* Communicated by the Physical Society: read March 26, 1909. 
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with practical radiotelegraphy has been noted by one of 
us (J. A. Fleming), but its use in purely scientific mea- 
surements is an advantage, as shown in the following 
paper. 

If a large induction-coil has its secondary terminals con- 
nected to a pair of spark-balls, or to the outside pair of a 
series of balls, so arranged that each gap is not more than a 
millimetre in width, and if a condenser having a capacity say 
of 0:005 mfd. is connected across the outer balls, then when 
the coil is in action intermittent sparks pass at the gap. If 
these sparks are examined ina revolving mirror or photo- 
graphed on a moving plate, they present themselves as bright 
images set at fairly equal distances. If a jet of air under a 
pressure of 16 or 18 inches of water is thrown on the gap by 
a glass nozzle, the images are then seen to have a ragged 
tail or aureole which is blown away from the spark, and this 
tail is generally reddish in colour and easily distinguished 
from the bright condenser spark. The tail is the image of 
the are-discharge superimposed on the oscillatory spark. To 
determine the effect of this air-blast the following experiment 
was tried. A 10-inch induction-coil had its secondary cireuit 
connected to brass spark-balls 3 cms. in diameter set with a 
gap of 1 mm., and the balls were also connected to a rectan- 
gular circuit of round copper wire, the diameter of the wire 
being 0°162 cm. and the sides of the rectangle respectively 
142-1 cms.and 34°17 cms. The ordinary or steady resistance 
of this rectangle is 0°046 ohm and its high frequency resis- 
tance to currents of a frequency of the order of 1°25 x 10° is 
0°31 ohm. The inductance of this circuit (calculated) is 
5012 cms. In series with this circuit was placed a condenser 
consisting of metal plates immersed in paraffin oil, the 
capacity of which was 0°002645 of a microfarad. 

In contiguity to the long side of the above rectangle was 
placed the bar of a Fleming Cymometer, two such instru- 
ments being used in the experiments, called respectively 
No.2 and No.3. The cymometer circuit can have two short 
fine wires of constantan each about 5 cms. long, inserted in 
it at pleasure, against one of which a bismuth-iron thermo- 
junction is attached. By passing measured small continuous 
currents through this fine wire and connecting the ends of 
the thermo-junction to a low resistance single-pivot Paul 
galvanometer, the arrangement can be calibrated as a hot- 
wire ammeter to indicate directly the mean-square value of 
the oscillations, which when passed through the fine wire 
cause a certain deflexion of the galvanometer attached to the 
ends of the thermo-junction, The other fine wire can be 
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inserted as an added resistance in the circuit of the cymo- 
meter. The cymometer consists of a circuit including a spiral 
wire having inductance L and a condenser of capacity C. 
which can be continuously varied in the same proportion, so 
that the oscillation constant (,/CL) of the circuit can be given 
any value between certain limits. The cymometer was em- 
ployed to take a resonance curve of the spark circuit by the 
usual Bjerknes-Drude method, (i.) when the spark-balls were 
not subjected to the air-blast, and (ii.) when the jet of air was 
thrown between them. 

An extremely steady jet of air for this purpose can be 
obtained by the use of a small Lennox blower, which is a fan 
driven by an electric motor taking a current of about 1 ampere 
from any electric-lamp supply circuit. The resonance curve 
is obtained by plotting the values of the root mean-square 
current (a) expressed as a fraction of the maximum current 
(A) induced in the cymometer circuit by the damped oscil- 
lations in the spark-ball circuit corresponding to various 
values of the natural frequency 7 or oscillation constant for 
any setting of the variable inductance and capacity of the 
cymometer circuit. Then, if A is the maximum value of this 
secondary current in the cymometer corresponding to a 
certain natural frequency N or oscillation constant when 
resonance between the circuits exists, and if 6, and 6, are the 
logarithmic decrements per semiperiod of the oscillations in 
the spark and cymometer circuits respectively, we have by 
Bjerknes’ formula 

8,48=D=0(1-")4/ as 
provided that such values of n are selected that n does not 
differ from N by more than say 5 per cent. If then a 
known resistance R is added to the cymometer circuit, taus 
increasing its decrement by a known amount 6,', and a fresh 
set of observations taken, another resonance curve can be 
plotted which should lie wholly outside of the first when 
their maximum ordinates of both curves are taken as unity. 
From the formula given by Bjerknes we know then that 

A? (6; +62) 6:=A,? (8, + 8,4 6,') (6: +4,'), 

where A and A, are the mean-square values of the maximum 
or resonance currents in the two cases. 

The actual observed quantity which gives us a is the 
deflexion of the needle of the galvanometer in connexion 
with the thermocouple pressed against the resistance wire 
inserted in the cymometer circuit. If there is no air-blast 
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on the balls this deflexion hardly ever remains steady, the 
needle wanders to and fro over the scale, and the observer 
can at best but take a mean reading. The result is that the 
points plotted for the resonance curve do not lie well on a 
smooth curve, and it is particularly difficult to plot the 
important part of the curve near the maximum value. ‘This 
difficulty has been experienced by other observers. Thus, 
Mr. R. A. Houstoun has recently made a series of measure- 
ments of spark resistance and decrement with spark-balls of 
various metals (see Proc. Roy. Soc. Hdin. 1908, vol. xxviii. 
p- 869, or ‘ The Electrician,’ vol. 62, p. 686) ; and be remarks 
that even with great care taken, measurements of logarithmic 
decrement of oscillation made with the same spark-gap and 
circuit do not agree well together, the resistance of the spark- 
gap appears to vary irregularly. Again, Messrs. J. H. Taylor 
and W. Duddell in some radiotelegraphic measurements made 
in 1905 (see Journ. Inst. Hlect. Eng. vol. 35, p. 321, 1905) 
also complained of the difficulty of obtaining good measure- 
ments with a spark-transmitter. These difficulties have their 
origin in the actions taking place in the spark-gap. UH, 
however, a steady blast of air at a suitable pressure is thrown 
between the spark-balls, this irregularity is greatly reduced 
provided the spark-gap is not long. The deflexion of the 
galvanometer becomes greater and much more steady, and 
accurate observation of the values of the current a corre- 
sponding to known values of n becomes much facilitated. 

With the above described arrangements a resonance curve 
can be easily taken as follows:—The jet of air from the Lennox 
blower conveyed by a rubber pipe ending on a glass nozzle 
is allowed to play between the spark-balls, and these are 
connected together by a condenser of known capacity in 
series with an inductance which has either been measured or 
predetermined. This inductance is preferably formed of 
round copper wire and may be rectangular in form, and its 
high frequency resistance and inductance can then be caleu- 
lated by known formule. 

The cymometer is then placed alongside this rectangle so 
as to have induced oscillations created in it, and by means of 
the hot-wire ammeter inserted in its circuit the mean-square 
value a of the cymometer current is taken for various 
settings of the cymometer circuit, which give it various 
assigned natural frequencies n. If A and N are the maximum 
values obtained we then calculate the value of the sum of the 
decrements of the spark and cymometer circuits from the 
Bjerknes-Drude formula given above *. Since the resonance 

* See ‘The Principles of Electric Wave Telegraphy,’ by J. A. Fleming. 
Longmans & Co., pp. 221-228. 
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curve is not symmetrical with respect to its maximum 
ordinate, the best mode of procedure is as follows :—Having 
taken a series of values of the cymometer current a without 
the extra damping resistance, and those of the current a 
when the resistance is inserted in the cymometer circuit, 
and observed the maximum values A and A, of the quantities, 
for various values of n we plot two curves, each to abscissee 
n/N, but one having ordinates a/A and the other ordinates 
a,/A,. The latter curve should lie outside the former, but 
should have the same value for its maximum ordinate, viz., 
unity. We then draw a number of horizontal lines across 
the hump of the resonance curves, as shown in fig. 1, with 

GAP S mm. 

0 0 ' 
ae a9 oo TO Me os | “oF 889 FOO FO Oe 103 “a7 GB-OS TON FO ae (03 

FREQUENCY RATIO “/y FREQUENCY PATIO "Yy FREQUENCY PATIO Ye 

Fig. 1.— Resonance Curves taken with air-blast on spark-gap. 

such ordinates that the greatest length intercepted by the 
curves is not more than 0°06 on the same scale that N is taken 
as unity. Let the half length of any such horizontal inter- 
cept be called « and the corresponding ordinate a/A be 
denoted by y, we then calculate the value of 

D= men ft 
1-7?’ 

and this gives us the value of the sum of the decrements of 
the spark and cymometer circuits. It is well to calulate D 
from several, say four or five, measurements of # and y for 
intercepts of different lengths, and then take the mean value 
for D. In the same way from the outer resonance curve we 
can calculate the value of D,. The difference between D and 
D, is the increment in the decrement due to the added 
resistance wire, and if R is its high frequency resistance and 
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if the frequency of resonance is N and the corresponding 
inductance of the cymometer is L, we should have 

D,—D =, = 4, 

as a check on the observations. 
The following details of one set of experiments will show 

the advantage gained by the use of the blower. The experi- 
ments were made with cymometer No. 2. The primary 
circuit had an inductance of 5012 cms. and a capacity of 
0002645 mfd., and was charged by a 10 in. induction-coil 
worked with a coal-gas mercury turbine break. The spark- 
balls were brass balls 3 cms. in diameter set with spark-gaps 
of length of 1, 2, and 3 mm. respectively in various experi- 
ments. The resistance added in the cymometer circuit was 
a very fine constantan wire of which the resistance was 
7-1 ohms, and a similar wire against which a thermojunction 
pressed has a resistance of 5:0 ohms. 
When the cymometer circuit was adjusted to be in 

resonance with the primary circuit the resonance frequency 
N was found to be 1:25 10° and the corresponding induc- 
tance of the cymometer was 5500 cms. Hence for the added 
resistance, we have R=7:1 x 10° o.a.s., L=5500 cms., and 
n=1:25x10%. Therefore 

R 71x 10° 

Tae eee x10 x 3500 

and for the thermojunction 
9 

£ pet = 0-0181. 
dnl 4x 1°25 x 10° x 5500 

The thermojunction ammeter having been calibrated with 
direct currents so that from the deflexions of the Paul single 
pivot galvanometer the R.M.S. value of the oscillations 
passing through the wire which gave any observed deflexion 
could be obtained, a series of observations was taken by 
varying the setting of the cymometer slowly and continuously 
when it was placed in loose inductive coupling with the 
primary circuit so as to alter its oscillation constant O= “CL, 
or the product of its inductance land capacity C, from which 
the natural frequency n of the circuit is at once obtained by 
the formula n=1/27 YW CL. At the same time the R.M.S. 
value of the current a in the cymometer was read off by the 
thermo-ammeter and the maximum value A also taken and 
the resonance frequency N. These observations then give the 
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means of calculating D or the sum of the decrements of the pri- 
mary circuit 6, and that of the cymometer 6,, this last including 
that due to the resistance of the hot-wire ammeter. A reson- 
ance curve was then drawn anda series of horizontal intercepts 
measured off near the peak of the curve, and the ordinates of 
these intercepts also read off on the curve (see fig. 1). The 
half of the length of the intercept is taken as the mean-value 

ole 

fraction of the maximum ordinate of the curve is taken as 

2 
° e a 

a/A, and from this last the function ra/ yae 
— dq 

lated and the product of these two quantities, viz., 

(—E) t/a N A?2—a? 

gives us D = 6,+6,, or the sum of the decrements of the 
primary and secondary circuits. 

The resonance curves are plotted to such a scale that 
the maximum ordinate representing A is unity, and the 
abscissa of that ordinate representing N is also taken 
as unity. 

The complete set of observations for the 1 mm. spark-gap 
when subjected to the air-blast was as follows :— 7 

, and the corresponding ordinate expressed as a 

is calcu- 

TABLE I, 

1 mm. spark-gap with air-blast. 
Resonance frequency = N = 1:25 x 10°. 

Oscillation 'Qorresponding | oe Leas pee ota 

constant of | Frequency of | °" | Ratio | SPoneins | current 20M | Ratio 
Cymometer Cymometer current |” IN. actual fre-| Resonance lds 
C2 Vom) circuit—», (22 amps quency Curve 

=) 2. a. 

4°15 1:205x10® | 0:046 | 0°96 |1:2 x10% 0-041 amps. | 348 

4-1 Loo Ore 5 097, | V-211 ,, | 0056 ., | -469 
4°05 E200. 1) a Ole 0-98 | 1-224 ,, 0:0803._,, 672 

4025 1242 ,, | O113 | 0-99 | 1238 _,, 01067 5 "886 

4-000 1:250 ,, 01195 | 1:00 | 1:250 _,, OrL195. 1-000 

3975 AZ This, O1146.) 1:01 | 1262 _,, O-107>; );, "895 

3°95 1264 ,, 01025 | 1:02 | 1:275 ,, 00865 ,, “124. 

3°925 ata 5, 0086 | 1:03 | 1-281 ,, 00656 _,, 049 

3°9 | Zee", 0-077 

3°85 | 1:295 , | 00558 
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The maximum cymometer current = A = 0°1195 ampere 
without the added resistance in circuit, and the maximum 
current with the added resistance of 7°1 ohms=A,=0°0635. 

From the above observations and curve-measurements we 
calculate the following Table IL. : 

TaBueE II. 

1 mm. spark-gap with air-blast on gap. 

Cymometer 
Current as ges Mean Value of 
per cent. of Sie - 

x. current Bee S). fii D=6,+6,. Sage |TV Rae | Ok — 
95 9°58 ‘0067 0643 

90 6°47 ‘0098 "0635 

85 5:09 ‘0126 0642 

80 4:18 "0152 "0636 

7d 3'D8 0177 "0635 

70 3°08 "0205 "0632 

Mean Value of D=:0637 

The values of D obtained from the various measurements 
of the resonance curves are seen to be in very fair agreement. 
We then calculate the value of 6, the cymometer decrement 
from the formula 

A2D8, =. A?(D+0-0258)(8, +0:0258), 
where .-A="1 195) 4A, = °0635, . D =*0637, and. henge 
6.='017 = decrement of cymometer including that due to 
the resistance of thermojunction wire. 

Hence 6,= D—6,='0637 —:017 =:0467. 

Accordingly the total high frequency resistance of the 
ANL,3; 

primary cireuit = R = “To? > where Ly, is the inductance 

=5012 cms. and N is the natural frequency=1°25 x 10°. 
Hence we have R=1:17 ohms, and since the high frequency 
copper resistance of the rectangular circuit =0°31 ohm, we 
find that the spark-gap resistance for this 1 mm. spark is 
0°86 ohm. 

Observations made with 2 mm. and 3 mm. spark-gaps with 
air-blast in each case gave results of which the final calcula- 
tions and measurements are embodied in Tables III. and IV. 
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Tasce ITI.—2 mm. spark-gap with air-blast. 

Cymometer | Mean Value of 
Current as | Oe. Fe Calculated 
per cent. of | = j— — Value of 
max. current | z Bee», N Dares 

100 a/A. A?—@ from Curve. 01 Oye 

95 9°58 | "0069 ‘0662 

90 6°47 “0010 ‘0647 

85 5:09 0127 "0647 

80 4:18 "0144 ) ‘0609 

ao | 3°58 701695 : 0605 

70 | 3°08 0192 0595 

| Mean Value = ‘0627 
/ 

Maximum Cymometer Current = A = °101 ampere. 
Maximum Cymometer Current 

when resistance is added = A, = 0:046 ampere. 

Calculated Value of 6, = -0443. 
73 4 6, = ‘0184. 

i », Of spark-gap resisistance = 0°80 ohm. 

Taste [V.—3 mm. spark-gap with air-blast. 

Cymometer 
Current as Value of Mean Sate Galoulated 

per ceat. of . ) TE eet 

max. current 2 a* 1—n/N 
100 a/A. A2—az- from Curve. D=06,+6,. 

95 9°58 ‘0063 0604 

90 6:47 0095 0615 

85 5-09 ‘0117 "0595 

80 4:18 0138 0579 

75 3°58 0161 0577 

70 3°08 | ‘0187 0577 

| Mean Value = ‘0591 

685 

Maximum Cymometer Current = A = 0°1195 ampere. 

Maximum Cymometer Current 
with added resistance = A,= 0'0652 ampere. 

Calculated Value of 6,= ‘0397. 
6,= °0194. 

of spark-gap resistance = 0°68 ohm. 
2? “2 

9 9 
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The same experiments were then repeated with the same 
spark-gap lengths but without air-blast. It was found to 
be more difficult to obtain good points for resonance curves, 
but the final results are as shown in the figures in Table V. 

10 GAP /mme GAP C mm 

COV 
ee 

GAP 3 mim 

0-7 

0-6 

0-5 5 \ 5 NY 

04 0: 

S03 8 03 
eee AP 
e S 
S01 & 0): 
oA —t- | S : 

* -97 -98 -99 1-00 [Ol 102 103 -97 -98 -99 100 I-01 102103. 97 -98 -99 1-00 I-01 I-02 103 
TREQUENCY PATIO “Ipy FREQUENCY FATIO IN FREQUENCY RATIO NV 

Fig. 2.— Resonance Curves taken without air-blast on 

To economise printing we shall write X for the quantity 
9 

an 

100 a/A, and Y for 7 ing 
of L—n/N. 

Then since the values of X and Y are the same in all cases 
they apply to each spark-length, and need not be repeated if 
it be understood that the six rows of figures correspond 
respectively to X=95, 90, 85, 80, 75, and 70 per cent. We 
accordingly compress the final results for the 1, 2,and 3 mm. 
spark-gap unblown on in one Table V. 

TaBLe V.—1, 2, and 3 mm. spark-gaps without air-blast. 

1—n/N=Z. | D=6)+6,,. 

1 mm. 2mm. 3 mm. 1 mm. 2 mm. 

0072 | -008 | -0067 | -069 0766 
‘00975 ‘01 0092 ~+|| ~+-0631 ‘0647 

‘0017 ‘0124 ‘0116 ‘0595 ‘0631 

-0141 0146 0139 | ‘0592 0612 

0164 ‘0172 0162 ‘0587 ‘0617 

0187 | -0193 0185 =| =-0576 “0595 

Mean Walitesis.cstes tee 0613 ‘0645 

nn 

spark-gap. 

and Z for the mean value 

3 mm. 

0642 

0595 

0591 

0582 

"0581 

"0570 

0593 
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The values of the maximum cymometer current in amperes 

without the resistance in its circuit (=A) and with added 

resistance (= Aj), and the calculated values of the decrements 

and spark-gap resistances are given in Table VI. 

TABLE VI. 

1, 2, and 3 mm. spark-gaps without air-blast. 

Spark- Max. Cymo- |With resis-| Primary Secondary | Spark re- 

length | meter Current |tanceadded| decrement | crement) sistance 

in mm. in amperes ==Ay. 01. On in ohms. 

=e 

ae | "0952 052 0423 019 75 

es 2202 067 0447 0198 81 

| : | ‘119 066 0383 0216 65 

If we collect together the same quantities for the spark- 
gaps when blown on we have results as in Table VII. 

Tase VII. 

1, 2, and 3 mm. spark-gaps with air-blast. 

Spark- | Max. Cymo- |With resis-| Primary | Secondary | Spark-re- 
length | meter Current \tance added! decrement decrement | sistance 

| inmm. | =A. Ae o CK Oo. in ohms. 

| 1 | ‘1195 0635 ‘0467 ‘G17 86 

| A i01 046 0443 018 -80 

| ge 4 1195 0652 0397 0194 68 
| | 

It will be seen, therefore, that when the air-blast is not 
applied the various values of D=6,+6, calculated from the 
resonance curves are more irregular and deviate more from 
the mean, this being the result of the difficulty of obtaining 
correct galvanometer readings to delineate a good resonance 
curve. 

The observations also appear to show that the air-blast has 
not much influence upon the primary decrement or upon 
the spark-resistance, or at most tends to slightly increase the 
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spark-resistance for very short sparks. The good effect of | 
the air-blast is seen best when applied to short sparks, which 
tends to show that it is of assistance in destroying the arcing 
then occurring. This arc, however, is unable to persist with 
longer gaps; that is to say, it blows itself out, and accord- 
ingly for spark-lengths of 3 mm. or upwards and when 
using an ordinary 10 in. induction-coil with mercury break as 
interruptor, the blast is of no special advantage. 

Another set of experiments was conducted, the object of 
which was to ascertain the effect of the air-blast upon multiple 
and upon very short spark-gaps. At one time some radio- 
telegraphists were of opinion that an advantage was gained 
by dividing up a spark-gap into smaller spark-gaps in series. 
To test this opinion more carefully, a series of six spark-balls 
were made, each consisting of a pair of brass balls 2 em. in 
diameter adjustable as to distance by a screw of 0°5 mm. 
pitch, having a divided head. These spark-balls were arranged 
so that they could be put in series with one another, the 
series forming the spark-gap in an oscillatory circuit havin 
an inductance of 125,000 cms. and a capacity of 0°0045 mfd. 
A number of glass jets were arranged so that an air-blast 
could be directed against each pair of spark-balls across the 
gap. In the oscillatory circuit a hot wire ammeter was 
placed, so arranged that a reading could be taken of the 
ammeter first with a single spark-gap of a definite length, 
and then with a series of 2, 3,4, 5,and 6 gaps, each adjusted 
to be equal in length, the sum of them all being equal to that 
of the single gap employed. ‘Thus, for instance, the effect 
of a single gap 0°5 mm. could be compared with that of five 
gaps in series each 0'l mm., both with the air-blast and 
without the air-blast against the gaps. As in the case of 
very short gaps, the phenomenon of multiple sparks exists ; 
that is to say, each interruption of the induction-coil in the 
primary circuit gives rise not merely to one discharge in the 
oscillatory circuit, but to a series of discharges, because a 
discharge takes place between the balls corresponding to the 
length of the spark-gap employed, and whilst the electro- 
motive force in the secondary circuit of the coil increases 
and endures, during this time many sparks may take place. 

Whether this occurs or not can be determined by means 
of a revolving mirror. If the image of an oscillatory dis- 
charge produced by an induction-coil is examined in a 
revolving mirror, then if there is only one spark correspond- 
ing to each interruption of the primary coil, a series of 
widely separated sharp images of the spark will be seen, but 
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if the phenomenon of multiple discharge is taking place, 
then the images are each seen to consist Ee 4, 5, 6, or more 
small sparks “rapidly succeeding each other. Also, if there 
is any sensible arcing at the spark- gap it is at once seen in 
the image in the revolving mirror in the form of a trail of 
light of a different colour to that of the true oscillatory 
discharge-spark. On examining the spark-discharge with 
and without the air-blast for certain short spark distances, 
the effect of the air-blast is easily detected, because it is 
seen to blow away this trail which accompanies the image of 
the spark-discharge. 

In order to avoid misinterpreting the results, it was neces- 
sary to be sure that when using say one single spark of 
0-5 mm. in length and comparing it with the effect of 5 
spark-gaps of 0-1 mm. in series, any increase in the current 
at the discharge circuit was not due to an alteration in the 
number of discharges. 

As far as could be observed this was not the case when 
sufficiently short spark-gaps were employed. 

The following Table VIII. (p. 690) embodies the results of 
the measurements. Employing single spark-gaps ranging in 
length from 0:1 mm. to 3 mm., observations were taken of 
the mean-square value of the current in the discharge circuit, 
both with and without the air-blast, and these values are 
recorded in the first two columns. [t will be seen that up 
to a certain length of gap (about 2 mm. in the case of these 
experiments) the air-blast had a very decided effect in in- 
creasing the mean-square value of the discharge current, but 
beyond that point it seems to have the effect of diminishing 
it. On the other hand, if a single gap, say of 0°2 mm., is 
broken up into two gaps in series each of 01 mm. and so on 
for the other spark-lengths, it is found that dividing the 
spark-gap into two parts also increases the discharge current 
up to about 0°8 mm., and after that the current diminishes. 
If the double air-gap is blown upon, the current is increased 
as compared with the same two gaps not blown upon, but 
is not increased as compared with a single gap blown upon. 
The same is true when the spark-gap is broken up respectively 
into 3, 4, 5, and 6 gaps. The ettect of dividing the gap up 
to a certain point is to increase the discharge current, but 
the effect of the air-blast on the multiple gaps becomes less 
and less marked in proportion as the number of gaps increases, 
so that the effect of dividing up a gap, say “06 mm., into 
five gaps of 0°12 mm. each, is to increase the dischar ge 

Phil. Mag. 8. 6. Vol. 17. No. 101. Marpasoe. aX 
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current almost as much as by subjecting the single gap of 
0-6 mm. to the air-blast. This increase appears to be due to 
the suppression of the arc-discharge, as shown by the ap- 
pearance of the images of the spark in the revolving mirror, 
and hence the arcing is suppressed by the separation of the 
gap into multiple gaps, almost as effectively as by blowing 
upon the single gap. On the other hand, separating the 
spark-gap into more than five separate gaps seems to result in 
diminishing the total discharge current beyond a certain very 
short length of spark. The figures in the table, however, do 
not show what is observed in practice, namely, the greater 
steadiness of the discharge current under the operation of 
the air-blast; and the conclusion, therefore, is that in any 
experiments in which great constancy is required in the 
discharge current in the condenser circuit, a great ad- 
vantage is obtained by using a short spark-gap, and by 
subjecting the discharge spark to an air-blast, as this 
both increases the charging voltage of the condenser and 
steadies the discharge current by abolishing the arc, which 
would otherwise take place even with an ordinary induction- 
coil. 
A similar set of experiments was tried with a larger alter- 

nating current plant and a high tension transformer, consti- 
tuting one of the wireless telegraph sets of the Radiotelegraphic 
Laboratory, University College. The alternating current 
was supplied from a 5-k.w. alternator and raised in pressure 
by a transformer discharging across a spark-gap between 
two iron balls, the spark-gap being shunted by a condenser 
in series with the primary circuit of an oscillation transformer, 
the secondary circuit of which was inserted between an 
antenna and an earth connexion, the antenna circuit being 
tuned to the condenser circuit. As no suitable hot-wire 
ammeter was available for measuring the large current in 
the condenser circuit, readings were taken by connecting 
the terminals of a hot-wire voltmeter to points on the earth- 
wire connexion of the antenna, consisting of a copper strip. 
These points being selected a few inches apart so as to give 
a convenient reading on the low reading hot-wire voltmeter. 
These readings, however, are approximately proportional to 
the currents flowing in the condenser circuit. Spark-gaps 
were then adjusted from 0°5 mm. to3 mm. in length, and 
the reading of the voltmeter taken, both when the spark-gap 
was blown upon and when it was not blown upon a by a jet 
of air. 

3A 2 
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The following table shows the readings :— 

TaBLE LX. 

Voltmeter Reading. ) 

| 
Spark Lengths, | No Air Blast. | | With Air Blast. 

| 

| 3-0 mm. | 2-4 | 27 | 
Oe ns | 2-4 27 | 
ae 1:85 2-9 | 
15 ,, 1-7 17 | 
10 Ge, 1-65 2-0 

D> a £5) 1:0 

ro * 2.0 | 2-25 
15 ,, 21 | 2-4 
0 ,, 2:05 | 2°35 
30 ., 23 | 245 

| 
; 
; | | 

The Table shows in every case an increase in the current 

circulating in the condenser circuit when the spark-gap is 
subjected to the air-blast, but does not indicate the much 

greater steadiness of the voltmeter-needle which is seen with 
the air-blast. Without the air-blast the voltage was by no 

means constant, and the readings given in the first column 

are therefore a mean reading from which the extreme readings 
may differ by 10 per cent. 

The final result of the experiments is to show that when 
using spark-gaps, 1, 2, or 3 mm. in width, in a condenser 
circuit, for the purpose of exciting oscillations, much greater 
uniformity in the discharge current can be obtained if the 
spark-gap is subjected to an air-blast as described. 

LNIII. On the Kinetic Criterion of Potential Energy. 
By C. V. Burton, D.Sc.* 

if ib a large number of cases, if not in all, energy which 
we find it justifiable and convenient to treat as 

potential is found on a closer scrutiny to be essentially 

kinetic ; and the object of this note is to supply an answer 

to the question: in what circumstances may kinetic energy 

be treated as potential ? 

* Communicated by the Author. 



Criterion of Potential Energy. 693 

2. The potential energy of a conservative dynamical 
system is sometimes defined as that portion of the total 
energy which is a function of the coordinates of the system 
only, and is independent of the rates of change of those - 
coordinates. Such a definition, however, is too inclusive, for 
in the energy-expressions of many dynamical systems there 
are terms which, although independent of the time-fluxes of 
the (working) coordinates *, do not fall into the category of 
potential energy. . 

3. Before treating the question more generally, it will be 
convenient to consider an example. Fig. 1 represents what 

Fig. 1. 

may be shortly called a governor, though we are not here 
concerned with its capacity for “governing.” The spindle 
A A is frictionlessly journalled in a fixed frame B B, and the 
only other freedom of the system corresponds to a motion of 
the block C lengthwise of the spindle, with accompanying 
motion at the pivots E, F, G. For convenience of de- 
scription, suppose the axis A A to be vertical, and as coor- 
dinates of the system take x defining the azimuth of the 
governor, and z a length measured vertically downwards 
from a fixed horizontal plane to some point of the block ©. 
Using dots over the coordinates to signify their time-fluxes, 
the kinetic energy may be expressed in the form 

1D Ge Lah at 209 OE eR Med) 
where I, the moment of inertia about A A, is a function of <, 
and M (a coefficient of the same kind as a mass) is also a 
function of <. 

4, Let the only external force acting he a vertical force Z 

* Cf, § 8 below, 



694 Dr. C. V. Burton on the Kinetic 

(measured downward) on the block C ; then the equations of 
motion are 

© (iy) =0. .. 2 

z— 2 OE_ OE 
~ dt” QZ > 

=ui43e eo . 2) 
Now 

d a PAE 1 (ly)? 

FTO consent = 5-5 I \ocaue 

aged . = aX _ % ~ = ner 

Hence, on the understanding that the differentiation with 
respect to z is to be performed with ly constant (that is, 
with no turning moment applied to the governor, as expressed 
by (2)), we may replace (3) by 

ZoMe +42 + 200). 

5. This is precisely the form which the equation of motion 
corresponding to the <-ccordinate would take if the velocity 
x were permanently zero, while the system, in place of the 
kinetic energy 3Iy*, possessed potential energy of lke 
amount. In other words, provided the angular momentum 
Ix remains constant, and so long as we confine our attention 
to the coordinate z, the energy of rotation may be treated as 
potential. The axial motion of the block C under given 
axial force (including of course the special case of free 
oscillations) will be the same as if the rotation were abolished, 
and suitable springs of negligible mass introduced; the 
equilibrium position of the governor under the action of such 
springs being approximately that shown in fig. 1. 

6. The energy of rotation of the governor considered in 
the last three paragraphs is more palpably kinetic than 
anything which we are accustomed to classify as potential 
energy; but when we come to consider the dynamical 
criterion of potential energy, we shall find that, under the 
limitations above defined, the rotational energy in question is 
as much entitled to be called potential, as are the forms more 
commonly included under that designation. 
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7. It need hardly be pointed out that the potential energy 
(energy of rotation) with which we are concerned in §§ 3-5 
may lose its potential character if the conditions of the 
motion are modified: for example, if the governor is acted 
on by forces having a moment about its axis of rotation, so 
that the angular momentum about that axis no longer remains 
constant ; or if the axis A A is allowed to change its direction 
in space. In such cases the kinetic character of the rotational 
energy must be explicitly recognized in the dynamical 
equations. . 

$. Inany conservative dynamical system let w, 6, 0,... be 
the coordinates which we employ to define the configuration 

at each instant, and let, o, 6,... stand for the time-fluxes 
of these working coordinates (as they may be called). Then 
the kinetic energy of the system as ordinarily understood 
may be expressed as a h.q.f.* of w, d, 6,..., with coefficients 
in general functions of w, ¢, 6, ..., while the potential energy 
is a function of yr, d, @,... only. As soon as we admit the 
kinetic nature of the energy which we treat as potential, we 
realize that in addition to the working coordinates w, , 9, ... 
there must be others (say) x, x’, x’,... whose time-fluxes 
X%, X > x'>... are involved in this so-called potential energy, 
and which may be distinguished as “ignored coordinates ”’f. 

9. The Lagrangian function for any conservative dyna- 
mical system is the difference of the kinetic and potential 
energies, the energy (‘@) being expressed in terms of the 
generalized velocities w, ds 0,...3; on the other hand, the 
Hamiltonian reciprocal function is the swm of the kinetic and 
potential energies, the kinetic energy being expressed in terms 
of the momenta 9@/dy, 0/d¢, ... In the first place, then, 
it is apparent that potential energy is energy expressed in 
the Hamiltonian form, in terms of momenta, not in the 
Lagrangian form, in terms of velocities. 

10. Suppose at the outset that the entire energy T is 
recognized as kinetic, and is expressed as a h.q.f. of , $, 0, ... 

and the y’s. T is then the Lagrangian function for the 
system, and the equations of motion corresponding to 
ur, p, O,... are of the type 

apfele, Ue (6) 
ele PRO 

WV, ©, ©,... being the impressed forces of types corre- 
sponding to wW, ¢, @,... respectively. 

* Here and below h.q.f. stands for “‘ homogeneous quadratic function.” 
+ Thomson (Kelvin) and Tait’s ‘Natural Philosophy, Part 1. § 319. 
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11. Following. Routh *, let us now modzfy the function T 
with respect to the coordinates y, y’,..., the modified function 
will be 

TT 2 x4— 2-4) 6 

the y’s being supposed eliminated from the right-hand of (7) 
by means of the equations 

aTiax=C, dT/di/=0%... ... « @) 
so that the C’s are the momenta corresponding to the y’s 
respectively. 

12. In a system such as we contemplate, the energy is 
made up of two parts: one a h.q.f. (€) of the velocities 

br, d, @,..., and the other (K) independent of those velo- 
cities ; that is 

T=€+K.. . 2.3) 

In this case @ is the energy which we recognize as kinetic, 
and K is that which we call potential. 

13. It is of course understood, when wW, ¢, 6,... are the 
only “working coordinates,” that the system is acted upon 
by no external forces except V, ©, ©,...; in these circum- 
stances it is shown in Kelvin and Tait that (9) will be fulfilled 
provided the x’s do not appear in the coefficients of the 
energy expression T’; and it is easy to show that (9) will not 
be fulfilled otherwise. Hence in place of (9) we may write 
the conditions 

aT/ax=0, OT/dyx'=0,.... . . (Qa) 
oa e 29 ° . e Pa) 

14. Kelvin and Tait’s analysis } relating to the ignoration 

of coordinates is therefore applicable, and we have 

CAG all.constant ; "a. (10) 

while K is a h.q.f. of the C’s. 

15. From the modified function T’ the equations of motion 

of the system may be obtained in the form 

eo yee (11) 

with similar equations for ®, ©,...; and these by a process 

* © Rigid Dynamics,’ vol. i. chap. viii. 
+ Loe. cit. 
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similar to that followed in Kelvin and Tait, _may be reduced 

to the form in which they are obtained in that treatise, 

namely, : 

Hog By + 1G5 ~39)4+ Bo Spee J 
+or{ (ON or) ¢ s+ (85 — oo) 6 ft toy (12) 

Here M, N, O,... M’, N’, O',... are best defined for our 

purpose by the relatious 

K ; 2 Pui fe 
oa (My +N¢ +08 +...) =a¢ +X, mt 

x= oe —(M'+N'f+0/6+4.. j= = =e ON | 

16. It is clear that (12) are precisely the equations of 
of motion of a system in which @ is the kinetic and K the 

potential energy, provided that for all values of tr, d, ey 

ze f(t -B) 5+ (EB )és..} a, 
zc{ (ot 2 6 ~ 90 6s. ap ri 

Or Od 08 88h 

sf -B eal -BN)es.}-o 
Let m be the number of the working coordinates yp, ¢, 6, ...: 

then since in each of the m equations (14) the coefficients of 

br, ¢, 6,... will have to vanish separately, and since wb is 
absent Frain the first equation, @ from the second, and go on, 
we obtain m(m—1) equations which must be satisfied if K is 
to be treated as the potential energy of the system. These 
conditional equations, however, are ; not all independent, but 
consist of 4m(m—1) independent equations, each occurring 
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twice ; thus the conditions sought for, in addition to (2a), are 

30 (Se — ot )= 0, re a= 0,. : 
a0. ame 

=°(59 oe)" =0,...[ | OH 

17. Special Class i. An interesting case is that in iiick 
there is but a single working coordinate, say yr; so that the 
system, regarded from our “standpoint, has only one degree 
of freedom. In this case the sole equation of motion is 

7(e")- oc , oK 

diay) ow ov 

which indicates that the energy K, due to the “ignored” 
momenta, necessarily behaves as potential energy, without 
any condition having to be satisfied beyond those expressed 
by (9a). 

18. Returning now to (7) and making use of (8) and (13), 
we see that 

= Ws.) ah 

fey sens aa wes cs CSG OS ie 

+CO(Mp+No+...)+C(Mp+N'b+...)+ 

K K _ ee ane ot - o 2 —...— Oy, Oy 

Remembering that K is a h.q.f. of C, C',..., we have 
accordingly 

7 T’=T-—2K—-—Cx,-—C'X,' — 

=@—K-—Cy,—Cy,'-..., . . . (18) 

by (9). Thus the modified function T’, from which the 
equations of motion (11) are derived, becomes identical 
with ©—K provided 

Clee --.—0; . 0 
that is, provided 

SC(My+Nd+...)=0,. . . . (19a) 

a condition which is the same as 

WSOM+¢S0N+...=0. . . . (198) 
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So long as this condition is satisfied, we may treat K as 
the potential energy of the system. | 

19. The condition (19), (19a) or (190) necessarily implies 
(14), which must in any case be fulfilled if the energy K is 
to be treated as potential; in general, however, it includes 
more than is strictly demanded. But in most of the examples 
which readily present themselves, and in which K behaves 
as potential energy, the condition in question is in fact 
satisfied. If (19d) is to hold good without any restriction 

being imposed on the velocities ab, d, ..., we shall have 

>CM=0, BONS Oe te ee 

20. The C’s being constants, itis evident that (14) will be 
satisfied provided 

>CM, SON,...are all independent of w,d6; . (21) 

which relations, though in general expressing more than the 
requisite conditions (14), impose less restriction than do (20). 

21. Special Class ii. A simple case, illustrating the con- 
dition (20), is when the M’s, N’s,... all vanish, or in other 
words when, for given values of the working ccordinates 
wr, b, 0,... the velocities X, X’,... of the ignored coor- 
dinates are determined solely by the momenta C, C’..., 
independently of the velocities , ¢, 6, .-- 

22. Special Class iii. Another simple case is when the state 
of the system, as defined by the working coordinates yy, ¢, 6,..., 

is one of continued rest. For when >, $, 0,... are all 
constantly zero, (14) are satisfied. In any system, therefore, 
for which (9 a) hold good, the energy K—due to the momenta 
of the ignored coordinates—may be treated as potential 
energy in computing what forces, corresponding to the 
working coordinates, must be applied to the system to 
maintain it “at rest.” If, however, the system is moved 
from one configuration to another, even infinitely slowly, 
although at each instant the generalized forces required to 
maintain (infinitely nearly) equilibrium will only ditfer infi- 
nitesimally from OK/Ow, 9K/dd,... yet the time-integrals 
of the forces in question will in general be finitely different 
from those of QK/dW, OK/O¢,... unless (20), or failing 
that (21), or in any case unless (14) are satisfied. 

23. Though the rotational energy of the governor repre- 
sented in fig. 1 can no longer be treated as potential when 
the frame BB is permitted to turn without restriction of 
direction, it iseasy to devise a pair of governors carried by a 
single frame, and so connected or so set in motion that their 



700 Dr. C. V. Burton on the Kinetic 

energy of rotation may properly be treated as potential 
energy. In fig. 2 let B be a rigid frame, and let there be 

2. Fi IQ 

two equal and similar governors journalled in this frame, so 
as to be capable of rotation about a common (geometrical) 
axis. The construction of the governors ACEFGH, 
A'C'H'E'G!H! is essentially similar to that of the governor 
shown in fig. 1, like letters indicating like parts. Hach 
governor, however, has four arms (instead of only two), 
each carrying a ball, and all symmetrically arranged about 
the axis AA. The rotatable system which constitutes the 
governor proper has of course moments of inertia which vary 
according to the inclination of the arms EK H; but the axis 
A A is always a principal axis of inertia, and the moment of 
inertia is the same about all axes which intersect A A perpen- 
dicularly at a given point. This condition has to be fulfilled 
in order that the angular coordinates y, y! (defining the 
integral angular rotations of the governors relatively to the 
frame) may not appear in the coefficients of the expression 

for the kinetic energy of the system. 
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24. The collar K can partake of the axial motion of the 
block C, as the latter slides lengthwise of the axis A A; K is 
incapable of rotating with respect to the frame B, but is so 
connected to C as not to interfere with C’s rotation. The 
parts in the second governor are indicated by accented letters, 
and are in all respects equal and similar to those in the first 
governor. The guides QQ are integral with the frame B 
on the one hand, and with the inner frame R on the other 
hand, and upon these guides the blocks P P can slide without 
rotation. The pieces P K P’K’ are connected up as shown 
by the four links MMM'M’, which are equivalent to a 
jointed parallelogram. For the present we leave out of 
consideration the mitre-gears SST’, to which reference 
will be made later. 

25. It is evident that, in addition to any freedom of motion 
which the frame B may have, and exclusive of the rotational 
motions of the governors, the system made up of the two 
governors and the parallelogram linkwork has one degree of 
freedom, corresponding to a motion of each of the blocks P P 
(say) towards the centre of the framework, with simultaneous 
motion of K K' away from the centre, and increase of the 
angle @ which the arm E H makes with the axis A A’. This 
angle @ may conveniently be taken as the coordinate corre- 
sponding to the freedom just defined. For the remainine 
coordinates of the system we may take «, y, z, the Oise 
coordinates of the centroid, and three angular coordinates 
defining the orientation of the frame B, together with the 
angles x, x’ (measured from a standard confi guration) through 
which the respective governors E H G, E'H’G’ have turned 
with respect to the frame B. 

26. Let the system, with the exception of the rotatable 
governors, have the moment of inertia [, about the axis A A’ : 
and at any instant (¢) let the frame B be turning about the 
axis A A’ with angular velocity #,. Let I, be the moment of 
inertia of the whole system including the governors about the 
axis QQ; and @, the angular velocity of the frame B about 
the instantaneous axis QQ; I;, 3; being the corresponding 
quantities referred to an axis through the centroid of the 
system perpendicular to the plane of fig. 2. If M is the 
mass of the entire system, and # the moment of inertia of 
either governor about its mechanical axis, the kinetic eneroy 
may be written ey 

THM? +97 + 2) +hho?+ 3107+) 1,024 11,8 

beh (ME teh BR treo). Uocies beri: lds (22) 
27. Here I, is a quantity of the same nature as a moment 
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of inertia, and it is to be understood that @1, @), 3 are to be 
replaced by their values in terms of the time-fluxes of the 
angular ‘coordinates of the system. Of the coefficients, 
M and I, alone are constants, I,, I;, Ip, and # being functions 
of @. In the absence of any external forces acting on the 
system, Tis the Lagrangian function, which we proceed to 
modify with respect to the coordinates x, x’. The angular 
momenta of the governors about their axis are 

aMDK Hk +00)=C (ard y (28) 
OT/OX =X +o)=C ,, 3” 

Thus 

en LA ire Os 
x= Tia ee x Tae a 5 = 4 . 4 (24), 

The modifted Lagrangian function is thus 

T’=T—Cy—C’y’ 
=4M(4?+9? + 2°)+41,0 441,02 + 1,07 +41)6 

os ace 1C* —C (:-@) -C'(5 —a); oo ay i i 
i es 

T=1M(2+9?4+ 2) +110? + 41,02 + 31,0, + 31,0 

EBS, Oh? ‘ 
2 jt 5) } = (C + C )@). ° . ° . . (25) 

28. Since the rotatable governors are acted upon by no 
forces having a moment about the axes AA or A’A’, and 
since the coordinates y, x’ do not appear in the coefficients 
of the expression T, the whole kinetic energy may be divided 
into two parts: one (to be, called @) being a h.q.f. of the 
velocities #, YJ, 2, @1, @2, @3, 0, aud the other (to be called K) 
being a function of the coordinate @, and involving besides 
only the constant momenta C,C’. (25) may in fact be 
written 

T=9—K+(C4+C)o,; - . . . ieee 

and we shall accordingly be able to treat the rotational 
energy K of the governors as potential, prowded the constant 
angular momenta C, C! are equal and opposite. 

29. Alternatively, instead of the two governors being ro- 
tatable independently of one another, we may suppose them to 
be positively connected in such a way that their rotations with 
respect to the frame B are always equal and opposite. The 
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mitre-wheels T, T’, fixed upon the spindles AA, A‘A! re- 
spectively and gearing with a mitre-wheel 8, would effect 
this result ; a fourth mitre-wheel S being introduced for the 
sake of symmetry and balance. Though the omission is not 
essential to the case now considered, it will be assumed for 
simplicity that the rotational energy of the mitre-wheels 8, S 
is relatively small enough to be left out of account. 

30. The expression for the whole kinetic energy is obtained 
from (22) by substituting —y for y'; while the momentum 
corresponding to the y-coordinate is now 

OT/OX=2kx=u ae ate toe (27) 

and the modified Lagrangian function is accordingly 
P= — 1X 

=$M iG? + y+ 2) +3 (+ 2h) o? +4 Le,? + 11,05? 
1 wu? 

+3 109 — 5 5y- : : con eee ats dak alae de : (28) 

If the momentum wu remains constant, the last term on the 
right-hand of (28) is the energy of rotation of the governors 
about their axes, with sign reversed. When uw is given, this 
term is a function of @ only, and T’, given by (28) , may 
accordingly be taken as made up of the difference of the 
kinetic and potential energies of the system. As regards 
the equations of motion corresponding to the working coor- 
dinates, the present example differs from that of § 28 in that 
the moment of inertia J, of the frame B about the axis A A! 
is now effectively increased by 2%, the sum of the moments of 
inertia of the two governors about their axes A A, A’A’. 

31. An interesting example of potential energy is furnished 
by a system of perforated solids, immersed in a frictionless 
incompressible fluid which is circulating irrotationally through 
their various apertures. Let each of the solids bein the form 
of a thin rigid wire or wires, forming a closed loop or a 
framework. Then, provided no two solids approach one 
another very closely, the component of fluid motion contri buted 
by any one of the solids is due almost exclusively to the cyclic 
constants of circulation associated with that solid, and is appre- 
ciably the same as if the remaining solids were non-existent. 
In the present case the working coordinates are any such as 
serve to define at each instant the position and orientation of 
every one of the solids, and each of the coordinates (x, x's <a) 
to be subsequently ignored is the volume of liquid which, 
starting from a definite configuration, has flowed acros§ one 
of the ideal geometrical surfaces required to close the various 
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apertures in the solids. We shall be able to treat the energy 
of the circulation-momenta as potential if certain conditions 
are satisfied which are equivalent to (9a) and (19). The 
condition (9a) (that the coordinates x shall not appear in the 
coefficients of the expression for the total kinetic energy of 
the system) is obviously realized. But (19) will only be 
consistently fulfilled when the sum of the Cy,’s for each solid 
is always zero ; the momentum C corresponding to the coor- 
dinate y being «xp where « is the cyclic constant of cireu- 
lation for the aperture in question, and p is the density of 
the liquid. / 

32. For each solid therefore there is a condition to be 
satisfied of the form 

=Kpx, =0, - + 2 

the x's being homogeneous linear functions of «; 7/, 7, @1, @2,@3, 
where @, @2, @3 are the angular velocities of the solid about 
axes instantaneously coincident with a set of rectangular axes 
moving with the solid, and w, 7, z are the Cartesian coordinates 
of the origin of those moving axes. Jor the particular solid 
under consideration, let 

ee ee 
Then (19) or (194) for that solid is equivalent to the six 

conditions 

O=Xxplz | = Xxply | = Zxp[z], 

0=Sxp[o1] =Sxpla,] =S«p[ as]. oe 
33. Let 8, S',... be geometrical surfaces invariably re- 

lated to the solid with which we are dealing, and sufficing 
to close all its apertures. Then since [z]@, [x]'x,... are the 
volumes of liquid flowing per unit time past the surfaces 
S, 8',.., owing to the velocity-component « of the body, we 
easily see that 

ES —{cos rae, |2|'= —\ cos y dS,*. -. (oan 

where v is the angle which the positively drawn normal at 
any point of the surface 8 makes with the axis of «, and so on. 
Thus the first of the conditions (31) may be written 

= . xp {cosydS=0. syle Ae dap 

34, Remembering that the xp’s measure the impulsive 
pressures which must be applied over the surfaces 8, S!,... to 
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produce the circulations «, we see that (33) amounts to this : 
that when all the impulsive pressures xp are so applied, there 
must, on the whole, be no component of impulse parallel to 
the axis of 2 (or of course to the axis of y or of 2). 

35. Similarly S«p[@,]=0, which is one of the conditions 
(31), may be put in the form 

Beer cos sdS=0,'.) 1.) 3 2 Ge) 

where ris the perpendicular distance of any point on the 
surface S from the axis about which @, is measured, and $ is 
the angle which the normal to § at the point in question 
makes with a line perpendicular both tor and to the axis 
of @, the positive direction of this latter line corresponding 
(let us suppose for definiteness) to the positive sense of the 
angular velocity @,. Now (34) expresses the condition that, 
when all the impulsive pressures xp act over the surfaces 8, 
there shall be no resultant impulsive moment about the axis 
of @,; (or of course about the axis of w, or of 3). 

36. The results obtained in $§ 31-35 may be summarized 
as follows: If in a frictionless liquid free from vortex motion 
a number of solids are immersed, each consisting of a rigid 
framework of thin wires, then the energy of the circulation- 
momenta may be treated as potential energy, provided that 
for each single solid the impulses required to initiate all the 
circulations of that solid are such as, being applied to a rigid 
body, would be in equilibrium. 

37. A dynamical system of the kind just considered may 
also be made to furnish an example of the fultilment of the 
conditions (21). With our previous stipulation as to the 
thinness of the wires of which the solids are built up, it is 
evident that (21) will be satisfied, provided only that each 
body of the system is limited to translational freedom, without 
the possibility of rotation. In thiscase, no matter what may 
be the values of the circulation-momenta, the energy due to 
those momenta may be treated as potential energy, although 
in general the translational movement of any solid will 
involve reactions against the constraints arising from what 
may be called “ want of balance ”’ of the circulation-momenta. 

38. The case of a mass of gas whose pressure is varied 
adiabatically may serve as a final example ; isothermal con- 
ditions are excluded from consideration, as in such case 
the system is not properly speaking conservative, although 
simulating a conservative system in its general dynamical 
behaviour. For simplicity let the gas be monatomic and be 
contained in a fixed cylinder, in which works a gas-tight 

Phil. Mag. 8. 6. Vol. 17. No. 101. May 1909. 3B 
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frictionless piston, both cylinder and piston being imper- 
meable to heat, and the axis of the cylinder being vertical 
with the piston uppermost. If, as a first approximation, 
we neglect the inertia of the gas in comparison with that of 
the piston, the single working coordinate is the height (z) of 
the piston above the bottom of the cylinder, the kinetic 
energy being made up of } M2? (where M is the mass of the 
piston) and the x’s, the y’s being the coordinates necessary 
for the complete specification of the distribution of gas- 
molecules when z is given. On differentiating with respect 
to the various y’s it is evident that the momenta thus obtained 
are homogeneous linear functions of the y’s, so that the y’s 
are likewise homogeneous linear functions of the momenta, 
and the whole kinetic energy is equal to $Mz? together with 
a h.q.f. of the y-momenta. The further condition which is 
sufficient to ensure that the energy of the y-momenta shall 
have the potential character is that, when these momenta are 
given, none of the y’s shall involve z (though they may and 
do involve z). Thisis consonant with the assumptions which 
we make when we propose to treat as potential energy the 
translational energy of the gas-molecules. 

39. Similar considerations are readily applied to a differ- 
ential volume-element of a gas through which sound-wayes 
are travelling. That energy of the element which we com- 
monly treat as kinetic is its energy of translational motion, 
corresponding to velocity-components @, y, 2 of its mass- 
centre: while the energy of the momenta corresponding to 
the remaining (ignored) coordinates of the gas-molecules 
which make up the element is independent of 2, y, 2, as are 
also the velocities of the ignored coordinates when the corre- 
sponding momenta have assigned values. 

LXIV. Direct Application of the Electron Theory to Induction 
Currents. By R. J. A. Barnarp, M_A., Melbourne *. 

MOVING charge of electricity in a magnetic field is 
acted on by the electromagnetic force e(vxH) in 

Gibbs’s Vector notation, where v is the velocity. Conse- 
quently, if electrons are moving about in a conductor, even 
when no current is flowing an electromagnetic force is acting 
on each electron when there is an external magnetic field. 
But since the electrons are moving in such a case impartially 
in all directions, there can be no resultant effect produced by 
these forces. Hven if a current is flowing, the resultant 

effect of the electromagnetic force will be perpendicular to 
* Communicated by the Author. 
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the conductor ; and therefore, if the electrons cannot escape 
from the conductor, no effect on the current, except the Hall 
effect, is produced in this way. But if the conductor is 
moved bodily, the motion of the positive and negative elec- 
trons so produced will cause a component electromagnetic 
force on the positive electrons to act along the conductor in 
one direction and on the negative in the opposite. These 
forces drive the positive electrons in one direction and the 
negative in the other, so that their effects add together and 
produce the induction current. 

Consider then the motion of the secondary circuit in a 
fixed field, and attend at first to the-positive electrons only. 

Let 

ds be the vector representing the element ds of the 

conductor, 

v be the vector representing the velocity of this 
element, 

do=vdt = vector distance travelled in an infinitesimal! 
time dt, 

nds = number of positive electrons in the element, 
e’ = charge of each positive electron, 
m’ = mass of each positive electron. 

The electromagnetic force on each electron is 

e’(vx H). 

The component of this along ds is 

e’(vx H). ds/ds. 

Neglecting collisions for the present, we have the accelera- 
tion of an electron ee the wire 

(v XH) . ds ; 
Pre ds 

and the velocity generated in time dt 

e! dt 
LE (vx H). ds, 

and the current generated in the time between two collisions 
is given by 

e’ 

O'ds = e'n' ds — 7. (do XH). ds 

LB 

= —"- (do x H) - ds. 

3B2 
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If x = resistance per unit length, the E.M.F. generated in 
the element 

= rds. C' 

rn e”? 
a ! dN’, 

7 

where dN’'=(do x H) . ds = number of lines of force cut by 
the element in its motion. 

Similarly, on account of the negative electrons the E.M.F. 
generated is 

Tne dN’, 
7 

undashed letters referring to negative electrons. 
e m . : é 
Now —, is very small, while and n’ and also e and é 

m : 

are of the same order of magnitude; hence the E.M.F. due to 
the effect on the negative electrons is very much greater than 
that due to the positive. (e’ may be numerically a multiple 
of e and may not be the same multiple for all positive 
electrons, but the argument will not be affected.) If, then, 
we neglect the positive electrons we have the total E.M.F. 
generated in the whole circuit 

= —"" IN , 
170 

where dN = total number of lines of force cut by the whole 
circuit in time dé. 

To take the collisions into account we proceed as in 
J.J. Thomson, *Corpuscular Theory,’ p. 53. The average 

. * . * Xr . 

time between two collisions is v where X is the mean free 

path and V the mean velocity of an electron treated as a 
gaseous molecule, and we have to replace dN by 

1dNx 
Bude V" 

We thus get, finally, 

lrneér dN 

iS 2m V dt’ 

This is the ordinary law of induction currents provided 

rnerh = 2mV. 
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lf 
S = cross-section of conductor, 

p = 7S = the specific resistance, 
n : 

number of negative electrons per cub. cm., 

mae vy =2m V/e? Xp, 

the numerical result given by Thomson, ‘ Corpuscular 
Theory,’ p. 54. 

The idea of relative motion naturally gives the same 
expression for the E.M.F. when the circuit is fixed and the 
field varying. But the force acting is no longer the electro- 
magnetic force in the ordinary understanding of the term, 
but an electric force. I will consequently show, next, that 
the equation 

dB 
curl E = i 

leads to the same numerical result as before. 
If E is the electric force at any point of the conductor, the 

acceleration of an electron along the conductor is 

é 

mds 
E . ds, 

and the E.M.F. generated in the element between collisions 

rn e 
= ae dt Be ds, 

and the total E.M.F. 

aT ie dt (z.as 
me 

a» ea {feu E.dA 
m 

ae: at {fa 
m dt 

rne,d( 

rn e , dN 

m dt ° 

The same result as for the case of the moving circuit. 



710 Mr. F. B. Pidduck on the Absorption of 

We further may note that the steps can be reversed; so 
that, if we assume the experimental fact of the dependence 
of induction currents on relative motion only, we may 
deduce the equation 

from the expression for the electromagnetic force, or, in other 
Cds sin 8 a words, from the law for the magnetic force due to 

an element of a current together with the law of action and 
reaction. 

In other words, again, the two circuital relations 

curl H = 47 C, 

dB ee | 

are deducible from one another on the electron theory solely 
by the help of the experimental facts of relative motion with 
respect to induction currents. 

curlE =- 

LXV. Note on the Absorption of Ulira-Violet Light by Dilute 
Solutions. By F. B. Prppuck, B.A., Fellow of Queen’s 
College, Oxford *. | 

i Te experiments here described originated in the 
observation of a great decrease of the electrical 

action of ultra-violet light caused by transmission through 
ordinary clear tap-water as compared with the effect after 
passage through the same thickness of distilled water. In the 
attempt to elucidate the effect, a few very dilute solutions of 
known strength were made up and the relation of absorption 
to concentration and thickness traversed, as well as the result 
of mixture, was investigated. 

The electrical connexions were made in the usual way. 
The ultra-violet light was produced by a spark between zinc. 
electrodes in a Leyden-jar discharge circuit. The light 
passed through a wire grating which formed the positive 
plate of a parallel-plate condenser, the negative plate being 
of zine and being attached to the insulated pair of quadrants 
of a Dolezalek electrometer. A force large enough to 
produce saturation was applied from a battery of lead cells, 
the negative pole of which, as well as the other pair of 
quadrants, was earthed. It was found that the electrometer 
readings were steadier when the zinc plate was allowed to 
remain some little time after cleaning, although the deflexions 
were thereby reduced. 

* Communicated by Prof. J. S. Townsend, F.R.8. 
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2. The accompanying figure shows the results of experi- 
ments on solutions of sodium chloride for varying concen- 
trations, using two thicknesses of absorbing solution. The 

Fig. 1. 
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ordinate represents the ratio of the electrometer sett to 
that produced in the same time when the light passed 
through the same thickness of PL water. The actual 
figures are given below. 

Sodium Chloride. 

Concentration Thickness Thickness 
in 10~-* normal. 15 mm. 75 mm. 

2°5 946 750 

5 795 ‘677 

10 ‘680 639 

20 pee Otc gL Ph Vacs 

25 Geigkis 580 

30 See) hea Oe 

50 531 500 

100 <i SMe CRORE Rael 2 
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The case of potassium bromide is particularly interesting 
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as a much weaker solution produces measurable increase of 
absorption. 

Potassium Bromide. 

Concentration Thickness Thickness 
in 10—® normal. 15 mm. 7:5 mm. 

5 910°. | (ieee 

TDS Oa OR ea "884 

12°5 75) 0 Pr 

2A 8 UAE Sian eee 785 

25 573 696 

OR hdl! ||) awascs 590 

50 407 505 

106 "334 342 

250 45 ON eee 

TODO MR Fo leans 199 

50,000 19. eee 

[t was not found possible to obtain consistent results with 
tap-water, different specimens giving, with 15 mm. thickness, 
absorption ratios ranging between ‘114 and ‘173. The 
approximate analysis of Oxford tap-water, as regards the 
four principal constituents, is as follows :— 

Nal atte. 2°8 parts by weight in 100,000 
MgSO, oO oil ” ” ” 

CaSO Uaer. 2°8 7 ‘ - 
CaCO, pikes 22 55 ” 9 

On making up an artificial tap-water of the above composi- 
tion, it was found that the ratio of electrometer deflexion as 
compared with distilled water was ‘674, very much higher 
than in the natural product. Before entering into the 
question of the origin of the discrepancy, it is desirable to 
indicate the relative efficacy of the constituents. The ratio 
giving the absorption for the separate constituents at the 
above strengths were 

at) 3.4) 804. 
fiecon ...... 966 
Lo 853 
CaCO, 5 NOS ONE 785 

A mixture of the first three, an artificial tap-water with 
the calcium carbonate absent, gave a ratio ‘747. The effect 
of this last constituent is therefore less in combination than 
might be inferred from its separate effect. A moment’s 
reflection will, however, show that this should be so, for the 
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source of light is composite, and it is possible and even 
probable that the wave-lengths chiefly absorbed by calcium 
carbonate are acted on by one or other of the other salts, and 
thus the addition of single extra salts is relatively ineffective. 
This phenomenon is also manifested when experiments on 
boiled and filtered tap-water are performed. The two fluids 
exhibit practically the same ratio, the original tap-water 
being in fact very slightly more transparent. 

The large difference of absorption between natural and 
made-up tap-water may be conceived as due to three causes. 
Firstly, we have the possible efficacy of small suspended 
particles or even of micro-organisms in scattering the light. 
Then there may be a difference of dissociation of the salts in 
the two cases, or the preponderating cause of the greater 
absorption of natural tap-water may be the presence of a 
large number of salts in small quantities. We have seen 
that ordinary filtration has little effect. If a specimen of tap- 
water is sterilized and then passed through a porcelain filter, 
it is found to be rendered more instead of less opaque, 
although the process of sterilization removes the carbonate of 
calcium. It is quite evident, therefore, that the first of the 
three causes of the discrepancy is not of great power. 

In order to find out the difference of dissociation, if any, 
the electrical resistances of the two fluids were found. I 
take this opportunity of describing the method employed, 
which is one that has been in use in the laboratory for some 
years, and seems free from the objections that can be urged 
against the use of the telephone. The connexions are shown 

in the accompanying figure. The electrolytic cell is provided 
with two side tubes B, C into which a platinum rod can be 
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dipped. R, 8, and T are resistance-boxes, R being large and 
the sum of S and T being always maintained constant. The 
wire which is shown connected to C can also be joined to 
Aand B. Let §,, S., 83 be the values of S when contact is 
made with A, B, and C respectively and the electrometer is 
brought to zero. Let z be the current through the electro- 
lytic cell, and j that through the boxes S and T. Then we 
have by Ohm’s law 

Ri = Sy. 

[resistance of BC] xz = (S;—S8,)/. 

Hence, resistance of BC = See 
1 

The method can be made very accurate by using about 
16 volts in the battery, as great sensitiveness is thereby 
obtained. The effect of polarization is eliminated altogether, 
and not merely reduced to a minimum, as when intermittent 
or alternate currents are employed. 

The following results for the resistances of the same 
column of the various liquids were obtained. To get the 
specific resistance the figures should. be divided by about 
160. The experiments were performed at temperature 13°C. 

Solution. Resistance in ohms. 

be ee 2°73 x 10° 
We heeds 255. kk cose 2°90 x 10° 

Artificial tap-water ......... 2°66 x 10° 
Do. without CaCO, ... 1°38 x 10° 

Distilled water used......... 2 bake 

Now it is doubtless a coincidence that the first and third 
figures should agree so nearly, but it is evident that no 
marked difference of dissociation is indicated. As regards 
the disagreement of the values for boiled tap-water and 
artificial tap-water without CaCQOs, it should be mentioned- 
that the boiling was not prolonged, as it was not desired to 
concentrate the remaining constituents more than necessary. 
Much of the carbonate may thus have remained in solution. 
We now see that the most probable cause of the superior 

absorption of real tap-water is the existence of large numbers 
of different salts in very small quantities. The more varied 
the constituents the more chance there is of covering the 
whole range of the ultra-violet spectrum, and a glance at the 
curve in fig. 1 shows that small concentrations are relatively 
very effective. Absorption is to be particularly anticipated 
if coloured salts are present. Now the pipes of the labora- 
tory water-supply are partly iron ones ; it was consequently 
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found desirable to make an experiment on an iron salt at 
great dilution. Solutions of iron alum, Fe,.880,.K,SO,. 
24 H,O, having strengths in the salt of 1 in 100,000 and 1 in 
1,000,000, were made up, and the absorption ratios were 
respectively °679 and °924. The latter solution is 1-20th the 
strength in salt of the weakest of the four principal con- 
stituents, and thus it is evident that a number of such 
impurities are quite likely to be able to bridge over the gap 
between the natural and made-up tap-water. | 

5. From the abeve it might be concluded that the absorp- 
tion of ultra-violet light might be a delicate enough test to 
distinguish between different kinds of distilled water. But I 
have been unable to detect any difference. The specimens of 
distilled water available in the laboratory gave identical 
results, within the limits of experimental error, with two 
specimens of greater purity. One of these was of conduc- 
tivity °8 x 107°, and was also sterilized. 

It need hardly be said that no mathematical formula can 
be given for the form of the curves in fig. 1. Apart from 
the fact that the non-homogeneity of the source of light 
prevents the simple exponential law of intensity from 
holding, it has keen shown by Griffith * that in any case the 
intensity of the transmitted light is not proportional to the 
electrometer deflexion. | 

During the experiments I have been much helped by the 
advice of Professor Dreyer, and he has been kind enough to 
sterilize some of the solutions. Mr. D. H. Nagel has very 
kindly furnished me with some very pure distilled water. 
Lastly, I have to offer my thanks to Professor Townsend, in 
whose laboratory the work was performed, for his encourage- 
ment and suggestions during its progress. 

LXVI. The Dissociation of Water Vapour. 
By ALFRED Hott, Junr.f 

bake years ago the author published in this Journal a 
short account of some experiments on the dissociation 

of water vapour by an incandescent platinum wire (Phil. 
Mag. 1907, p. 630). The percentage decomposition at a 
temperature of about 1000° (abs.) t was in close agreement 
with the values previously published by Nernst and Warten- 
burg (Géttingen Nachrichten, 1905), and Langmuir (Journ. 

* TI, O. Griffith, Phil. Mag., Aug. 1907. 
+ Communicated by the Author. 
t All temperatures mentioned in this paper are absolute, unless stated 

to the contrary. 
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Amer. Chem. Soc. 1906, xxviii. p. 1857), but at 2000° the 
percentage was 1/7 the amount obtained by these authors. 

The present communication contains an account of a 
repetition of the author’s previous experiments. 

It has not been found possible to determine the dissociation 
of water vapour with any accuracy for temperatures above 
1650°, as it then becomes very difficult to calculate the 
temperature of a platinum wire from its resistance. The 
author’s already published numbers for temperatures above 
this point are therefore of little value. 

The errors in the determination below 1650° arose almost 
entirely from the fact that at the time the work was being 
carried out the author did not realize that the temperature- 
resistance curve for platinum approximated to a straight line 
above 1300°, and could not be calculated from the Heycock 
and Neville formula. 

It will be seen from the following table that if the old 
temperatures are recalculated the values for the percentage 
decomposition do not greatly differ from those of other 
experimenters. The variation that remains results from a 
number of minor causes which have been corrected in the 
present research. 

Sia ty, | Beeman | or toe | eee 
: mined experimentally. | lated for new temp. 

1220° 1220° 0:00108 0-001 
1350 1318 000175 0:003 
1500 1435 0:00887 0-0102 
1540 1465 0-015 0:0158 . 
1560 1480 0:0158 0-018 | 
1630 1530 0-01842 0027 
1640 1540 0-0246 0-031 | 

Although the method adopted by the author in the present 
and the previous research resembles that of Langmuir in 
that the decomposition of the water vapour in both is brought 
about by an electrically heated platinum wire, yet it differs 
in one important feature, namely, the wire is heated in a 
known volume of vapour at low pressure until equilibrium 
is established, instead of in a current of steam at atmospheric 
pressure. ) 

The advantage of using water vapour at low pressure is 
that the amount of decomposition increases rapidly as the 
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pressure of the vapour diminishes, and as one of the experi- 
mental difficulties is the estimation of the electrolytic gas 
produced, it follows that the larger the amount the smaller 
the error in its estimation. The percentage decomposition 
was calculated for atmospheric pressure by the following 
formula :— 

wy ley 
760’ 

where D is the percentage decomposition at a water-vapour 
pressure P, and D, the decomposition at atmospheric pressure 
(760 mm.). 

The results obtained between 1220° and 1640° are in good 
agreement with those of other experimenters, and, once the 
apparatus is set up and calibrated, the experiments can be 
performed easily and with expedition. 

The apparatus is shown in fig, 1. It is essentially the 
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same as that previously described, but has various minor 
improvements in order to minimise possible errors. 
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The large glass bulb A had a capacity of 8948 c.c. at 
15° C., and was connected by a ground-glass joint to the 
bulb D, which contained distilled water and a thermometer. 
The platinum wire EF was heated by the current led in 
through the mercury leads LM, but the resistance was only 
determined for the distance GH in order to avoid the error 
due to the cooling of the ends of the wire by the thick leads. 
A thermometer was hung inside the globe A to determine 

the temperature of the vapour. 
Hach experiment was carried out as follows:—The whole 

apparatus being evacuated, the tap B was closed and the 
bulb A allowed to fill with water vapour. The tap C was 
left open until the water in D and the vapour in A had 
assumed the same temperature, and this had been noted. 
Then the tap C was closed and the wire heated to the 
required temperature until equilibrium was reached. 

The wire was then allowed to cool, and the taps B and C 
being opened, the gases in the bulb A were pumped out 
through the condenser K surrounded by a freezing-mixture 
in order to condense water vapour. 

The electrolytic gas was collected by a pump and analysed 
by explosion. 

The platinum wire EF was about 7 cms. long and 0°5 mm. 
diameter, and gave a value for 6=1'54. At the ends it was 
welded to short pieces of thick platinum which communi- 
cated with the mercury leads LM. Extremely fine platinum 
wires, which would produce hardly any cooling effect, were 
welded on to it about 2 mm. from each end at G@ and 
H, and the resistance was determined between these two 
points. 

The temperature of the wire up to 1300° was calculated 
from the resistance by the Heycock and Neville formula 

ip 
Ryoo— Ro 

be" t 

(—6=84 (399) -im0}> 
where @ is the temperature on the platinum thermometer, 
and ¢ the temperature on the air thermometer. 

But for higher temperatures, since the temperature- 
resistance curve becomes asymptotic to a straight line, the 
formula proposed by Langmuir has been employed :- - 

R: T (abs.) =344-4 5° — 247. 
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The resistance of the wire at 0° C. and 100° C. was 
determined from time to time during the course of the 
research, but it remained practically constant unless the wire 
was heated above 1670°. The irregularities in the resistance 
determination which begin about this temperature are due 
either to the volatilization of platinum, or to changes in the 
wire itself. On one occasion a wire was heated to 1760° 
for a short time and then examined, when it was found to 
have become brittle, and apparently crystalline. 

It was noticed by Langmuir that when a wire was heated 
to a very high temperature in water vapour, the amount of 
apparent decomposition (7. e. volume of electrolytic gas col- 
lected) rapidly diminished, but that if the glass surfaces 
surrounding the wire were cleaned, the decomposition at 
once increased to the normal amount. He explained this on 
the supposition that platinum was. sprayed on to the glass 
from the wire, and that it caused recombustion of the elec- 
trolytic gas. Platinum was undoubtedly deposited on the 
walls of the large bulb used by the author, but a number of 
experiments on this point showed that the amount of electro- 
lytic gas which was caused to recombine was negligible, as, 
owing to the size of the bulb, the platinum deposit did not 
get heated sufficiently to exert a strong catalytic effect. 
Practically the same values were obtained before and after 
cleaning the globe. 

The electrolytic gas resulting from the decomposition of 
the water vapour was collected and analysed in a vessel of 
the shape shown in fig. 1. 

This gas-collector is a modified form of that previously 
used by Chapman and Lidbury (J. C.8. Trans. 1902, p. 1301), 
but it is specially suitable for the estimation of small quantities 
of gas, since the volume is determined by the weight of 
mercury displaced. 

The collected gas always contained an excess of hydrogen. 
This varied considerably in amount, and did not seem to bear 
any direct relationship to the volume of electrolytic gas; 
sometimes it would be almost 30 per cent. of the total 
amount of gas, and at other times not more than 1 per cent. 
or 2 per cent. 
A number cf experiments undertaken to find the cause of 

the variations in the amount of this excess gave the following 
results :— 

(1) Moist oxygen is absorbed to a far greater extent than 
was imagined by the mercury in the fall tube of 
the pump. When the pump was working slowly, 
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or the volume of gas to be collected was very small, 
the percentage of oxygen absorbed was large, but 
if a considerable volume of gas was rapidly collected 
the percentage absorption diminished. 

(2) When the taps B and C were opened in order to pump 
off the gas and water vapour at the end of each 
experiment, the hydrogen, on account of its great 
power of diffusion compared with oxygen, passed 
rapidly through the condenser to the pump, leaving 
some of the oxygen behind condensed on the glass 
surfaces of the apparatus and dissolved in the water 
in the condenser. On carefully warming the glass 
this oxygen could be pumped out. The larger 
the amount of electrolytic gas produced the smaller 
the percentage of oxygen remaining on the glass 
surfaces. No perceptible quantity of oxygen 
was absorbed by the platinum wire, nor was 
hydrogen evolved from it when it was heated to 
incandescence. 

This excess of hydrogen was always estimated and calcu- 
lated as electrolytic gas. 

The two following tables give the author’s results. 
The first consists of experiments carried out at almost 

constant temperature, and under as similar conditions as 
possible; the second gives the values obtained at a series of 
temperatures ranging from 1233° to 1637°. 

Mean =3'776 

TABLE I. 

! 

Percentage decomposition 
Temp. abs. at 760 mm. ora saa 

1620° 0:05107 3°786 
1621 0°05421 3°808 
1620 0°04965 3°774 
1620 004686 3°749 
1620 0:05102 3°786 
1620 0:05116 3°787 
1620 0:04808 3°760 
1620 0:04605 3741 
1620 0:05014 3778 
1620 0:05057 3°780 
1620 005111 3°786 

! 
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TABLE II, 

ce Percentage decomposition | 
| ars at 760 mm. ah | = 

| 1233° 0-001087 3-768 
) 1273 0:001864 3°783 

1413 0:008366 3768 
1413 0:00906 3°803 
1464 0:01658 3°857 
1487 001612 aie 
1598 0-04992 3°849 
1598 004963 3°844 
1605 0-04719 3°802 
1611 0°04996 3°806 

1614 0:05263 3818 
1625 0:05855 3°830 
1628 005716 3°809 
1628 005628 3°803 
1633 0:05825 3°805 
1636 0°0591 3°797 
1637 0:06118 | 3810 

| Mean=3°806 

The third column in these tables contains the values for 
the equilibrium constant calculated from the percentage 
decomposition. 

Three formule have been derived thermodynamically by 
Nernst and Wartenburg for calculating this constant K. 
The first was published in the Géttingen Nachrichten in 1905, 
and in a somewhat simplified form was used by Langmuir:— 

a ee! ls eae k 
log 4 2)0 —2)' =11-51 qr +269 log so00 0:00055(T— 1000); 

neglect z compared to 1, and divide by 3, 

af 18342 peu bE 
log e=3°83 — apa i 0°88 log 7000 —0:00018(T —1000). 

T is the absolute temperature, 2 the percentage decom- 
position. The constant K has therefore the value 3°83. At 
high temperatures it is necessary to substitute for x the 
value 

x 

a 

The experimental value for K determined by Langmuir 
from this formula is 3°79, which represents a difference of 
about 7 per cent. in the amount of decomposition from that 

Phil. Mag.8.6 Vol. 17 No. 101. May 1909. 3C 
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observed by Nernst and Wartenburg, for an alteration of 0°01 
in the value of K makes 2°3 per cent. change in z. 

The author has employed the same formula in calculating 
his values for K, and obtained the mean value for all his 
experiments of 3°791, which is identical with that of 
Langmuir. 

The values in Table II. are, however, probably more correct 
than those in Table I., since they cover a temperature range 
of 400°. 

The two other formule proposed by Nernst and Warten- 
burg were published three years ago (Zeit. Physik. Chem. 
1906, li. p. 534). 

The first of these, 

ps OF 
log Se > =11:38-— md + 2°40 log is 

= A a. — 55) fb = 1000 

(2455, 1—~ 00 

gave results which, when compared with those obtained by 
their experiments, were somewhat too high at high tempera- 
ture, but were in good agreement at 1370°. 

The second formula, 

22° 25030 T 
or — AR  —_. = * — D- ———. lo 5 =11-46 gm +2 38 log 1000 
‘(2 pet \a- a) 

“+ 100 100 
—1:38 x 10-*(T— 1000) —0°685 x 10-7(T? — 10007), 

—0-00016(T—1000), 

gaye results which were too high at about 1370°, but became 
more and more in agreement with the experimentally deter- 
mined values as the temperature increased. If in both these 
formule « compared to 1 is neglected, and then the whole 
formula is divided by 3, the constant K has the value 3°79 
or 3°82; and as one of these formule gives too high results 
where the other gives too low, and vice versa, it is evident 
that if the experimental values of Nernst and Wartenburg 
are correct, the constant must lie between them. Their mean 
3°805 will be seen to be practically the same as that from 
the experiments given in Table II. 

The values obtained by Lowenstein (Zeit. Physik. Chem. 
1906, liv. p. 715) for the decomposition of water vapour at 
very high temperatures (up to 1968° abs.) are in agreement 
with the values calculated for K=3-80. 

As these experiments were performed in a totally different 
manner from those of Nernst and Wartenburg, or Langmuir, 
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they confirm 3°80 as the most probable value for the equili- 
brium constant of water vapour, hydrogen, and oxygen. 

An attempt was made to determine the lowest temperature 
at which water vapour could be decomposed by a hot platinum 
wire. 

For this purpose, the taps B and C were both opened and 
a steady stream of water vapour was drawn through the 
bulb A while the temperature of the wire was gradually 
raised. The wire was first heated to 770°, and then raised 
about 25° C., each half hour. No oxygen or hydrogen was 
collected by the pump until the temperature was between 
1023° and 1043°, when very small quantities of electrolytic 
gas (containing an excess of hydrogen) were obtained. 

At this temperature the percentage decomposition is only 
about 28x10-® per cent., so the greater quantity of the 
electrolytic gas produced would dissolve in the condensed 
water. 

The fact that it was found possible to collect gas at so low 
a temperature as 1023° shows that the decomposition of the 
water vapour must begin at a considerably lower temperature, 
probably a few degrees above that at which oxygen and 
hydrogen would combine under similar conditions. 

The University, Manchester. 

LXVIL. Condensation of the Radium Emanation. By 
_ EH. Ruruerrorp, /.R.S., Professor of Physics, University 

of Manchester*. 

UTHERFORD anpd SODDY first showed in 1903 that 
the radium emanation condensed from the gases with 

which it was mixed at a temperature of about —150° C. At 
that time only small quantities of radium preparations were 
available, so that the partial pressure of the emanation with 
the gases with which it was conveyed was exceedingly small. 
Notwithstanding the very minute quantity of emanation 
present, the temperatures of complete condensation and of 
complete volatilization were found to be sharply marked, 
and did not differ from each other by more than a few 
degrees. Some evidence was obtained that the emanation 
had a vapour-pressure like an ordinary gas. 

This property of condensation of the emanation in liquid 
air has proved invaluable in all later researches as a means of 
separating the emanation from the inactive gases with which 
it is mixed. 

* Communicated by the Author. A preliminary account of the results 
was communicated as a letter to ‘ Nature,’ Feb. 18, 1909. 
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Using large quantities of radium, Sir William Ramsay and 
Cameron observed that the emanation, condensed in a glass 
tube surrounded by liquid air, could be gradually removed by 
continuous pumping, indicating that the emanation exerted a 
sensible vapour-pressure even at that low temperature. The 
writer has found that the rate of removal of the emanation 
by pumping increases rapidly as the temperature of the 
emanation-tube approaches the temperature of complete 
volatilization ot the emanation. 

The temperature of condensation, viz. —150° C., found 
by Rutherford and Soddy corresponded to the liquefaction- 
point of the emanation under a very low pressure. If the 
emanation behaves like an ordinary gas, the temperature of 
initial condensation should rise with increase of pressure 
of the emanation. It was consequently of interest to 
examine how the condensation-point of the emanation varied 
with pressure, and to fix its boiling-point under atmospheric 
pressure. 

Special experimental methods are necessary in order to 
determine the vapour-pressure of the very small volume of 
emanation available. It has been shown in the experiments 
of the writer * that the volume of pure emanation from one 
gram of radium in equilibrium is about 0°6 cubic mm. at 
normal pressure and temperature. Thisisin good agreement 
with the calculated value, viz. 0°585 cubic mm., which has 
been deduced by Rutherford and Geiger+. In the present 
experiments, the amount of emanation, available after the 
process of purification, was equivalent to the equilibrium 
amount from 140 mgs. of radium. Taking the calculated 
volume of the emanation, this corresponds to a volume of 
pure emanation of 0°082 cubic mm. | 

In order to obtain a column of gas of several centimetres 
length at atmospheric pressure, it was consequently necessary 
to employ capillary tubes of fine bore. In the experiments 
recorded later, glass capillary tubes were employed of diameter 
varying between about 0°05 mm. and 0°15 mm. 

After purification of the emanation in the manner described 
in a previous paper t, the emanation was allowed to expand 
into a vertical glass reservoir and then compressed by raising 
the mercury into the capillary tube fixed at the top. This 
tube of length nearly 20 cms. was bent twice at right angles, 
so that the free end of length about 8 cms. was vertical and 
dipped downwards. The end of the capillary, of external 

* Phil. Mag, Aug. 1908. 
+ Proc. Roy. Soc. A. lxxxi. p. 162 (1908). 
+ Rutherford, Phil. Mag. Aug. 1908. 
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diameter about 1 mm., was immersed in liquid pentane con- 
tained in a small unsilvered Dewar cylinder. The tempe- 
rature of the bath could be varied by circulating liquid air 
through a glass U-tube placed in the liquid. The temperature 
of the bath, which was kept well stirred, was determined by 
means of a nickel-iron thermo-junction in series with a 
D’Arsonval galvanometer. The deflexions on the scale were 
calibrated by keeping one junction in a freezing-mixture and 
immersing the other successively in (1) a paste of solid 
carbon-dioxide and ether (—78°2), (2) boiling ethylene 
(—103°-5), and (3) liquid air whose percentage of oxygen 
was determined. . 

As the complete purification of the emanation is a long 
and tedious process, and it is difficult to keep it pure over a 
wide range of observations, many of the experiments were 
made with emanation of about 50 to 60 per cent. purity. The 
true volume of the emanation present was determined by 
comparing its y ray activity by means of an electroscope with 
that of a standard radium preparation, assuming that the true 
volume of the emanation from one gram of radium is 0°585 
cubic mm. The actual volume occupied by the emanation 
and impurities was measured in the capillary at atmospheric 
pressure. By comparison of the calculated with the ob- 
served volume, the percentage of impurity was determined 
and also the correction to be applied to the observed pressure 
to give the true partial pressure of the emanation. 

In the experiments on the condensation-point of the 
emanation for pressures above 5 cms., a capillary tube of 
mean diameter ‘05 mm. was used. The cross-section of the 
capillary was found to be elliptical in shape, the axes being 
‘048 mm. and -052 mm. respectively. In this capillary the 
emanation from 100 mgrs. of radium would occupy a length 
of 3:0 cms. It was found necessary to use such a fine bore 
in order to be able to cool down the end of the capillary to 
the temperature of the pentane bath and yet to keep the 
mercury column from freezing. 

The point of condensation was found in most cases to be 
well defined. At the moment of condensation a brilliant 
phosphorescent point of light due to condensed emanation 
appeared at the extreme end of the capillary. The tempe- 
rature of the pentane bath was noted at the moment the 
phosphorescent point disappeared. This corresponded to the 
temperature of initial condensation at that particular pressure 
of the emanation. 

Preliminary experiments made in this way showed that the 
condensation temperature of the emanation like that of all 
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gases rose with increase of pressure of the emanation. If the 
emanation started condensing at a particular temperature, 
lowering of the pressure at once caused a rapid volatilization 
of the condensed emanation. 
A number of experiments were made of the initial con- 

densation-point of the emanation at atmospheric pressure. 
This was found to be about — 65° C., the temperature of the 
pentane bath being measured, both by the thermo-couple and 
a pentane thermometer, and the pressure being kept constant. 
This fixes the true boiling-point of the emanation as —65° C. 
or 208° absolute. Since the emanation gives out heat, the 
temperature of the inside of the capillary was no doubt slightly 
higher than that of the pentane bath. The experiments are 
not, however, of sufficient precision to introduce small cor- 
rections of this kind. 
A number of experiments were made on the vapour-pressure 

of the emanation, using a paste of solid carbon dioxide and 
ether to give a constant temperature (—78°:2C.). As it was 
difficult to view the end of the capillary through the opaque 
paste, it was found convenient to remove rapidly the refri- 
gerant, and observe at the moment of removal whether the 
emanation was condensed in the tube. It was found in this 
way possible to fix the point of initial condensation with con- 
siderable accuracy. An increase of one per cent. in the 
pressure was sufficient to cause a transition from no conden- 
sation to well-marked condensation. 

The mean of experiments showed that the emanation com- 
menced to condense at —78°2 at a pressure of 23 cms. 
It was found that the amount of impurity with the ema- 
nation had no influence on its condensation-point when the 
true partial pressure of the emanation was deduced in 
the manner previously discussed. An interesting effect was 
noticed in these experiments. On removal of the refrigerant, 
occasionally some of the paste adhered to the capillary. The 
rapid evaporation of this caused a local lowering of the tem- 
perature sufficient to cause a marked condensation of the 
emanation at points on the tube, even though no condensation 
was observed in the tube when in the bath itself. 

The following table gives the vapour-pressure of the 
emanation at various temperatures. 

Vapour-Pressure. Temperature, 

76 cms. — 65° C. 
7QO0 PASE Os — 78 

Bie —101° 
9 13 7e 
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A number of experiments have been made at still lower 
pressures, but the results of these will be reserved for a later 
paper. The vapour-pressure curve of the emanation is 
similar in general respects to that of carbon dioxide although, 
as we have seen, the boiling-point of the emanation is some- 
what higher. 

An unexpected effect was observed in these experiments 
which is still under examination. It was found that when 
the pressure was kept constant, the emanation did not all 
condense when once the condensation had started, but a con- 
siderable raising of the pressure was necessary to produce 
complete condensation. I do not think this effect could be 
ascribed to slowness of diffusion of the emanation in the 
capillary tube. It appeared as if the emanation were not 
homogeneous and that some of the emanation condensed 
at a lower temperature than the remainder. An investi- 
gation * in conjunction with Mr. Tuomikoski has lent support 
to this point of view. Ithas been found that, on condensation 
of the emanation, the uncondensed part which is pumped off 
has on the average a slower rate of decay than the part 
condensed. A more complete determination of the vapour- 
pressure curve of the emanation is withheld until this point 
has been more completely examined. 

Hapervments with Liquefied Emanation. 

If the emanation in the capillary tube at about atmospheric 
pressure is plunged suddenly in a refrigerant well below the 
temperature of initial condensation, the emanation is condensed 
locally at several parts of the tube, probably at points where 
the glass is thinnest. The liquid emanation causes an intense 
greenish coloured phosphorescence on the walls of the tube. 
If the liquid emanation is concentrated in the bottom of the 
capillary, apart from the local phosphorescence of the glass, 
it appears practically colourless when viewed by a micro- 
scope by transmitted light. A very different effect is 
observed when the emanation is condensed in liquid air at 
the bottom of the capillary. A few seconds after the 
beginning of condensation, the emanation shows a reddish 
tinge and rapidly becomes orange-coloured. It is difficult to 
be certain whether the emanation under these conditions is in 
the liquid or solid state. The term “ liquid emanation ”’ will 
be used for convenience in describing the effects observed. 
If kept in liquid air, the condensed emanation viewed under 
its own light in a microscope retains its colour unchanged 

* A preliminary account of this work was communicated to Manch. 
Lit. and Phil, Soc. March 23, 1909 
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with time. Viewed with the naked eye, the end of the 
capillary containing the liquid at first appears rose-coloured, 
but in the course of an hour or two becomes greenish. This 
is no doubt due to the increased local phosphorescence of the 
glass, due to the radiation from the active deposit formed by 
the condensed emanation. If the emanation is volatilized its 
colour instantly disappears, showing that the colour is a 
property of the liquid or solid emanation at low temperature 
when bombarded by its own « particles. 

The extreme end of the capillary where it had been drawn 
off was conical in shape. With care, the whole of the liquid 
could be concentrated in this glass cone. This was most 
simply done by applying a pad of cotton-wool soaked in 
liquid air to the end of the capillary. The moment the 
emanation was all condensed, the capillary was plunged into 
liquid air. Under these conditions, the volume of the 
capillary oceupied by the liquid could be examined at leisure 
by a microscope. The colour of the condensed emanation 
made it comparatively easy to locate its distribution. After 
several trials, the whole of the emanation was liquefied in the 
extreme tip of the capillary and did not occupy a length of 
more than a fifth of a millimetre. Knowing the diameter 
of the capillary the volume occupied by the liquid could be 
estimated approximately. This volume was certainly not 
greater than 1:2 x 10—* cubic millimetre. 

The amount of emanation in the capillary corresponded to 
100 milligrams of radium, and was consequently equal to 
about ‘06 c.mm. Wethus see that the volume of the liquid 
emanation in liquid air was certainly not greater than 1/500 of 
the volume of the gas at normal pressure and temperature. 
Taking the emanation as a monatomic gas of atomic weight 
222,it can readily be calculated from the above data that the 
density of liquid emanation is not less than 5. No doubt ifa 
much finer capillary were used in which to condense the 
emanation, a more accurate estimate could be made. 

It has so far not been found possible to determine directly 
the density of the emanation on account of the very small 
quantity available for experiment. Its atomic weight can, 
however, be deduced with considerable confidence from 
radioactive considerations. It has recently been shown by 
Rutherford and Royds* in a decisive experiment that the 
a particle is an atom of helium. Since the atom of the 
emanation is derived from the radium atom (atomic weight 
226) by the expulsion ofan @ particle, its atomic weight should 
be 222. Theabsence of combining properties of the emanation 

* Phil. Mag. Feb. 1909. 
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indicates that it is an inert gas, and similar in that respect 
to the group of monatomic gases. Taking the view that it 
is monatomic, the emanation is the heaviest gas known with 
a density 111 times that of hydrogen. 

For purposes of comparison, the atomic weight, boiling- 
point, and density of liquid of the heavier monatomic gases 
are given below. 

Radium 
Argon. Krypton. Xenon. Emanation. 

Atomic Weights ......... 39°9 82 128 222 

Absolute Boiling-point... 86°°9 12193 163°°9 208° 

Oe) COL gn SN ko es Et a 5? 
Boiling-point ... j 

It is seen from the above table that the boiling-point of 
xenon is about a mean between that of krypton and the 
emanation. [From the increase of density of the liquid with 
atomic weight, it might reasonably be expected that the 
density of liquid emanation should be about 6—a result, as 
we have seen, not inconsistent with experiment. In a similar 
way, it is possible to form some idea of the probable critical 
pressure and temperature of the emanation. 

I desire to express my thanks to the Radium Commission 
of the Vienna Academy of Sciences for the loan of the 
radium preparation which has made this and other work on 
the emanation possible. 
ee 

LXVIII. On the Self-Demagnetizing Factor of Bar Magnets. 
By Sitvants P. Toomeson, D.Sc., F.R.S., and E. W. Moss*. 

[Plate XV. |] 

ee paper consists of three parts :—(i.) A discussion of 
the significance and definition of the self-demagnetizing 

factor of magnets in general, and of bar-magnets in particular; 
(ii.) a redetermination of the values of the self-demagnetizing 
factor for bar-magnets of circular section ; (i11.) determination 
of the values of the self-demagnetizing factor for bar-magnets 
of rectangular cross-sections of various proportions. 

Part I.—PRELIMINARY. ON THE SIGNIFICANCE AND 

DEFINITION OF THE SELF-DEMAGNETIZING F'AcTOoR. 

Between any two magnet-poles, whether they are regarded 
as points, or as regions over which there is a surface- 
distribution of magnetism, there are magnetic forces. In 

* Communicated by the Physical Society: read February 26, 1909. 



730 =Dr. 8. P. Thompson and Mr. E. W. Moss on the 

the space between any two point-poles the intensity of the 
magnetic field that is due to these poles, at any point in the 
line joining them, is expressed by the equation : 

stew af Ms 

‘ (atv)? (a—«a)?’ 

where the respective strengths of poles are m, and —m93 a 
the half of the distance between them, and « the distance of 
the point in question from the mid-point between them. The 
value of this expression in no way depends on the material 
in the space between the poles, whether non-magnetic or 
magnetic, or actually magnetized in any manner. 

If m, and —mg, are numerically equal, the expression 
becomes : 

FE, = Im ET & 
“2 (a? — x”)? : 

At the mid-point, under the same condition, the intensity 
has the minimum value of 

FC 
min. 

= 2m—a?’. 

If the space between the two point-poles be regarded as 
occupied by a thin, cylindrical, uniformly-magnetized steel 
magnet the ends of which constitute the point-poles in 
question, then these equations will be the expresions for a 
self-produced magnetic field acting in a direction which 
opposes the actual magnetism of the magnet, and tending to 
demagnetize it. Hach portion of the filiform magnet will be 
acted upon by a demagnetizing field, strongest towards the 
poles, weakest at the middle. The supposed uniform mag- 
netization of the magnet will of course be unstable. If it 
were produced, even for a moment, there would at once be a 
retrocession of a portion of the magnetization from the ends, 
with a new distribution of the polarity. On the supposition 
that the middle part of the rod retains still its full flux, the 
retrocession of the pole would shorten the effective length of 
the magnet, diminishing the magnetic moment, but increasing 
any self-demagnetizing internal action. This tendency to 
produce a retrocession of the pole may operate to different 
degrees according to whether the bar consist of soft iron, or 
hard tungsten steel. In either case the retreat of the pole can 
be only incomplete ; because if we suppose the pole to have 
‘actually retreated by any given amount—for example 1 centi- 
metre—the end piece of that length will now be subjected to 
the magnetizing action of the rest of the bar, and will be 
remagnetized up toa certain point, namely, such that the 
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reaction of the magnetism of this piece is equal to the mag- 
netizing action of the whole of the rest of the bar, less the 
demagnetizing reaction of the bar as a whole. The inevitable 
result is a distributed pole. It cannot remain concentrated 
at one point, on the end ; it must redistribute itself along the 
bar with a distribution determined by the conditions of 
equilibrium at every point. 

Also the middle piece of the bar will not be exempt from 
influence, it, too, must diminish its inherent magnetism, 
because even in weak fields the magnetism of the hardest 
steel is subject to cyclical changes; and because any retro- 
cession of the poles is, pro tanto, productive of an increase in 
the self- demagnetizing force at the middle. Only in cases 
where this self- -demagnetizing force at the middle is less than 
that which suffices to produce an irreversible change in the 
magnetism of the steel, that is only in cases where the bar is 
very long in proportion to its cross-section, can the action at 
the middle be regarded as negligible. 

It is clear then, in general, that for every bar-magnet there 
will be a self-demagnetizing action the value of which, at the 
middle of the bar, depends, for a given intensity of magneti- 
zation, on the length of the bar relatively to its cross-section, 
on the permeability of its parts, and on the distribution of 
‘its surface-magnetism. Owing to the circumstance that with 
every kind of steel the permeability is neither constant, nor 
stands in any simple or even single-valued relation ‘to the 
flux-density, any calculation of the actual polar distribution 
for rods or bars is exceedingly complicated and indeed 
impracticable. 

As is well-known, the one and only form of magnet that 
is practicable for calculation is that of the ellipsoid, the 
properties of which are that for any and every value of the 
permeability, and when placed in any uniform field, the 
surface magnetism is so distributed that the magnetic force 
which this distribution of polarity exerts in the interior 
is uniform at every point within. Hence the internal 
demagnetizing force everywhere within is constant; the 
resultant field at every point of the interior (if the structure 
is homogeneous and isotropic) is also constant, and the 
internal flux-density cannot but be uniform. 

Du Bois and others have determined by experiment the 
demagnetizing actions of cylindrical rods of various dimen- 
sions, and have compared them with ellipsoids of revolution 
of similar dimensional proportions. 

In the case of ellipsoids, it is natural to compare the value 
of the intensity of the self-demagnetizing force with the value 
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of the internal magnetization -%, because both of these are 
uniform throughout the interior. For an ellipsoid of 
revolution of given axial proportions, whether highly or only 
slightly magnetized, both “;, the self-demagnetizing force, 
and ¥, are proportional to one another. By definition -¥ is 
the quotient of the magnetic moment by the volume. Fora 
given size of equatoreal cross-section of the prolate ellipsoid, 
the magnetic moment and the volume are both proportional 
to the axial length. But for ellipsoids of given equatoreal 
section and of different lengths, the self- demagnetizing 
force A, (for a given -¥, or a given m) does not follow any 
simple function of the axial length. For small changes of 
length it is nearly proportional to the inverse square of the 
axial length, but is accurately expressible only in terms 
deducible from a rather troublesome elliptic integral. Max- 
well and Du Bois (following F. Neumann) have given the 
general formule. But because both 7, and ¥ are for an 
ellipsoid of given ellipticity proportional to one another, it 
was quite natural to regard the quotient of the former by the 
latter—that is to say the amount of self-demagnetizing force 
per unit of intrinsic mugnetization—as a sort of natural 
coefficient, and to recognize it as a self-demagnetizing factor. 
Du Bois (following Maxwell) assigns to it the symbol JV. 
It has a definite value for ellipsoids of revolution of any 
assigned ellipticity. Thus for an ellipsoid of equatoreal 
diameter 1 and axial length 10, the value of JW is 0°2549 
whatever the degree of magnetization. Thus if an ellipsoid 
of this form be magnetized so that -¥ has the value 100 c.«.s. 
units, the self-demagnetizing force within the ellipsoid will 
everywhere have the value of 25°49 gauss. Denoting the 
dimension-ratio of axial length / to equatoreal diameter d by 
the symbol m=/—+d (in Du Bois’ notation), then m?V 
varies from 25°49, when nt = 10, to 80 when m = 1000. 
(See Du Bois, The Magnetic Circuit, p. 41.) 

But, if we now compare the case of the ellipsoid with that 
of the cylindrical bar, we find that the matter is not so simple. 
For with the bar, as stated above, %, is by no means uniform 
throughout the interior, neither is 4 The former has its 

minimum at the middle point of the axis, while the latter has 
its maximum at the equatoreal section of the bar. To com- 
pute the value of “%, at the middle point (or at any other) is 
impossible without knowing the law of surface distribution, 
and this depends on too many conditions to be of service. 
But the nett value of #, for the entire bar can be easily 
determined by comparing the -7-“ curve of the bar (found 
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by experiment) with the 7 curve of a ring (or infinitely 

long rod) of the same iron, and taking the difference of the 
values of #% for some assigned value of % On the other 
hand, values of -£ can be found by experiment, either 
magnetometrically, giving the mean value, or ballistically, 
giving either maximum or mean according as whether the 
exploring coil on the bar is wound over its whole length or 
over its equatoreal zone only. The ratio 4,=+ ¥ so deduced 
may still be called the self-demagnetizing factor, and values 
found for rods of different dimension-ratios. 

Magnets of other forms, for example the slit toroid, or 
anchor-ring with a gap in it, and the horse-shoe magnet with 
parallel limbs of given proportions, will likewise have self- 
demagnetizing factors of their own, dependent on their 
geometry and on the distribution of their polarities. With 
them also, neither 7, nor £ will have constant values at all 
points within the substance of the magnet; and for each form 
therefore the term “self-demagnetizing factor” bears a 
significance different from that which it possesses for the 
ellipsoid of revolution or for the cylindrical bar. 

All previous writers have defined the term dimension-ratio 
as applied to a bar as the ratio between its length / and the 
diameter d of its circular section. But when we come to 
deal with forms of cross-section other than circular, it is 
inconvenient to use this mode of expression. For if we were 
dealing with a flat bar of breadth 6, the curve for self- 
demagnetizing factors in terms of the ratio +b would not be 
comparable with those for cylindrical bars in terms of /+d. 
The preferable way, when such comparison has to be made, 
is to state a dimension-ratio, for bars of all and every form 
of section, in terms of the ratio which is borne by the length 
to the square-root of the area of section. The ratio 1+,/A, 
we accordingly propose to denote by the symbol ). For any 
given bar we have the relation } = mx 1128. 

Part I1.— EXPERIMENTAL. ON THE VALUES OF THE SELF- 
DEMAGNETIZING FAcTOR FOR BAR-MAGNETS OF CIRCULAR 

SECTION. 

Several investigators, including Ewing, Fromme, Holz, 
and Ascoli, have written on the factor of self-demagnetization 
of cylindrical bar-magnets, and have given experimental 
values for bars having different ratios of length to diameter. 
The best-known results are those published by Du Bois, who 
has compared the values obtained with those for ellipsoids 
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having similar axial ratios. More recently, Riborg Mann 
obtained a series of values slightly higher than those obtained 
by Du Bois, who has accepted them as more correct than his 
own figures. Ewing’s observations ranged over rods the 
lengths of which varied from 300 diameters down to 50 
diameters. Du Bois’ results go from a dimension-ratio of 
1000 down to one of 10; those of Riborg Mann from one of 
300 down to 5. The magnitude of the outstanding dis- 
erepancies may be indicated by stating the values found by 
different observers for the self-demagnetizing factor WV for 
cylinders having a dimension-ratio of 50. For rods of this 
proportion Du Bois found NW =0:0162; Riborg Mann 
N=0:01825. For the ellipsoid of revolution having the 
same axial ratio of 50, Du Bois and Riborg Mann agree in 
assigning the value 0:0181, and presumably the true value 
for the cylinder is less than that figure. Greater discrepancy 
is found for shorter cylinders. For a dimension-ratio of 
10 Du Bois gives V = 0°2160, while Riborg Mann gives 
ZV =O 25500: 

To clear up, if possible, such discrepancies a research 
was undertaken in the laboratory at the Technical College, 
Finsbury. | 

The bars used were cut from two long rods of best Swedish 
iron carefully annealed, and for comparison a ring was forged 
from the same material. To each and all of the rods the 
same diameter was given, namely, 1°128 cm., in order that 
each might have a cross-section of precisely 1 sq.cm. After 
being turned down to approximate size they were annealed, 
and then finally turned to the precise size required. 

The magnetizing coil used to magnetize the rods was a 
long coil wound on a brass tube 91°4 cm. in length and 
4:75 cm. in external diameter. It was carefully overwound 
with 5800 turns of wire of No. 20 s.w.@., in seven layers. 
With this coil a very uniform field could be produced of any 
desired intensity up to H=255. The uniformity of the 
field between the ends of this coil was tested by means of a 
short coil of somewhat smaller diameter, wound on a turned 
bobbin of hard fibre, of a size fitted to slide inside the brass 
tube. The wires of this smaller coil were connected with a 
ballistic galvanometer, the throw of which was observed 
when the current in the long magnetizing coil was reversed. 
The field was found to be sensibly uniform for a length of 
60 cm.; while the longest specimen of iron was only 40 cm. 
There was therefore no need to apply any corrections for 
non-uniformity of field. 

The ballistic method was also used for determining the 



Self-Demagnetizing Factor of Bar Magnets. 739 

magnetization of the bars. On the middle of each bar was 
wound an exploring coil of 10 turns of very fine wire, the 
breadth of each such coil not exceeding 0:25 cm. The 
galvanometer was calibrated by the short coil previously 
mentioned, its dimensions being accurately known. The 
magnetizing current was measured by a standard commercial 
amperemeter, the readings of which were calibrated at regular 
intervals of time by a Crompton potentiometer. 

Each specimen was mounted on a carrier by means of 
which it could be inserted centrally in the middle of the long 
magnetizing coil. The galvanometer calibration having been 
effected, a test was made of each bar by subjecting it to a 
series of reversals in fields varying from H=20 to H=255, 
the throws of the galvanometer being noted; and for each 
bar a 2-H curve was then plotted. 
A similar curve having been plotted from the tests made 

on the ring, the values of the demagnetizing intensity of 
field #, due to the self-demagnetizing action of the poles 
of each bar, could then be calculated, for any value of Z, by 

taking the abscissa, corresponding to that ordinate, in the 
curve for that bar, and subtracting the corresponding 
abscissa in the curve for the ring. | 

Let the field due to self-demagnetization at the mid-point 
of any bar, for any given flux-density @, be called %. Let 
the total impressed field due to the magnetizing coil be called 
H; and let the impressed field required in the ring to pro- 
duce the same given value of Z be called %. Then 

Hy=H — FC, 

Then since, by definition, the self-demagnetizing factor NV 
has the value 

and 

we get 

ae An 46, 
—— 1 / a JO 

Fig. 1 (PI. XV.) gives the Z— Ze curves for our rods, the 

dimension-ratios of which varied from 35:6 to 2°66. These 
curves were sensibly straight lines up to G=12,000, or as high 
as{the curves could be carried. The value Z=10,000 was 
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chosen for the calculation of the self-demagnetizing force 
and deduction of the self-demagnetizing factor, except for 
the very short rods in which lesser values of Z were alone 
available. - 

Fig. 2 gives as the final result the curve exhibiting the 
values of the self-demagnetizing factors found, for rods of 
different lengths, the corresponding values found by Du Bois 
and by Riborg Mann being added for comparison. 

It will be seen (1) that our values are throughout lower 
than those found by either of these experimenters ; (2) that 
we have carried the determinations down to shorter rods 

TaBLE I.—Demagnetizing Factors for Cylindrical Bars. 

| DEMAGNETIZING FACTORS. 

Cylinder. 

Ellipsoid 
of 

Riborg | Thompson Revolution. 
Mann. & Moss. 

od 

2°66 30 1-2 
3°55 4:0 0°83 
4°44 5:0 za ae 0-618 
5:0 5°64 a 0°6800 0-53 
5:34 60 | nes ae 0-483 
6°66 ioe ei) we a 0°3518 
8°86 10°0 ee eae 0233 

10:0 11:28 || 0216 0°2550 0-198 02549 
10°67 fon | 2a = 0°18 
13°3 150 a ms 0:1287 
15:0 16°92 0:1206 0°1400 0-108 0°135 
17-72 20°0 ra x! 0:0826 
20:0 22°56 0:0775 0:08975 0-069 0-:0848 
250 - 28°2 0:0533 0:06278 | 0-049 0:0579 
26'6 30°0 > aa 00438 
30°0 33°84 0:0393 0:04604 0-086 0:0432 
35°6 40:0 ne a: 0°0255 
40:0 45°12 0:0238 002744 0:0228 0:0266 

N.B.—Figures in italics are values got by interpolation. 

than those examined by either of them; (3) that the dis- 

crepancies between their results and ours are smaller as the 

dimension-ratios are larger. 

The fact that our values are throughout lower than those 

of Du Bois and Riborg Mann is doubtless due to the cir- 

cumstance that they used a magnetometric method, whilst 

we have returned to the ballistic method of Ewing. The 

values of -£ which they employ are the mean values deduced 
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from the magnetic moment, and are presumably mean values 
throughout the length of the bar, whilst our values of ¥ are 
the values deduced from the action of an exploring coil 
wound round the equator of each bar, and presumably measure 
the maximum value of % As the self-demagnetizing action 
of a bar depends on neither the mean value, nor the maximum 
value of -%,as we have seen, but on a mean that is impossible 
to calculate unless the actual surface distribution of the 
magnetism is known, it appeared to us preferable to take 
the value of -¥ that can be ascertained with precision at the 
place where the self-demagnetizing force has its minimum, 
namely the centre of the bar. 

One point of criticism on Riborg Mann’s results may be 
permitted us. To give us confidence in our results, we have 
throughout used substantial bars of 1°128 cm. in diameter, 
and have raised the lengths. Riborg Mann used a single 
cylinder of iron 11°850 em. in length, originally of a diameter 
1°526 cm., therefore of a dimension-ratio of 7°76. This he 
turned down successively to smaller and smaller diameters 
until he reached a diameter of 0°237 cm., giving a dimension- 
ratio of 50. How he contrived to turn so thin a wire is 
remarkable. It would have a sectional area of only 0°0561 
sq.em. Further, while his cylinder was 11°850 cm. in length, 
his magnetizing coil was only 30 centimetres long and 4 cm. 
in diameter. The ends of his rod were therefore at points 
only 24 diameters distant from open ends of the coil, where 
therefore the value of the field would differ by some 
24 per cent. from the value of the uniform field at the middle 
of the coil. | 

Part IJ].—EXPERIMENTAL. ON THE VALUES OF THE SELF- 

DEMAGNETIZING Factor FoR BAR-MAGNETS OF RECTAN- 

GULAR CROSS-SECTIONS OF VARIOUS PROPORTIONS. 

We are not aware that any previous investigator has 
determined the self-demagnetizing factor for square bars or 
flat bars of rectangular section such as are often used in 
magnetic work. 

A priori we should expect the self-demagnetizing factors 
to be less than for bars of equal section of circular form and 
equal length ; since the greater perimeter of the rectangular 
forms is magnetically equivalent to giving to the end parts 
a polar expansion, reducing the reluctance of the air-paths 
of the external magnetic flux, and so bettering the magnetic 
circuit. And such has proved to be the case. 

The experiments were made in exactly the same manner 
Phil. Mag. 8. 6. Vol. 17. No. 101. May 1909. 3D 
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as those for the bars of circular section. Rectangular rods 
of the softest Swedish iron of various proportions were pro- 
cured, and reduced by milling-cutter to the required form, 
so as in every case to have a sectional area of 1 square centi- 
metre; the ratios of breadth to thickness being respectively 
1:1; 2:1;4:1; 6:1, and 10:1. From each geageeee 
rectangular rods pieces were cut of lengths of 10, 8, 6, 5, 4, 
and 3 centimetres respectively. In all 35 different ones 
were examined. For each of these a Z-H curve was plotted; 
and the self-demagnetizing-factors were deduced as before. 

In figs. 3, 4, 5, 6, 7, and 8 these various curves are 
plotted ; and in fig. 9 the final results are summed up by 
plotting the several demagnetizing-factors as functions of 
r the ratio of the length to the square-root of the aréa of 
section. 

Table IL. gives numerically the values of the self-demag- 
netizing factors obtained for various ratios of breadth b to 
thickness ¢ of the cross-section, and also for various values 
of X. ‘The individual bars were carefully gauged for breadth 
and thickness, and the-slight discrepancies (never exceeding 
1 per cent. of the intended ratio) were allowed for; but 
being small they occasioned no difference in the plotting. 

On the Self-Demagnetiziny Factor of Bar Magnets. 

TABLE IIl.—Demagnetizing Factors for Bars of different 

lengths and equal Sectional Area, having Rectangular 
Sections from 10:1 to 1:1. 

10/1 |0-178 
5:99/1 [0-19 

3:98/1 0-206 

ye =o, Jae 5. ah | Fhe Ja = | 

| BS 

oe ot ee | eee | N. | net in | bt. | ON bit. 

1003/1 |0828|| 10/1 0586 || 1005/1044 | 10/1 (0-354 | 1029 |o-2358 

5-95/1 [0-925 || 5-96/1 066 || 599/1\0-488 6/1 03885! 5-96/1 | 0-264 

3-98/1|1-02 || 3-99/1 0-726 || 3-98/1 |o-528|| 3-96/1 |0415 | 4/1 | 0-28 

20 /1 1-098] 2/1 fees a1 |lo575|| 21 |o448 || 29 los |} 2A 

1492/1 |1:13 || 1-5/1 |0-7980|| 1-49/1 [0-39 | 15/1 |0-4645| 1-5/1 |0-3075|| 1495/1 [0-224 

o-9o14/l [113 | 099/11 08 || o-999/1 [59 | 0:996/1 0-469 | | 0993/1 0-224 
| 

Tt will be noticed that the Table records values also for bars — 
having the ratio of 1°5:1; but no curves are given for this 
ratio, as they were practically the same as those for square 
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bars. In plotting the 4 curves for these particular bars, 
it was possible in two cases only to distinguish the curves 
from those for the square bars, and in these two cases the 
difference was extremely small. 

For equal values of the ratio of 7 to / A, it was found in 
general that the self-demagnetizing factor, for bars having a 
sectional ratio of 2 to 1, was about 93 per cent. of that for 
bars of square section; while for flat bars, having a sectional 
ratio of 10 to 1, the value of the self-demagnetizing factor 
went down to about 75 per cent. of that for bars of square 
section. 

; 

LXIX. The Absorption of Réantgen Rays. By C.G. BARKLA, 
M.A., D.Sc., Lecturer in Advanced Electricity, and 
OC. A. Sapusr, M.Sc, Oliver Lodge Fellow, University of 
Liverpool”. 

'"QVAE results of experiments that have been made by 
a number of investigators on the absorption of X-rays 

are so complicated by a variety of conditions, and frequently 
appear so inconsistent, that few general conclusions can be 
drawn from them. 

The heterogeneity of the beams used not only masks any 
peculiarity in the phenomena connected with a particular 
constituent, but makes exact comparison between the results 
of different experimenters, and even of the same experimenter, 
impossible. 

In addition to this, as recent investigations have shown 7, 
there are peculiarities in the absorption phenomena which are 
intimately connected with certain phenomena of secondary 
radiation ; and a knowledge of these is necessary in order to 
classify and explain the former. 

Through our investigations on the secondary X-rays. 
emitted by substances subject to X-rays, we have been 
enabled to use almost perfectly homogeneous beams, and 
have become acquainted with the character of the secondary 
radiation emitted by many elements. 

It has been found that each of the elements Cr, Fe, Co, Ni, 
Cu, Zn, As, Se, Ag, when subject toa suitable primary beam 
of X-rays, emits an almost perfectly homogeneous beam of 

* Communicated by the Authors. 
The expenses of this research have been partially covered by a 

Government Grant through the Royal Society.—C. G. B. 
+ “ Homogeneous Secondary Roéntgen Radiations,” Barkla & Sadler, 

Phil. Mag. Oct. 1908, pp. 550-584. 

a D2 
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X-rays *, the penetrating power of which is characteristic 
of the element emitting it. As these penetrating powers 
vary considerably—the radiation from Cr being very soft 
and that from Ag fairly penetrating—the above metals 
furnish us with a series of nine homogeneous beams which 
can conveniently be used for accurate investigations of many 
X-ray phenomena. The variation in penetrating power is. 
shown by the following values for the coefficient of absorption 
in aluminium of each radiation, the coefficient being 
defined by the equation I=I,e~**. 

Coefficient of Absorption 
in Al. 

Radiator. (oe =density of Al.) 

Seat cee,  Laop 
ee nite. 88°5 p 
ot aes 71°6 p 
CE hy ae 29°1 p 
Suge rks: 4. 47-7 p 
Pilea: Wet bier 0% a9°4 p 
re at eee 22°35 p 
Be! bev: vn 18°9 p 
eh ae 2°39 p 

Phenomena of Transmission. 

Before attempting to make accurate experiments ‘on the 
absorption of these radiations by various elements, it is 
necessary to know something of the phenomena accom- 
panying the transmission of X-rays through absorbing 
substances. 

The secondary X-ray phenomena, which have an important 
bearing on experiments on absorption, may be stated briefly 
as follows :— : 

When a beam of X-rays is transmitted through any 
substance, secondary X-rays of the same penetrating power 
are emitted by that substance in all directions. The 

* Mixed with the homogeneous radiation is an exceedingly weak 
scattered radiation of the same penetrating power as the primary 
radiation; but the ionization produced by this is usually negligible 
in comparison with that of the homogeneous radiation—in certain 
cases not more than 1 per cent. The radiation from Ag was 
transmitted through Al in order to get rid of most of the scattered 
radiation. 

The evidence that these rays are X-rays is overwhelming. Some 
of it has been given in the paper on “ Homogeneous Secondary 
Rontgen Radiations.” 
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distribution of this radiation has, in all the cases investi- 
gated, been found to be approximately that expected from a 
theory of scattering on the zther-pulse theory. 

In addition to this, many elements—possibly all when 
subject to a suitable primary radiation—emit a homogeneous 
X-radiation which is characteristic of the element emitting 
it, its penetrating power being independent of that of the 
primary radiation exciting it. 
A primary radiation excites this homogeneous radiation 

only when it—the primary—is of more penetrating type 
than the homogeneous radiation. 

Regarding the distribution of this type of radiation, it has 
been shown by one of us* that when a polarized beam 
of Réntgen radiation is incident on Fe, Cu, Sn, Pb, &e., the 
homogeneous secondary radiation which is emitted is equally 
intense in directions in and perpendicular to the plane of that 
polarization—that is, the intensity of secondary radiation in 
any direction is independent of the position of the plane of 
polarization of the exciting primary beam. 

Again, the homogeneous radiation from these metals has 
been found equally intense in a direction perpendicular to 
the direction of propagation of the primary, and one almost 
opposite to that of primary propagation +. 

Tt is thus evident, and it has since been further verified, 
that the homogeneous radiation is equally intense in all 
directions. 

Now the energy of this secondary radiation is so great that 
in many experiments it would produce enormous errors if not 
taken into consideration. In measuring the intensity of a 
beam of X-rays transmitted through an absorbing substance 
and proceeding in the original direction of propagation, it is 
therefore necessary either to so arrange the apparatus that 
the effect of the secondary rays may be neglected or to make 
a correction for it. 

It was also important to ascertain if the beam emerging 
from the absorbing plate and proceeding in the original 
direction of propagation was identical in properties with the 
incident beam, or if it was transformed in any manner. 

A few simple experiments showed that all the phenomena 
observed when a homogeneous beam of X-rays was trans- 
mitted through a metal plate placed before the detecting 
electroscope could be explained qualitatively simply by 
considering the superposition of the secondary radiation 

* Barkla, “‘ Polarized Rontgen Radiation,” Phil, Trans. A. vol. cciy. 
1905, pp. 467-478, and later papers. 

+ Phil. Mag. Feb. 1908, pp. 288-396. 
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on the primary radiation, diminished in intensity by 
transmission. 

All the phenomena observed may be divided into two 
groups :— 

(1) When a radiation was transmitted through an element 
whose characteristic secondary radiation was of an equally or 
more penetrating type, or through an element from which 
this type of radiation bas not been observed, the emergent 
radiation was identical with the incident radiation. 

(2) When a radiation was transmitted through an element 
whose characteristic radiation was of more absorbable type, 
the emergent radiation differed from the incident beam in 
penetrating power. 

The following are a few examples of these types of 
transmission. The first three exhibit no change after 
transmission, the last three a considerable change. 

Substance Percentage Gi Se atide anne 
ls through which Absorption - aoe Percentage 

Radiation. ae: to test E 
the radiation by <heupbalsie Absorption. 

was transmitted. transmission. oe ae 

Oa nee — 0 Cu (‘00067 cm.) 25°4 

Cu 74 a 25'S 

Cu — 0 Zn (°00262 em.) 69°7 
Zn 97 % 68-2 

Aue co ccoee Al 16 Al (0208 cm.) 138 

j 39 72 3 14 

” 92 > 13°8 

39 97 3) 14°2 

oC: = 0 Fe (00315 cm.) 30°8 

Fe 51 “s 37 

2? 19°7 3 36'1 

cee Pee a — 0 Al (0208 cm.) 14'5 

Fe 51 3 21°7 

ERS ak — 0 Al (0104 cm.) 72 

Fe 97:2 85°6 33 

From these and many other instances it became evident 
that only in those cases of transmission in which the primary 
radiation was able to stimulate a homogeneous secondary 
radiation was there any appreciable difference between the 
penetrating powers of the incident and emergent beams. 
It remained, however, to show that this change was simply 
due to the superposition of the homogeneous secondary 
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radiation on the primary, and that the primary was itself 
unaltered. : 

As an example, Ag radiation, after the scattered rays had 
been sifted out, was absorbed to the extent of 14°5 per cent. 
by a sheet of Al :0208 cm. in thickness; but after trans- 
mission through Fe—51 per cent. being absorbed—the 
transmitted radiation was absorbed by 21°7 per cent. by 
the same sheet of Al. It thus appeared much softer. It 
was seen, however, that this emergent radiation still con- 
sisted of an untransformed Ag radiation with a more easily 
absorbed radiation superposed. For when the transmitted 
radiation was again passed through a sheet of Al *0208 cm. 
thick, the easily absorbed Fe radiation was absorbed com- 
pletely and the transmitted radiation was again practically 
pure Ag radiation, being absorbable to the extent of 14°4 per. 
cent. by the same sheet of aluminium. 

In order to ascertain if the constitution of the emergent 
beam in such a case could be quantitatively accounted for, 
the following simple experiment was made :— 
A thin sheet of Fe was placed in the path of the homo- 

geneous radiation from Cu, so that the angle of incidence 
of the central ray was about 20° (fig. 1). 

liyicaael 

An electroscope capable of being rotated about a vertical 
axis through the centre of the Fe sheet B (set in a lead screen) 
was placed successively in the two positions D, and D,. In 
position D, it received the direct heam after passing through 
the thin Fe sheet, and a portion of the secondary radiation 
emerging from the iron sheet, the central ray being inclined 
at an angle of about 20° to the normal; in position D, it 
received only the secondary radiation which emerged from 
the sheet at the same angle on the other side of the normal. 

The two secondary beams then suffered approximately the 
same absorption on emerging from the iron plate. 

The ratio of the ionizations in the electroscope in positions 
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D, and D, was 177:100, after correction for the radiation 
from air and the ‘normal ionization. Thus, according to 
the simple theory of the superposition of the homogeneous 
secondary radiation on the untransformed transmitted 

700 

Paver 
by the transmitted copper radiation, while was the 

result of the radiation from the iron plate. But the 
absorption of the radiation entering the electroscope in 

radiation of the ionization in position D, was produced 

position D, was found to be such as would be obtained 
96 

Lith 
the ratio of intensities of the iron radiation in the two 
directions BD, and BD, was 96: 100. 

This is as near equality as could be expected from the 
nature of the experiment. We conclude, therefore, that — 
the observed phenomena are due simply to the homogeneous 
radiation uniformly distributed, superposed on the trans- 
mitted radiation, and that the radiation proceeding in the 
original direction is untransformed. 
Now, as in experiments on the absorption of such radia- 

tions, beams of considerable cross-section must be used to 
produce measurable effects, an electroscope placed behind 
the absorbing plate, unless very distant from that plate, 
must receive a portion of the secondary radiation from that 
plate. Thus without correction the transmitted beam would 
appear more intense than it actually is. The correction 
might have been determined experimentally in the manner 
shown above. <A simple calculation, however, gives us the 
constitution of the beam received by the electroscope ; and 
consequently the correction that must be applied to determine 
the true diminution in energy of the primary beam in terms 
of quantities which may be easily determined. - 

Let I, be the intensity of a parallel beam of homogeneous 
radiation incident normally on a plate of absorbing material 
of thickness ¢, 
then [=J,e-*:* gives the intensity I at a depth of 2, 

where A, is the coefficient of absorption in the substance. 
An electroscope placed in the path of the transmitted beam 

beyord the absorbing plate (fig. 2) receives the beam, together 
with a portion of the radiation scattered by the plate, and of 
the secondary homogeneous radiation characteristic of the 
material of the plate. 

It may easily be shown that the former—the scattered 
radiation—may be neglected in most, and possibly in all, of 
the cases considered. 

if the mixture had contained of iron radiation. Thus 
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‘Tf A is the area of the primary beam, the energy of the 
secondary radiation emitted by a thin layer of thickness dx 
in unit time =/] Ada, 

where & is a constant depending on the character of the 
incident radiation and on the material of the plate. It 
will be called the transformation coefficient *. 

But of this the fraction ae enters the electroscope, 

where is the average solid angle subtended by the 
aperture into the measuring electroscope at points in 
this layer, and A, is the coefficient of absorption of the 
secondary radiation in the substance of the plate itself, 
when the effect of obliquity of the secondary rays and the 
absorption in air and the thin window may be neglected. 

The total energy of secondary radiation entering the electro- 
scope per second 

-|'¢ —~ kl Aem 2 —*) dz: 

t 
= ~tAI, eat ( eo At ar 

At Jo 

eae eal: 

ThA RK 

ES (a ax ee 

Energy of Secondary Radiation entering electroscope 
Energy of Primary Radiation entering electroscope 

wk AI, 
_ 4a Ay— 

mt A faabi aha} 

i eWh 2 

* This coefficient is so called by analogy with the absorption coethcientys 

se —kI, where —dE is the energy emitted by a thin layer of unit area 

and thickness dz in unit time. 



746 Dr. C. G. Barkla and Mr. ©. A. Sadler on 

But the ionizations produced by these beams are not pro- 
portional to their energies, as they have different penetrating 
powers. If 2, and ig represent the relative numbers of ions 
produced by the two beams, if of equal intensity and cross- 
section, in a thin layer of air, 

then 
Secondary Ionization _ ok al 1 | 
Primary Ionization ~ 4a(A,—Ay) Lo 3 

All possible cases can be divided into three classes :— 
(1) When a homogeneous primary radiation passes through 

a plate of an element whose characteristic radiation is of 
equal or greater penetrating power, no appreciable secondary 
radiation of this type is emitted, i.e. k=0. The secondary 
radiation characteristic of the absorbing element is not then 
present in the transmitted radiation, and this exhibits no 
special powers of penetration. 

This type of transmission occurs when the radiation from 
Cr passes through C, Mg, Al, Fe, Ni, Cu, &., or when Cu 
radiation passes through Cu, Zn, Ag, &e. 

(2) When a homogeneous primary radiation passes through 
a plate of an element whose characteristic radiation is of more 
absorbable type and more absorbable in the plate itself than 
is the primary radiation, then the secondary radiation is 
excited, & is finite and A,—), is positive. 

In this case, as the thickness of the absorbing plate is 
increased, the beam received by the electroscope gradually 
approaches a finaji constitution in which the ratio of the 
energies of secondary and primary radiations is 

a) te 

dar (Ny—Ay) 

Such conditions are obtained when a radiation much more 
penetrating than the radiation characteristic of an element 
passes through that element, as when radiation such as is 
emitted by Ag is transmitted through Fe, Ni,Cu, Zn, &e. 

(3) When a homogeneous radiation passes through an 
element whose characteristic radiation is of more absorbable 
type, but more penetrating to the element emitting it, & is 
again finite and (A,—),) is negative. 

In this case, as the thickness of the absorbing plate is 
increased, the ratio of the energy of secondary radiation to 
that of the primary radiation increases indefinitely ; that is, 
the primary radiation becomes ultimately transformed into 
radiation characteristic of the absorbing substance. 
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Such a transformation occurs when a radiation like that 
characteristic of Se passes through Zn, Cu, Ni, Fe, &c., or 
the radiation characteristic of Cu is transmitted through Fe. 

Absorption Experiments. 

In the experiments which were made to determine the true 
absorption of homogeneous beams, the radiator R, used to 
produce the beam, was placed at a distance of about 7 centi- 
metres from a rectangular aperture A, (3 cm.x 2 cm.) ina 
lead screen. . A second lead screen with a similar rectangular 
aperture A, was placed at a distance of 7 centimetres from 
the other, and behind the second aperture was placed the thin 
paper and aluminium face of the electroscope used to measure 
the intensity of the beams. 

The absorbing plates were placed across the aperture Ay. 
As the radiation from R necessarily produced a diverging 

beam, only a portion of the energy passing through A, passed 
through the aperture A,, consequently the secondar y radiation 
from the plate produced greater proportional effects than that 
calculated for a parallel beam. ‘The ratio of the ionizations 
due to the secondary and primary beams had to be multiplied 
by a factor which expresses the ratio of the energy passing 
through aperture A, to that passing through aperture A, 
when no absorbing plate intervened. This was found to ie 
about 4°9. 
Thus 

Secondary Jonization ) k =| pos —r, a 
“=== <n . xX iL x 

Primary Lonization Agr Aye — Ay y 

bap Agee Aa , 
=4:9x-01x ke as ME A approximately. 

Ayg—Ay 

Now, = may be got by ae, experiment, for ey is 
a jl 

merely the fraction of the energy of primary radiation 
absorbed which is transformed into or which appears as 
secondary radiation—as measured by the ionizations produced 
in a thin film of air. 

(;. 4 has been determined by one of us by direct expe- 

riment *; A, was determined by using the absorbing substance 
as a Suiaeor also, and so observing the absorption of the 
radiation characteristic of the Syenine by the same sub- 
‘stance—this, of course, required no correction for secondary 

* ©. A. Sadler: “Transformations of Rontgen Rays,” Phys. Soc. Lond. 
April 28, 1909. 
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radiation; >, was determined approximately without the 
application of the correction term. 

Thus as an example— 
When As radiation was transmitted through Cu, 

ka ea Lee 

(=2)- B00 SS yey 
Ny OF agdto =169 X po, 

Az OF Cudcu= 98 X pou 

ne (Ay —Az) = —116 X pou= — 10388. 

Secondary Jonization 128-9 1 Bah: E J (1038) (00093) a Oc" x OOo ko x a0 ] Primary Ionization 60°7 
='06 approximately. 

The ionization in the electroscope due to the primary beam 
when the absorbing plate of Cu was in position was thus found 
to be about 6 per cent. less than the observed ionization. 
Similar corrections were made in the other cases of trans- 
mission in which a secondary radiation characteristic of the 
absorbing substance was set up. The maximum correction 
affected the absorption coefficient by about 4 per cent. 

A correction was also necessary in a few cases for the 
presence in the radiation from Cr of the weak heterogeneous 
scattered radiation. Though in most experiments the effect 
of this was inappreciable, when the absorbing plates used 
absorbed over 90 per cent. of radiation, the much more 
penetrating scattered rays having been only slightly absorbed 
appeared in much higher proportion than normally, and 
introduced an error. 

_ By absorbing the radiation from Cr by various thicknesses 
of Al and comparing the absorption coefficients calculated 
from these absorptions, the error introduced in the case of 
the higher absorptions was obtained. A curve was plotted 
giving the error corresponding to any particular absorption. 
This correction was then applied to the calculated values of 
the absorptions by C, Ag, and Sn—substances which absorb 
similarly to Al. In no other case could the error, due to the 
same cause, have been more than 1 or 2 per cent. +, and that 
in one or two cases only. The values finally obtained for 
the coefficients are given in the following table. As the 

* asACu means the coefficient of absorption of the radiation from As 
by Cu. 
{ The absorptions by Pt and Au of the radiation from Cr are excepted, 

These were too high to be relied upon. The value given in the table 
for Pt was obtained not by experiment, but by calculation from the 
observed ratio between the absorption coefficients. 
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value of X varies as the density of the absorbing element, the 
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values of the more fundamental quantity ae tabulated, 

p being the density of the absorbing element. The quantity 

may be called the mass coefficient of absorption. 

TABLE I. 
: Xr 

Mass absorption coefiicients ( 4. 

ABSORBER. 

Radiator. 

C Mg. Al. Fe. Ni. Cu Zn. Ag. Sn. Pt. Au. 

Cr ...(153 [1265 |136 | 1038] 129 | 143 | 1705! 580°5| 713-7 [516-8]| [507412 

IDG osteo 1071 80 88:5 | 661) 838)| 951 1125 | 381 472 | 340 | 367 

ee ot es ateieos ) | 716 | 62) 672) 75:3) 91:5 | 314 | 392 | 281 306 

POR esac mac os | S91 |. 34 563 | 61°8 44 | ‘262 | 328 | 236 253 

CM 23 5°22 | 41:4 | 47-7 | 268 62°77 | 53:0 60-9 214 | 272 | 194 210 

ol re 4-26 | 347 | 39°4 | 221 265 55°oN) -OOrL | LS. ik 220 162°5| 1782 

2 ee Boies | 2251 134 1166 ‘| 176 | 20385) 105°3| 181-5) 1057 |. 106-8 

ie Sas 204 | 15°7 | 189 | 1163} 141°3| 149°8| 1746) 87:5) 112 93°0} 100-0 

ae 41 2:2 2°5 17-4) 22-7) 24:3| 27-1) 13:3] 165) 565 | 61:4 

| 

Fig. 3 (p. 750) exhibits the relation between the mass 
coefficients of absorption in a number of elements and the mass 
coefficient of absorption in Al—the former being plotted as 
ordinates and the latter as abscissa. 

Discussion of Results. 

In studying these results it is necessary to know something 
of the secondary rays emitted by the various absorbing 
substances. 

C, Mg, and Al are elements from which a characteristic 
secondary radiation has not yet been observed. They cer- 
tainly do not emit such a radiation in appreciable intensity 
when subject to ordinary beams of X-rays, unless it be in the 
form of exceedingly soft radiation, much softer than that of 
chromium, and such as would be absorbed in a thin layer 
of air. There is, however, the possibility, if not the proba- 
bility, of the emission of such a radiation from all elements. 
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Fe, Ni, Cu, and Zn are among the elements from which a 
homogeneous characteristic radiation is emitted in consider- 
able intensity when the primary beam is cf ordinary pene- 
trating power. Ag emits a homogeneous radiation when 

adil 

Toa 
Seed 

ST Ce 
FEEPE EAA 
SECC ae 

ct ars LN 

72-70" ; pie 0 20.) 30) 40 60 90 100 0 120 130 140 
7 pee he IW A (* a) 

subject to a primary more penetrating than this radiation, 
that is more penetrating than any radiation here used. Sn 
emits a radiation which on the whole appears slightly more 
absorbable than the silver radiation, but although it has not 
been investigated minutely, there is strong reason to believe 
this consists of two homogeneous radiations, a very soft one, 
and one either just more absorbable or just more penetrating 
than that characteristic of Ag. 

Pt and Au have been found to emit a radiation which, 
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ag from preliminary experiments, appears slightly more absorb- 
able than that from As. Neither has, however, been examined 
exhaustively. i 

On comparing the absorption coefficients, it is seen that if 
we consider simply those absorptions which do not result in 
the production of a secondary radiation characteristic of the 
absorbing substance, the ratio of the coefficients of absorption 
of any radiation by two elements is approximately a constant, 
whatever be the penetrating power of the primary radiation 
experimented upon. 

Thus if ,A, denote the coefficient of absorption of a certain 
radiation X in a substance A, 

approximately, provided the radiations X, Y, Z do not excite 
the characteristic radiations in the absorbing substances A, 
B, and C. 

Table II. gives the ratio of the coefficient of absorption in 
each absorbing substance to the coefficient of absorption in 
Al for each radiation used in these experiments. ‘The re- 
lationship is, however, more clearly shown by the curves in 
fio. 3. 

TasLe II. 

ABSORBERS. 

Radiator. aim | | Oe | Zn we Sn | Pt re 

Al Al Al Al Al Al Al Ay, Al Al 

IBN a saiamateeds 12 | 930 | ‘763 | -949 |1:051 | 12541427 | 5-25 [3°8] | 3°73+? 

1 eee 114 | 904 | ‘747 | -947 | 1-074 | 1:271)431 | 5°33 3°84| 4:14 

De Senace ‘lll | 887 | -928 | -939 | 1-052 | 1°278/ 4°38 | 5°47 3°92 | 4:27 

ee aoe | O16 | Ook 953 | 1:046 | 1259) 444 [555 | 3:99] 4:28 | 

iy. izihn. "109 | 866 |562 [1314 | 1111 | 1:277/448 | 5°70 4:06 | 4:40 

a ee 108 | 881 |561 |67 1-408 | 1:272|444 |5-71 4:12) 452 | 

)_ ae 111 =| 857 (5°95 |7-29 |7:82 | 9:045)468 | 5°84 4:69 | 4-71 | 

BM ad <aheis ‘108 | 831 |615 |7-42 |7:93 | 924 14-63 |5-93 4°92) 5-29 | 

AE eos eau 164*| -88 |6°96 |880 |9:72 |10°84 |5°32*|660*| 22-6 |24-6 | 

* See remarks later. 
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It is also seen that in the cases of absorption which result — 
in the emission of the secondary radiation characteristic of 
the absorbing substance there is considerable deviation from 
this relationship, the absorption being invariably greater by 
a considerable amount than would be produced if the simple 
proportionality still held. There is thus a special absorption 
and a very large one invariably connected with the emission 
of the secondary radiation which is characteristic of the 
absorbing element. 

The point is so important that one curve will be treated in 
detail as typical of all substances. Beginning with a very 
soft homogeneous primary radiation, the absorption in a 
substance B (say) is considerable. As the ‘radiation is made 
more penetrating the absorption in aluminium and in B 
diminish proportionately, as shown by the portion of the 

Fig. 4. 

‘)oF LRIMARY RAYS. 

SORPTION IN ELEMENT BISAY. 

~~ - INTENSITY OF SECONDARY RADIATION (CHABACTERIS TIC or Blemirréo bv B 

eee 
xX 

ABSORPTION /N AL OF PRIMARY FPAYS 

eee P > 

AesorPtion in Al OF SECONDARY RADIATION(CunRACTERISTIC OF B) 

curve PQ (fig. 4). This proportionality continues until the 
primary radiation is just as penetrating as the secondary 
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radiation characteristic of the substance B. When the in- 
cident radiation is made more penetrating than the secondary 
radiation characteristic of the absorbing substance B, the 
absorption first ceases to diminish as rapidly as the absorption 
in Al, then it increases along RS. At the same time the 
secondary radiation characteristic of B begins to be emitted, 
then rapidly increases. As the primary radiation becomes 
still more penetrating, the absorption in B begins to diminish 
as along ST, and the intensity of the secondary radiation 
diminishes at the same rate as the ionization produced by 
the primary radiation in air, which is probably at approxi- 
mately the same rate as the absorption in air and conse- 
quently in Al, over the range of penetrating powers experi- 
mented upon. 

The portion of the ordinates above PO may be regarded as 
representing the absorption in the substance B which is con- 
nected with the emission of the, secondary radiation charac- 
teristic of B. We may thus divide the absorption coefficient 
into two parts, one bearing an approximately constant ratio 
to the corresponding quantity for any absorbing substance, 
and the other the part connected with the emission of the 
characteristic secondary radiation. 

A few features require special mention. The greatest 
deviations from the law of proportionality occur in those 
cases in which the energy scattered is a considerable fraction 
of the total energy. It has been calculated that in the light 

elements the portion of due to scattering is of the order °2. 

It is seen here, however, that if we subtract ‘16 from 
nv Xr Agko AghMg ond 2eNal , there is strict proportionality within 

the limits of experimental error, between the coefficients of 
absorption in ©, Mg, and Al. 

Again, the apparent departure in the cases of 4,A4, and 
Ag\sn 1s much diminished by a similar consideration. 

There appears, however, to be a slight residual change in 
the ratios in the cases of Ag and Sn absorptions, and possibly 
very slight in the cases of absorption by Pt and Au, but the 
energy of the radiation scattered in these two cases has not 
been determined. 
We may therefore conclude tiat the proportionality spoken 

of is a very accurate one through a big range of penetrating 
powers, if we subtract the energy scattered from that absorbed 
before determining the absorption coefficient. ; 

Without yet entering into the discussion of any theory, let 
Phil, Mag. 8. 6. Vol. 17. No. 101. May 1909. dH 
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us consider how much of the energy absorbed has been ac- 
counted for. One of us in a previous paper * has shown 
that when X-rays within the range of penetrating powers. 
experimented upon are transmitted through a substance of 
atomic weight less than sulphur, the energy of the radiation 
scattered is independent of the penetrating power of the 
radiation, and depends merely on the quantity of matter 
traversed. 

It was shown that if I be the intensity of a beam passing 
through air under atmospheric conditions, 

2 due to scattering = —:00024 I, approximately, 

1dl 
nae due to scattering = —°2 1 

for all light elements. 
If by analogy with the absorption coefficient we call the 

portion of = ea) due to scattering the scattering co- 

efficient s, we get ~ for elements of atomic weight less than 

sulphur to be °2. 
This law does not hold, however, for elements of higher 

atomic weight. The value of * is much more dificult to 

determine in these owing to the usual admixture of the 
characteristic secondary radiation. Only in the case of Ag 
has the scattered radiation been measured after complete 
elimination of the other type of radiation. In this case it 
was found to be about 6°5 times that found from light 

elements. This would give for ~ about 1:3. 

In copper, however, an estimate of the quantity of scattered 
radiation mixed with the homogeneous secondary rays was 
made and found to be about twice as great as for the light 
elements, when a penetrating primary radiation was used. 

On comparison of the scattering coefficients with the total 
absorption coefficients it will be seen that only when the rays 
are fairly penetrating and when absorption takes place in 
light atoms does the scattering account for a large fraction 
of the loss of energy of the primary beam. ‘Thus in the case 
of the transmission of Ag radiation through C, nearly half of 
the total loss of energy is due to scattering. Below are given 

* Barkla, “Energy of Secondary Réntgen Radiation,” Phil. Mag. 
May 1904, pp. 553-560. 
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energy scattered 
energy absorbed 

the most penetrating and the most absorbable beams used in 
these experiments. 

for ‘approximate values for the fraction 

I. Moderately penetrating radiation (from Ag) :— 
Absorbing X s s Energy scattered. 
Substance. ? p A otal energy absorbed. 

oy i. "409 2 7) 

2 oe 2°5 "2 08 

Cu 24°3 i "016 

he he: 4) “lt 

Il. Very soft radiation (from Cr) :— 

Se ts: “2 “OLS 

me 4 wae “2 “0015 

as io uct) de ‘4? 003 

pee rate) DOOD Id "0026 

It has been shown in a previous paper ™ that the energy 
of the secondary radiation characteristic of an absorbing 
element is in many cases probably very great. In a certain 
case the ionization produced by these rays from Cu was about 
300 times that produced by the scattered rays from an equal 
mass of light elements. If we assume as an approximation 
that the absorptions of two different beams in air are pro- 
portional to the ionizations produced in air, we are led to the 
conclusion that in this case the energy of ‘the homogeneous 
radiation was 45 times the energy of scattered radiation and 
about 4 of the total absorption, or more than 4 of the special 
absorption connected with the emission of these homogeneous 
rays. 
Tt was also shown in the paper referred to that the 

secondary radiation excited in one of these substances (Cu) 
was proportional to the ionization prodaced by the primary 
beam in a thin film of air—or proportional to what may be 
called the coefficient of ionization in that substance—when 
the primary was béyond a certain penetrating power. — 
We may thus express this :— 

ou % stair 3 

but, on the assumption stated, 

A oe Ne Sot hes IN 
xz air x air? z’ “airs 

* Barkla and Sadler, Phil. Mag. Oct. 1908, pp. 550-584. 
a i: 
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But avai = ap 

from the results of the experiments on absorption ; 

*. oon Sc NG 

This leads us to the conclusion that the energy of secondary 
radiation produced bya primary radiation in passing through 
a thin sheet of copper is proportional to the absorption of 
the primary radiation in a thin sheet of aluminium, provided 
this primary radiation is beyond a certain penetrating power. 

Though the assumption made has not been strictly justified, 
it probably gives us an approximation to the truth. 

One of us has made more detailed investigation of the energy 
of this type of radiation based on the same assumption ”. 

Energy is also emitted by the absorbing-substance in the 
form of corpuscular radiation. 

Thus in at least three forms is energy re-emitted. 
Besides these, a portion of the energy absorbed must be 

spent in the process of ionization, and possibly some is trans- 
formed directly into heat. 

The results of these experiments are of such wide applica- 
tion and affect so many phenomena connected with X-rays, 
that it is impossible to enter into a detailed discussion of 
their bearing on the results of investigations on X-rays. 
The simplification that results is frequently enormous. It is, 
however, desirable to say something of the absorption of a 
heterogeneous beam of X-rays such as is commonly experi- 
mented upon. 

When such a heterogeneous beam is transmitted through 
any element X, there is of course (1) a selection of the rays 
of the more absorbable type, (2) a special selection of those 
rays of greater general penetrating power than the secondary 
radiation characteristic of X—+. e. those able to stimulate the 
secondary radiation in X, and (3) an emission of secondary 
rays which are of more absorbable type than the radiations 
which produced them, but which may be much more pene- 
trating to the element X and to elements whose character- 
istic radiations are more penetrating than that characteristic 
of X. 

‘All of these factors contribute to the change in the 
character of the beam resulting from transmission. | 

By a proper choice of radiations and absorbing substances 
it becomes a simple matter to arrange experiments in which 
there appears (1) no change in transmission, (2) change to 
more penetrating type, (3) change to more absorbable type, 

* ©. A, Sadler, “Transformations of Réntgen Rays,” Phys. Soc. Lond., 
April 23, 190°. 
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without even considering the secondary rays which are 
superposed on the primary. 
A iew words are also necessary regarding the rays emitted 

by an X-ray tube. As the substance of the anticathode of 
an X-ray tube is subject to a very intense X-radiation, it is 
the source of an intense secondary radiation. The primary 
radiation proceeding towards the surface of incidence of the 
cathode rays, unless very “ soft,’ excites the secondary radia- 
tion, which is usually more penetrating to the anticathode 
and produces greater ionization in the air outside. The 
primary radiation penetrating further into the anticathode 
also excites an intense secondary radiation which proceeds in 
all directions. Half of this is therefore directed towards the 
surface, and as it usually suffers much less absorption than 
the primary radiation producing it, it emerges with little loss 
of intensity and is superposed on the primary beam. 

Hiven if the primary rays were all produced in the surface- 
layer of molecules, the secondary radiation would produce 
ionizations comparable with those produced by the true 
primary rays: as the primary rays cannot be produced 
absolutely at the surface, the proportion of secondary rays 
must increase rapidly with an increase at the depth at which 
they are produced. Thus the “soft” radiations experimented 
upon by Mr. Kaye (Phil. Trans. A. vol. 209, pp. 123-151) 
are what might have been expected from our previous 
experiments on secondary rays, and many of the properties 
which he records are the properties of the secondary 
rays previously published by us. A comparison of some 
of the absorption coefficients reveals their unmistakable 
identity. 

In the majority of experiments on X-rays, however, the 
radiation has already passed through a comparatively thick 
sheet of glass and has been robbed of a large proportion of 
the secondary rays. 

These considerations also afford an explanation of the fact 
that the beam of X-rays proceeding from a “soft” tube is 
much more completely polarized than one from ‘the same 
tube when harder. In the former case there are less secon- 
dary X-rays, as well as less X-rays produced by secondary 
corpuscular rays. 

They also show why the more penetrating portion of a 
heterogeneous beam from an X-ray tube is the more polarized. 
The penetrating portion contains the true primary radiation 
in larger proportion. 
| Vote.—All our experiments on the behaviour of nickel have 

confirmed our previous conclusion—that in .all phenomena 
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connected purely with X-rays with which we are experi- 
mentally acquainted, nickel behaves as a normal element of 
atomic weight 61:3. This is true of (1) the absorption by 
nickel unconnected with the production of X-rays, (2) the 
absorption connected with the emission of secondary X-rays, 
(3) the character of the secondary rays emitted, (4) the 
intensity of the secondary X-rays emitted | 

Theory. 

If an attempt be made to account for these results on 
Prof. Bragg’s neutral pair theory, we are at once led into 
difficulties. The pairs constituting the homogeneous secon- 
dary radiation characteristic of a particular element must 
have been either in the primary radiation or in the atoms of 
the element subject to that radiation. If we make the former 
assumption we have to account for pairs varying enormously 
in velocity being scattered in all directions with one velocity— 
a velocity characteristic of the atom. If, on the other hand, 
we assume that the pairs were originally in the atom, we 
must account for their ejection with one velocity by assuming 
some disruption to occur in the atom. The former of the 
two assumptions is inconceivable, and it is against the latter— 
the disruption theory—that much of Prof. Bragg’s argument 
has been directed. If, however, we change the point of view 
and assume disruption, we must account for :—AII the pairs 
transmitted through a substance being undiminished in 
velocity ; those moving with a velocity greater than a 
critical velocity being stopped in greater proportion than those 
moving more slowly ; those moving still more quickly being 
stopped in smaller proportion ; and the equality of the velocity 
required to produce instability with that acquired by another 
pair due to the instability set up in the atom. Assumptions 
might possibly be made to satisfy any individual result, but 
in the combination we find the difficulties insuperable. : 

The results of these experiments are, however, in their 
general nature what would be expected on the zther-pulse 
theory, as shown in previous papers”. 

A more detailed discussion of this theory will be given 
when several points have been further tested. 

It is possible that all the substances experimented upon 
also emit a very easily absorbed secondary radiation, and 
that the absorptions which have been observed in the case 
of very ‘“‘soft” radiations have been accompanied by the 
emission of such radiations. 

* Phil. Mag. Oct. 1908, pp. 550-584, and Jahrbuch der Radioaktivitit 
und Elektronik, iii. pp. 246-324. 
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Summary. 

By the use of homogeneous beams of X-rays varying 
considerably in penetrating power the laws governing the 
absorption of X-rays have been investigated. The results of 
experiments may be briefly stated as follows :— 

For very absorbable radiations the ratio between the 
coefficients of absorption in any two elements remains 
approximately constant while the penetrating power of the 
radiation varies greatly. 

This law, however, does not hold when the radiation 
transmitted through an element is made more penetrating 
than the secondary radiation characteristic of that element; ; 
this, again, is the condition necessary to the production of 
that secondary radiation. 

As the primary radiation is made more penetrating than 
this secondary radiation, the absorption in this particular 
element increases, first slowly, then very rapidly. The 
secondary radiation—homogeneous and characteristic of 
the element—begins to be emitted, first feebly, then in con- 
siderable intensity. The absorption increases to many times 
the absorption experienced by a somewhat “ softer” 
radiation. 
When the primary radiation is made still more penetrating, 

the absorption again begins to decrease and the intensity of 
secondary radiation decreases at the same rate as the ioniza- 
tion produced by the primary radiation in a thin film of air. 

In the case of the transmission of a penetrating radiation 
through elements of low atomic weight, the energy of the 
primary beam which appears as secondary radiation of the 
same penetrating power as that of the primary producing it 
—scattered radiation—is a considerable fraction of the total 
energy absorbed. 

In other cases investigated the fraction is small. 
Evidence points to the conclusion that in the case of trans- 

mission of primary rays which are most efficient as producers 
of the secondary rays in any element, the energy of this 
secondary radiation is a considerable fraction of the energy 
absorbed. 

Investigation has failed to reveal any transformation of X- 
rays by transmission, other than the transformation into secon- 
dary rays proceeding in all directions. The laws discovered 
are sufficient to account for a great variety of apparently 
complicated results recorded by many investigators. The 
authors are not aware of any peculiar phenomenon of absorp- 
tion which cannot be explained in terms of these laws. 
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[In all experiments on absorption, both the normal absorp- 
tion of ‘‘ soft” rays and the special absorption connected with 
the emission of secondary rays, and on secondary rays, both 
as regards intensity and character, nickel behaves asa normal 
element of atomic weight about 61°3. | 

George Holt Physics Laboratory, 
Liverpool. 

LXX. On the Distribution of Thorium in the Earth's Surface 
Materials. By J. Jovy, F.RS.* 

Ree observations have shown that the emanation of 
thorium exists in the atmosphere to an extent which 

is difficult to account for unless a very considerable quantity 
of the element thorium is distributed in the surface rocks 
and soils. Thus Bumstead (Am. Journ. Sc. July 1904) and 
Dadourian (Am. Journ. Se. Jan. 1905) in New Haven, Conn., 
Blane (Phil. Mag. March 1907) at Rome, and Wilson (Phil. 
Mag. Feb. 1909) at Manchester, have found that of the total 
active deposit gathered upon a negatively charged wire 
exposed for many hours to the air, a considerable part—it 
may be even a major part—exhibits the properties of the 
active deposit derived from the emanation of thorium. 
Blanc estimates that at Rome from 50 to 70 per cent. of the 
whole activity is due to thorium; and Wilson infers from 
his observations at Manchester that there must be about seven 
times as much thorium as uranium in the surface soils. On 
the other hand, Gockel (Le Radiwm, Jan. 1909) finds that at 
Zermatt the emanation of thorium is almost entirely absent. 

It is a question of much importance to geological science 
to decide how far these observations refer to purely local 
conditions, or whether they indicate a general prevalence of 
thorium in rocks. 

Method of Measurement. 

The material under investigation is brought into solution 
by the aid of reagents (e. g. hydrochloric acid and the car- 
bonates of soda and potassium) which are themselves shown 
to be free from thorium by the method to be now described. 
The solution is boiled in a flask (see figure, p. 761) to which 
the steam is returned by an attached condenser. A prelimi- 
nary boiling, lasting from 20 to 30 minutes, is required to 
completely expel any accumulated emanation of radium. 
A small quantity of powdered tale must always be put into 
the solution in order to secure uniformity of ebullition. 

* Communicated by the Author. 
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A slow current of air, entering the flask at H, carries the 
evolved emanation of thorium to the electroscope. On its 
way the air passes through the drying-tube, ¢, containing 
phosphoric anhydride; the current being steadily maintained 
by a water-suction pump working under a constant head. 
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The velocity of flow is not such as to interfere with the 
observation of the gold leaf. A thin copper tube, with finely 
perforated walls, diffuses the entering air current; and the tube 
by which it is withdrawn reaches nearly to the bottom of the 
electroscope. These latter details are not shown in the figure. 

In order to reproduce on each occasion the same velocity 
of air-flow, a stopcock, O, and a manometer tube, m (which 
dips into a vessel of oil), are placed between the condenser 
and the drying-tube. The stopcock serves to introduce an 
obstruction to the current of air, so that a certain rarefaction 
Gndicated by the height to which the column of oil is drawn 
in m) must be established to the right of the obstruction in 
order that the flow may take place. By this arrangement 
variations in the resistance of the drying-tube will not affect 
the indications of the manometer. In a more recent form of 
the apparatus the U drying-tube is replaced by a shorter 
straight tube, and a second very short tube, containing granu- 
lated calcium chloride, is placed between the stopcock and 
the condenser. This latter tube serves to protect the stop- 
cock from moisture. 

The period of the emanation of thorium being only 54 
seconds, it is evidently of importance to secure its rapid 
evolution from the solution and its immediate transfer to the 
electroscope. The first condition seems secured by the pro- 
cess of ebullition. The second is best attained by an air-How 
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which is neither too fast nor too slow. If too slow a large 
part of the emanation must be transformed before it attains 
the electroscope. If too fast it is swept through the electro- 
scope in so highly dilute a condition that, again, its effects 
must be enfeebled. There must be, therefore, some most 
favourable rate at which the air-flow should take place. 
With the arrangements described we evidently have the 
adjustment of the current under control. To find the most 
favourable current we work with solutions containing small, 
known amounts of thorium; first reading the normal rate of 
discharge of the electroscope while the air-current is flowing, 
and then again when the emanation is entering on the air- 
current. It will be found that the normal rate of discharge 
is but little affected, if at all, by small variations in the rate 
of air-fiow. We can in this manner not only determine the 
most favourable air-current, but we can standardize the 
readings of the electroscope. 

The electroscope I have used in the observations given 
below has a voluminar capacity of about 450 ccs. The gold 
leaf is about 2°5 x 0°2 cm. in dimension, and the electrostatic 
capacity is such that the radium constant is 0°8 x 10—-” grams 
radium per scale-division per hour. 

The following experiments will show the degree of sensi- 
tiveness and consistency attained by this method of measuring 
small quantities of thorium. JI am by no means satisfied 
that the best rate of transfer of the emanation has yet been 
attained. The thorium salt used is the nitrate as supplied 
by Kahlbaum. 

Gain in Scale- 
Divisions per hour, 

6°6 x 10—4 grams. Th in 450 ces. distilled water ......... 22°5 
ao. o By Oo) ,; sea-water "i. Aue 11°3 

Lj 2” oe) ” 1600 ” sae! Webey eaeeeeee ees 6'3 

17 2 ” 33 1500 35 rock-solution ............ 76 

Under different and less favourable conditions of air- 
current the following comparative observations were made 
on (a) thorium nitrate of Kahlbaum, (0) thorium oxide of 
Kahlbaum, and (c) a specimen of thorium oxide kindly given 
to me by Mr. Moss; a specimen which had been some years 
in his possession. 

Gain in Scale- 
Divisions per hour. 

3:3 x 10—4 grams. Th (a) in 1000 ces. water ..............- 6°9 
GR cu) ee OO: Sg ee 140 
850). | a ie aan ieee 19:0 

It would seem, from the foregoing results, that the readings 
of the electroscope are not dependent on the volume of the 
solution containing the thorium, and consequently we must 
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infer that the evolution of the emanation by the ebullition is 
so rapid and complete that the whole of it, sensibly, is brought 
into the space above the solution. It is probable that the 
sensitiveness would be enhanced if the air withdrawn from 
the electroscope was circulated again through the flask; a 
modification which does not appear to present any great 
difficulties. Another important deduction from the experi- 
ments cited above is that the presence of considerable quan- 
tities of substances in solution does not appear to affect the 
evolution of the emanation. The “ rock-solution” contained 
10 grams of a lava and the accompanying reagents; the result 
quoted is obtained as a difference on the thorium content of 
the rock. These inferences have been substantiated by many 
other experiments carried out for purposes of calibration. 

Under the conditions affording the values given in the first 
table, we see that a gain of one scale-division per hour in the 
rate of discharge of the electroscope corresponds to 2°8 x 107° 
grams of thorium in the solution. It is quite possible under 
ordinarily favourable conditions to be sure of a change of one 
seale-division per hour by reading the normal rate of dis- 
charge both before and after the test of a solution. If, now, 
we deal with 50 grams of rock, the determinable quantity of 
thorium is avout 0°6x10-® grams per gram of rock. In 
order to make a comparison with the average amount of 
uranium in rocks we may assume the case of a rock having 
4x10-¥ grams of radium per gram. Remembering that 
3°7 x 10-7 grams of radium are in equilibrium with one gram 
of uranium, we find that the amount of uranium present is 
1:2x10-° grams. It follows that if there is as much thorium 
as uranium in rocks, we may evaluate the mass of thorium to 
a fractional part or deal with quantities of material much less 
than 50 grams. 

Preliminary Results. 
The readings of the electroscope can be satisfactorily 

standardized only by use of a thorium mineral of known 
composition. The following few determinations, which are 
based on the emanating power of Kahlbaum’s thorium nitrate, 
may therefore require some amendment later on. As com- 
mercial salts have been found to possess an activity which 
for the quantity of thorium present is less than that observed 
in minerals, the correction on the present results would be 
one of reduction. 

The solutions used had been in many cases originally pre- 
pared for radium determinations. The quantity of dissolved 
rock is, therefore, small. The readings were, however, per- 
fectly definite and unmistakable. The major limit recorded in 
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some cases, where no positive result was obtained, is arrived 
at by dividing the smallest detectable amount of thorium, 
under the conditions of the experiment, by the number of 
grams of the substance ; in the case of the sea-waters by the 
number of cubic centimetres. 

Thorium in 
grams per gram. 

Tava, Vesuvius, 1906; 10 orampigiidscctis sles. o0tde bodes se eee 36x107° 
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th et 1632? TO eratiiser reiec covcte.ccsesese- 2-5 0s eee es eS 
“ s L794, VONGTaMIBERE., co ouesdess tence bcaedet eee ee eee OS) sets 

di Odds: LO erase sis 5. 58-08 5255. foe ee 2D as 
5 | aot: Tieleng, JUD eras Gee coc tnnsscvicmsionte~ See =aie op eels tee OOS) Bs 
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Mica-schist (sedimentary), St. Gothard Tunnel, 9°1 grams ...... Loess 
Gneissose granite, St. Gothard Tunnel, 10 grams .................. Did Nas 
Gneizs, Simplonummel, 10 @ramp:.... ..00240.08bs0ds-nec-moseceeeeee L6G. ee 
Diabase, Fifeshire, TO\erams. ........6...0.00.ccsseanmss less than O93 _,, 
Shale; ‘Moffat Dalej4berams 2200.0... 20-0. ...sccessdtsuneeceeseeneee 05% 
Granite,{Co. Wicklow; ZOsarams) foos< 2010.35. Sccnbe <a vaens deaednete acc Oy Be 
‘Carboniferous Limestone, Armagh, 22°5 grams ... lessthan O2 ,, 
Marsupitesi@ Walk, (S208 AMS <5. -ecress ens sae eeceuvanons lessthan O°9 ,, 
Red’ Clay: IN-wacite: 2 erage 5.2.0.0. cs<cesee ems less than 1:3 _ ,, 

x Central Paces 1Ojioname: lic... os 5.0 seseaaane tee eenee OD» » 
Radiolarian Ooze, Central Pacific, 6°5 grams ......... lessthan 0D  ,, 
Manganese Nodule, 8. Pacific, 12 grams............... lessthan O2 ,, _ 
Sea-Water, Coast of Dublin, 1400 ces. ............... less than 2:1 «10-8 

- SS. Adlambic. AFSO Ges) isicie... ccc blesscee ce less than 16 _s,, 
ts 5 ORCS HE) Si cna sic Swcrndiwdaaeeue lessthan 2:0 _ ,, 
a Indiani@cean, 2600'CCs.. <........:.-..008.-sesaeeeeeeeeeee Ue ieee 

The number of observations is as yet too small to merit 
any full discussion or justify definite conclusions. But the 
fact that every rock examined, with three exceptions, was 
found to contain thorium, lends considerable support to the 
view that it is a generaily prevalent constituent. The quan- 
tities observed in some cases are such as might afford an 
explanation of the local occurrence of thorium emanation in 
the atmosphere, although the general average of the few rocks 
examined is hardly such as to account for a general prevalence 
of the emanation to the extent to which it has been observed 
in particular localities, unless thorium is breaking up faster 
than is generally assumed. It may turn out, however, that 
the surface soils are richer in thorium than the rocks from 
which they are derived. The results on the Vesuvian lavas 
seem to accord well with Blanc’s observations on the abund- 
ance of thorium-emanation in the atmosphere at Rome, the 
leucitic lavas entering extensively into the surface-geology of 
the district. The quantities of thorium observed in some of 
these materials exceeds the average uranium content of rocks 
about three times. It is true that the lavas in question 
possess a very unusual radium richness, so that the local 

SS ee = 
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evolution of the radium-emanation could not be assumed to 
be subordinate in amount to thorium-emanation. However, 
it is to be supposed that the much shorter-iived gmanation of 
thorium would be more local in its effects than the radium- 
emanation, which, breaking up slowly, has time to be diffused 
over a wider area. 

The amount of thorium in sea-water is small, and until an 
observation was made on a large quantity of water, only 
negative results were obtained. A thorium salt added to 
sea-water gives an immediate precipitate (which is cleared 
by an acid). It may be that the poverty in thorium of the 
oceanic waters and the underlying sediments is not a true 
indication of the thorium content of the rocks, but is to be 
referred to chemical effects consigning the thorium to the 
littoral deposits. 

The geological bearing of the distribution of thorium cannot 
be discussed without a knowledge of the rate of transforma- 
tion of that element. According to Bragg (Phil. Mag. June 
1906) this element: is breaking up at one-fifth the rate of 
uranium. If this is so, and taking into account the lesser 
emission of « particles by the derivatives of thorium, the 

‘indications of the results given above assign to thorium a 
relatively unimportant position compared with uranium as a 
heat-producing agent in the rocks. On the other hand, if 
the rates of transformation are about equal (Soddy, Phil. Mag. 
Oct. 1908), the importance of thorium might be comparable 
with that of uranium, the quantities of the two elements in 
the rocks not appearing to differ greatly in amount. 

LXXI. On Induced Stability. By ANDREW STEPHENSON *, 

{. N°: only may a single pivoted body be maintained 
in the position of unstable equilibrium by vertical 

oscillation of the pivot, but furthermore a number of freely 
jointed links may be similarly maintained. 

In the simplest case, when there are only two links, the 
conditions of stability are readily found. With the usual 
notation the equations of motion in the neighbourhood of the 
vertical are 

f (hye +k? + pl,?) D? —(g + 2an? cos nt)(hy + ply) }O + ply h.D?h =0, 

{ (he? + ky”) D? — (g + 2an? cos nt) hs b+hh.D?0=0, 

_/ where p is the ratio of the mass of the second, or upper, rod 

* An addition to a paper under the above title, Feb. 1908, Communi- 
cated by the Author. 
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to that of the first, or lower, and a is half the amplitude of 
the applied motion. Writing these equations 

[aD?—{g+an2(e" +e7™)}] 6+ bD?6 =0, 

[pD°—{g+an?(e™ + e-"™)}]6 + gD?0=0, 
we have two particular solutions, each of the form 

e— A,eerrint, e= . B,eetrint, 

where df hs | 

{—gta(et+rinY lA —an?(A,_,+A,,,) +b(e+rin)B.= 2 (r) 

{-g+plet+rin)?}B,—an(B,_,+B,.,)+¢(c¢+rin)?A,=0 ; 

The set of conditional equations, (7), determines ¢ and the 
relative values of the coefficients. When @ is small the terms 
diminish rapidly from Ay and Bo, and when « approaches the 
limit zero, en remaining finite, we obtain 

(ap—bq)*eb + {2(an)*(a’ + p* + 26g) —9(a + pap —bq) fe 
+ 4(an)*—2(an)*9(at+p) +9" (ap—bq)=0. 

The roots of this quadratic in ¢ are real for all values of en. 
For stability the quantities 

2(an)? (a? + p® + 2bq) — g(a + p) (ap — 6g) 
and A(an)§— 2an)g(a+ p) + P(ap—4) 

must be positive. Thus stability is always ensured by making 
the frequency of the applied motion sufficiently large. For 
two equal rods, each of length /, the condition is 

. (an)? >0*683lg. 

It may be noted for the sake of comparison that for a single 
rod of length 2/, for stability (an)? > lg. ; 

2. In the case of a chain of three uniform rods, each of 
length 1, we obtain the ¢ equation by a method similar to the 
preceding :— 

26 (cl)®§ + 9(2594—41 ly) (cl)* + 94{154156u? — 11572ulg + 112 (lg)?} (el)? 

+ 81{27040u? —12480y2lg + 570 (Iq)? — 5(1g)?} =0, 

where p= 75(an)?, and @ is small. 

The roots of this equation in c? are real for all values of an. 
They are negative if 

' 
‘ 

(an)? > 1°79lq, 

the condition for stability. 
March, 1909. 
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LXXII. On the Treatment of Electrodynamics. 

To the Editors of the Philosophical Magazine. 

if the February number of your Magazine Dr. Lehfeldt, 
in an article on Electrodynamics, speaks of the highly 

artificial nature of the ordinary method of calculating the 
induction inside a magnetic material. I have always felt 
this, and for some years have abandoned the “ crevasse ” 
method in favour of the following. — 

Consider an area of one square centimetre drawn in the 
interspace between the molecular magnets and at right 
angles to the direction of magnetization, then from the 
definition of intensity of magnetization (1) it follows in the 
usual way that the resultant amount of N pole on one side 
of this area and of 8 pole upon the other side is I. Each 
unit of N pole gives rise to 47 lines which cross the area 
to the § side, and hence the induction within the material 
due to the arrangement of its elementary magnets is 4zlI. 
Adding this to the field H due to other sources we obtain 

br 4771, 

The following proof of the work done in taking a specimen 
through a hysteresis cycle may be of interest, as it depends 
upon first principles. 

If m is the magnetic moment of a molecular magnet and 
@ the angle its axis makes with the direction of magnetization, 
l= Smecos@ for 1 c.c., and }msin@=0. On causing m to 
rotate through an additional angle d@ the work done, with 
or against, the existing field H is equal to Hm sin @ dé, and 
for 1 c.c. the total work is }Hm sin 6 d@=H=msin 6 dé, 

but since IT=3m cos 6, 

di =d>m cos 0 

— —>msin 6d. 

.. Work done = Hdl. 

The integration for a cycle upon the H-I diagram follows. 
in the ordinary way. 

The above proofs are independent of any assumption as to 
the nature of the ultimate magnetic particle. 

S. G. STARLING. 
Municipal Technical Institute, 

‘West Ham, E. 
Feb. 5, 1909. 

A GENTLEMEN,— Y 
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LXANITI. Notices respecting New Books. 

Outlines of Physical Chemistry. By G. Sunrer, Ph.D., B.Sc. 
London: Methuen & Co. 1909. Price 3s. 6d. 

HIS excellent textbook is intended as an elementary introduction 4 | . 
to the subject of Physical Chemistry. The subject has now 

grown so large that it is extremely difficult to cover the whole range 
in a single small book; but Mr. Senter has succeeded in covering 
a large part of it. The parts upon which most stress has been 
laid are those dealing with the modern theories of solutions, the 
principles of chemical equilibrium, electrical conductivity, and 
electromotive force. ‘The picture presented by this simple intro- 
duction is one of the amazingly rapid development which the 
subject has undergone. Many of the views given here were only 
accepted (at any rate by the purely physical school) after very 
considerable opposition; and even now are accepted only as 
working hypotheses. This opposition was by no means unrea- 
sonable, as will be realized by all those who are watching the more 
recent modifications which these hypotheses are undergoing. We 
refer in the main, of course, to the theory of solutions; and we 
think we detect the signs of change in the fact that our author does 
not claim the validity of the physico-chemical theories of solution 
(put forward by van’t Hoff and others) with the same dogmatism 
that we usually meet with. It is now realized by all that the solvent 
is not the mere idle medium whose sole function is to provide a 
space in which the molecules of the solute can move about. Its 
complete function is still unknown, and sufficient is said here for | 
an elementary volume in regard to rival theories. We do not 
doubt that there will be considerable modification of all existing 
views before many years are out. Meanwhile there are huge 
groups of phenomena which can all be placed together and co- 
ordinated on the basis of thermodynamic arguments, which latter 
are independent of any theory of the mechanism of the processes 
concerned. If we may indicate a preference, it is that, while not 
ignoring mechanical theories, chief stress should for the present be 
laid on those facts and phenomena which can so be coordinated. 
Since Dr. Senter does lay very considerable stress on this side 
of the subject, we may wish him all good speed. We do not 
hesitate in thinking that this book supplies a real want. It is 
simple, so that the beginner will understand almost all of it; at 
the same time it does not shirk difficulties, though it often has to 
leave them not entirely removed. Lastly, its price is remarkably 
low, so that a student has no reason to avoid purchasing it. 

lll Ga 
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Depariment of Commerce and Labor, Coast and Geodetic Survey. 
O. H. Tirrmann, Superintendent. United States Magnetic 
Tables and Magnetic Charts for 1905. By L. A. Bauer, In- 
spector of Magnetic Work and Chief of Division of Terrestrial 
Magnetism. Washington: 1908. Pp. 154. Large octavo, 
with 7 charts. 

THE volume consists mainly of tables, comprising observed values 
of the magnetic elements and the values thence deduced for the 
epoch January 1, 1905. Data are given for over 4000 land 
stations—including fully 800 outside the borders of the United 
States itself—and for more than 200 stations at sea. There are 
also voluminous tables showing the secular change in the elements 
throughout the United States, going back in a good many cases to 
1750. The results are embodied in 7 charts. The first 5 show 
the isogonals, isoclinals, and isomagnetics (of horizontal, vertical, 
and total intensity). The sixth shows the curves that would be 
traced on the earth’s surface by one always travelling in the 
direction in which the compass-needle points. The last chart 
contains two types of curves, illustrating the secular change in the 
elements. Though the epoch selected is January 1, 1905, use is 
made of observational data as recent as midsummer 1907. The 
charts are of large size and aim at showing all local irregularities 
of importance. 

- 

LXXIV. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

{ Continued from p. 332.] 

December 16th, 1908.—Prof. W. J. Sollas, LL.D., Sc.D., F.RB.S., 
President, in the Chair. 

2s following communication was read :— 

*On the Igneous and Associated Sedimentary Rocks of the 
Tourmakeady District (County Mayo).’ By Charles Irving Gardiner, 
M.A., F.G.S., and Prof. Sidney Hugh Reynolds, M.A., F.G.S. With 
a Paleontological Appendix by Frederick Richard Cowper Reed, 
M.A., F.GS. 

January 13th, 1909.—Prof. W. J. Sollas, LL.D., Se.D., F.RS., 
President, in the Chair. 

The following communications were read :— 

1. ‘On Labradorite-Norite with Porphyritic Labradorite.’ By 
Prof. Johan H. L. Vogt, F.M.G.S. 

This paper deals with a rock occurring at Napp Farm, on 
Flakstadé, off the northern coast of Norway. It contains 23 per 

Phil. Mag. 8. 6. Vol. 17. No. 101. May 1909. 3F 
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cent. of labradorite-phenocrysts, in a crystalline groundmass made 
up of a more acid plagioclase, hypersthene, diallage, and titano- 
magnetite, with small quantities of biotite, and very little spinel, 
apatite,and pyrite. A little secondary hornblende and some garnet 
are present, but few other secondary products. Olivine is con- 
spicuously absent. 

The plagioclase-phenocrysts are more acid in their outer zones, and 
the groundmass plagioclase is still more acid as determined optically 
and by specific gravity and analysis. Analyses are tabulated of the 
bulk of the rock and the groundmass, and of the separated plagio- 
clases and the magnetite. From these the relative proportions of 
the constituents are calculated, and the formula of the felspars 
determined ; also the titanomagnetite proves to be a mixture of 
magnetite with ilmenite, 

The order of crystallization is found to be:—(1) Phenocryst 
plagioclase ; (2) plagioclase with magnetite; and (3) plagioclase, 
magnetite, pyroxenes. The plagioclase-phenocrysts started to form 
at points from 8 to 18 centimetres apart, and when they had grown 
to some size a second crop of smaller crystals grew at nearer points ; 
the magnetite was much aggregated round the plagioclase-pheno- 
erysts, growing together with the plagioclase of the groundmass ; 
and finally the remaining magma crystallized. The order of erystal- 
lization is found to be consonant with the physico-chemical laws 
applying to the phase liquid-solid. Graphic representations are 
given to illustrate the order of crystallization of a ternary system 
of plagioclase, magnetite, and pyroxene; and it is shown that the 
separation of such a system would yield first the formation of 
plagioclase-phenocrysts, secondly the solidification of a magnetite- 
plagioclase eutectic, and finally an eutectic of plagioclase, magnetite, 
and pyroxene. In considering the equilibrium between the solid 
and the liquid albite-anorthite phase, it is found that equilibrium 
must have been maintained sufficiently long for the phenocrysts to 
acquire a composition different from the first-formed crystals, but 
that eventually the equilibrium broke down—a matter possibly 
connected with the size of the phenocrysts in relation to the 
viscosity of the solution. The history of events in connexion with 
the pyroxenes was probably similar to that in the case of the 
plagioclases, but this portion of the subject is not fully worked out. 
The temperature-interval of crystallization is estimated to have been 
between about 1400° and 1000°. 

The author considers that this investigation establishes that the 
processes of crystallization in a magma may be explained in all 
details according to physico-chemical laws. 

2. ‘On the Genus Lowonema, with Descriptions of New Proterozoic 
Species.’ By Mrs. Jane Longstaff (née Donald), F.L.S. 
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January 27th, 1909.—Prof. W. J. Sollas, LL.D., Sc.D., F.R.S., 
President, in the Chair. 

The following communications were read :— 

1. ‘The Conway Succession.’ By Miss Gertrude L. Elles, D.Sc. 

In this area the author has found a complete succession of strata, 
from Llandeilian up to Salopian date. The divisions proposed are 
as follows :— 

Zone of 
Cyrtograptus symmetricus. 

SALOPIAN. Benarth Flags & Grits ...... Monograptus riccartonensis. 
\ Cyrtograptus murchisoni, 

is ( Monograptus crenulatus. 
| Monograptus crispus. 

Rasirites maximus, * 
FRE IEC. ee 4 | Monograptus sedgwicki. 

Monograptus gregarius. 
| Mesograptus modestus. 

| Conway Castle Grits. (150 feet.) 

VALENTIAN. 4 

DeganwyMudstones. (30 feet.) LEE GES LASTS 
ASHGILLIAN. Dicellograptus anceps. 

; Bodeidda Mudstones. Trinucleus-Beds. 

CARADOCIAN. check) Bee nis ised 

_ Cadname States) (Upper). { Ga en inanti inoue ‘ 

ie (te ore | Mara ee 
’ | Climacograptus peltifer. 

( Upper or Coetmor Ash-Group. 

Goxwar | | Upper Brecciated ae Vea 

VoLcanic Lower or Bodlondeb Ash-Group. 

Smrizs. (60 feet.) 
Lower Banded Lava-Group. 

(1400 feet.) 

After references to the literature and an account of the 
landscape and structure of the district, the beds are described 
in ascending order, lists of fossils being given from the more 
important exposures. The sections show that there is no break 
whatever in the sequence between the Ordovician and the Silurian 
rocks in the district. Petrological notes on the chief igneous rocks 
are given, and then a detailed comparison is established between 
the rocks of this area and those of South Wales, the Rhayader 
and Tarannon districts, Lakeland, the South of Scotland, and 
Pomeroy. The Conway Mountain Volcanic Series appears to be 
equivalent to the Borrowdale volcanic rocks of the Lake District, 
and the Cadnant Slates and Bodeidda Mudstones equivalent to 
the Upper Dicranograptus-Shales, Trinucleus-Beds, and Sholeshook 
Limestone of South Wales, the Sleddale and Roman Fell Groups of 
Lakeland, and the Upper Glenkiln and Lower Hartfell of the 
South of Scotland. The Deganwy Mudstones are paralleled with 
the Redhill Beds and the Ashgill Shales. Close comparison is 
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possible between the graptolitic zones of the Gyffin Shales and 
corresponding beds at Rhayader, Tarannon, in the Lake District, 
and the South of Scotland. Finally, the Benarth Flags are com- 
pared with the Brathay Flags, the Riccarton Beds, and beds above 
and including Cyrtograptus murchisoni in the Tarannon district. 

2. ‘The Depth and Succession of the Bovey Deposits.’ By 
Alfred John Jukes-Browne, B.A., F.G.S. 

The total thickness of the Tertiary Beds in the Bovey Basin has 
never yet been ascertained, because no boring has yet reached the 
bottom of the basin in which they le; and no one has yet 
attempted to make out a stratigraphical succession from the 
sections exposed in the numerous clay-pits. 

Some years ago, however, Messrs. Candy & Co., of the Heathfield 
Potteries, put down a boring which reached a depth of 526 feet 
from the surface. Having obtained some particulars concerning the 
beds traversed by this boring, the author is able to discuss the 
succession of the Bovey deposits, so far as they have been explored. 
The following is a generalized description of the strata seen in the 
Heathfield pit, and penetrated by the boring from the bottom of 
that excavation :— 

Thickness in feet. 
Superiictal deposits, |.cnecegnkanenspen-cnsseaseunae eee eee about 20 
Beds of clay and sand, with occasional beds of lignite...... 250 
Beds of lignite and clay, with one of sand ..................+ 36 
Beds of lignite, with thin layers of clay ..............-.0000- 2203 

5263 

The author confirms the conclusion arrived at by Pengelly in 
1861, with regard to the relative age of the beds exposed in the 
‘old coal-pit ’ south-east of Bovey Tracey and those proved in 
a boring to the east of it. From all the data mentioned, and 
assuming the actual base of the Tertiary deposits to be not more 
than 30 feet below the bottom of the Heathfield boring, he estimates 
the total thickness of the ‘ Eocene’ beds to be about 613 feet. 

The Bovey Basin itself is regarded as a tectonic basin or post- 
Eocene pericline, and not as a lake-basin; although, during the 
deposition of the higher part of the series, it may have formed part 
of a large lacustrine or lagoon area, extending over the greater 
part of East Devon. 

The author dissents from Heer’s view of the manner in which 
the lignites were formed, discusses the identification of some of the 
plants, and concludes that the lignites which form the mass of the 
lower beds represent the growth and decay of successive swamp- 
forests, similar to that of the Great Dismal Swamp of Virginia at 
the present day. 

Assuming that these lower beds are of Eocene age, and con- 
temporaneous with the Bournemouth Beds of the Hampshire Basin, 
the author points out that nothing has yet been proved with regard 
to the higher beds, which may be of Bartonian, or even of Oligocene 
age. 
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LXXV. The Motion of Electrons in Solids. Part I. A ghetri icp 
Conductivity, Kirchhof’?s Law and Radiation of 
Wave-length. By J. H. Jeans, IA., F.R.S., , Professor 
of Applied Mathematics in Princeton Universit ae 

1. FFNHE Hlectron-theory of metals has been developed 
by Drude, Thomson, Lorentz, and others. The 

work of all these writers postulates a motion consisting of 
free paths and collisions. These and other conceptions im- 
ported from the Kinetic Theory of Gases have led very 
successfully to a general interpretation of many of the 
phenomena of solids, but cannot be expected to lead to 
accurate quantitative results. I have therefore thought it 
would be of value to try to develop a theory which shall be 
free from all suppositions for which there is not direct 
numerical justification. Such a theory, if it can be con- 
structed, ought to lead not only to predictions of the nature 
of the phenomena with which it is concerned, but also to 
an exact evaluation of the quantities involved in these 
phenomena. 

Electric Conductivity. 

2. In a conductor whih is under the influence of no 
externally-impressed elecivic force, we suppose that there 
are N electrons per unit solume, moving with the velocities 

* Commuwiicated by the Author. 

Phil. Mag. 8S. 6. Vol. 17. No. 102. June 1909. 3G 
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assigned to them by Maxwell’s law*. Ata temperature T 

the law of distribution of velocities is 
i 

given by RT = ah? 

J8y,,8 Wa [Bm amet du de de. a ee ae (1) 

It an electric force X is brought into play parallel to Oz, 
this distribution will immediately be altered. Hach electron 
will acquire momentum parallel to Oz at a rate Xe, but this 
gain in momentum will be held in check by a perpetual 
transfer of momentum between each electron and all the 
‘molecules by which it is influenced at any instant. 

Under law (1), the average value of u is zero. Under the 
new law, the average of w will have some value uo, different 
from zero. Corresponding to any value of uo, there is a 
current 7, parallel to Ox of amount 

pe Neu. |. 

3. A brief calculation will show that for all values of X 
with which we shall be concerned, wp is small in comparison 
with the average numerical values of u. We may perfectly 
legitimately neglect squares of u,, and, in particular, in caleu- 
lating any quantity which has ultimately to be multiplied by 
Ug, We may assume formula (1) to give the distribution of 
velocities. 

4. We proceed now to calculate an expression for the 
transfer of momentum between electrons and molecules. 
We shall do this first, for simplicity, upon the supposition 
that the motion consists of free paths and collisions. After- 
wards we shall find a perfectly general expression. 

Consider an electron approaching a molecule witha velocity 
of components u, v, w. It will describe a curved orbit having 
its free path before collision and its free path after collision 
as asymptotes. Its loss of momentum at collision will depend 
on u, v, w, on the orientation of the molecule, and on the 
position in which the free path before collision meets a 
perpendicular plane through the centre of the molecule. 
We know that all positions are equally likely for this latter 

point, and if the solid is isotropic all orientations are equally 
likely for the molecule. On averaging, we can find the 
probable loss of momentum at collision. Clearly this average 

* It is important to remember that Maxwell’s law gives the partition 
of velocities for particles in collision or acted on by any field of force, as 
well as when on a free-path. ‘The existence of a field of force alters the 
distribution of density, but not of velocities (cf. the author’s ‘ Dynamical 
Theory of Gases,’ p. 78). 
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loss of momentum, regarded as a vector, can have no direction 
except that of the initial velocity u, v, w: its amount will 
depend on the constants of the electron and molecules and 
on v?+v7+w?, but not on u, v, and w separately. We can 
accordingly suppose that the original velocity wu, v, w is 
reduced by collision to 

(L—a)u, (1—a)v, (—a)w, 

where « depends on w?+v?+w’ and constants only. 
In a time dé which is large compared with the time of a 

coilision, the loss to the momentum of the N electrons is 
therefore of the form 

Nyuodt, Nyvodt, Neyw de, 

where up, vy, wy are average values of w, v, wand y depends 
2 2 2 on u?+v>+w? and constants only. 

We accordingly have the equation 

£ (Nm) = NXe—Nyn, het Doe aL Cen 

provided the interval of time dt is taken to be large compared 
with the time of collision. 

5. Let us now carry out the corresponding calculation 
without assuming the existence of free paths. We fix our 
attention on all the electrons of which the velocity-components 
at a given instant ¢ = 0 lie within a small range du dv dw 
surrounding the values u,v, w. If there were no externally 
applied electric force, the law of distribution of these electrons 
in space would be 

AST ALOU EZ Mii ar io ees a ane 

where y is the potential energy of an electron at the point 
x, y, 2 and A is such that 

A \\\ eda dy dz = 1, 

the integral being taken throughout a unit volume. With 
an electric force X acting, the law will be different from this 

by terms of the order of =, but these terms may be neglected 

whenever their retention would lead to ultimate terms of the 

order of kad : 3 

Assuming (4) to be the law of distribution of these 
electrons in space, we calculate the values of wu, v, w after 
time T, corresponding to all initial positions of the electrons, 

wee 
ad 
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and average according to the law (4). In this way we find 
the average velocity components wu’, v', w’ after time tr. The 
vector wu’, v', w’ must, from symmetry, be in the same direction 
as u, v, w: its amount will depend on u?+v?+w? and on the 
constants of the matter and the electrons. 

Thus we must have 

uw = uf (7, w?+vr?+w"), Ke. ; 

and hence, on averaging for all values of u, v, w, we find 
that if 2 9', vo’, Wo’ are the values of wo, vp, Wo after time 7, 

Up = Uoh(T, bh)... a 

If we could evaluate ¢, this equation would be the gene- 
ralization, in integral form, of equation (3) with X=0. 
We can obtain some information as to the function @. 

We notice first that at time t=0, 

du dy 
ae sae ae 5 

so that, on averaging, the value of ee is zero, and hence 

(7, h), for small values of 7, is of the form 1+77/(h). 
Next we consider the form of the function for large values 

of tr. Let + be so large compared with the time of encounter 
with a molecule, that the velocities of those electrons which 
originally had velocities w, v, w may be regarded as distributed 
at random. Then, if 2 /’, vp’, wo’’ are the values of wp, vp, Wo 
after a time 27, we shall have, in addition to equation (5), 

Uy =Uor hb) Ww =m Ola, hb). wes 

whence it follows that 

iy) temas 

and equation (6) can be put in the form 

dug jae 
YE = Buo 

provided dt is sufficiently large. This equation is exactly of 
the form of (3) with X =0. It follows that the general 
equation, no matter what the nature of the motion of the 
electrons, is of the type of equation (3). 

6. We now return to equation (3), which with a suitable 
value for y will express the relation between X and w in any 
motion in which the quantities do not change too rapidly 
with the time. 
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In the steady state in which a steady current 7; is main- 
tained by an electric force X, the left-hand member must 
vanish, so that we have 

Xe 
uy = — 

or by equation (2), 
NI p2 

gM Aegean Sida 
Y 

giving Ohm’s law. The conductivity for steady currents, 
which we shall call «, is given by 

i) Ne? 

¥ 

If we replace up and y in equation (3) by their values as 
given by equations (2) and (7), we obtain 

fie Ne | =e oa De 4s sega 

7. Corresponding to a periodic impressed force 

K 

X= X, cos pi, 

the solution of this equation is 

i— en, cos (pi—e)eese, 0/2) wos 
where 

tane = xp—s 
~ “PNG 

We can readily calculate the rate at which energy is 
dissipated by the resistance. In time dé and in volume 
dx dy dz, an amount of electricity 2,didydz falls through a 
potential-difference X) cos pt dx, its gain in momentum being 
nil. The work dissipated is accordingly 

2, Xo cos pt du dy dz dt, 

so that the loss of energy per unit volume per unit time is 

izXq COS pt = kX,” cos € cos (pi—e) cos pt 

= KX 9"(cos? € cos” pt + cos € sin € cos pt sin pt). 

The average value of this, averaged over a number of 
complete periods, is 

LX? cote = 1X2 
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a0 Uae mae ae cane b) 

778 Prof. J. H. Jeans on the 

If ¢ is the conductivity for currents of frequency p, this ! 

expression must be equal to 4¢X 9”, and hence we must have | 

K 

¢ =— 455-9 
Kp? 7 6 Fe th ees ( 

8. For the same quantity c, Sir J. J. Thomson, by a different 
method, obtains 

igs S pt \? 
c=n( int \} a 

where ¢ is the time of description of a free-path, and is 
connected with « by the relation 

If we eliminate ¢ between this and (11) we getas Thomson’s 
value for ec, 

4 Kp m 
yma 

NEF Tint Kp?m? 
eats = =«(1- 5 3 Net +...) 

Ne? 

The divergence between this and formula (10) can, I think, 
be traced to the fact that Thomson’s system is, so to speak, 
kinematical and not dynamical. In a dynamical system the 
time of a free-path must depend on the velocity with which 
the path is described. 

Propagation of Light. 

9. Let X be the intensity parallel to Ow, measured in 
electromaguetic units, and 2, the corresponding component of 
convection- current, connected with X by equation (8). The 
total current parallel to Ow is 

K dX 

Bgpte ho 

so that this is equal to — race —_ 92). 

For waves of pal: p, we can take both X and 2, 
proportional to e”, so that from equation (8), 

: 1 dX 
a 

woh 4°84 (2. Mm. dt 

A ( + ya) 
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and the total current (12) becomes 

KI aX 
AnwC dt’ 

where RreoK AmC (14) 
Pe ome: 

al & Ne?) 
The analysis for the propagation of light is now identical 

in form with that for the propagation of light in a non-con- 
ducting medium of inductive capacity K’. 

10. It will be seen that the equations arrived at in this 
way are exactly identical with those given by Drude, although 
reached in a different manner. Our original differential 
equations (3) and (8) we found to be true only when the 
infinitesimal interval dt could be supposed at least as great as 
the time of a collision. Thus our equations will be true 
only for light of period much greater than the time of a 
collision. 

Number of Free Electrons per Unit Volume. 

11. As Thomson has noticed *, the experiments of Hagen 
and Rubens}, combined with a formula expressing the 
variation of conductivity with frequency, will give us in- 
formation as to the value of N. The velocity of an electron 
is about 10’, the radius of an atom about 10-§ cm. The 
time of collision is therefore probably about 10—-" sec. ; for 
light of wave-length X=4y, the time of vibration would be 
about thirteen times the time of collision. It would there- 
fore appear to be legitimate to use our formula for light of 
wave-length 4 and greater, but probably not for wave-length 
much less than this. 

Rubens and Hagen denote by C, the product of (100—R) 
(where R is the reflecting power for wave-length A) and the 
square root of x, the conductivity for infinite wave-length. 

They denote by C, the quantity = . According toa theory 

which neglects the variation of conductivity with frequency, 
C, ought to be equal to C,. According to our equations U, 
ought to be equal to (100—R),/c, so that we ought to have 

| OW?) ive Km és, 
@) Sale. IN? as ss yckce ab age Glee) 

so long at least as X is not less than about 4wy. 
* “The Corpuscular Theory of Matter,’ p. 84. 
t+ Phil, Mag. vii. p. 165 (1904). 
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This equation neglects resonance, and that this neglect is 
not justifiable is clear from the circumstance that in many 
of Rubens and Hagen’s experiments the value of C,/C, is less 
than unity. We shall avoid this difficulty, in so far as it 
can be avoided, by a method due to Schuster*. Jf we 
allow for resonance, equation (15) must be replaced by 

Ode Kp m a)=1+ ue 8, 

Where S is a term required by resonance, which, from the 
principle of conservation of energy, can be shown to be 
necessarily positive. It follows that the true value of N is 
necessarily less than the value calculated from equation (15). 

12. No metal seems to be sufficiently regular in its optical 
behaviour in the infra-red to justify us in neglecting § 
altogether. One of the most regular is platinum. For this 
Hagen and Rubens find + 

1\2 
(2) =2°0, 1:17 at A=4 yp, 8p respectively. 

a 

The corresponding upper limits for N are 2°3x10” 
and 2°7x 10” respectively. To raise the temperature of 
2°3 X10 electrons by 1° C. requires ‘75 calorie, while to 
raise the temperature of 1 c.c. of platinum by 1° C. requires 
only *69 calorie. Thus the greatest value for N permitted 
by the known specific heat of the substance is 2°1 x 10”. 

For gold, which is less regular in its optical behaviour, 
the upper limit given for N by equation (13) is 6 x 10”, while 
the greatest value consistent with the known specific heat of 
woldirs lex 102: 

The substance for which our equations give the smallest 
upper limit for N is steel. Irom the reflecting power at 
A= 8p, the upper limit for N is *96 x 10%, while the specific 
heat of steel admits a value as greatas 3x10”. But our 
theory has taken no account of the magnetic properties of 
the metals concerned, so that probably the upper limit ob- 
tained for N on the supposition that w=1 for steel is 
untrustworthy. 

Except for steel, there seems to be no substance for which 
the upper limit for N is not greater than the upper limit 
already set by the specific heat of the substance. In so far 
as our calculations assign a value for N at all, these values 
are in general agreement with the law derived by Schuster f 

%* Phil. Mag. vii. p. 154 (1904). 
+ I have used the numerical values given in Table II. p. 165, of the 

paper of Hagen and Rubens. 
T Phil. Mag. vii. p. 151 (1904). 
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from. the application of Drude’s equations to visible light : 
“the number of free electrons in a metal is equal to the 
number of atoms, or exceeds that number not more than three 
times.” Or, if n is the number of atoms per unit volume, 
N=pn, where p lies between 1 and 3. Assuming as we do 
that the electrons have energy appropriate to the temperature 
of the body, the law of Dulong and Petit sets the upper 
limit 2-2 to the value of p for all metals, and a still smaller 
upper limit for those metals for which the atomic heat is less 
than 6°5 (e. g. for platinum, atomic heat = 6°29, corresponding 
limit for p assigned by specific heat is 2°1, our limit for p is 
2°3, Schuster’s limit for p is 1:91). When the limiting value 
for p is found to be close to the limit allowed in this way 
by the specific heat, the inference is that almost all the heat- 
energy of the substance may reside in its free electrons. In 
such a case (if any such exists) the atoms must form an almost 
stationary network of obstacles through which the electrons 
move. We shail return to this later (§ 23). 

Kirchhof’s Law. 

13. Let medium 1 be air and medium 2 be metal. Leta 
beam of radiation of frequency p be incident on the boundary 
AB of the media, bounded by cones of angles 6, and 6,+ 40, in 
medium 1, and passing into medium 2 between cones 6, and 
6,+d6,. 

If K,, K, are the inductive capacities of the media, and C 
the velocity of radiation im vacuo, we have the equations 

Omneae:) (Cuda 
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in air: and in the metallic medium 

Oy O08 _ Ke.dxX oF Tah +471, 

a a 
ik eas. a 

where K,’ is given by equation (14). 
The velocity V, of radiation in medium 1 is given by 

V/?=C?/K,u;. We introduce an angle @,' and a velocity V.’ 
given by 

&e. .. <2 a 

| sin 20," aT Vise 

cele Che ee —_— — "ro . e e e 1 

sin 76, 1 Vi (1) 

Clearly both sin @,’ and V,' will be complex, but their ratio 
is real. 

The exponential through which the time and _ space- 
coordinates enter in the radiation in medium (1) may be 
taken to be 

1 
exp. ip ¢ es (v cos 0,4 y sin é,)) : 

the corresponding factor in medium (2) will be 

; : in 6, 

= / 

Remembering that ae is real, we see that it will be 
2 

possible to introduce two new quantities 0, and V2, both real, 
such that 

sin @,’ sin @, 

Nix VR, 

cos 6, _ cos @, fe 

Luana ; 

The exponential (18) now becomes 

-** exp. ip (1— 4-(ecos Oy ty sin 8))), 
2 

and we now see that @, and V» are the angle of refraction and 
velocity of the radiation in medium 2. 

14. We introduce a new complex quantity uj, associated 
_with radiation passing from medium 1 to medium 2, and 
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given for vibrations polarized in the plane of incidence by 

2 Ke’ by cos? 6, \ 
Wo>= K i, C b . . . . (19) 

Pang in CORY 

and for vibrations polarized perpendicular to the plane of 
incidence, by 

ae WG Coe” O! 
tee [Ly cos 6, ? . ( u 20) 

Then if R,, denotes the coefficient of reflexion of radiation 
incident at angle @, in medium (1), it can be shown in the 
usual way * that 

where |a+i8| denotes the modulus of «+78, namely 

V/ a? + Bp’. 

For the coefficient of reflexion of radiation incident at 
angle 6, in medium (2), we have similarly 

cant | 1—vo, 2 

eh | Ll+ug, 

where ug; is given by equations similar to (19) and (20), but 
having Ky, 4, 0, interchanged with K.!, uy, 6’. It is at once 

obvious that w5;= = and from this it follows that Ry.=R,,. 
12 

Tt should be noticed that in this equation Ry is evaluated 
for light incident at an angle 6,, but R. for light incident 
at an angle 6. 

15. Let media 1 and 2 be filled with radiation such that the 
energy per unit volume of radiation of frequency between p and 
p+dp is E, dp in medium 1 and B,dp in medium 2. 

The stream of energy which falls onto the boundary at an 
angle between @, and 6,+d@, per unit time is 

4E,V, cos 0, sin @, dé, dp, 

SO that the amount transmitted from medium 1 to medium 2 

3E,Vidp \ (1—Ryz) cos 4 sin 0d. - . (21) 

Similarly the amount ianemiited from 2 to 1 is 

4E,V.dp J (1—R.1) cos @2 sin @,d0,. . . (22) 

In a state in which there is an equal exchange of energy 

* Jeans, ‘ Electricity and Magnetism,’ p. 523. 
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between the two media these expressions 
Now we have, from equation (17), 

must be equal. 

sin@, sin@,’ sin 4, 

and hence 

cos we sin w dO, _ -cos 6, sin 0, d0, 

Since R,. is the same function of 0; asis Rg, of Gs, it 
follows that 

73 {a- R;;) cos 6,81 sin 6,465, 

(23) 

v3 \ (1—R,,)cos 6; sin@,d8,= +5 

so that expressions (21) and (22) will be equal if 

E,V,° = K,V.". . . - - . (24) 

This is a known result of which we have now obtained 
a proof by electrodynamical, without thermodynamical, 
principles. 

16. The energy in a cavity in a body of any kind being 
of the form 

B, = (1, p), = 2.5 

it follows that the energy in the interior of the body itself 
must be of the form v; 

E, =(¥) 7 ‘(p, . | 

so that the partition of energy inside matter can be deter- 
mined in terms of black-body radiation. Using this value 
for E,, the total emission per unit area per unit time from 
the surface of the body, by equation (22), 

=<dp ir P) bs (a—R,) cos 6, sin 0, dé, 

—dp f (T, p) 4V; { (1—R,») cos 6, sin 6, d6,, 

by equation (23). Since @, is the angle the issuing radiation 
makes with the normal, the limits — for 6, are from 0 to 

The coefficient of absorption A for light incident on the 
ho! 
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body is given by 

te (1— Rye) COS 0, sin 0, de, 

A= 
Tw 

fi; cos 8, sin 0, dé, 
0 

— sl (1—Ry,) COS 0, sin 0, dd), 

0 

so that the stream of issuing radiation is 

zp Cl, p) dp. 

Putting A=1 we pass to the case of an ideal perfectly 
black body, and find that the stream of issuing radiation 
must be i/(T, p)dp. 

Hence, in general the stream issuing from any body is 
A times the stream issuing from a black body, as required by 
Kirchhoft’s law. 
We have derived Kirchhoff’s law as a consequence purely 

of electron theory. It appears that the law is true quite 
independently of whether the zether is in equilibrium with 
matter. or not: in fact the law is seen to be entirely in- 
dependent of thermodynamic conditions of all kinds. It is 
consequently illegitimate to draw any thermodynamical in- 
ferences from the fact that Kirchhoff’s law is observed to be 
true in nature. 

Emission of Radiation. 

17. If charges e, e’, ... move with velocities u, u,’... there 

is no radiation if Soe =(0. If this condition is not satistied, 

let EU be the vector which is the resultant of the vectors 
aie tm. .... Then 

dU du 

so that the radiation from H, e, e,'... isnil. Hence the radia- 
tion from e, e,’... moving with velocities u, u,’... is equal to and 
identical with that of a single charge H moving with velocity 
U. In this result it has to be supposed that the distances 
apart of the charges e, e,’... are small compared with the 
wave-length of the emitted radiation, or at least of that part 
of it with which we are concerned. 
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Let us take an element of volume dv which contains a 
great number of electrons N dv, and let us suppose for the 
present that the linear dimensions of dv are small compared 
with the wave-length of the light with which we are concerned. 
Let these electrons have velocities of components 

eae py ! 
Uh, Uy 20 SMe sD 6 W Lees 

and let the mean of these components, as before, be up, vp; wo. 
Then we can replace the radiation from these electrons by 

the radiation from an electron of charge Ne dv having velocity 
components up, Vp, Wp. If fis the acceleration of this electron, 
the radiation from it in time ¢ is* 

: ay (Nede f)? dt. 

The components of the total current 2 in the element dv 
are 

Nedvuy, Nedv ry, Ne dv wo, 

so that we have 

Nedvf = e 
dt’ 

and the radiation in time ¢ is 
A . 

nal (5) dt. 
3V 0 at 

ae ; Sad. 
We can express — in a Fourier-series in the form 

dt 

; cae 
2 ik : (Ap cos pt + Bp sin pt) dp, 

= 
where 

ada 
i 1p C08 Pt dt, 

0 

eds... 
Bye | ‘Ta pt uz, | 

* Here V is the velocity in the medium, and p is the magnetic per- 
meability. The result is easily obtained by modifying Larmor’s calcu- 
lation (‘ Auther and Matter,’ p. 227). 

The radiation is calculated by integrating over a sphere of large radius, 
so that we must imagine all absorbing and dispersing electrons removed 
from inside this sphere. Thus V is not the velocity in the actual medium, 
but in the medium when freed from absorption and dispersion. It is 
given by V?=C?/Kuy, and becomes identical with V,, the actual velocity 
of waves in the medium, when p=0. 

(27) 
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and now have* 

Se i eauae bie na ib Daerah (A,2+B,2) dp. 

The total emission of the element dv in time ¢ is accordingly 

2u (~ A Gemas Sep 
Bay y ( ‘p = p ) dp, 5 se alynee (28) 

and in this expression the coefficient of dp represents the 
emission of radiation of frequency between p and dp. 

Instead of (27) we may take 

A,= di og pt dt 
a. ae f 

t t 
+p sin pt dt; 

0 0 x 

= ‘cos pt 

when ¢ is large enough, the first term may be ignored, and 
we may take 

t 
Ap=p | isin pe ae, DO SORR ROY ORR Gam 

e 0 

t 
By=—p | U COS POGUE) hall ia) 5) oh OO 

20 

The calculation of the emission requires the evaluation of 
these integrals. 

18. Let us first perform the calculation on the simplifying 
assumption that the time ¢ can be divided into n equal free- 
path periods each of time 7, and let us suppose that at the 
end of each of these periods the velocities of the electrons 
are replaced by new velocities which have no reference to 
the old. We have, by equation (29), 

=~ 

s=n—1 ci 

Ap=p { isin p(t+sr) dt 
s=0 0 

s=n—1 

= an 2i sin p{t+(s+4)r} sin 4 pr, 
s—= 

so that, since there is no relation between the values of 2 on 

* Rayleigh, Phil. Mag. [5] xxvii. p. 466. 
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the different free-path periods, 

s=n—-1 

Aj= & Asin? p{t+(s+4)r} sin? 2 pr 
s=0 

s=n— 1 
B= > 42? cos® p{t+(s+4)t} sin? 5 pr, 

and consequently 
Aj+Bi=4ni' sin? dpr, . . eee 

where 7? now denotes the average value of 2? in the different 
intervals. 
We can easily evaluate 2’. The «-component of 7 is 

given by 
z=e(utu' + ...), 

so that 

=e (u ult JaNdve, 

and hence aie 

P=3RT—dv. ...... 
m 

Substituting in expression (28) from equations (31) and 
(32), the emission in time ¢ is found to be 

oli 2 Ge sin” 3 pt Ne RT dp) t de. - . ae 
ar V T m 

This expression is proportional to ¢ and to dv as it ought 
tc be. We notice also that it vanishes if 7 is either very 
great or very small, so that when the motion is regarded as 
made up of free-paths, the whole phenomenon of emission 
depends on the free-path being finite. 

From the formula for the emission we can readily calculate 
the partition of radiant energy in the matter in the steady 
state in which emission and absorption are equal to one 
another. Let the energy in this state be 

\ Ki, dp 

per unit volume. Then, as Thomson shows%*, the absorption 
of energy in the element dv in time ¢ must be 

( AdC? 

Wel ie 

where ¢ is the conductivity of the medium for currents of 

cE, dp ) t de ea i 

* Phil. Mag. xiv. p. 223. 
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frequency p. ‘The proper value to use for c when we suppose 
the motion made up of free-paths of equal duration is that 
given by Thomson, namely (in our notation) 

5 sin? spr Ne 
fs 

pr m- 

Using this value of c¢, and equating the emission (33) to 
the absorption (34), we obtain 

_pRiKy  p?RT 
B= ale y ae s . . . (35) 

19. We next examine how this must be modified when we 
do not assume the existence of free-paths. 

If #, é are any instants within the interval from 0 to @, 
and if 2;, 7, are the values of 7 at these instants, we have, by 
equation (29) 

t - 
A= p ( iy Sin pt, dt, =p{ ig SIN pt, dt, 

0 0 

so that, by multiplication, 

74 pt 
ao ( iy lg SIN pt, sin pty dt, dip. 

270 20 

Similarly from equation (30) 

t (st 
Bo=p ( \ 2112 COS pty COS pty dt, dty, 

2/0 0) 

and by addition 
tt 

AA+Bi=p’ ( { iy lg COS P(t —ty) dt, dty 
JoJo 

é vila ty +t, : 
=p ( { ixiscos p(ts—ta)d(— 6) a a *) (86) 

t;=0 to=0 

Let the two instants ¢,, t, be at equal intervals @ from their 

middle instant ¢’ of which the value is caf Let z’ be 

the current att’. The expectation of rate of change of 7 is 
(cf. equation (8) ) 

dh.” Ne* : 

dt mk Boe) ee me en 

of which the integral is 
eanete nt St) 02) ae) 

Phil. Mag. 8. 6. Vol. 17. No. 102. June 1909. oe EL 
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Ne?.. 
where e= Hence, knowing the current ¢ at time ¢’ 

7 

the value of 2, the current at time 4, 2. e. after an interval 
@, is 

igi! e+ 5, 

where 7 is a quantity of which the “expectation” is zero. 
Similarly, since the motion is reversible, the value of i, is 

c= Be 

where j’ has expectation zero, and has no correllation with j. 
Putting in these values, equation (36) becomes 

A2+ Be=p? (fi? eo cos 2p. d(20) dt!, . . (89) 

the terms in j, 7! and 77! being omitted because, as their 
average value is zero, they vanish on integration. The 

exponential e— 7° vanishes very rapidly as the interval 26 
between ¢, and ¢, increases—this is the mathematical expres- 
sion of the fact that there is very little correlation between 
the values of 7 at intervals of time far apart. Hence we may 
integrate with respect to @ from —« to +o, taking @ 

always positive in the exponential e— 6? and so obtain 

bo 

At4B =p? | i? 8 at’ e+ 

t=0 

2 J 2 

meet Scope 
€ Wap m 

by equation (32). Replacing ¢ by its value, this gives the 
emission of the element dv in the form (¢/. equation (28) ) 

4 K 
(e pn RT dp) t dv. e e (40) 

This, as before, must be equal to the absorption given by 
expression (34). The proper value for ¢ is now that calcu- 
iated for continuous motion, and given in equation (10). 
Thus the absorption must be 

(ee Oe K 

( (Ar 1 ep ne ap ede, 
N?e4 
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and equating this to expression (41) we obtain 

_pRT Kp p?RT 
Ep= POO To pee ee, (41) 

which is exactly the value obtained before (equation (35)). 
20. We notice that EH, depends on the structure of the 

medium only through the factor 1/V*. This is as it should 
be, by equation (26), to accord with the experimental fact 
that the radiation in a cavity is independent of the nature 
of the matter. From equations (25), (26), and (41), it 
follows that the radiation in the cavity must be given by 

2! pPRt 
ee mV ? 

where Vj, is the velocity in the cavity. 
If ® is the wave-length of radiation of frequency p we 

have pA=27V in metal, and =27V, in the cavity. The 

radiation \ H, dp in the metal, E, being given by equation (41), 

accordingly transforms into 

| oot aah 2 nee 2) 

when expressed in terms of A, and the energy (42) in air 
transforms into exactly the same expression. Moreover, 
expression (43) expresses the partition of energy demanded 
by the law of equipartition*, both for the metal and the 
cavity. 

21. When dealing with waves of shorter wave-length the 
principal modification which has to be made originates in 
the need for changing equation (38). Other modifications 
are needed which alter the radiation by an appreciable fraction 
of its whole amount, but it is easily seen that this particular 
modification changes the order of magnitude of the radiationf. 

For, by §5, when p is very great, we must replace. 
equation (38), namely 

E (42) 

. . —<6F 

by G6 5 

by an equation of the form (cf. equation (5)) 

i=Ig p (Z), 

Od _ in which =» =0 when ¢=0. 
ot 

* Phil, Mag. xvii. p. 231. 
+ These remarks apply only to natural radiation, and not to the radiation: 

inside an ideal perfectly-reflecting enclosure. For this latter radiation it 
will be proyed, in the second part of this paper, that equations (38) and. 
(43) are true throughout the whole ieee 

dH 2 
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Thus in equation (39), instead of an integral of the form 

f etre? cos 2p d(20),. . . . . (Ma) 

we have an integral of the form 

§ (20) cos 2p0d(26). . . . . (48) 

The value of the integral (44) is 

De 

e24 ”’ 

but, in virtue of the fact that oe =(0 when t=0, the value 

of the integral (45) falls off as e—®? (where 8 is independent 
of p) when p is very great*. 

This is perfectly in accordance with observation, and it 
seems to be as far as the theory can be carried without 
introducing special laws of force between electrons and 
matter. This will be done in another paper. 

Conclusion. 

22. The result of § 20 seems to prove beyond reasonable 
doubt that there is equipartition of energy between the 
different vibrations of great wave-length, both in the interior 
of the matter and in a cavity in the matter. | 

Hach vibration has the energy appropriate to a temperature 
T which has been introduced into our analysis as the 
temperature determined by the kinetic energy of the free 
electrons. 

Two pieces of evidence identify this temperature T with 
what we call the temperature of the matter. There is 
first the evidence provided by the observed energy of radia- 
tion of great wave-length+; there is, secondly, the evidence 
provided by the observed energy of the electrons escaping 
from hot metals tf. 

Thus we can say that the temperature of a solid is defined 
equally well either by — 

(i.) the mean energy of vibrations of great wave-length 
in its interior ; or 

(ii.) the mean kinetic energy of the free electrons in its 
interior. 

* “Dynamical Theory of Gases,’ § § 237-240. 
+ Lummer and Pringsheim, Verhand. d. deutscher phys. Gessellschaft, 

1900, p. 163. 
t¢ Richardson and Brown, Phil. Mag. xvi. p. 353. 
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We have seen that these two definitions lead to the same 
temperature. The first definition explains at once the ten- 
dency for the temperatures of two bodies to equalise by heat- 
radiation ; the second definition explains the tendency for 
their temperatures to equalise by conduction. 

In a gas the temperature is defined in only one way, 
namely, by the mean energy of translation of its molecules. 
The question arises as to whether the temperature of a solid 
can also be defined in a similar way. 

So far as present evidence goes, it seems as though this 
question must be answered in the negative, for the following 
reasons. 

23. For almost all metals the atomic heat is, to within a 
few per cent., equal to 5°88, the value required if each atom 
had associated with it energy 3RT—.e. twice the transla- 
tional energy of a free electron or molecule of gas at 
temperature T. 

If the energy of motion of the atom is governed by the 
temperature T, each atom must, on account of this motion, 
have associated with it energy exactly equal to 3RT, half of 
this being contributed by its average kinetic energy (3RT), 
and half by its average potential energy ($RT). But it is 
difficult to imagine the atoms moving freely as regards trans- 
lational motion without at the same time being set into 
rotation, and the energy of this rotation, if governed by the 
temperature T, would be 3RT per atom. Hach atom would 
now have energy 6RT associated with it*. 

Further, each atom has associated with it a number of 
free electrons of which the average, according to Schuster’s 
table}, is about two per atom. This adds a further contri- 
bution 3RT to the energy to be associated with each atom. 

Thus the energy per atom would, under these circumstances, 
seem to be about 9RT, made up of three equal contributions 
of 3RT each from motion of atoms, rotation of atoms, and 
motion of electrons. The value permitted by the specific heats 
is uniformly 3RT. The uniformity of this number indicates 
that we must attribute it to a similar origin in all substances. 

It seems as if the only permissible view is that the 3RT is 
contributed by the motion of electrons. If we accept this, 
the rejection of the contribution 6RT from the atoms means 
that the energy of motion of these is very small in comparison 

* If we take the molecule as unit, each molecule would have energy 
6RT, and therefore each atom, at least in diatomic substances, would 
have energy 3RT, the required amount. But Dulong and Petit’s law 
is not limited to diatomic elements, and seems to show conclusively that 
the atom must be taken as unit. 
+ Phil. Mag. vii. p. 155. 
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with what it would be if governed by the temperature. The 
atoms now form a framework of obstacles through which 
the electrons move. This framework is continually set into 
vibration by collisions with the electrons, but its motion is 
dissipated into radiation so rapidly that the atoms never 
acquire a motion comparable with temperature-motion. 

This view compels us to suppose that each atom has always 
two electrons associated with 1t*. The whole of these electrons 
need not be tree at all temperatures. In some substances 
which are poor conductors, only a few electrons may be free, 
and in raising the temperature a large part of the energy 
may be used in setting free new electrons. For such sub- 
stances the atomic heat need not be near 5°88, but it should 
approximate to this value as we reach temperatures at which 
all the electrons have become free. Weber’s researchest 
show that such an asymptotic limit exists. Here, for instance, 
is the variation of the atomic heat of carbon (diamond):— 

Temperature ... 0° §=—-550® | 100° «=: 150° «200° =|. 6062 Stree 

Atomic heat’... . 12 VP72e 23a" V2 el 3°33 526 5°36 5°49 

The energy of motion of the atoms, although small, need 
not be altogether negligible, so that the limit reached when 
all the electrons have been set free, may be somewhat greater 
than the exact value 5°88. Asthe melting-point is approached, 
the energy of the atoms will increase greatly, so that this 
value may be much exceeded. Thus Pionchon?{ finds for 
the atomic heat of iron at 500° the value 9°84. 

24, This view of the matter is still not completely satis- 
factory, for it leaves it difficult to understand the process of 
conduction of heat between a solid and a gas in contact with 
it. It seems as if we must suppose the atoms to form into 
large clusters, which themselves take up the temperature- 
motion from the electrons and might convey it to the mole- 
cules of a gas in contact. The motion of these clusters as 
they are bombarded by the electrons, would be similar to 
that of the solid particles in the Brownian movements. The 
energy of motion of the clusters, namely, 3RT or 6RT for 
each, would only contribute imperceptibly to the value of the 
specific heat. 

If this last conjecture is correct there would be another 
way of defining the temperature of a solid in addition to the 
two already given; we might define it by the mean kinetic 
energy of its molecular clusters. 

January 7, 1909. 

* Except perhaps in elements whose atomic weight has been calculated 
solely from the specific heat. 

Tt Poge. Ann. cliv. p. 575. t C. R. evi. p. 1344. 
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 LXXVI. The Molecular and some other Constants of the 
Inactive Gases. By G. Ruporr, Ph.D., B.Se.* 

Part I, 

TYNHE monatomic gases are of particular interest from the 
standpoint of the kinetic theory, and the present paper 

has for its object the calculation of some of the molecular 
constants in various ways with a view to seeing how far the 
values thus obtained agree among themselves. It may be 
stated at the outset that the result is disappointing. 

A. Molecular Velocities. 
The kinetic theory of gases gives us the equations 

PAs jen Ta), soe ele 

and 
AP GN We? soa 

where G is the velocity calculated from the mean kinetic 
energy (Clausius) and © the mean velocity according to 
Maxwell, p the pressure, and p the density. 

For a pressure of 1 atm., 

p=16 x 981 x 13°595 dynes/cm?, 

and ge af ee 

To calculate G and 0 a we require to know only the 
density p. 
Helium.—Ramsay and Travers (Proc. Roy. Soc. xii. 

p- 316 (1898)) give the value 1:98 for the density com- 
pared with oxygen (16). Taking the weight of 1 litre of 
oxygen as 1° 4996 9 .T, a value used by them in a later paper 
(v. infra), we get “te the weight of 1 litre He 0°1769 g., 
and hence for the density 0°0001769. As the experimental 
data are not given inthe paper, we must be content with this 
figure. The value 1°98 for the density compared with oxygen 
has since been amply confirmed, e. g. Olszewski, Kamerlingh 
Onnes, Schierloh, &e. 
Neon.—F rom the experimental data published by Ramsay 

and Travers (Phil. Trans. exevii. p. 47 (1901)), the density 
works out to p=0:00089. 

[Note. Owing to an oversight, the volume of the bulb 
used in determining the density was given as 32°038 c.c. 
Sir Wm. Ramsay has kindly intormed me that the correct 
value should be 32°697 c.c.} 

* Communicated by Sir W. Ramsay, K.C.B., F.R.S. 
+ All figures relating to densities are refereed to 0° C. and 760 mm. 

pressure. 



796 Dr. G. Rudorf on the Molecular and 

Argon.— Using the experimental results of Ramsay and 4 
Travers (Proc. Roy. Soc. lxiv. p. 183 (1898) ), the density of t 
pure argon is p=0°001782. Here again the volume of the bulb 
is incorrect. It should be 160-17 ¢.c. instead of 16319 c.c. . 
or of 163°17 in the Phil. Trans. paper. | 

Krypton and Xenon.—The densities of these gases, carefully | 
fractionated, have been redetermined by Moore (J. C. 8. xciv. 
p- 2181 (1908)), and from the data published by him we 
get for 

ry pron...) c kes: p=0°003709, and for 
enon (ikea, p=0:005842 

as compared with 0-003644 and 0°00572 originally obtained 
by Ramsay and Travers (Phil. Trans. J. ¢.). 
We have now all the data necessary for the calculation of 

G and Q :— 

Density of Helium ... p=0°0001769 
“ Neonts3..:. p=0-00089 
a Argon ... p=0°001782 
5 Krypton... p=0°003709 
Z Xenon ... p=0°005842 

And using these values, we obtain the following results :— 

Molecular Velocities. 

He. | Ne. A. | Ky. * 

Go cm./sec. ......sesee- 13-11 x 104) 5-845 x 1044-13 x 104 [286 x 1042-28 x 104 

9, proteee: det) te. 12:08 104, 5385 x 1045806 x 1042.64 x 10 210 10! 
| | 

Some previous calculations are tabulated below. 

HELIUM. | Argon. 

Author. | Reference. ie oth Pls ) 
/ Density. G. | Q. | Density. | G | Q 

O. E. Meyer.| Die kinetische |0:000191 | ......... 11°62x 104) O-COLTS1O | eee 3°81 x 10# 

Theorie der Gase.| | 
| 2te Aufl. p. 194! ) | | (1899). | | | 

R. Schmidt. | Ueber die Diffu-| 0:00017697| ......... 12:077 x 104 0:0017822 | ......... 3806 x 10° 

sion von Argon, | ) | | 
und Helium. Diss.) | ) 

(1904). | | | 
J. H. Jeans. |The Dynamical 1:98 VIS Doe eae eee Y) T9°S eae avssenea 

| Theory of Gases,; (O,=16) | | (O,=16) | 
p. 113 (1904). | | | 

Sen Es 2 a) AU we ecie Ie Ne ee a I ee : 
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B. Mean free paths. 
The kinetic theory in its simplest form gives the following 

relation between the viscosity coefficient 7, the density p, 
the mean free path L, and the molecular velocity G@ :— 

n=}. pLG, 
and this is equivalent to 

7=0°3614pL0. 

O. H. Meyer (J. ¢. p. 189), after introducing several cor- 
recting factors involving complicated integrals, arrived finally 
at the relation 

n=0°30967 pLO, 

and this we will use for our calculations of L. The values 
for p and © are given above, and we require, therefore, only 
the values of the viscosity coefficients 7. These have been 
determined for helium and argon only. 

Lord Rayleigh (Proc. Roy. Soc. lix. p. 198 (1896)) found, 
relatively to air=1, for 

EGO 5144 L2G iand for 

Bfehmims:( 2... 0°96. 

From these results, taking the absolute value of 
No (air) =0°000172, Meyer calculated 

N) (Argon) =0-000208, 

no (Helium) =0-000165. 

Schultze (Ann. d. Phys. v. p. 140 (1901)) found for Argon 

N = 9-0002104, 

and for Helium (Ann. d. Phys. vi. p. 302 (1901)) 

no= 00001891. 

This latter value is considerably higher than Lord 
Rayleigh’s, but it has been confirmed quite recently by 
Schierloh, working with carefully purified gases. Prof. Dorn 
kindly communicated these results to me; I do not think 
they have yet been published. Schierloh found for 

Helium, 7)=0°0001887, and for 

Argon, =0°0002114. 

Using these values of 7, we obtain for the mean free path Ly, 
using the above formula, 

for, Helm, y= 2°85 x 10 em, 

and for Argon, L)=1:006 x 10-° cm. 
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From Lord Rayleigh’s values of 7, and his own valuesof Q, 
Meyer (/. c. p. 194) calculated for 

Helium, Lj) =2°40 x 10-> em., 

and for Argon, L)=0°99 x 10-* em. 

From Schultze’s values of 7 Schmidt calculated for 

Helium, L)>=2°857 x 10-5 cm., 

and for Argon, Ly=1:002 x 10-> em. 

J. J. Thomson (‘The Conduction of Electricity through 
Gases,’ 2nd edit. p. 450) calculated L for helium from | 
Lord Rayleigh’s viscosity value and found 2°6x 10-°cm., | 
but he does not give any further numerical oe 

The viscosities of neon, krypton, and xenon Have not been 
determined. 

C. Molecular Diameters. 

The mean effective diameter of the molecule (c) can be 
calculated in a number of ways; and it is of interest to see 
whether the results thus obtained agree among themselves, 
There are two general methods :— 

1. The method involving L; and 
2. The method involving N. 

1. The method involving L. 
From the kinetic theory, we have the relation 

pak ae 
re v2 .maNo* 

and from this by multiplying through by o and rearranging 

seat/s [gNe | 13 

{15 

AS 
by the molecules themselves in unit gas volume, and if we 7 
denote this by V, we have 

o=h/2VIE OOS 
We can get at V from | | 

(a) The density of the liquid as an upper limit; 
(b) The coefficient } of the van der Waals’ equation ; 
(c) The dielectric constant ; and 
(d) The refractive index. 

The quantity in the bracket, = No’, is the volume occupied 
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Of course this method of calculating o is only applicable to 
helium and argon, as L is not known for the other gases. 

Jeans (1. c. p. 250) by introducing a number of corrections 
for the persistence of velocities after collision, &., deduced 
the formula 

tS w 
/ 279No? 

This would give 

Gist Sy / DVS Vb re 

(a) Upper limit of o from the density of the liquid or 
solid. 

It is assumed that in the liquid or solid state, the mole- 
cules are so closely packed together that the volume they 
inhabit is practically the volume they themselves occupy. 
This method was first used by Loschmidt. In this case V 
will be simply the ratio of the density of the gas to the 
density of the liquid. For helium, Kamerlingh Onnes: 
(Communications from the Phys. Labor. Leiden, Nr. 108 
(1908), and Nature, Ixxvii. p. 370 (1908) ) found the density 
of the liquid (d) to be 0:15. For argon the highest value 
recorded by Baly and Donnan (J. C. 8. Ixxxi. p. 907 (1902)) 
is 1-423. From these values we get the following for o:— 

ad | 
p. d. V= ep s L. Oo. 

ke Pe 

| 
Helium ...| 0:0001769| 0-15 118x102 285x10-5 em. 28:5 x 10—8 em.| 

Argon...... 0:001782 | 1:423 | 1252x1073 1-006 10-em, 10:7 X10-8 cm. 

(>) From the coefficient b of van der Waals’ equation. 

The coefficient } is theoretically four times the volume 
occupied by the molecules. For helium, Kamerlingh Onnes 
(l. c.) found b=0:0007. For argon we can calculate 6 
from the critical constants (vide the corresponding section 
infra), and find b=0:001347. 

b. Vee = | I. o. 

SS = Tek pat TS, ar SSS SS - 

Helium ...... 0-0007 000018 | 285x108 em.| 43510 “em. 

Argon... 0:001347 0:000337 1006 x 10-Fem, 2:87x10 om. 
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(c) From the dielectric constant (K). 
The Clausius-Mosotti theory of dielectrics gives 

K-1 
SEI) 8 
K+2 

For He, K has recently been determined by Hochheim( Verh. 
d.d. phys. Ges. x. p. 446 (1908)), who found K= 1000074. 
Using this value we get 

V=0°0000247 and o=0°597 x10-8 cm. 

The dielectric constant of argon is unknown. 

(d) From the refractive index (wy). 

The electromagnetic theory of light gives for A=, 
K=n7; hence 

and as w does not differ greatly from unity, we get 

OY time eC in 
pr+2 3 

Burton (Proc. Roy. Soc. Ixxx. p. 8390 (1908)) has deter- 
mined the dispersion of helium and argon. He found for 

ak -16 
Helium, «= 1-00003478 + —2%— — 2 

and for 
. -—15 

Wroon,: eee oeoTaa ieee a 

The value for He agrees well with that obtained by - 
Cuthbertson and Metcalfe (Proc. Roy. Soc. Ixxx. p. 411 
(1908) ):— 

Qed u—1=0-0090347 (14 se 

We have, therefore, 

fy—. for Helium=1°0000347, and 

faze for Argon =1°0002792. 

Using these values we get 

o for Helium=0°559 x 10-5 em., and 

o for Argon =1°59 x 10-° cm. 
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Summary. 

The following table summarises the results obtained in this 
section. 

Values of o from the relation c=6V2VL. 

| 

= V= K~1 | V= weak 

|- 
Ql s > K+2 pe+2 

| | 

| ac 
Helium m ...| 28°5x10- Hg “435 %10- Sem.) 0-597 x 10—8em. 0559 x 10-8 

bs 

Bisis ale tO 1:59x10~°cm 

Using Jeans’ formula, these values must be reduced in the 
ratio 6:4: 58, and this w il give the following values for o. 

Values of o from the relation c=4°58V2VL. 

{ i | : | | ; 

yes vo | Yo i ye ae 
d | + | +2 p2+2 

Helium .. AS 21:8x 1078 em. ly 32x 107-S em. 0: 455 x 10—8em. 0: 426 x 10—8em 

aa oe 8'16x10-8 em. 219x108 cael Me ea ade 1:21 x107-8cem 
| | 

2. The method involving N. 

: Gy. a 
In the former section we put taal md and conse- 

quently if we know N, the number of the molecules in unit gas 
volume under normal conditions of temperature and pressure, 
we can obtain another series of values of o independently of 
the mean free path L. 

The most accurate values of N, which, if Avogadro’s law 
be true, is not dependent on the nature of the gas, are those 
obtained by methods which have no reference to the kinetic 
theory. From determinations of the charge on an ion, 
Thomson deduced the value N=3°6x10!% per 1 c.c., and 
Wilson N=3 x10! to 6X10'% From his electromagnetic 
theory of radiation, Planck (Ann. d. Phys. iv. p. 564 (1901) 
and Arch. Neéerl. (ii.) vi. p. 95 (1901)) deduced the value * 

* Nernst (Theoretische Chemie, Ste Aufl. p. 480) gives Planck’s value as 
51019, but Ido not know where he has got it from. The reference 
given isto another paper. It might be pointed out that Sirk (Ann. d. 
Phys. xxv. p. 894 (1903)) has obviously copied this figure and the wrong 
yeference, without first verifying either—always a risky proceeding. 
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N=2°76 x 10", and pointed out that, if his theory be correct, 
this value must be exact and not simply an approximation. 
Quite recently this value has been confirmed by Rutherford 
and Geiger (Proc. Roy. Soc. Ixxxi. p. 162 (1908)) by 
measuring the charge on an @ particle. They found 
N=2°72 101%, and give reasons for considering the pre- 
vious determinations of Thomson and Wilson too high. 
We will, in the present paper, take N=2°75 x 10” per Le.c., 

which is probably correct to 1 per cent. 
We can now, as before, calculate o from 

(a) The density of the liquid as an upper limit ; 
(b) The coefficient > of van der Waals’ equation ; 
(c) The dielectric constant ; 
(d) The refractive index. 

(a) From the density of the liquid. 

- The following table gives the values of V for all the gases 
except Neon, the density of which in the liquid state is 
unknown. ‘The determination of d for He is by Kamerlingh 
Onnes (J. c.), for Argon by Baly and Donnan (J. ¢.), for Kr 
and X by Ramsay and Travers (Phil. Trans. /. ¢.). The 
values for the gaseous state (p) are those deduced above. 

| 0. id. V= . 

Helinm s)he. 0-0001769 0-15 1:18x 10-2 
Peery ek sera fa7 0:00089 ? ? 

Abana Wied sees te | 0001782 1-423 1-252 10-3 
Krypton iersis. 3. 0003709 =| = 2155 172 1 
Ponn eee th | 0005842 3:52 1:66 x 107? | 

Taking N=2°75 x 10", we get the following values of o. 

| He. Ne. | A. Kr. x: | 

ere om. 4-34. 2 | 4-43 4-93 4:88 | 

The values for He and A are considerably smaller than 
those obtained in the corresponding section above ; and it is 
rather noteworthy that the o-values for He, A, Kr, and X 
are so little different from one another. 
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(6) From the coefficient b of van der Waals’ equation. 
As this coefficient represents approximately four times the 

volume of the molecules, we have 

b==4 Ge No?), 

whence of ae oo 
oo— or o N e 

6 can be calculated from the isothermals and also from the 
critical constants, although the values thus obtained do not, 
as a rule, agree very well with each other. For our purpose, 
it will be sufficient to use the b-values obtained from the 
critical constants. The relation is 

ie 
P5673 pi 

(px being in atmos and T; in degrees absolute). 
The following table gives the values of T;, p;, b and o for 

all the gases except neon. Those for argon, krypton, and 
xenon were determined by Ramsay and ‘Travers, those for 
helium by Kamerlingh Onnes. 

Tk. | Dk b. CO. 

Pee, Anones® | to 3 | 0-007 23x 10—8 om. | 
INCOM 225.2200 ? | ? ? P 

PIERO oo. 24» 155°°6 52°9 0:001347 2°86 x 10-8 em. 

Krypton...... 210°°5 543 0001774 | 3:14x10-8 em. | 

Kanon .....- 287°°75 57-2 0002304 | 3-42x10-8 cm. | 

(c) From the dielectric constant. 

eae waa etek oy 
From the relation Kao Te No’, we get, since K does not 

differ much from unity, 

K-1= 5 Not. 

For Helium K=1°:000074 ; hence c=1:20x 10-8 em. 
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(2) From the refractive index. 

From the relation K=(pa=. )”, we get 

we a ase ita Js 

pe 2) o aes 

whence T 

The refractivities (w—1) of the inactive gases compared 
with air=1 have been determined by Ramsay and Travers 
(Phil. Trans. /. c.) and from these the refractive indices can be 
calculated, using Mair=1°000292. This gives the following 
values :— 

| 

| He. ise ae | Kr. a 

iG ee SEES | 02345 | 09665 | 1-450 2:364 

Pratoatenssnc| 1:0000361 | 1-0000685 | 1:000282 1000424 | 1:00069 

For Neon, there are no better data at our disposal, so the 
value above given must stand. But recent determinations 
with the other gases show that the values obtained by 
Ramsay and Travers are a little too high. 

Besides the determinations of Burton and of Cuthbertson 
and Metcalfe for He given above, we have also those of Scheel 
and Schmidt (Ber. d. d. phys. Ges. vi. p- 207 (1908)), and 
of Herrmann (2). pp. 211, 467); but as Herrmann’s results 
point to a dispersion much greater than that of air, and 
Scheel and Schmidt’s results indicate anomalous dispersion, 
they are probably less trustworthy than those of the other 
mentioned observers. 

For Kr and X, the dispersion has been measured by 
Mr. and Mrs. Cuthbertson (Proc. Roy. Soc. Ixxxi. p. 440 
(1908) ), using large quantities of gas. “They found for 

112 6:97 Kr, ~—1=0-0004189 (1 ee ioe): 

and for 10°14 X, w—1=0-0006823 (1+ mae 

We can now calculate o, using for He, A, Kr, and X the 
p-values for X=, and for Neon the value obtained by 
Ramsay and Travers for white light. The results are 
tabulated in the appended table. 
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p forA=a | p—l. e. 

He ..., 10000347 | 347x10-5 | 1607x10-24 
Ne ...| 10000685 | 685x10-5 | 3-17 x10-24 
LA 5 10002792 27-92x10-5 | 1292 x10-% 
Kr ...| 10004189 | 41:89x10-5 | 194 x10-24 
X .... 1-0006823  68:23x10-5 (S16 x10—24 

From the two equations 
9 7. See aS 

= =.7 NO 
Ep 

and es 
p—-1l=ZNo%, 

we get 3 
u—l — 8 - b. 

805 

Co. 

1:17 x 10-8 cm. 

1:47 x 10—8 cm. 

2°35 x 10—8 cm. 

2°69 x 10—8 em. 

3°16 x 10—§ cm. 

Let us see how far this relation holds good for the inactive 
gases. The table gives the comparison. 

| at | peal diate 
| p—l. Pec et ) fg-Bol | 

‘He. 00000347 = (0-0000925 | el) en ee 
| Ne 00000685 | — 0:0001826 | ? ? | 

A | 0:0002792 00007445 | 0-001347 PSU) ap 
re 0-0004189 0001115 | 0-001774 159) 
|x 0:0006823 0-00182 ' 0-002304 | oath 

| : 

1:26 © | 

The agreement is not particularly good. Regarding some 
possible explanations of the anomalies reference 1 may be made 
to Jeans, /.c. chap. xix. 

3. Calculation of o from the viscosity coefficient 7. 

We can also calculate the value of o from the viscosity 
coefficient. Combining the two equations 

7 =0°30967 pLO 

and 1 

- / 2aNo?’ 

we get 2 0°30967 pQ 

I~ J/2r “No?: 

Jeans (1. c. p. 250) deduced the relation 
0-44 pQ 

7 
J 20° No?’ 

Phil. Mag. 8. 6. Vol. 17. No. 102. June 1909. 
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From I. we get for Helium c=1°696 x 10-° em., 
andfor Argon o=2°85 x10-%cm. 

From II. we get for Helium c=2:02 x10-' cm., 
andfor Argon o=3°39 x10-*cm. 

Jeans himself calculated o from his formula, using Lord 
Rayleigh’s values of » and taking N=4:0x10". He 
obtained for 

Helium, o=1°81 x10-°cm., 
and for Argon, c=2°786 x 10-8 em. 

In concluding this section, we will recapitulate in 
tabular form all the results obtained above. 

Molecular Velocities. 
Ae 

ct em./sec. .... 13-11 5845 | 413 | 286 | 2-98 

8 | 

| 

Ne. AG | Kr. x: 

ee eS 

Q,x10—4 em./sec. ...;| 12°08 5385 3°806 2°64 210 

Mean free paths. 

He, L,=2°65 xX 10>* ent: 

A, Ln= 1606 x 107" cm: 

Molecular Diameters. 

| o X10 em. He. {Ne A |KrJ X 

| | From o = 6 2VL. | 
(a) V from density of liquid ...! 28-5 / 10°7 fe 
(6) V from coefficient 6 ......... 435 | 2:87 

| : : 
| (ec) V from dielectric constant ...| 0°597 | nha. 
| (d) V from refractive index ...... | 0559 | 1-59 

| IL | From o=4-58 V2VL. | | 
) (a) V from density of liquid ...| 218 |... 816} ...].. 
| (b) V from coefficient 6 ......... | 3:32 PPS tar So 

(c) V from dielectric constant...) 0455 |... 5... 
(7) V from refractive index ...... | MOMERG foo a | 

Til. | Prom V= 7. No’. | 

| (a) V from density of liquid ...| 434 ee | 4°43 |4°93 |4°88 
(6) V from coefficient 0............ 2°3 eee 2°86 |3°14 3°42 | 

| (c) V from dielectric constant...| 1°20 Wy S08 oe 
(d) V from refractive index ...... | 117 1°47! 2:35/269 |3-16 

| IV. | From the viscosity coefficient. 
| az. Meyer’s formula ............... 1-696 | 2°85 | 

b. Jeans’s formula ...0. 0... | 2-02 3°39 | 
| ; 
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This miscellaneous collection of figures shows very plainly 
that even with the simple monatomic gases, the kinetic theory 
is not altogether satisfactory. A similar set of figures for 
helium and argon has been published by Jeans (J. c. and 
Phil. Mag. (6) viii. p. 692 (1904)), but, as far as my know- 
ledge goes, the molecular constants of the other gases have 
not been calculated before. 

Part IJ.—CaAaLcuLATION of N—tTHE NUMBER OF 

Mo.LeEcuLEs IN Unit Gas VoLuME. 

1 

/ 27rNo?? 
of 5G a 

he relation N = =-~—=;5, where V= ~. No’ as before. eae 390L3V2 6 

From the equation L= we can easily derive 

Using the values of V obtained from the coefficient 6 of 
van der Waals’s equation, from the dielectric constant K, and 
from the refractive index p, we can obtain a series of values 
of N for helium and argon, for which gases L is known 
from the viscosity coefficient. The following table gives the 
results :— | 

Values of Vx 105. 1 Values of Nx107?, 

on aaa Eeaeneeiiaet 
| From 6.| From K. From p. | From 4. | From K. | From sy 

| | 231 || 0415 | 22 | 2529 | ee | 18 247 

(ho) RECEP / 337 HE 18°61 | 2°7 | eee | 8:87 

| 
The agreement is not good, but we must remember that 

any error in L or V becomes much magnified in the final 
result owing to the fact that these quantities occur as cube 
and square respectively. Still this alone will hardly explain 
ihe discrepancy. Sirk (Ann. d. Phys. xxv. p. 894 (1908)) 
calculated the values of L* V? for a large number of gases 
and vapours, including helium and argon, and found all 
sorts of values ranging between 1:7 and 28:2 (x 10-%3), 
which would give values of N ranging from 184 x 10" to 
1:10x 10%. The abnormally high values for helium Sirk 
ascribes to experimental errors in the determination of L and 
p, but this I am not inclined to endorse, as both uw and 7 are 
now known with quite considerable accuracy. But I cannot 
see any other obvious explanation, especially as hydrogen 
gives a value of about 9 x 10"° calculated from wp. 

312 



808 Dr. G. Rudorf on the Molecular and 

Part II].—CALCULATION OF THE REFRACTIVE INDICES 

OF THE LIQUEFIED GASES. 

The formula proposed by Lorentz and Lorenz for the 
relation between the refractive index and the density is 
supposed to be independent of the state of aggregation. 
Indeed, this generally seems to be the case. Knowing then 
the refractive index of the gas and the densities of the gas 
and liquid, we can calculate the refractive index of the liquid. 
The table gives the results of the calculations. 

| pel | ae Sy 
| gas Pgas p2+1'p liquid’ Miquid 

kee 10000347 | 0:0001769 0131 0-15 1-03 
ie 23 10000685 | 0-:00089 | 0051 ? ? 
PA gcreet 1:0002792 | 0-001782 0°104 | 1:423 1:23 

Ce 1:0004189 | 0-003709 | 0075 | 2155 1:26 
| eae _ 10006823 | 0-00584 0-078 | 3:52 1-46 

Whether these figures will prove to be correct or not 
remains to be seen. As we have taken the values of mw for 
A=, the values of phignia are also forX=x. But as the 
dispersion formule are known, » can be calculated for any 
value of X. Nothing is yet known about the refractive 
indices or dispersion of these gases in the liquid state, except 
that the refractive index of helium is certainly very low. It 
ought not to be difficult to determine p for liquid argon, as 
plenty of this substance is now easily procurable. 

Part I[V.—NortTE on Lorp KELVIN’s PAPER ON THE 
Sizes oF Atoms (Phil. Mag. [6] iv. p. 177 (1902)). 

After the foregoing calculations were completed I found 
in W. P. Boynton’s ‘ Kinetic Theory,’ p. 278, a reference to 
a paper by Lord Kelvin, in which he had calculated the mean 
free path and molecular diameter of several’ gases, including 
argon. The result obtained by him for the value of I: 
3°839x 10 cm. was so different from my own: 
10-07 x 10~* cm., although he had used practically the same 
experimental data, that I felt compelled to look for the cause 
of this discrepancy. 



_—  . ‘ a 
ry ‘ 

= 
] ' 

some other Constants of the Inactive Gases. 809 

Lord Kelvin deduced the relation * 

No? =0°1629 we 

from the two equations for the diffusivity 

and jes 
p 

and putting p=0°001781, 7=0-0002083, and G=41400, he 
found No?=57700. 

If we take the simple equations 

we get s/o won 

The cause of the discrepancy is now obvious. Lord Kelvin, 

by a slip, used as the numerical factor = instead of 

37/2? which makes all the figures given by him subject to 

correction, and gives an entirely different value for N from 
the one deduced by him: N=10”, 
We will repeat his calculations, and compare them 

side by side with those deduced from the more correct 
equations. 

In Part I. of this paper the relation 7=:0°30967 LOp 
given by Meyer was used. Substituting in this 

aS No2 and pan) (x, 

we get No? =0:0643 po 

This formula we must also use in order to get the results 

* I have altered Lord Kelvin’s symbols to make them agree with 
those used in this paper. 
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obtainedin Part I. The following table gives the cone 
between the different methods of calculation :— 

Lord Kelvin’s formula. | 

No?=0'1629 ve . 

Taking p=0°001781 

G=4:14x10# 

Taking 7 =:0:0002083 

No?=57700 

Taking L= Win Ne? 

L=3'89 x 10-6 

Not=0075 8°. 
2) 

Taking p—0-001782 
G=413x 10! 

Taking »—0-0002114 
No?=26200 

( 1 
Taking L= V 2aNo? 

L=8'66 x 10—6 

G 
No? =0:0643 — 

Taking p=0-001782 

G=413x10 

Taking »=0'0002114 

No?= 22500 

; 1 
Taking L= dao? 

L=10:07 x 10-6 

In order to get at the value for o Lord Kelvin formed an 
estimate of N from the density of liquid argon, taking for 
this Ramsay and Travers’s value: ez Assuming that 
the molecules are go apart, where g is some numerical factor, 
he put 

1 ye dig. he _ 1212 © 
N(qo)?~ peas  9°001781 

and as No?=57700, N=681?. 57700° 9° 

— 681, 

= 89 x 101 98. 
Seeing that g could not very well be less than unity, he 

took g=1:02 to make N=10, and substituting this value for 
N in No?=57700, obtained for o the value 2°40 x 10—° em. 
Now this calculation, apart from the fact that the figures 

are inaccurate, also contains a faliacy, inasmuch as the factor 

: is omitted. The relation should be 

Arig, lt 

Peas = Ngo)’ : 

In conclusion, we will calculate the value of g, taking 
No?= 22500 and dhig, = 1428. We have 

ih 1423 
ee a ee OE RID 

=—7. a¥5) 9 

and yy (800). (22500)? ,_ 725% 10" 
(* CE esa oe gs= 1:99 x 10° 9g). 
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Taking N=2-75 x10" as in Part I., we get q6=13°8 and 
q=1°55. Obviously this value of g must be the same as the 

oe .. : ah ‘ j 
ratio of o obtained from V = rn No?, V being obtained from the 

density of the liquid, to « obtained from the viscosity co- 
efficient. These two values are (cf. Part J.) 4:43 and 2°85, 
and their ratio is 1°56. 

Part V.—AN Estimate oF THE Density or Liquip NEON. 

In Part I. we calculated the values of o for the inactive 
: 7 i Be 

gases from the formula V= gNo, deriving V from the 

densities of the liquids and also from the refractive index. 
The results were as follows : 

| | | ) | | 
mre... | Bree hi iy Bey A. Kr. | X. 

Moma) 484 | PF | a 4-93 4°88 

Viromp .. 117 | 147 235 269 | 316 

Hatio ......... 2702 Wh AN ae a 183 | 154 

The last line in the table gives the ratio of the two values 
corresponding to y in Part IV. If we plot the ratios against 
the atomic weights and draw a smooth curve through the 
points thus obtained, we find for neon a ratio of about 2°5. 
This would give for o from d a value of about 3°68. Hence 

seer = 5 «2°75 x 10! x (3:68) x 10, 

whence ao P24, 

This atomic volume would thus be about 16, which is not 
very different from the value—20-2—deduced by Ramsay 
and Travers (Phil. Trans. /. c.) from the periodic curve of 
the atomic volumes of all the elements. 

London, Jan. 1909. 

Added April 19th. To Part I—Whilst the above was in the 
press, two papers dealing with the same subject have appeared, 
the one, by Sutherland (Phil. Mag. [6] xvii. p. 320), 
criticising the o-values deduced by Jeans (J. ¢.), and the 
other, by Reinganum (Ann, d. Phys. xxviii. p. 142), criticising 
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the calculations of Sirk (l.c.). The gist of both papers is 

that the Clausius’ equation L= ———. should be repees 
/ 2arNo? 

by the equation Le 4 eee where the factor F has 
E : j 6) 

the value e” according to Reinganum and the’ value 1+ nN 

according to Sutherland, c and C being constants and T the 
absolute temperature. These modified equations had been 
already deduced by their authors to account for the change 
of viscosity with temperature which, as is well known, does 
not take place in accordance with the relation 7 =kpLQ, 
2.e. 9 « T2, L being considered constant. From Schierloh’ S 
areca of 7 AE have calculated c and C for A and He. 
The results are for He, c=59, C=78:2, and for A, c=108, 
C=174:6. The factor F has, therefore, ‘the following values 
(T= 273) :— 

a, F=e%. Helium F=1°217. Argon F=1-482., 

by he cat Helium F=1-286. Argon F=1°64. 

The effect of F is to increase all values of o calculated in 
Part I. § Cl in the ratio F:1, and to decrease those caleu- 
lated in Part I. §C3 in the ratio 1: F. The values of o 
calculated in Part I. § C2 are, of course, unaffected. The 
following table gives the new values compared with ban 
calculated:in Part I. of this paper:— 

Values of ¢ x 10° em. 
| ¥ 3 

V¥= 5 No’. o=6V2VL. | o=458 V2VL. o from 7. 
| | 

Heim \\ \R6| 8. |B.) BA |S. | RB. | By. R. 

Viromd || 23 435 5°6 |53 | 3°82 | 4-27 4-04| Meyer...| 1-696 1:49| 153 
V from pu 117 || 056 072 0°68 0-456 | 0°55, 0°52 | Jeans ...| 2°02 | 1-78) 1:83 

Argon. | | 

V from } 2:86 287) 4-62 4:26) 2:19 |36 3:25 | Meyer...| 2°85 | 2:23] 2°34 

V from dy; 3°36 4°57| 7:5 678 349 |5°73;5:18 Jeans ...| 3°39 | 2-651 2-78 

V from p || 2°35 1:59) 2°6 | 2°35, 1°21 reg 1-79) 
1 

The columns Rf give the values calculated in Part L., 
S those using Sate clon s formula, and R_ those using 
Reinganum’s formula. Tor by vide infra. 
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The agreement between the various sets is not better than 
it was before. For the other gases the values of ¢ and U are 
unknown as the viscosities have not been measured. 

Happel (Ann. d. Phys. xxi. p. 342, 1906) has calculated 
the values of } for A, Kr, and X from Boltzmann’s modified 
form of van der Waals’ equation. His results are given_ 
in c.c. per 1 g. Reduced to unit-volume they are for 
A bxu=0°00214, Kr 6,,=0°00283, and X 6,=0°00370. 

These values are greater than those calculated above from 
the original van der Waals’ equation, and give for o calcu- 

lated from V = 7 No’ the following results :— 

| j | 

| 78a Kr. | X. 

| 
o x10? cm. 3°36 | 3°69 

| 
| 

4:02 | 

The agreement between 6 and 8(u—1) (Cf. Part I. § C2d) 
is now worse than before. Happel thinks, therefore, that 
either the Clausius-Mosotti relation or the Maxwell relation 
cannot hold for these gases. For He, at any rate, the latter 
seems to hold; the dielectric constants of the other gases are, 
however, unknown, so that for the present the discrepancy 
cannot be explained away. 

To Part 1J.—Using Happel’s value of J for Argon, N 
comes out to 1°08x10. I have also tried the effect of 
introducing Reinganum’s correction on the values of N. 
Taking the values of V from w as these are more comparable 
than those from b, we get tor He N=13°2 x10”, and for 
A N=2-7x10". The latter value agrees well with the 
theoretical—2°75 x 10", but the agreement is probably only 
a chance one. a 

LXXVII. Thermionics. By O. W. RicHarpson, W.A., 
D.Sc., Professor of Physics, Princeton University *. 

G1. ny fully alive to the desirability of restraining 
as much as possible the ever-increasing growth 

of our scientific nomenclature, the author has felt for some 
time that there is real need of a single word to denote the 
branch of physics which is alluded to in the literature with 
varying dignity as “the emission of ions by hot bodies,” 
“the leak from hot wires,” and a number of other phrases. 
After giving the matter due consideration, the author 

* Communicated by the Author. 
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ventures to suggest that the word ‘“ Thermionies,” which — 2 
forms the title of this paper, is very suitable for the purpose. 
It suggests at once the thermal and electrical nature of the 
phenomena, while the derivation of the word ion also 
suggests the kinetic qualities of the ions. 
The lack of such a word is found to be particularly aggra- 

vating in considering the phenomena attending a hot wire 
heated to a high temperature by an electric current. Here 
we have two currents : the current used to heat the wire and 
the thermionic current away from the surface of the latter. 
It is constantly necessary to distinguish between the two, 
and for this purpose the thermionic current i is usually alluded 
to as “the leak from the wire” or simply “the leak.” 
There are numerous objections to the use of the word “leak.” 
Tt seems absurd to apply it to cases like that of a very highly 
refractory substance such as tungsten or carbon or of one 
of Wehnelt’s lime-covered cathodes, in which the so-called 
“leak” may be as big or bigger than than the rest of the 
heating current ; there is also the moral objection that the 
leak analogy rather implies something undesirable and pre- 
ventible ; while finally we have the most weighty objection 
of all, that the term leak is not sufficiently adaptable. if 
we wish to refer to the particles which carry the leak we 
have to revert to some such phrase as “ the ions emitted by 
the hot body,” whereas the substantive Thermionics furnishes 
naturally the further substantive Thermion. 

§2. So much by way of definition. The chief object of 
this paper is to point out a class of theoretical problems 
which become important in thermionics, to discuss, in as 
general a manner as possible, methods by which they can be 
solved, and to deduce the solutions for certain particular cases. 

Suppose that in a region of space otherwise vacuous there 
are a number of hot surfaces A emitting ions and a number > 

of conducting surfaces B. In general there will be an 
electric field in the region under “consideration, so that any 
or all of the surfaces may be charged. The ions emitied by 
the surfaces A will move under the combined influence of 
their initial velocity and that of the electric field, and will 
ultimately reach one of the surfaces A or B or go off to an 
infinite distance. If the temperatures of the surfaces A are 
maintained constant the number and mode of distribution of 
velocity of the ions they emit will remain constant, and if 
in addition the potentials of the various surfaces are main- 
tained constant it is clear that, whatever may happen at 
first, a steady state will ultimately be established in which 
the number and mode of distribution of velocity among the 

a 
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ions received by any of the surfaces in a given time will be 
invariable. The problem is to find the number of ions which 
reach any of the surfaces B in a given time, together with 
their velocity components, when the steady state has been 
established. Im the discussion it will be assumed that the 
motion of the ions is determined solely by their positional 
and velocity coordinates when they are emitted and by the 
electric field. The forces exerted on the ions by each other 
and by molecules of gas into whose sphere of action they 
may chance to penetrate are left out of account. These 
conditions are capable of being realized in practice with 
close approximation if thermionic currents of moderate size 
are experimented with in high vacua. In order to avoid 
complications arising out of recombination we shali also 
suppose the temperature conditions are such that ions of only 
one sign occur. 

§ 3. General Discussion in Rectangular Coordinates. 

Let the coordinates of any point on one of the surfaces A 
be 29% 2, and let an ion be projected with velocity com- 
ponents v% v% wo from 2p Yo 2. Let us seek the condition that 
this shall strike one of the surfaces B whose equation is 

arrlas y=) =O aS iyeiiscd $y Leeoeeee 

within an infinitesimal distance of the point «, y; 24. 
If V is the potential at any point of the field the equations 

of motion will be 

ae my =e c : mz =e A -/ Gay M21, = e 

On integration these equations give three equations between 
#yzand ¢ involving six arbitrary constants which are de- 
termined by the values of 2% 2) up vo Wo. After elimina- 
tion of the time there result two equations which may be 
written 

PilZYZ MYoZ% UM) =—0, ~ . - () 

BaF FE Sp YQey Ug My) —O0 9. 

The curve in which the surfaces @, and d, intersect is the 
trajectory of the particle projected under the given initial 
conditions. The intersection of this curve with the surface 
w(ay=)=0 will give the point where the particle strikes 
the surface. The coordinates 2, 7,2, of such points will 
therefore be given by solving (1) (3) and (4) for xy and z, 
and the density of these points on the surface & will deter- 
mine the thermionic current density into this surface in the 
steady state. ; 
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It is to be borne in mind that the equations for a; y; % 
will not in general be of the first degree, so that there will 
be a number of roots corresponding to the successive real 
and imaginary intersections of the surfaces , @, and qy. 
In any case the path of the particle will end as soon as it 
has reached the conducting surface B, and if this surface 
includes the whole of the analytical surface (a y z)=0 the 
root to be chosen is that real root which corresponds to the 
shortest time of transit from £9 ¥) 2. The proper root can 
usually be easily picked out in simple cases. If the surface 
B is only a part of the analytical surface ~y~=0 bounded by 
a curve or curves, it may in general be necessary to include 
roots corresponding to any number, less than that of the 
degree of the equations, of previous intersections of the tra- 
jectory and the surface ~=0,. The problem is then much 
more complicated. 

The equations (3) and (4) may be solved for wy and x 
giving 

Uy =Ox(LYZ UyYo2% Wo), - - + ~ (3) 

UM = GilZ YZ BYo%o Wo). = - cs ee 

The equation ¢;=constant together with w(«yz)=0 will 
determine a curve lying in the surface ~% which contains 
the points of intersection of all trajectories for which wp and 
wy are constant. Similarly ¢,=constant determines a curve 
corresponding to constant values of vp and wo. It & and » 
denote lengths laid out along the normals to the level surfaces 
of up and vp at any point, then 

VE Srey] ot / OPA)" 5 (288) 4 ( Oh)" | 
0” (ok OY — J 

The number of particles which are emitted in unit time 
with velocity components between wp and w+duo and vw and 
vtdvy respectively may be denoted by f\(uw)duq and 
fo(v)dvo where f; f2 are functions which will be discussed 
later. For a constant value of wy the number which simul- 
taneously have velocities between the above ranges will be 
proportional to 74(%) 7o(vo) dup dvp, and these wili fall on an 
area dS of the surface y~=0, where 

duy dv 1 
dS cos (ugvy"“n8) = —".— X =—aA- 

Up OVo SIN Up Uo 

0& 07 
where upty*nS is the angle between the normal to the 
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surface y~=0 and the tangent to the ihe in which the sur- 
faces u=3, t=, intersect, and uv is the angle between 
the normals to the surfaces w=; and y»=¢;. Thus 

sin? u,v, = 

(e06,_ 33) W694: BIS.) , (BHI. _BhdHuy 
0” 021 OF _ a 02; 3) * om Oy 0% 

AS) +(3 4) | (ES Ge me | 
ei las) Ue vs (cats 

047102 021 0% / 02; 021 021 

Og3 0d, _ Od Obs) , (Obs Od: _ Os Gs) 
(sy 04 071 Se) t Bx 0%, 0% 02 ) 

— SP 081) Ov 4 OG: 0g: _ peda 

COS (tp %AnS) = 

ates 2, oan aaa - — 

eo oe) iG) oe 
Hence’ 

0¢30¢, _06:0¢:\ OW , (063044 
6. 021 - ) On zi laetae 

ov ov 
lee ere Ca 

— os 0¢:\ OW + (feos __ 063 ae) fol 

02102; ny an On; Oo” 0” On 021 dS. (8) 

(SY) ] 
If the probability of the w component of the velocity lying 
within the range wy and w)+dwz, is denoted by /; (29) due, 
the number of those reaching the surface r=0 with values 
of wo within this range will be proportional to 

O¢3 Og _ Sts 0s) 8 eh 

du, dvy = 

i | | Salo) flue) Foo) cma EAR 
L\ 0. vy 

OU \OA 3. ry Bay As lant On; On On 02; 102 dS. 

OH (*)] 
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To save space let us denote the fraction by 

(#1 Y=, Lo YoZo Wo) 3 

then if n is the total number of ions emitted in unit time by 
unit area of the surface A the total number received by the | 
surface yy will be the real part of | 

rff as. aes [iva Ad AIA... @) 
Where dS) denotes an element of the surface A and the 
integral with respect to dwy is taken over all the values of 
w, which occur. i 

If we multiply the expression (9) by the charge e on an 
ion we obtain the current to the surface y. We can obtain 
the three components of the resultant pressure on this sur- 
face due to the impact of the ions if we multiply the integrand ee ee es 

with respect to dS by mon ma and miss respectively. 

The values of the velocities are obtained from equations (2) 
and should be expressed as functions of x, y; 2 x) yp 2 and wy 
by means of the equations previously given. In a similar 
way we shall obtain the kinetic energy received by the 
surface if we multiply the integrand by 0) oe 

dx,\?~ fdyy\?— (dav¥" wy 6s | 1 ted | 
ym! (“F) ote) +(2) I: 

This must be identical with ne(V)>—V)-+the value of the 
integral when 

* 

— — ee eee 

4 m(Uy? + Vy? + wy") 
is substituted for 

‘da, - dy; = dz, z 

“((e) + Ga) + (Ge) | 
where V, is the potential of the surface A and V that of de. 

Since x dS is equal to diy dvy we have 

\\ (wo) Ai(ds) fo(ds)xdS =(f 702. Filo) fo(v,) d
ip Aros 

If the surface B forms the whole of the analytical surface 
w(x yz)=0 the limits of integration for w and v will be 
determined, for any value of ww, by the values of up and vp 
which correspond to the curve which is the locus of the 
points at which the trajectories having the given value of 
wo are tangential to the surface y(xyz)=0. They will 
thus be certain functions of wo which are determined by the 
equation to the surface. If the surface B consists of the 

bole 
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portion of y=0 which is cut off by some closed curve 
the limits for wp vp will be determined partly by the bounding 
curve and partly by the locus of the tangents. With this 
understanding as to the meaning of the double integral we 
shall therefore have 

i=nl| Asif aesf{ Fo) Filo) fa(vo) dup dvy . (10) 

as an equivalent of the expression previously found. It 
will often be possible so to choose the direction of wy that 
f(wo) does not depend on wp and v%. 

§ 4. The Initial Boundary Conditions. 

Hach element dS, of the surface A is at any instant 
shooting off a large number of ions in different cirections 
and with all possible speeds. The researches of Richardson 
and Brown®* and of the author + have shown that the number 
of ions leaving the element of surface dS» in unit time which 
have values of any velocity component uw) within a given 
range, say between wp and w+ dup, is approximately identical 
with the number given by Maxwell’s Law of Distribution 
for the number of molecules of a gas having the same mole- 
cular weight crossing an equal and similar surface in equal 
time with the range of the velocity component wo. within the 
same limits, the temperature of the gas being the same as 
the hot metal, and its pressure equal to the equilibrium pres- 
sure of the ions. It may be permissible to say here that 
more elaborate experiments now in progress have~ only 
tended to confirm this conclusion, and, so far as they have 
gone at present, point to the law being an exact one. It is 
‘to be remembered that we are dealing here, not with the 
distribution of velocity among the different melecules in a 
given volume, but with the distribution among those leaving 
a given surface in a given time, which is a different thing. 

Assuming Maxwell’s law to hold exactly we can write 
down the functions such as /3(uo) fo(v) and f3(2e9) which 
determine the initial frequency of a velocity component 
within a given range. They will depend both on the kind 
of axes chosen and on their orientation relative to the surface. 
The following list, which embraces all the more important 
cases, may easily be verified. In each case n is the total 
number of ions emitted per unit area in the interval 
considered. 

* Phil. Mag. [6] vol. xvi. p. 353 (1908). 
+ Phil. Mag. |6] vol. xvi. p. 890 (1908). 
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1. Rectanguiar Coordinates. 

The axis of z is along the normal to the surface. 
= ‘ . : s “Kas - —kmz? 7° 
Number between z and z+d: = nzE(2)dz = 2nkmze "dz 

x »  eandt+dr= nf (#)dt= n( ry ea 

oy Gand G+dy = nf (G) ay = of) ay, 
where 3/4k is the mean kinetic energy and m is the mass 
of the ions. 

2, Spherical Coordinates. 

Let be the resultant velocity, let 0 be the angle it makes 
with the normal to the surface, and ¢ the angle the plane 
containing y and the normal makes with a fixed plane con- 
taining the normal. Then the number emitted per unit area 
per second which have y between w and +d, @ between 
0 and 6+d6, and ¢ between ¢ and 6+¢d¢d is 

nay cos 6 F(ab cos 0) f (ak sin 6 cos b) f (ab sin 6 sin b) v2 dy sin 6.46 do 

= inp? F(ab cos 8) F(a sin 8) sin 6 cos 0 dy dé dd 
ken 

ye eo sin 6 cos 0 dw dé dd. 

3. Cylindrical coordinates. 

(a) The axis of zis along the normal to the surface, 
p=the radius perpendicular to the axis of z and 
§=the angle p makes with a fixed plane passing 
through the ¢ axis. 

The number between 

z and ¢+dz is nz F(2) dz = 2nkmie~*"™ di, 
whilst the number for which p is between p and p+dp and 0 
simultaneously between @ and 0+ d@ is 

n f(p sin 8) /(p.cos 8) dp pdb=n'" pe *"** dp d. 

(8) The axis of z lies in the tangent plane to the surface. 
¢ is the total component of velocity perpendicular 
to 2, 1.e. the projection of the resultant velocity on 
a plane perpendicular to the z axis. @ is the angle 

@ makes with the plane containing the axis of z 
and the normal to the surface. 
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Then the number whose velocity components lie between 
and 2+d: is 

nf(z)dz= n( my ogre ge: 

The numbers which have components between ¢ and 

¢+dd¢, and for which at the same time 0 lies between 6 and 
6+d@ is 

nd cos 6 F(¢ cos 8) f(¢ sin 6) dd dd 

9 km \2 sto Maeda F 
=, 2n( —) be mp cos G dd dé. 

TT 

The number for which d lies between b and dt+dd and 
for which @ has any value will therefore be 

ng? as) (bcos 0) f(¢ sin 8) cos 6 dé 
=7/2 

MP MEN 2 veh 4 doch aati 
= ——— KM © iS An( a ) gp’ e dd 

We shail now consider the application of the considerations 
which have been brought forward to a number of particular 
problems. 

$5. No Electric Forces. 

When there are no forces in the field the general problem 
becomes comparatively simple, as the trajectories are straight 
lines, radiating from the point of origin, whose direction 
cosines are proportional to the initial velocity components. 

Fig. 1. 

Let dS (fig. 1) represent an element of the surface A, 
Ny being the normal to the element. Let dS, be the origin 
of polar coordinates of which my is the polar axis. Let the 
element dS, be cut off from B by the planes ¢o and dy +d 
containing mj) and the cones whose semi-angles are @ and 

Phil. Mag. 8. 6. Vol. 17. No. 102. June 1909. ) 3 K 
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§)+d0@. Jet n, denote the normal to d§, and r the radius 
from dS to d§j. 

Then it follows from the equation on p. 820, that the 
number of ions received per second by dS, whose resultant 

velocity lies between yr and +d is 

my cos J F(ab cos 8) Fi sin 4) dy sin 0) d@) dgy dSo. 

He: dS, cos 2,7 = r? sin 0) dO) do. 

The number received by unit area of the surface at dS, 

from dSo, and for which ap lies between ab and b+dy 
is therefore 

nyv* cos Oy F (vr cos 6) Fy (ab sin Oy) dw 
COs ve “pr 

dSo. 

The total number received by the surface B from A and for 

which ¥ lies between the assigned limits is thus 

cos a nr 
? dn, =m dp i} as, fas, W(ahcos 8) By Ok sect 

where the integral with respect to dS, is only to be extended 
over those portions of the surface B which are directly 
visible from d§p. 

The pressure normal to dS,=-momentum communicated 
per second 

ASo. 
Cos no\7 cos? n,Ar 

ia 

roo) A 

= dS,;nm ye JEG cosy) F i(b sin )) 

The kinetic energy received by the whole surface B per 
second is 

B co A 
ie : : ? 3 A A 

T =f fas Ld { ( F(ab cos 0) F (yr sin &) “2 dB». 
e090 Py, 

The value of F(a cos %) Fy sin 6) given by Maxwell’s 
2 i 

e mm ee B a 

law is 2-—_e*”™”.. The current to B is therefore 

o A B 

2 -» a4 (| Cos 247 cos ny4r 
— 2 nel tem? Eye ai\ — + —d8&) dS, 

bare ve i 



On Thermionics. 823 

and the kinetic energy received per second is 
re) A B 

A A | ee COS 247 cos ny Ar 
oh = map? e—kmp inp (l (Yocom seem dSy dS}. 

0 

The limits of integration over the surface B being restricted 
in the same way as before. 

If one surface is the boundary of a small body of negli- 
gible dimensions then 7 is constant for any fixed point on 
the other and 

Ss. 6’ Ss S’ 
A 'A A 

cosn rcosn”'?r : cosn Tr fh (fee ese as as’ = (Yas 2287"" (00s n'en a. 
r 5 TE Sa 

In particular if A is a small sphere of radius a, 
A 

A 2 COS Np 7 ASy = 7ra?, 
2 

and if @ is the solid angle subtended by B at A 
A B 

Cos Nor cos nr é 
2 dS dS; = 1a’. 

2 

§ 6. Parallel Planes. 

Suppose we have two parallel planes, A and B, whose 
equations are z—z)=0 and z—a=0, with a uniform electric 
field of intensity Z between them. Let an ion with velocity 
components up vp Wo start from 2 Yo Zo in the plane A, zand y 
being measured along two mutually perpendicular axes 

parallel to the planes. The equations to the trajectories are 
2 

é tel Ww, 

2-29 = 4Z4— 0) +— (¢— Be 
Uy 7 Uo 

and 

Solving for uw and vp we have (see p. 816) 

up = tees RU 14275 <3) = $5 
~ ay . 2 

w~—Zg\ Wo 

2 —Yo € 2—<Zo0 (ei 

ty = Waa (1/1420 ma ee w—% 

(11) 

Tt is clear that the positive signs correspond to the quickest 
times of transit to a given point, so that by taking the 

3K 2 
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positive roots we shall get the points where the trajectories 
cut the surface B for the first time. ‘The positive roots will 
thus give us the number of ions striking the plane B from 
the side nearest to. A. We shall for the present confine our 
attention to this case. 

The equation to the plane B is 

e—a =O0=W. 

We therefore have 

Ov =. Oy Ove 12 a 
Bss_ hi _ 
0¢3_ 0 Be ieee OCD \/ 6 &—20\ eae ean ( 1+2Z— ey 

ots = = te 0 an (13) 
z Z—%% Ca 

/1 ee M Wo 

Vfetigd <0) oZ—<s 

hee qa 
Od. yY—Yo Ly 

aa 27 had 

eS dy \/ ise pi 

Hence the value of x (see p. 817) is 

_ 03044 A) 1h ay ee e = 
Xx Ber oy oo See et it 74 ee 

Hence, for example, the current toa rectangle in the plane B 
bounded by the lines e=2%2, =a), y=yo, and y=y, will be 

oO Y2 Ze 

; i Cp aie “(Chm a/ te 2Ze(a— 29) a—z)\* 
Ther Af asf 2km Wo e deg | \= a ae - oo (1 + 1 +———_— 7a 

Yi 7 

2 Am wy? et) Sof (1+ a/ 14 220 =20)) 2Ze(a —20) \? 

x e 4 (a@—2Z)? My ) dee dy 

where the integral with respect to dSo is extended over the 
heated part of the plane A. Changing the variables to 

— X%9 
= 4 Vim — ®(144/ 14202 =) ae *) 

v= Vim 116 (14/1420 23) a 
m w 
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* dv 

Vem 2 ie ars / 14097 © 4—*0) z* a 

dw | 

b Vim 2 (14 
a/ 142% oe 

this may be written 

3 im 2 (1+ o/ 1420 £ =) 

feo) 
7? » 

2km Z —hm we2 
t=nildS, were. 

T 
0 

Mm Wo 

x e~ du. 

3 Vim =20(14 4/ 142% £ 9-2) 4) 

To get the current from a hot strip of the plane A of infinite 
length, bounded by the lines e=& and #=&, which is 
received by unit length of a strip of B bounded by the lines 
f=, and wz=2,, we may integrate with respect to both 

y and yp from + e to — S where / is any very great length, 

and divide the result by z In this case we get 

a ae : e n m ae eee 
=— ays) dao) Weer s dw e dv 

Pop ed a3 ie 
2 L 

3 Vim <2 (14 ne 

Mwy 

x du. 

3 Nim 1 = oo(1+ a/ 14202 ch ig _ 
Mm Wo- 

This, as it should be, is equal to the expression (4) on p. 894 
of the author’s paper on the “ Kinetic Energy of the Ions 
emitted by Hot Bodies”? (Phil. Mag. [6] vol. xvi. 1908), 
which was obtained by a slightly different method. 

If the area of B to which it is desired to find the current 
is not rectangular, the limits of integration with respect to 
# and y will have to be suitably adjusted. For example, if 
the area is bounded by the circle in the plane z=a, whose 
equation is (#—3)? + (y—y3)? = 0’, the limits for a2 will 
be 2; + /b?—(y—y;) and for y, Ys + b. 

If we take the negative signs in equations (11) we shall 
obtain the points where the trajectories cut the plane B the 
second time. In this case the value of y is 

Gey (1- Ne Ge ee) 

The most interesting application of this is obtained when 
a— 2 is made to approach the limit zero. The planes A and 

N= 
4 
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B then coincide and we have 

Vs? 4 ae Le 
+ mw? 

pels _ , Ze(a— 4) 
Ole 2 

MWo 

SOD si Le(y —Yo) 
Uo _ nmage 7) te 

MWo 

The thermionic current starting from any region A of a 
plane which flows to another region B of the same plane in 
a uniform electric field perpendicular to the plane is therefore 
given by 

A ee) B 
, yh Tap ce eee 

akm —km wo? m ze 
b=Nn\\ day dyo } — wWe dwo\\ -,-—s—3 

0 7 4 m*wo 

km 2? e2 = 

Ke w dap L@—0) +(y—yo)?] da dy. 

When Ze is negative this solution corresponds to the 
physical case, but when Ze is positive we see that if up is 
positive w—v, is negative. In this case the points of inter- 
section correspond to negative values of the time and have 
no physical existence. They are, however, identical with 
the points of intersection of the ions starting from the back 
of the strip which corresponds to the case when the limits 
for wp are from 0 to —@. 

§ 7. Inclined Planes. 

If the plane B is inclined to the plane A, the electric force 
being still uniform and perpendicular to the plane A, the 

trajectories will be unaltered and oh &c. will still be given 

by equations (13). Let the equation to B be 

 g—2)—a(a—2,') = 0, 

the line of intersection of the two planes being thus parallel 
to the axis of y. Then 
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and 

O¢3 eye 
Oe Oz) oy 

V1+a? 

a FES 
oz e aw ze) he 
te! HORI 2 OM pattie 

4a? 1 +a?(x—.y )? w— Xo 

Py ee) | 1+2Z- a) 
7 Wo 

2 
7 Wo 

9 e/a 2D J vas ta 

m We 

The positive sign in front of the square root has been taken 
so that this value of x corresponds to the ions reaching the 
plane B from the side making an acute angle with A. 

If xo =2> the ‘solution will correspond to a narrow strip 
of hot metal lying in the plane A along the line of inter- 
section of the two planes. In this case 

22 (1+4/1 ay ea Cia 3) 
m Mm Wy 

da V1 4+0(c— VA jy at ea) 
mM  W,- 

for the current to the inner surface of B. For the current 
to the outer surface 

eS 

x= - 
4a /1+ Fea) 1 +2Z bedi 

a. Vin? 

If we make a(v—.ay) =2— <p approach zero this becomes 

mine eee 
nr Am wy? 

The plane B then coincides with the plane A and we get the 
appropriate expression for calculating the number of ions 
returned to the emitting plane itself. This value agrees with 
that obtained previously. 

§ 8. A Cylindrical Problem. 

We shall conclude this paper with the diseussion of a 
problem, which has presented itself in work in the laboratory, 



828 Prof. O. W. Richardson : 

in which the surface A is a circular cylinder. Let the 
radius of the hot cylinder A bec. This is surrounded by 
two concentric solid conducting cylinders C and B. The 
internal and external radii of C are 0, and 6 respectively, 

Fig. 2. 

, 
aed; 
; 

C : 

C B 

17= 0 

az az / 

the internal radius of B being d. All the cylinders are of 
indefinite length, but whereas A and B are continuous, the 
part of C which lies between two planes perpendicular to 
the axis of the cylinders is missing, leaving a gap whose 
width is a. Let the common axis be taken as the axis of z, 
the equations of these two planes being <=0 and z=a. ais 
supposed to be small compared with 6 ord. A and C are 
maintained at the common potential zero, while B is main- 
tained ata different potential». The problem is to determine 
the thermionic current which reaches the cylinder B. 

If a is sufficiently small the electric intensity will be 
inappreciable, except in the region bounded by the cylinders 
whose radii are band d. When r is less than b we may 
therefore regard the trajectories as rectilinear ; when r lies 
between } and d they will be determined by the field of 
force between two charged concentric cylinders together 
with the initial velocity components. 

Consider a particle starting from any point Pon A. Its 
initial velocity may be resolved into two components, one 
(2) parallel to the axis of the cylinders, and the other (4) in 
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a plane perpendicular to this axis. Let ¢ make an angle 0 
with the normal OP, then PQ (fig. 3) will be the resolved 

Fig. 3. 

part of the straight part of the trajectory on the plane per- 
pendicular to z. It is clear from fig. 2 that ions will only 
escape through the gap in the cylinder of radius 4 provided 
they start from A within the limits comprised by the points 
p and g. A comparison of figs. 2 and 3 shows that the 
conditions for escape are 

(1) when P lies between -=0 and z=a, :/¢ must lie 

between —z/PQ and (a—<)/PQ, 

(2) when P lies between -=0 and -=—a-_, 

2/@ must lie between —z/PQ, and (a—=)/PQ. 

(3) when P lies between s<=a and z=a (1 Je 1), 

2/@ must lie between —:/PQ and (a—z)/PQ,. 

Q;, Q and R are the points in whick PQ intersects the 
eylinders of radii }, b and d respectively. So that 

PQ = VP—€ sin? 6—c cos 6, 

PQ, = Vb,2—€ sin? @—c cos 0. 

The region on the surface of A between z-=0 and z=a may 

be referred to as the umbra; the wings between -= —a . = c 

4-—e a OE 

and z=0,and between s=a and z=a ( 1+ * ~) respectively 
as the penumbre. shi ; 
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Referring to p. 821 we see that the number of ions emitted 
per second by any element dS, of A for which 

2 lies between z and 2+dz 

lies between ¢ and 6+dd¢ 

and 8 lies between @ and 6+4d8, 

simultaneously, is 

k?m? . = Jeni G21. 2 5 hee 
Qn eo g° cos Oe ORE) de dd dé d&p. 

i 

The problem is unaltered as the vertical element dz on the 
surface of A is rotated round the axis of the cylinders, so 
that we may take 2cdz for the element of surface dSp. 

The number of ions for which ¢ lies between ¢ and 6+dd 
and @ lies between @ and 6+d6@ which escape from the gap 
of width a in the cylinder of radius b is therefore 

du = Anc k?m? d? ohm? dd cos 6 dé 

b)—e a—z + a-z: a-z-: 

14 5) PQ,” nt , PQ 2 ad eee 
- —kmz2 

a e Za Oe i ts 6,-¢ Cia 

"PQ? LN eT 

Te = is small any region such as RS (fig. 3) may be ~ 

regarded as part of a plane parallel to the tangent plane 
at @. In that case the condition that the ions escaping 
through the gap should reach the outer cylinder assumes 
the simple form 

where V is the difference of potential between B and C, and 
ya 

cose=cos Z RQS ay ae sin "6. 

The total number of ions which reach the cylinder B per 
second will therefore be obtained by integrating dn with 
respect to dg and dé, the limits being : 

Nee Ye 2Veb? 
for @ : from « to en ea ee 

m(b?— ¢? sin? @) 

for 6: from 7/2 to —7/2. 
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§ 9. Case of a Thin Hot Wire. 

Under certain restrictions the preceding expressions sim- 
plify very considerably. In the first place we notice that 

if =e is small compared with unity the penumbre may 
rahe 

be left out of account. This leaves us with only the central 
one of the three integrals in square brackets and corresponds 
to the case when the inner surface of the cylinder B is very 
close to the outer surface of the hot cylinder A. Further-_ 
more if ¢ is small compared with 6 the projections PQ 
(fig. 3) of the trajectories on a plane perpendicular to the 
axis all become approximately radial, and we have, to this 
approximation, PQ=6. Under these circumstances the 
current to the outer cylinder will therefore be ha to 

t= Anec cos 0 ae Kem? Bb? e—hne? is) dz ema? ¢] 
a nf 229 

-£4 

If a/b is reasonably small only small values of z will be 

important, since large values of d@ occur only rarely and 
much more rarely therefore will large values of z occur. It 
is therefore appropriate to expand the exponential in powers 
of z, giving 

wha 

a—Z. 

oa) a cay 

= Bnec( h2m? p? e-7m& dd (a: ( 3 (—1)” 
2 Pinna “0 vz a na 

a 
m 

kr mz w2n : 

dz 

= hk m* g2@ty pt! 

= = tneef 2k? 62 enmkg? aX (— by (2n+1) )|n- 1 Bett 

may 

By continued integration by parts we see that | 

,s=n—1 iL 
ee pe a ie 4's 9\n—1 _—kmna- ps eee 

i Qh” pe dp = In—1 (kma?)"e ; 2 (kma)* (n—1—s) 
- —— s= | 

Hence 

s= > © (— 1)r grt) ‘DheV)et1 sd WO: ae (14 s=dnec} & eps € ) e€ om (2keV )* oe ) 

The number of integral values of n which it will be necessary 
to take in a practical case depends on the smallness of a/b, 
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We get the first-order terms by putting n=0. To this 
approximation 

2 

u= Ane om (1+ 2heV )e-**eV, 

To the third order in a/b we have to add the terms corre- 
sponding to n=1, which give 

—F neo% (1+ 2heV + 2h%e2V2)e-2eV Bs aes : 
and so on. 

The value of the current when V=0,7.e. when all the 
cylinders are at the same potential, will be given by putting 
V=0 in the doubly infinite series for ¢. This gives 

N=2 (— Lt qztt 

ly) = Ane ca = , On+ 1) peti 

=Anecatan=' (a/b). '. 2 . 

In this case there are no forces in the field so that this result 
should be the same as that given by the general formula 

(p. 822) 
i ANE 

2 Shel eee cos n,\r cos nr 
by = = ne RemPay? eh dap < dS, aS, 

0 

where the surfaces A and B are the portions of two con- 
centric circular cylinders of radii c and 6 which are cut off 
by planes, perpendicular to the common axis, distant a from 
each other, and where c is small compared with 6. We then 
have 

AS) =cddy dz, dS =bd¢ dz, cos n\r=b/r, 

¢ COs te r Qhe 
r= VI? +(c—2))? and dg ag ge Sy 

Hence 

== 3 Zo ala® — km? ( " Bas = ty = 8neb oc ( enrge. ap dz G = ao 

a 
— Aneac tan— ie 

in agreement with the previous result. 
Formule (14) and (15) are subject to the restrictions 

that c/b and bye are small. Lf these conditions do net 
b—b, 

hold the series become much more cumbersome. 
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If in addition = can be neglected compared with unity 
we have 

lo = Aneca?/b 

and 
bjt = (1 + 2keN) ee’. 

The equation between the current and the opposing potential- 
difference in this case therefore differs from the similar 
equation for infinite parallel planes by the inclusion of the 
factor (1+2keV). 

LXXVIII. On the Action between Metals and Acids and 
the Conditions under which Mercury causes Evolution of 
Hydrogen. By S. W. J. Surru, MA., DSe., Lecturer 
on Physics, Imperial College of Science and Technology™. 

CoNTENTS. 
. Introductory. 
. Electrolytic solution pressure. 
. A conception of the Interaction of Metals and Acids. 
Symbolic expression of § 3. 

. Possible effect of Surface Tension. 
. The problem for experiment. 
. Detrimental effect of Oxygen in the Surface-layer. 
Possible methods of eliminating this effect. 
Experimental realization. 

. Results. 

. Proof of Evolution of Hydrogen. 

. Secondary effects with Sulphuric Acid. 

. Effects of dilution of the Acids. 
. Possible effects at the Jet. 
. A kinetic representation of § 3. 
. Summary of conclusions. 

et. [Y TRODUCTORY.— Under ordinary conditions 
metals like mercury, silver and copper are unable 

to displace hydrogen from solutions of acids (dilute or con- 
centrated) with appreciable and easily demonstrable evolution 
of the gas. 

An attempt is here made to show how, in the case of 
mercury, the fluidity of the metal at the ordinary temperatures 
may be utilized to exhibit the cause of the inability and to 
supply a method by which it may be overcome. 

The effects with hydrochloric and sulphuric acids only 
have been examined, but there is no apparent reason why 

COMODO? LCOUDAD?A CDAD D. COM OI LM? all eel eel soll =e Hm CODD OO COON SD Or OO DOE 

Crit = O> On 

* Communicated by the Physical Society: read March 26, 1909. 
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solutions of other acids should fail to yield results of the 
same kind. 

§ 2. Electrolytic Solution Pressure—A method of regard- 
ing the question whether a metal will dissolve in an acid 
solution has been suggested by Nernst and developed by 
himself, Ostwald and others. The general idea of this 
method has become familiar, and provides a means of forming 
a more suggestive picture of what actually happens than is 
obtained from purely thermochemical considerations (C7. e. g. 
Thomsen, ‘Thermochemistry,’ pp. 349 to 356, &.), un- 
satisfactory in other ways as well. 

In order to present a consecutive account of the pre- 
sent experiments, this view is restated below in a form 
as far as possible free from hypotheses not absolutely 
necessary *. 

§ 3. A conception of the Interaction of Metals and Acids.— 
Imagine that a metal M comes suddenly into contact with an 
air-free solution of an acid HX. It is known that in general 
equilibrium will be impossible; a certain quantity of H will 
be precipitated upon the surface of M and an equivalent 
quantity of M will dissolve. 

It may be that this interchange will take place only to an 
indefinitely small amount, but we can safely say that no salt 
MX is absolutely insoluble and that every metal has at least 
some tendency to go into solution. It is the relative mag- 
nitude of this tendency which is to be regarded as the 
characteristic variable distinguishing Hg, for example, from 
metals like Fe and Zn. 

On account of the electrostatic resisting forces which 
would arise, ions of H cannot escape spontaneously from a 
solution of HX, nor can ions of M escape from the metal M; 
but with M and HX in contact the conditions alter. The- 
assumed tendencies of M and H to spread beyond their 
original boundaries can now become effective without 
development of electrostatic resisting forces; because 
equivalents of H and M can pass across the common surface 
of acid and metal without change in the electric charge on 
either side. Neutral molecules of H can escape from solution 
while ions of M enter. 

It is a necessary conclusion from a consideration of this 
kind (abstract thermodynamics furnishes many other examples) 
that solution of the metal and precipitation of hydrogen 
must begin at the interface (assuming no other change pos- 
sible), whether accompanied by loss or gain of heat from the 

* Cf. Nernst, ‘Theoretical Chemistry,’ 2nd Engl. edit. p. 724. 

? 
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rest of the system. The familiar parallel is the fact that a 
gas will always expand spontaneously from higher pressure 
to lower if the external constraints permit—the work which 
it does being performed at the expense, if necessary, of its 
own internal energy. 

It would appear, therefore, that every metal must be able 
to displace to some extent the hydrogen of an acid solution. 
If in any case the action is imperceptibie, it must be because 
the tendency of the metal to enter solution is very small. 
The entry of an insignificant amount is then sufficient to 
balance the tendency. After this, further solution of the 
metal with escape of hydrogen will be a process like the 
compressing of one quantity of gas by the expansion of 
another—the constraints of the two quantities of gas being 
such that mutual expansion and contraction is the only 
change possible. 

In such a case equilibrium is reached when the work which 
could be done by any further expansion of the second gas 
would be less than the work required to increase the com- 
pression of the first. Similarly, the replacement of hydrogen 
by a metal will cease at a point defined by the condition 
that further escape of hydrogen would produce less available 
work than would be required to cause the equivalent quantity 
of metal to enter solution. 

§ 4. Symbolic expression of the argument of § 3.— 
Assuming as a rough approximation that the process is 
reversible and takes place isothermally, the conception may 
be expressed symbolically as follows. 

The work done (diminution of available energy) when one 
equivalent weight of hydrogen escapes from solution may be 

written in the form pw, — yw, , in which om is a function of 

the strength of the solution (increasing with the concentra- 

tion), and be depends upon the pressure at which the 

hydrogen escapes (increasing with the pressure), 
Similarly the work done (gain of available energy) when 

an equivalent of the metal enters solution may be expressed 

as # — , in which w is a function of the amount of 

metal already dissolved per ccm. near the interface, and 

w. isa physical constant of M (at the temperature of the. 

interaction and for a given curvature of surface if the metal 
is fluid), which may be large or small according to the nature 
of the metal. 
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The relation necessary for equilibrium is 

I, — pL, — i . 

The amount of M which enters solution (and of H which 
escapes) before equilibrium is attained will be determined 
by the value of 

c=f(H) =S(m, — H+ Hn)» 
where ¢ is the concentration of the salt MX near the surface 

which is necessary in order that p, may acquire the value 

required to satisfy (i.). If no such value of ¢ can arise equi- 
librium is impossible (unless owing to secondary effects other 
conditions supervene), and interaction will continue until 
the supply of acid or of metal is exhausted. 

§ 5. Possible effect of Surface Tension—The akove state- 
ment of the conditions of equilibrium neglects possible 
variation of the surface energy during the interaction. In 
many cases there may be relatively little variation ; but in 
one at least, where the metal is mercury and the interface 
consequently separates two liquids, changes of surface tension 
are easy to detect. In this case the surface energy can he 
seen to diminish with increase in the concentration of the 
mercury salt in solution. 

Consequently there is now a greater diminution of avail- 
able energy than is represented by the left-hand member 
of (i.), when an equivalent of H is replaced in solution by 

an equivalent of M. Hence be must attain a greater value 

in the solution before equilibrium is reached than would be 
required to satisfy (i.). 

Thus if —y is the decrease of surface tension which would 
accompany the exchange of equivalents of H and M across 
unit surface when equilibrium is attained, we should have 

Ss av Ss n : 

4 —-h +7 =), eo > 
and the equilibrium concentration of the salt of M in solution 
would now be 

a $s nr nr 

C= f (My — My + Hy +7) 
* In the strictly reversible system M:MX:HX: Hp, the corre- 

sponding equation of equilibrium (no electromotive force) is approximately 
of the form 

aT log ec,, —E,, = 6T loge, — Yipee 

where Z, and £,, are ‘electromotive constants’ of hydrogen (at given 

pressure) and the metal, at the temperature of equilibrium 7. 
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§ 6. The Problem for Experiment.—lf the equation (i. a) 
represents the condition of equilibrium between mercury and 
an acid (assuming that the only reaction possible is of the 
type 

He + HX = HeX + OG) 

it is clear that when the substances come into contact a 
certain amount of hydrogen must be displaced. Otherwise 
the right-hand member of the equation can never become 
equal to the left. 

If (as is likely in the case of Hg) the quantity u” is very 

small, the quantity 4 — uw’, (being at constant temperature 

of the form & log ¢/cg, where ¢y is very small), may acquire 
a considerable value, even when ¢ is small, 7. e. when only a 
small quantity of hydrogen has been displaced. 

Thus equilibrium may be reached and displacement of 
hydrogen cease (neglecting diffusion effects) before the 
amount separated per unit surface has become perceptible. 

If, however, some means could be found of removing the 
mercury salt as fast as it was formed the reaction would 
continue, and thus the displacement of hydrogen might be 
rendered evident. 

§ 7. Detrimental effect of Oxygen in the Surface-layer.— 
The simplest way of obtaining an experimental answer to the 
question whether the direct displacement of hydrogen by 
mercury ever occurs is not immediately obvious. The purest 
mercury in contact with the air will become coated with a 
film of condensed oxygen—possibly a minute layer of oxide. 
Hence, even if the acid with which it may be brought into 
contact is free from dissolved oxygen, the interaction con- 
templated in the equations above may be prevented. 
When an equivalent of hydrogen forsakes the acid solution 

in the presence of oxygen, the loss of available energy can 
be greater than before because, instead of separating as gas, 
the hydrogen can now become part of a molecule of water. 
Hence the amount of metal which must dissolve before equi- 
librium is reached will much exceed that required to give 

yw the value sufficient to satisfy (i. a) above. The equilibrium 
2 Se . 

yalue of uw in the present case may be written 

ee eR ee ee 8h ae) 
In which the quantity pre is much less than the corre- 

sponding term yw, of equation (i. a). 

It is known from electrical measurements that the earlier 

Phil. Mag. 8. 6. Vol. 17. No. 102. June 1909. em 
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stages of this reaction proceed with great rapidity. In the 

presence of a sufficient quantity of oxygen, pe may thus 

almost at once reach a greater value than that toquinel to 
prevent the evolution of ‘hy drogen*. 

It is therefore essential to experiment with a mercury 
surface as far as possible oxygen-free, or to devise a means 
of removing from near any mercury surface as much as is 
desired of the mercury salt in solution. 

§ 8. Possible methods of eliminating this efect—Imagine 
two masses of mercury A and B immersed in the same acid. 
Let the surface of A be one not originally oxygen-free and 
surrounded in consequence by solution containing dissolved 
mercury salt. Suppose that the state of the solution around 
A has become practically steady without appreciable diffusion 
of the mercury salt into the region round B. Let the surface 
of B be one originally free from oxygen, and suppose that 
no interaction has yet taken place between it and the acid. 
Left to itself this mercury might interact with the acid, some 
of it displacing some of the hydrogen; but suppose that, 
instead, it is brought into contact with the mass A at one 
point or more without considerable change in the extent of 
either surface in contact with the acid. 

Well-known electrochemical phenomena leave no doubt as 
to what will happen. Mercury will immediately begin to 
deposit on A and to enter the solution round B. Mercury- 
salt will in fact disappear and appear in equal quantities 
round A and B respectively until the concentration of the 
salt in solution round both is the same. This change will be 
effected by a displacement of anionic ‘ chains’ in the solution 
from A towards B and by some analogous process (shift of 
electrons) in the mercury from Bto A. The time taken by 
the process to complete itself will depend upon the length of 
the ionic chains. If these are short this time will be very 
small compared with the time taken by A to reach the steady 
state acquired before the contact. 

From the point of view already described this process 
occurs in a way analogous to the expansion of a gas when 
the external constraints permit. Here the constraints vir- 
tually permit the expansion of the mercury salt from the 
space round A into the space round B until the concentra- 
tion is the same in both. The electrical phenomena are 
incidents, not causes, of the flow of matter which takes 
place. 

* The effect of the presence of oxygen can also be presented in a 
thermochemical form, omitted here for the sake of space. 
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From whatever point of view the result may be regarded 
there is no doubt that metallic contact between A and B 
would reduce the amount of mercury salt in solution round 
the former. If B were very large compared with A, the 
amount of mercury left in solution round A would be very 
small. Similarly if A were connected with a succession of 
masses initially like B but small (each being removed before 
another took its place), the amount of salt in solution round A 
could be continuously lowered. 

Although it appears possible to obtain oxygen-free surfaces 
of mercury (like B), they are usually in rapid motion and 
very difficult to observe. It is easy, however, to study a 
surface (like A) subjected to metallic contact with a suc- 
cession of surfaces much more nearly oxygen-free than 
itself. 

§ 9. Experimental realization.—Mercury poured into a 
vertical glass tube drawn to a fine capillary at the lower end 
escapes in anarrow stream. Since the surface of the mercury 
per unit mass is much greater in this than in the tube, a 
considerable quantity of the mercury below the surface in 
the tube must enter the surface in the jet. Thus a surface 
film, upon the mercury originally, must become much thinner 
‘in the jet. 

Suppose the stream to enter an acid solution as at J in the 
figure. It will possess much less oxygen per unit surface 

Fig. 1. 

than mercury at rest. The concentration of oxygen may 
2 . ° s 

fall below the amount sufficient to raise w,, to the value 

required to satisfy (i. a), and therefore a small quantity of 
hydrogen may form. 

ol 2 
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The chance of formation of hydrogen will be greatest at 
the end of the jet where it breaks into drops and suddenly 
presents a new surface to the solution. If the jet is com- 
pletely immersed this chance will be only a little greater 
than at the sides; but it will be much enhanced if the end of 
the jet just touches the surface of the solution (level of liquid 
at 6 in fig. 1). 

Thus suppose the length of the completely immersed jet 
to be J and the velocity of efflux v. The “ electrochemical ”’ 
forces already described will tend to equalize the distribution 
of mercury salt in solution round the jet, although the various 
elements of the surface have been in contact with the solution 
for times varying between zero and //v. The end of the jet 
after rupture is a surface bounded by that portion of the 
rest of the jet which has been longest in contact with the 
solution, and the concentration of mercury salt round the end 
will therefore be raised practically instantaneously to a 
considerable value. 

If the jet breaks in the surface of the solution, however, 
the electrochemical short-circuit is reduced to a minimum 
because the sides of the jet are now practically out of con- 
tact with the solution. 

Very little hydrogen can be produced on any element of 
the surface even when the jet has its greatest efficiency, 
and the difficulty of formation of extremely small bubbles. 
(owing to surface tension effects) may prevent evolution of 
gas otherwise possible in accordance with G.a). Suppose,. 
however, that the jet is connected to a small mercury surface 
at rest in contact with the solution as at S (fg. 1). If there 
is less mercury in solution round J than round §, the metal 
will precipitate at S and enter solution at J. This action 
will continue as long as the concentration of Hg in solution 
round § exceeds the practically steady value which would 
exist round J if S were absent. 

Consequently the concentration of the mercury salt round 
S must tend to diminish continuously until it is as small as 
that round J. But if, before this can happen, the amount of 
Hg in solution at S becomes smaller than that required to 
satisfy (i.a), a new reaction will begin. Direct action 
between the mercury of 8 and the acid will occur with 
evolution of hydrogen and formation of a new supply of 
mercury salt in solution. 

This action will be continuous, for, in virtue of the con- 
tinuous effect of J, Hg will be continuously removed at 8. 
A steady state (neglecting secondary actions such as described 
below, § 12) will be reached when the rate of evolution of 
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hydrogen at S is exactly equivalent to the rate of removal of 
mercury from solution at S by J. For every equivalent of 
acid that disappears at 8, an equivalent of the mercury salt 
will appear in solution at J. 

§ 10. Results.—In the above way it is possible to conceive 
that mercury will decompose sulphuric or hydrochloric acid 
with evolution of hydrogen. Experiment justifies the con- 
ception, for, if either acid (of sufficient strength) is used in 
the vessel of fig. 1, a stream of hydrogen is evolved at 8. 

If the point of the capillary (at J) is below the surface of 
the acid the effect occurs most rapidly when the head of 
mereury just suffices to produce a short, approximately 
cylindrical, jet at J. (The ratio J/v for the jet has then a 
minimum value because, with increase of head, the jet length 
increases more rapidly than the velocity.) 

The effect occurred with the strongest sulphuric acid avail- 
able (‘pure redistilled’ s. a. about 1°84). If the acid is 
diluted the same evolution of gas can be obtained, but, when 
the density of the acid falls below about 1:25 the rate of 
evolution is very slow and occurs only when the jet breaks in 
the surface of the solution. Finally, when the density of 
the acid is below about 1°19, there is no perceptible evolution 
of gas in any position of the jet*. 

The experience with hydrochloric acid is similar. With 
the most concentrated acid used (s.c. about 1:16) there was 

-a fairly rapid evolution of gas when the jet broke in the 
surface. Gas ceased to come off when the density of the acid 
fell below about 1:09. The molecular concentrations of these 
limiting solutions are about the same—roughly 6 equivalent 
oram mols. per litre—although that of the HCl solution is 
slightly the smaller ft. (Cf. $13 below.) 

Q 11. Proof of Evolution of Hydrogen.—The gas was not 
proved to be hydrogen by a direct test in every case ; but 
only in the case most liable to suspicion, viz. when concen- 
trated sulphuric acid was employed ; and in one other, viz. 
when equal volumes of this acid and water were mixed. It 
was proved to be hydrogen in the following way :—Collected 
in a small tube over the concentrated acid, it did not dissolve 
appreciably in the latter, nor, subsequently, in recently boiled 
distilled water by which the acid was displaced. It was 
therefore neither H,S nor SO,. 

It was difficult to test the gas positively since with the 
* In practice it is easier to adjust J and S if separate columns of 

mercury connected by a wire are used instead of the apparatus of fig. 1. 
|} Mr. J. S. G. Thomas has since made a more exact determination 

of the limiting concentrations. He finds them to be 6:25 oram equi- 
valents per litre for H,SO, and 5°75 gram equivalents per litre for HCl. 
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arrangement used it took a considerable time to collect a few 
cubic millimetres. It was possible, however, to show that it 
underwent contraction on explosion with oxygen in the 
following way. A bubble of the gas, 4 mms. long, was 
collected at the top of a tube which ended in a capillary 
through which a fine platinum wire had been sealed. About 
0-8 mm. of oxygen (prepared electrolytically) was added and 
a second fine wire was pushed into the collecting tube from 
below until it reached almost to the first. A spark was then 
passed, and the remaining gas was found to occupy about 
2°> mm. of the tube*. Thus the gas evolved behaved like 
hydrogen, the only constituent common to the two acids 
employed. 

§ 12. Secondary effects with Sulphuric Acid. — Although, in 
the absence of oxygen, the simplest direct interaction between 
mercury and sulphuric acid is 

Hg, + he pO {== = He SO, + H,, “ne : (1.) 

there are other possible interactions of which the next in 
simplicity would be 

4He, + 5H,8O0, = 4He,80, + HS +4H,0.. (IL) 

Here every fifth molecule of the acid may be supposed to 
be reduced by the hydrogen resulting from the direct action 
between four molecules of the acid and mer cury. 

According to the view adopted in this paper the reaction I. 
can go on only so long as the concentration of mercury salt 
in solution does not exceed the value given by (i.a) ; but 
according to the same view the reaction II. can occur before 
and after this limit to reaction I. is passed. It probably does 
not occur to the exclusion of I. because it involves a greater 
rearrangement of the constituents of the reacting molecules 
than is involved in the displacement of hydrogen (cf. Thom- 
sen, l. c. p. 304 et passim). 
To take the case of concentrated sulphuric acid, which was 

carefully examined. The H.S of reaction, II. w ill interact 
witha further quantity of the acid precipitating sulphur. It 
will also in part precipitate the very nearly insoluble 

* Mr. W. F. Higgins kindly attempted to make a spectroscopic test 
of the gas, but various difficulties were encountered which it did not 
seem profitable to attempt to overcome since the gas had already been 
proved to be neither H,S nor SO, nor oxygen. 

+ In the reaction representing the secondary reducing effect of 
hydrogen, viz., 

ig, + (1 +a)H,SO, = Hg.SO, + (H, + aH,S0,) 

the minimum value of a is 1/4. 

. te oh ; 
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sulphide of mercury by interaction with the sulphate in 
solution. The former reaction may be represented by the 
equation 

3He, + 4H,SO, = 3H¢,80, + § + 4H,0. . (IIa) 
In this case, neglecting for simplicity the energy variation 
due to the decomposition of the SO, ion, the equilibrium 

value of ~ may be represented qualitatively by 

w= (mw?) tay an, Neel Ci: 

which shows that more mercury must now enter solution 
before equilibrium is attained than when hydrogen ceases to 
be evolved in accordance with (1.a). The reaction with 
precipitation of mercury sulphide leads to a similar result. 

Thus we are led to infer that the production of sulphur 
and of sulphide of mercury may continue after the evolution 
of hydrogen has ceased. 

This inference is fully confirmed by experiment :— 
(a) When the diameter of 8 is small—less or not much 

greater than that of J—the mercury in solution round § is 
removed almost at once by the action of J and hydrogen 
simultaneously appears. Very soon, however, a yellowish- 
white cloud begins to form (particularly round the portions 
of S where the curvature is least and where the evolution of 
hydrogen is most noticeabie). This cloud probably arises 
mainly from the decomposition of H,S. In fact when the 
effectiveness of J was decreased by reducing the head some 
of the last bubbles to escape seemed (when observed through 
a microscope) to be surrounded by a film exactly like that 
which is produced when bubbles of H,S are passed into 
concentrated H,SO,. The formation of sulphide of mercury 
can also be detected after the jet has been in action for 
some time. 

These reactions rapidly reduce the rate of evolution of 
hydrogen at 8S. ‘The production of sulphur is a process which 
the action of J cannot reverse and the amount increases 
continuously, raising the electric resistance of the solution in 
the capillary and hence diminishing the effectiveness of J. 
The insoluble sulphide precipitated on the surface of the 
mercury further increases the circuit resistance. In addition 
this sulphide seems to prevent the evolution of hydrogen 
directly although the amount of mercury salt in solution may 
be very small. [For instead of escaping, the hydrogen must 
now apparently interact with the sulphide in the surface 
layer producing HS and eventually sulphur. Thus after a 
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time the only effect of J at S is to produce sulphur. If, 
however, the capillary at S is rinsed out by expelling a little 
of the mercury, the evolution of hydrogen begins again at 
the fresh surface of acid and mercury. 

(>) When the diameter of 8 is large—for example, twenty 
times that of J—sulphur and sulphide only are formed, how- 
ever efficient the jet may be. In this case the jet only slowly 
reduces the amount of mercury salt in solution round 8, and 
the reactions depending on the formation of sulphuretted 
hydrogen begin before the evolution of hydrogen is possible 
and continue in such a way that it can never occur. In a 
qualitative sense it may be said that in this case the slower 
reaction (requiring greater molecular rearrangements) has 
time to prevent the first. 

It is only when the acid is concentrated that these effects 
occur, for diluted sulphuric acid is not reduced to or by 
sulphuretted hydrogen. Thus even in the case (0) just men- 
tioned, hydrogen is evolved freely when sulphuric acid 
solution of s.G. 1°5 is substituted for the concentrated. 

§ 13. Effects of Dilution of the Acids—The loss of available 
energy when an equivalent of hydrogen leaves the acid 
solution and is evolved as gas at atmospheric pressure falls 
continuously * as the solution is diluted. Consequently the 
amount of mercury which can be in solution round the 
electrode without preventing the evolution of hydrogen 
becomes continuously less. 

Before the hydrogen can escape it must reach a certain 
concentration (in the neutral state) in the mercury and in the 
solution at the surface laver. Disregarding the difficulty of 
formation of very minute bubbles, evolution just fails to occur 
when, electrode and solution being saturated, there would be 
no loss of available energy if an infinitesimally small quantity 
of hydrogen left the solution and the infinitesimal equivalent 
of mercury entered. 

Thus if there is a limit below, which J (however effective) 
cannot reduce the concentration of the mercury salt round § 
($ 9), there is also a limit to the concentration of the acid 
which can be decomposed at 8 with evolution of gas. The 

* In the case of concentrated sulphuric acid, dilution seems first to 
increase the rate of evolution of hydrogen. ‘This result might be 
anticipated for two reasons. The first effect of dilution is to increase 
the conductivity and, probably, the ionic concentration of the acid. 

Thus the effectiveness of the jet and the value of P, will simultaneously 

rise. Again, some of the hydrogen which would otherwise escape 
will react with the concentrated acid while in the nascent state (§ 12). 
‘There should thus be a particular strength of sulphuric acid for which 
the rate of evolution of gas is a maximum. 

- oan 
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experiments of § 10 show that this limit is reached at a con- 
centration of about 6 equivalents per litre in the case of 
each acid. 

Further, assuming that equally concentrated solutions of 
the acids and of their corresponding mercury salts are 
approximately equally dissociated, one would expect in virtue 
of equation (1.) that the limiting concentrations of the two 
acids would be approximately equal. This also agrees with 
experiment. . . 

It happens, however, that the quantity y in (.a) is greater 
for HCl than for H,SO,. It might therefore be anticipated 
that if the corresponding dissociations were exactly equal, 

_ the limiting concentration for HCl would be rather less than 
for H,SO,; but although the results suggest the fulfilment 
of this anticipation, the data are not sufficiently accurate to 
make it worth while to attempt a quantitative proof — 
especially as there are other possible explanations. 

§ 14. Possible effects at the Jet—The explanation which 
has been given of the behaviour of the still mercury surface 
S supposes that the concentration of mercury salt round the 
jet J is small. In fact the behaviour of 8S is (by hypothesis) 
controlled by the rate of independent formation of mercury 
salt at J. Consequently when hydrogen is evolved at S the 
amount of mercury in solution round J should be insufficient 
to prevent the evolution of hydrogen at J. 

If any such evolution takes place it is very difficult to 
detect. Mercury was allowed to run for a long time from a 
capillary tube fused into the top of a glass bulb which was 
filled with concentrated sulphuric acid and terminated below 
in a tube dipping into mercury. No trace of gas could be 
seen. The level of the acid was lowered until the jet broke 
in the surface, the space above being filled withair. In this 
ease, the first impression is that there is a copious evolution — 
of gas (cf. Paschen, Wied. Ann. vol. xli. p. 56, 1890). But 
this is an illusion. ‘The greater part, if not all, of the 
gas which appears to form at the surface of the mercury 
drops is air dragged in from above. This effect is very pro- 
nounced in liquids of great viscosity. It is less conspicuous 
in sulphuric acid than it is in glycerine. 

In consequence of this phenomenon it is impossible to tell 
by inspection whether any gas is evolved as the result of 
chemical action between the acid and the mercury. In a 
further experiment benzene (which had previously been 
shaken up with another sample of concentrated H,SO, and 
then decanted) was substituted for the air above the acid. 
There was now a continuous circulation of drops of benzene 
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within the acid like that of tbe air bubbles before. A con- 
siderable quantity of gas accumulated at the top of the 
apparatus ; but it may have resulted from some chemical 
reaction in which the benzene took part. The evolution was 
even more noticeable when the benzene was replaced by 
pentane. 

It has already been pointed out that the escape of hydrogen 
at the jet may be impossible although it takes place at 8 (§ 9). 
At the latter the effect is cumulative and all the hydrogen 
is evolved at the same surface. Here minute bubbles can 
coalesce into larger ones in which the pressure is not greatly 
above that of the air. At the jet, however, the hydrogen 
which mercury replaces must first reach a certain concen- 
tration in every fresh element of the jet and of the solution 
surrounding it. Then it must overcome the resistance to the 
formation of a minute bubble before it can escape as gas. 

That direct action between the jet and the acid might 
result in visible production of hydrogen, but for the counter- 
actions just described, can be seen by allowing the jet to 
break in the surface of a concentrated solution of sulphate of 
copper. ‘The surface of the mercury which collects on the 
bottom of the vessel containing the sulphate presents a 
tarnished appearance like that produced by the addition of 
copper. This result, it will be seen, is in close accord with 
the present point of view and suggests the need for qualifi- 
cation of the familiar statement: ‘‘The more electropositive 
metals, Cun es. , precipitate the less electropositive metal 
He.” It is probable that other metals, such as Pb and even 
Cd, could be precipitated by mercury, from solutions of their 
salts, in a similar way. 

§ 15. A kinetic representation of § 3.—The action between 
an acid and a metal is formulated in $3 ina way which 
avoids the necessity of dealing with the kinetics of the 
process by which equilibrium is attained. The following is 
perhaps the simplest picture of what actually happens. The 
metal is assumed to be monovalent, but it is easy to see what 
change must be made when the valency is n. 

Into the space (the “ border layer ’’) which separates acid 
and metal, Faraday tubes can stretch from the acid and from 
the metal respectively. Of these, a possible pair forming 
side by side will be (1) a tube stretching from the acid 
nearly across the border layer, with its negative end (an 
anion of the acid) in the solution and its positive end (an ion 
of hydrogen) near the metal, (2) a tube stretching from the 
metal, with its negative end on the metal and its positive 
end (a metal ion) almost reaching the solution. 
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These tubes forming simultaneously and close together 
will interact, yielding a molecule of the salt MX in solution 
and a neutral equivalent of H deposited on M. 

The number of interactions of this kind taking place 
per sq. em. of surface in the unit of time will depend upon 
the frequency with which such tubes form side by side, 7. e., 
upon the number of molecules of HX in solution per cc. on 
the one hand and upon some specific property of the metal 
(determining the rate at which tubes of the second kind form) 
on the other. For the “ velocity ” of the reaction 

a Ee eS eae 
we may therefore write 

naa ber C 
ma? 

where & is a constant at given temperature, c, is the concen- 

tration of the hydrogen ions in solution, and C,, is a specific 
constant of the metal M. 

As the result of this action, hydrogen will accumulate upon 
the metal and MX will be formed in solution. A reverse 
action, similar in kind to the first, now becomes conceivable. 
This reaction, which may be represented by 

will proceed with a velocity 

a’ == kh’ Cn C 

where c, represents the ionic concentration of the metal in 
solution and C, is a specific constant of hydrogen deposited 
at given pressure upon M. 

If a steady state is reached, after a certain quantity of 
hydrogen has been displaced and the equivalent quantity 
of M has dissolved, it will be defined by the condition v=v' or 

be,/C, = We,,/C 
We can thus deduce kinetically a result identical with that 

obtainable by application of the logarithmic formula of 
Nernst and contained as a particular case in the general 
equation of § 4. 

Since there is no effective transfer of electricity across the 
border layer, a possible contact difference of potential 
between metal and solution would not affect the available 
work equation of § 4. Similarly it would not affect the final 
equation of equilibrium deduced kinetically. For if a 
potential-difference existed it would have the same relative 
effect upon v’ as upon v. 

m m* 
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$48 On the Action between Metals and Acids. 

§ 16. Summary of Conclusions —Pure mercury reacts with 
acid solutions with displacement of hydrogen in the same 
way as metals like zine. 

The reaction stops before a perceptible quantity of hydrogen 
is evolved because a very small quantity of mercury salt in 
solution is sufficient to cause it to cease. 

The surface film of mercury which has been in contact 
with the air probably contains more than enough oxygen to 
oxidise to water all the hydrogen that would be displaced 
before the direct action ceased. 

The amount of oxygen per sq. cm. of the surface film can 
be reduced to a very small quantity by allowing the 
mercury to escape from a containing tube in the form of a 
narrow jet. 

But for certain counteracting influences due to the fact 
that the substance displaced is a gas, this jet might be 
used to obtain hydrogen from acid solutions of sufficient 
strength. bi 

By the aid of the jet the direct action between mercury 
and the acid, with displacement of hydrogen, can be made © 
continuous. The jet, when in direct communication with a 
mercury surface at rest in the same solution, prevents the 
concentration of the mercury salt, formed by the displace- 
ment of hydrogen, remaining or becoming large enough at 
the still surface to stop the evolution of gas. In consequence, 
hydrogen escapes freely and can be collected and analysed. 

Owing to direct action at its own surface, the jet cannot 
reduce the concentration of mercury salt round the still 
surface below a certain limit. Further, the amount of 
mercury salt which is sufficient to stop the direct action at 
the stili surface diminishes with the concentration of the 
acid solution used. 

In consequence it will be impossible to decompose the acid 
by means of the jet when the strength of the solution falls 
below a certain limit. This limit might be expected to be 
about the same for different acids. It was found to be about 
the same for hydrochloric and sulphuric acids (roughly 
6 gram equivalents per litre), although rather lower for the 
former than for the latter. 

The various reactions which occur when metals are placed 
in contact with concentrated sulphuric acid are elucidated 
by the experiments described (¢ 12). 

I am very much indebted to Mr. J. 8. G. Thomas, B.Sc., 
for frequent and valued help while performing the experi- 
ments I have described. 
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LXXIX. On Pirani’s Method of Measuring the Self- 
Inductance of a Coil. By H. C. Snow, B.A.* 

N Pirani’s method of measuring the self-inductance of a 
coil, it is assumed that the self-inductance of the galva- 

nometer used may be neglected. That this assumption is 
legitimate in the case in which the discharge of the condenser 
employed (which, it will be shown, is of the same nature as 
the discharge through the galvanometer) is continuous has 
been proved f. 

The object of the present analysis is to investigate the 
case in which the discharge of the condenser is oscillatory. 

A condenser of capacity C, the “internal” resistance of 
which can be neglected, is placed in series with the coil whose 
self-inductance is to be measured. The condenser is shunted 
by a non-inductive resistance 7. This combination forms one 
arm of a Wheatstone’s bridge, the resistances of the other 
arms of which are adjusted so that a steady balance holds 
between the four arms. 

One or other of two methods can now be used: (1i.) keeping 
r constant, C can be varied until there is no throw on closing 
the galvanometer-key before the battery-key; or (1i.) keeping 
C constant 7 can be varied, the total resistance of the arm 
being kept constant, until the same result is arrived at. 

The following symbols will be used :— 

I, the current in the battery. 
x, the current in the galvanometer or (in the case of an 

alternating current) the telephone. 
a, the current in the coil whose self-inductance is required. 
a, the current in the shunt resistance 7. 
c, the current flowing into the condenser. 
}, the current in the resistance B. 
a', the current in the resistance kA. 
b', ihe current in the resistance £B. 

* Communicated by the Physical Society : read March 12, 1909. 
+ O. de A. Silva, L’ Eelatrage Electrique, vol. 1. pp. 113-116. 
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R, the resistance of the battery. 
p, the resistance of the yh or telephone. 
L, the self-inductance of the coil. 
‘1p the self-inductance of the galvanometer or telephone. 
Hj, the applied E.M.F., not necessarily constant. 

The resistances of the arms of the bridge are adjusted as 
indicated. 

The following seven equations are derived immediately 
from Kirchhoff’s laws applied to the various circuits :— 

eas UE a a tl b=b!— 2 er 

= bee eh SO I=at+b . .) ee 

R1+B6+kB0' =H. 2 

Lott rat (Ann) a+ peti" —Bb= 0.) 2 ae 

pxt+kBb' —kAa’ i ae, . ae 

Also oe eee 

From (1), (2), (3), (4), and (7) we find that 

Pa da 

mew) Waee re 
and 

_kAH—ge dx 
b= a Ws 

where 
f={pt+kB+kA} {R+B+kB} —KB". 

g=Rip+kA+kBh+ AB. 

h=kA{R+B+kB)+4RB. 

ph=L/{R+B+kB}. 

Gi= li Tt. 

Substituting these values of a and 0 in (6) we have 

pLSe ey +(L5 +) +(m— Lo \s 

et kBL di 
SS Sel pas, H— h Hee ° ° (9) 

where 
M=L'+Ap+Bg—pr, 

and hm=Af+Bg+ph. 
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Differentiating (9), and eliminating « and a between the 

resulting equation together with (8) and (9), we finally 
obiain an ‘y 

ie ae LEé 
L LOpS? + 4 MC+LC7 4 =! Ble 

pM Big yay Lee pete. ag (u—Cr bs. he 

| dE kBCL &E 
= = (CP-L) Li ie eae Raunt? 

The solution of this differential equation will consist of 
two parts, a complementary function and a _ particular 
integral. The former is the solution obtained by putting the 
right-hand side of (10) equal to zero. This part will, 
consequently, be the complete solution in the case for which 
E is constant. 

In this case the value of w is, therefore, 

m= Aje~% + Age + Ane 3%, 

where 2, 2, and as are the roots of the cubic equation 

3 ' x Wi P 2 LOpy’ — MC+ LG> + Le” y 

M 
+ { p+mC+— ae. —Or8) by ™ =0, 

and A,;, Aj, and A; are constants determined by the initial 
conditions. ~ 

From the above value of «—the current through the 
galvanometer—the value of «, the current through the 
Stunted resistance, can be Apia’ 

For, from (1) and (8) above, we have 

1, da af 3 ad iy : ELBE dx 

Re gas eae 
Putting in the values of x and da and solving for «, we 

dt = find . 
k E Zoe 

a Ase Cr -- es — A (t ~ pas ete 2 Ce ae 

e —agt t ea ast 

+ A(t — pe) Crety +A,(F i) 1 Ores? 

A; being another constant determined by the initial 
conditions. 
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From this we see that the discharge of the condenser will 
be continuous or oscillatory according as a, a, and a3 are 
all real or one real and two imaginary (these are the only 
cases which have to be considered for a cubic equation). 
But from the above value of x, if a, a, and «3 areall real it is 
seen that the discharge of the galvanometer is continuous, 
while if two roots are imaginary it is oscillatory. Hence 
the discharge of the condenser is of the same nature as that 
through the galvanometer. 

To consider the case of the oscillatory discharge of the 
condenser, therefore, we must put 

to= hy +0ks, 

and consequently 

a3 =k, —tks, 2 being Wok 

The terms A,e~% + A;—* now become A,e~* cos (k3t —e). 
A, and ¢ being other constants. 

The complete value of w now 1s 

w= A,e~! + Aye cos (kst —€). 

The initial conditions will be of the form 

dx dx 
an 0; 7 = anc (Ga =; (25 ee uA dé), v 

u and v being constants. 
Differentiating the expression for # and putting t=0, we 

shall have the following equations to determine the constants 
A, Au, and e. 

A,+A, cos e=0, 

Aja, + Ayky cos e— A,kz sin e= —u, 

Aya? + Ayko? — kz?) cos e— 2Aykoks sin =v. 

These give 

AA, =v+2uky, 

AA, cos e€= —v—2uhy, 

AA,sine= 7 L (21 — he) (v + 2uky) + aul. 
ks 

where A = (a — 4 2)(#;— 4s), % and as having the values used 
above. 

In the case of a constant E.M.F. a ballistic galvano- 
meter is used. This measures the total quantity of electricity 
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flowing from the time t=0. The conditions of the experi- 
ment require that the galvanometer should give no deflexion 
after the current has fiowed for an appreciable time. This 

condition* can be expressed by | edt =0, the upper limit 

of integration being taken as infinity, since the current will 
always be zero after a small interval has elapsed. This 
condition will give 

oma, | e~'di + A, cos | e—®! cos (k3t) . dé 
0 0 

+A, sin | e—*2 sin (kat) . dt ; 
0 

Also aks= ao == Gz, and | ei 4. _ 29 H3. 

Putting in the values of the constants, therefore, we have 

fut ula t 43) } { oes + (41a —a3)} +Aayu=0 ; 

1. é. {v +u(ag+ a3) { (4,—ay)(a1— 43) } +Aa,u=0, 

and, therefore, v+tulata,ta;)=0. . . . . C11) 

Now from equation (9) above we have, when t=0, 

pl( G3) +(U4 +M\() = E, 
ie). ; 

the term = being always zero in the case of a constant: 
ie H.M.F. 

Also, since (a))>=0, we shall have, on putting ¢=0 in the- 

kBE dix 
expression for a, 7— +p =) =). 

Hence 
hig: ;. dz 

pl( Ga) + {- +M+pr b(77) —— tr 

2.e. plv+ {ur +M+prbu=o. 

* Lord Rayleigh, B. A. Report, 1883, p. 444, has drawn attention to: 
the imperfections of a galvanometer as an instrument for indicating 
whether the integral sum of the transient currents through it is zero or- 
not. See also a paper by Alex. Russell, M.A., M.LE.E., Phil. Mag. 
6th series, vol. xii. No. 69, 1906, where a "tull investigation and expla— 
nation of the necessary corrections is given. 

Phil. Mag. 8. 6. Vol. 17. No. 102. June 1909. 3M 
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Also 

Ay +o tas= | Mo+LoL le Le = ie. 

Using these last expressions, (11) becomes 

i | J 4 ee {LE +M+pr} —{Mo+tol +18} =o, 

i.e. F(L-Cr)=0, or) =a 

Therefore, in the case of the oscillatory discharge of the 
condenser, with a constant H.M.F., the relation = Cr? 
holds. Hence the expression for the inductance of the coil 
is independent of the inductance of the galvanometer. 

Cass Institute, E.C., 
Feb. 23, 1909. 

LXXX. The Secondary Spectrum of Hydrogen. 
By A. Durour*. 

N a recent notet Mr. C. F. Hogley has studied the 
secondary spectrum of hydrogen with the object of 

ascertaining whether it is really due to this gas. With this 
view, he works with vacuum-tubes having a bulb containing 
charcoal that can be cooled by liquid air; it is known that in 
these conditions the charcoal absorbs all gases except hydrogen, - 
neon, and helium. Mr. Hogley finds that the stellar spectrum 
and the secondary spectrum of hydrogen have, in his tubes, 
relative intensities that remain unchanged, when the charcoal 
is cooled by liquid air; this would not take place if the 
secondary spectrum of hydrogen was due to an absorbable 
gas different from hydrogen. He is led to the following 
conclusion :—‘* So far, then, as this method can decide, the 
evidence points to the conclusion that hydrogen is really the 
source of the secondary spectrum.” 

This conclusion is, then, the same as the conclusion I had 
pointed out formerly in an investigation dealing with the 
same subject t. In this work I relate at first the numerous 
researches previously made on this subject, and next 
various experiments that I have made either with vacuum- | 
tubes constituted of different materials, or with tubes filled 

* Communicated by the Author. 
+ C. F. Hogley, Phil. Mag. s. 6, vol. xvii. p. 581 (1909). 
t A. Dufour, Ann, de Chimie et de Physique, 8° sér. t. ix. pp. 861-432 

(1907). 
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with pure hydrogen under a pressure nearly equal to the 
atmospheric pressure, and in which is a voltaic are of high 
voltage between two metallic electrodes. In all the cases, 
taking minute precautions for avoiding the impurities that 
may come from the walls or from the electrodes, and using 
hydrogen as pure as possible, I have obtained the two spectra 
always together. Particularly I have also seen that if I cool 
with liquid air the wall of one of these last tubes, the relative 
intensities of the two spectra remain unchanged. ‘These 
experiments, made in tubes at high pressure, do not seem to 
be exposed to the criticisms that may be urged against the 
use of vacuum-tubes, because the possible impurities can then 
be neglected. 

The new work of Mr. Hogley confirms, then, the con- 
clusion of my former researches, which is the following :—The 
secondary spectrum of hydrogen is due to hydrogen itself, 
and not to impurities, as has been believed a long time. 
The stellar spectrum is supposed to be due to a relatively 
simpler vibrating system, for instance to the atom of hydrogen, 
while the secondary spectrum might be attributed to the 
molecule of hydrogen, more complicated than the atom. 

LXXXI. On a Want of Symmetry shown by Secondary 
X-Rays. By W.H. Brace, IA., P.RS., Elder Professor 
of Mathematics and Physics in the University of Adelaide, 
and J. L. GLASSoN *. 

[From “ Transactions of the Royal Society of South Australia,” 
wolyxxca.) 1908; 

N the assumption that the Réntgen rays consist of ether 
pulses it has been shown by J.J. Thomson (‘ Conduct. 

of Electr. through Gases,” p. 323) that it is possible to 
account for the existence of secondary Roéntgen rays by 
assuming that the primary pulses set in motion electrons 
over which they pass, and cause them to become new centres 
of radiation. If the electron easily follows the guiding force 
of the primary pulse, then the secondary radiation resembles 
the primary in quality. Butif the electron is hampered by 
attachments to other portions of the atom to which it belongs, 
then the new pulse has not the same quality as the old; the 
time of motion of the electron is dragged out, and the pulse 
produced is softer. 

Now, if an electron becomes in this way a centre of 
radiation the intensity of the secondary effect must be 

* Communicated by the Physical Society: read April 23, 1909. 
2 3M 2 
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symmetrical about the line of motion of the electron. In 
particular, the intensity of the secondary radiation must be 
symmetrical about a plane passing through the electron 
perpendicular to the primary ray, since this ray contains 
the line of motion referred to. This deduction forms an 
integral part of Thomson’s theory of secondary Réntgen 
radiation, and its truth has been assumed in calculations 
intended to show that experimental results are in agreement 
with theory. Barkla proves the same deduction in a paper 
published in the Philosophical Magazine of February 1908. 

Now it has recently been shown (Bragg and Madsen, 
Trans. Roy. Soc. 8.A., May 1908) that the cathode radi- 
ations excited by y rays show a very marked want of 
symmetry about the plane normal to the exciting ray ; and 
again (Madsen, Trans. Roy. Soc. 8.A., July 1908) that 
there is a similar want of symmetry in respect to the 
secondary y rays. The y rays and X-rays resemble one 
another so closely in all their known properties, that it is 
fairly safe to assume any effect found to be true of the one 
kind to be true also of the other kind, though perhaps to a 
different degree. In this case, indeed, Cooksey (‘ Nature,’ 
April 2, 1908) has already shown that the secondary cathode 
‘radiations excited by X-rays are not at all symmetrical about 
the normal plane, the emergence rays being greater than 
the incidence, as in the case of the y rays. 

It remained, therefore, to examine the secondary X-rays 
excited by primary X-rays ; and the experiments described 
in this paper were made with that object. We find that in 
general want of symmetry does exist, that it is sometimes very 
pronounced, and that is in keeping with expectation based on 
Madsen’s study of the secondary y rays. Hard y rays show 
a very large difference between the quantities of emergence 
and incidence radiation; for soft y rays the difference is 
smaller. Since X-rays are to be looked on as a very soft 
form of y rays, the difference should be smaller still ; and 
this is what we have found to be the case. 

The general form of the apparatus which we have used 
is shown in fig. 1. Variations of the upper portion of it are 
shown in figs. 2 and 3. A small pencil of X-rays passed 
upwards through apertures in lead plates at A and B, and 
then along the axis of the ionization-chamber and out into 
the open. In our first experiments the upper part of the 
apparatus was arranged as in fig. 3. The primary rays did 
not pass through the effective part of the ionization-chamber, 
being separated therefrom by the cylindrical screen S88, 
which could be made of various thicknesses and various 
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materials. But if a thin sheet of any substance was laid 
over the hole at B, secondary X-rays spread out therefrom, 
and some passed through the screen SS, and caused a 
deflexion in the electrometer. The difference between the 

200 Volts 

deflexions (a) without and () with the sheet at B was taken 
as a measure of the emergence secondary X-ray radiation. 
When the sheet was removed from B, and the same ora 
similar sheet placed in the plane of the top of the screen so 
as to be struck from below by the primary rays, then the 
measure of the incidence secondary radiation was obtained 
as the difference between the deflexions (a) without and (c) 
with the sheet so placed. 
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In this way it was easy to show that the expected want 
of syminetry actually existed, particularly with aluminium, 
celluloid, or paper as the radiators, substances of small 
atomic weight. But the experiments were open to some 
extent to the objection that a was too large compared with 
b-c, and that possibly the excess of emergence over incidence 
was an apparent effect due to actual variations of a under 
different circumstances. The current a was, in fact, due to 
several causes. There was a small natural ionization leak 
even when the X-rays were not acting; there was an effect 
due to primary X-rays which had penetrated the walls of 
the chamber, though they were made of zine one-eighth 
of an inch thick. But the greatest part of a was due toa 
diffusion of soft rays about the primary beam, much of which 
came through the hole at B at such an angle as to penetrate 
the screen SS ; it could be largely cut out by thickening the 
screen. Again, part of a was due to radiation returned from 
the open air above the ionization-chamber. Some of these 
radiations might be appreciably interfered with by placing 
the radiating sheet at B or at the top of the chamber. We 
were, however, able to satisfy ourselves by special experi- 
ments that the want of symmetry was quite real, and that as 
a matter of fact no valid objection could be made. But we 
abandoned the first arrangement for a second which, as we 
expected, would show the want of symmetry more clearly, 
and which proved better than the first in every way. The 
first method was exactly the same as that used by Madsen 
in examining the secondary y rays ; but it was clear that the 
enormous difference which these rays showed was not going 
to be repeated in the case of the X-rays. 

Our new arrangement was, as shown in fig. 1, or, inverted, 
in fig. 2. Two cylinders of brass, each 2 in. long, but of © 
different diameters—4 in. and 2 in.—were 
fixed to a connecting piece DD, shown in 
plan in fig. 4. The latter resembled a 
light brass wheel with four spokes, and 
various thin screens cut in the form of flat 
rings could be attached to it, filling up all 
the spaces between the spokes. In fig. 1 
the double cylinder is shown as arranged 
for the measurement of incidence secondary 
radiations ; the radiating sheet was placed at C, supported 
by a sheet of celluloid lying flat on the top of the cylinder. 
A hole was cut in the centre of the celluloid sheet big enough 
to allow the primary beam to pass through without touching 
the edges ; and a fluorescent screen was used to make sure 

ee) 
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that this was the case. The radiating sheets were of thin 
metal, about 14 in. square. In fig. 2 the cylinder is shown 
as arranged for the measurement of emergence secondary 
radiations : it hardly requires further explanation. 
We expected that this arrangement would show up the 

want of symmetry better than the former, because the 
portions of the emergence and incidence beams under com- 
parison would be more nearly normal to the plate. Looking 
upon the radiations as material, we should naturally expect 
the intensity of the secondary radiation to decrease gradually 
as its direction increased in inclination to the forward 
direction of the primary ray. The emergence rays lie, 
in inclination, between 0° and 90°; the incidence between 
90° and 180°. In our first arrangement we compared the 
emergence rays between about 40° and 90°, with the incidence 
rays between about 90° and 140°. There should be a larger 
ratio of emergence to incidence with the newer arrangement, 
since the emergence rays between about 30° and 50° would 
be compared with the incidence between about 130° and 150°. 
This proved to be the case ; the improvement was consider- 
able. Again, with the new arrangement, the current with 
no radiator in position became relatively far smaller. For 
example, when the radiator was Al, -4 mm. thick, and the 
absorbing screen DD of tinfoil (two thin sheets), the 
currents with and without the radiator at B in fig. 1 caused 
deflexions of 86 and 26 mm. in ten seconds respectively ; 
the currents with and without the radiator at B in fig. 2 
were 220 and 35 respectively. There could be very little 
error, therefore, in taking the incidence and emergence 
radiations as 60 and 185 respectively; and the want of 
symmetry is beyond doubt. ‘i 

It should be observed that the emergence radiation can 
never be shown to an unfair advantage in these experiments, 
and is often at a disadvantage, for the radiator, when placed 
as in fig. 2, cuts down the very primary rays to which the 
secondary radiation is due. It is not difficult to show that 
if the thickness of the radiator is so adjusted as to give the 
maximum emergence current (it can-of course be too thick 
or too thin), then the ratio of this maximum to the maximum 
incidence current (which can be obtained simply by making 
the radiator thick enough) is only 2/e of the true ratio of 
emergence to incidence; provided that the secondary rays 
are as penetrating as the primary, and that we are con- 
sidering homogeneous radiations. But if, other conditions 
being the same, the secondary rays are less penetrating 
than the primary, then the ratio, as found, is more nearly 
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correct, and is very nearly so when the secondary rays are 
much less penetrating than the primary, as, for example, 
when we are considering secondary cathode rays due to X- 
or ¥ rays. 

We have made a large number of measurements by the 
method described above, using the following metal sheets as 
radiators :—Pt, weight per square em., °0150 gr,: Sn, ‘0096 
gr. ; Cu, 0083 gr. ; Fe, -0077 gr.; Al, °105 gr. ; celluloid, 
*20 gr. As screens we have used various thicknesses of Sn, 
Cu, and Al. 

The proportion of emergence to incidence radiation differs 
considerably for the different radiators, but is much the same 
for different screens or different thicknesses of screen, except 
that the proportion tends to increase slightly as the screen 
is made thicker; and the tendency is most pronounced in 
the case of those metals which give out a quantity of soft 
secondary radiation. For example, Fe and Cu show little 
difference between incidence and emergence radiations until 
the screen is so thick that only a small fraction of either of 
the radiations can pass through. The results vary somewhat 
with the state of the bulb; and since these variations are 
comparable with those which are met with on changing the 
nature of the screens, we are not now in a position to discuss 
smaller variations in detail. We must content ourselves 
with quoting a few results in order to show the want of 
symmetry, which is a persistent effect. When, for example, 
two tinfoils were used as screen (weight per square cm. 
of each, 0056), we obtained the following figures, which 
represent movements of the scale in mm. during 10 secs. :— 

aGrator wescees cs ess Sn. Cu. Fe, Al. 

Kmergence Current ...... 176 140 39 185 
Incidence Current......... keh, 119 tS 60 

With four tinfoils the figures were :— 

adnatort oc eves ta ee Sn. Cu, Fe. Al. 

Emergence Current......... 143 24 23 116 
Incidence’ Gurrent 4J55..5) 87 1 0 34 

Again, using a copper screen ‘002 em. thick, we found :— 

~ Cellu- 
Rathiator. 2 fes2505 Pts isn. | Om Be, » Aly sore 

Emergence Current... 86 140 361 118 80 138 
Incidence Current;,. 65,” 104... 3643013... 32 ee 

Putting together a number of results for Cu screens of 
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different thicknesses we obtain the logarithmic curves of 
absorption shown in the accompanying figures (figs. 5 and 6). 

Fig. 5. 

Logarithm of Current 

Thickness of Copper Absorbing Screen inmm.. 
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It should be observed that some of the results thus shown 
were obtained at different times, so that too much must not 
be built upon a comparison between them ; only the relative 

Logarithm of Current 

. Thickness of Copper Absorbing Screen in mn. 

positions of the emergence and incidence curves of each 
substance are sufficiently correct, and the form of each curve 
as showing the homogeneity or otherwise of the various 
radiations. One figure shows the emergence (E) and 

BY lee. 
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incidence (1) curves for Pt, Cu, and Fe; the other the 
corresponding curves for Sn, Al, and celluloid. 

The experiments described in this paper show that a very 
marked want of symmetry occurs in the case of secondary 
X-rays, the emergence rays being generally greater than the 
incidence. ‘This is another instance of the close parallelism 
between X- and y rays. On a material theory of X- and 
y rays the effect is easily explained, and is to be classed with 
the scattering to which , and also, as lately shown clearly 
by Geiger, « rays are subject. But if the X- and y rays 
consist of energy bundles of very small volume, as suggested 
by J. J. Thomson, then these bundles must be capable of 
deflexions in going through atoms—that is to say, swung 
out of their paths by the electrical forces to be found within 
the atoms, just as neutral pairs would be in virtue of their 
electrical fields. It seems hard to understand the distinction 
between such bundles and entities generally classed as 
material. 

In the course of this investigation we have made a number 
of experiments on the quantities and qualities of the secondary 
radiations. This subject has been fully treated by Barkla, 
some of whose recent papers have not yet reached us, and 
any discussion we gave might be merely a duplication of 
part of his inquiry. There is, however, one point to which 
we should like to refer. 

Very hard y rays follow a density law of absorption. 
treating all atoms alike, except in respect to weight. Soft 
y rays are not independent of atomic groupings of matter, 
and are far more strongly absorbed by heavy atoms than by 
light, after allowance has been made for weight. The same 
is generally true of X-rays; but in the case of very soft 
X-rays there is a tendency to revert to the density law again. 
For instance, X-rays that have passed through the glass of 
the bulb are soft to copper, silver, tin, and so on, but hard 
to aluminium, carbon, and low atomic weight generally. 
No doubt those rays which are soft to such light atoms have 
already been absorbed by the glass. But secondary X-rays 
from most substances are softer than anything emerging 
from the bulb and contained in the primary ray. The 
difference is not very great when the absorption is measured 
with the aid of screens made of substances of the higher 
atomic weights, because to these the primary rays are soft 
already. But if the screens are made of aluminium, still 
more of filter-paper, the difference now seems to be very 
great, for the secondary rays are soft even to low atomic 
weights. For example, in one experiment, a sheet of copper 
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weighing ‘018 gr. per square cm. caused a drop of *401 in 
the logarithm (to base 10) of the primary rays, and only of 
‘447 in the case of the emergence secondary rays from 
copper, of °645 in the case of platinum rays, and *805 
of iron rays. But when four filter-papers weighing *02 gr. 
per square cm. were used as screen, the drop in the case of 
the primary rays was ‘010—only one-fortieth of the drop 
caused by a copper screen of nearly equal weight. In the 
case of the secondary rays, however, the same screen caused 
a drop in the case of copper rays of °100, platinum rays *053, 
and iron rays of ‘188—that is to say, for these soft rays the 
filter-papers are much more nearly on an equality with 
copper, weight for weight, than they were for hard rays. 
It is interesting to bear this in mind when considering the 
very large quantities of secondary ionization which some 
substances seem to give. The ionization is always measured 
in air, which of course consists of atoms not very different 
in weight from those contained in filter-papers. Con- 
sequently primary rays, and secondary rays which differ 
very little from the primary, are very penetrating to air, 
and cause relatively small ionizations therein. But secondary 
rays from Cu and Fe are softened so much as to bring them 
within reach, so to speak, of air, which rapidly converts 
them into cathode rays, so that there is a very large 
ionization. For the cathode rays produced from these 
secondary rays have probably but little less energy than 
those produced from the primary ; the speed of the cathode 
ray does not differ very greatly with the penetration of the 
primary X-ray, so far as experiments have shown. The 
very large secondary radiations, which some _ substances 
appear to give, therefore, owe their magnitude largely to the 
fact that the air in which they are measured is sometimes 
ten to twenty times as favourable to them as to the primary 
rays which produced them. In this way we may account 
to some extent for the startling results obtained by Crowther 
in the case of arsenic and bromine (Phil. Mag. Nov. 1907). 

LXXXII. Notices respecting New Books. 

Lehrbuch der Thermodynamik. Based on Lectures of Dr. J. D. 
Vv. D. Waats by Dr. Po. Kounstamm. First part. Leipzig 
and Amsterdam: Maas & van Suchtelen. 

ap eee present volume deals in general with the theoretic side of 
thermodynamics from the point of view of the physical chemist, 

and most especially with the portion concerned with the phenomena 
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of equilibrium. The treatment throughout is exceedingly simple 
and yet thorough ; indeed we are not acquainted with any book 
in which the theoretic side is more lucidly and satisfactorily treated. 
If we may express any regret, it is that experimental data are not 
co-mingled with the theoretic. No doubt there are certain ad- 
vantages in the method adopted. ‘The thread of theory may easily 
be broken if loaded with too great a weight of fact. Moreover, 
we have not the slightest doubt that Dr. van der Waals would be 
the last man in the world to recommend that a student’s attention 
should be confined exclusively to the work before us. Be this as 
it may,this treatise (of which the first part only is yet published) pro- 
mises to be one of the most important elementary accounts of the 
subject. We may draw attention in particular to the concluding 
section on Laplace's Theory of Capillarity and on the capillary 
layer. 

Magneto- und Electrooptik. By Dr. Wotpemar Voter. With 
figures in text. Leipzig: B. G. Teubner, 1908. Price 14 
marks. 

Workers in electro-optics and others will welcome this volume, 
which represents the lectures given by the author for some years 
past. There is probably no subject which at the present time is more 
revelatory of the structure of the atom than the one with which 
it deals, and there is no one more qualified than Dr. Voigt to deal 
with it. A general idea of the scope of the book can be conveyed 
by the titles of the chapters. These are :—1. The Faraday effect. 
2. The Zeeman effect. 3. The Theory of magneto-optic effect for 
normal isotropic bodies. 4. Investigation of the theory of more- 
complicated types of Zeeman effect. 5. Magneto-optic effect in 
absorbing crystals. 6. The magneto-optic Kerr effect. 7. The 
electron theory of the magnetic Kerr effect. 8. Electro-optic action 
in isotropic and anisotropic bodies. 9. Oscillations of ‘‘ bound’ 
electrons under the influence of electric fields. 10. The electron 
theory of electro-optic effects. Itis surprising how successful the 
few assumptions underlying the electron hypothesis are in ac- 
counting for the complicated phenomena concerned. It is true 
that there are at present relations which are inexplicable at present 
on this hypothesis. Considering, however, that we are obliged to 
assume a particular character of the electronic system—and the 
chances against assuming the right one must be amazingly 
great—it is remarkable that any success at all is achieved. In 
agreement with this statement is the fact that the phenomena 
which are most fully explained are those which are independent 
of the precise structure of the atom. Those who desire the most 
complete presentation of this subject both from the theoretic and 
the experimental side will find here what they wish. 
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The Norwegian Aurora Polaris Expedition 1902-1903. Volume I. 
On the Cause of Magnetic Storms and the Origin of Terrestrial 
Magnetism. By Kr. Brrxutanp. First Section. Quarto. 
315 pp. & 21 Plates. Christiania, 1908. London: Longmans, 
Green & Co. (Price 22s. net.) 

THE volume discusses records derived during 1902-3 from mag- 
netographs at four temporary stations situated respectively in 
the extreme north of Norway, in Nova Zembla, in Spitzbergen, 
and in Iceland, and simultaneous records from a number of 
magnetic observatories in various parts of the world. The 21 
large plates at the end of the volume reproduce the photo- 
graphic curves taken during times of special magnetic disturb- 
ance from October 6, 1902, to March 31, 1903. In the body of 
the work are numerous charts illustrating the disturbing forces 
at the several arctic and cooperating stations at various stages of 
each disturbance. The Expedition was due to Prof. Birkeland, 
who personally defrayed nearly half the total expense, the 
remainder of the funds coming about equally from the Norwegian 
Government and from three private individuals. The main object 
was the further development of the theory, which Prof. Birkeland 
propounded a good many years ago, that magnetic disturbances 
are due to electrical discharges in the upper atmosphere, which 
appeal to our visual organs as aurora. To elucidate the nature of 
the phenomena, Prof. Birkeland has made many experiments with 
a terella, or minature earth, of iron, highly magnetized by currents 
in a surrounding coil, which is exposed to discharges from a 
cathode in a highly exhausted glass bulb. With this apparatus 
he has produced a number of visual effects resembling aurora, 
photographs of some of which appear in the work. ‘The cathode 
is supposed to represent the sun, the cathode rays from which 
reach the earth’s atmosphere, where their further course is 
dependent on the earth’s magnetic field. The mathematics 
answering to this hypothesis has been developed by Prof. Stormer, 
to whose calculations there are various references. Prof. Birkeland 
practically defines disturbance as the difference between the value 
of a magnetic element at the instant considered and the value at 
the same hour on the representative undisturbed day. ‘This dis- 
turbance he regards as measuring the magnetic force at the time 
and. place due to the hypothetical auroral current, and from the 
way in which the amplitude and direction of the resultant dis- 
turbance vary from station to station he draws conclusions as to 
the nature, locus, and intensity of the current. The simplest 
type of magnetic disturbance he believes to be accounted for by 
a current which approaches to and recedes from the earth 
along radii, the intermediate—or, as the author terms it, the 
‘“horizontal””—portion being a straight line of length 27 whose 
extremities are at the same height, and whose centre is at a 
distance h above the ground. 

Formule for the magnetic force due to such a current are 
developed on p. 102, and numerical results for special values of h 
and lare given on p. 103, the current being taken to be one 

a 

mos be 8 

s+, . 

ea 



Notices respecting New Books. 867 

million amperes. Other simple cases are considered later in the 
volume. The assumptions on p. 102 that the current is linear 
and that the central portion is a straight line, and not the arc of 
of a circle, are probably concessions to the mathematical difficulties 
of the case, but the peculiar sense in which the author employs 
the term “horizontal” should be noticed. For instance, in 
one of the cases on p. 103 we have h=300 and 2/=5000 kilo- 
metres. But the height of the ‘ horizontal” portion above the 
ground will vary in this case from 300 to over 750 kilometres. 
From statements in the volume, one infers that it is to be 
supplemented by a subsequent discussion on Earth currents, 
Auroras and Stormer’s mathematical work. Meantime it is 
difficult to express at opinion on its theoretical results, What 
now appear to be discontinuities in the reasoning may have a 
different aspect given to them by the subsequent work indicated. 
The author has a way of passing from observation to theory, and 
from theory to experiment, which makes it difficult for the 
ordinary man to follow the argument or recognize its goal. It 
has long been recognized that an intimate connexion exists 
between magnetic storms and auroras when the latter are visible 
in temperate latitudes. It has also long been known that in the 
northern hemisphere auroras are most numerous in high latitudes, 
and that there is much more magnetic disturbance there than 
further south. The disturbances at Prof. Birkeland’s Arctic 
stations were usually much larger than at the observatories in 
temperate latitudes, and considering the distance apart of his 
stations, the differences between the disturbances recorded at 
them were exceptionally large. The results are interesting and 
important in themselves, and are obviously favourable to the view 
that if—as most people suppose—magnetic storms are due to 
atmospheric electric currents, their principal seat in the northern 
hemisphere isin the Arctic. But beyond this it does not seem to 
the writer that anything is proved. It seems to him that what is 
mainly wanted at the present stage is a more profound examination 
of the phenomena presented by magnetic storms. Until the laws 
of distribution of disturbances have been so far ascertained that 
observation can check theory, a predisposition in favour of a 
particular theory may be a positive disadvantage to an investigator. 

Towards the end of the volume there seems a fuller recognition 
of the fact that the phenomena of magnetic storms are often so 
complicated that the electric currents capable of producing them 
must have a distribution whose investigation would require the 
use of the most advanced mathematics. Considering the extension 
of view—or of imagination—which the discovery ‘of radium has 
produced in physical circles, the size of the currents which Prof. 
Birkeland postulates and his conclusions on pp. 311-315 as to the 
expenditure of solar energy will doubtless appear much less 
startling now than they would a dozen years ago. One cannot, 
however, but wonder what figures he would ” have reached if 
instead of the relatively trifling disturbances of the winter 
of 1902-3, he had had to deal with those of 1857, or 1870, or 
even 1892. C. Carne. 
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